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� áâ âì¥ [1] ®¡®¡é¥­® ¯®­ïâ¨¥ «ï¯ã­®¢áª®£® ¯à¥®¡à §®¢ ­¨ï ¤«ï ­¥«¨­¥©­ëå ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨© ¨ ¤ ­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ãà ¢­¥­¨© ¨§ ­¥ª®â®àëå ª« áá®¢.
� ¯à¥¤« £ ¥¬®© áâ âì¥ ¤ ¥âáï ªà¨â¥à¨© ¯à¨¢®¤¨¬®áâ¨, ®¡®¡é îé¨© ¨§¢¥áâ­ãî â¥®à¥¬ã �àã£¨­ 
([2], á. 154), ¨ ­  ¥£® ®á­®¢¥ ¯à¨¢¥¤¥­ë ­®¢ë¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨.

�ãáâì � | ¬­®¦¥áâ¢® ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢¨¤ 

dx

dt
= f(t; x); (1)

£¤¥ f 2 X, f(t; 0) � 0, X = C(p;q)([T;+1) � Rn; Rn) | ¯à®áâà ­áâ¢® ¢á¥å ¢¥ªâ®à-äã­ªæ¨©
(t; x) ! 1(t; x) à §¬¥à­®áâ¨ n, ®¯à¥¤¥«¥­­ëå ­  ¬­®¦¥áâ¢¥ [T;+1) � Rn, p à § ­¥¯à¥àë¢­®
¤¨ää¥à¥­æ¨àã¥¬ëå ¯® ¯¥à¥¬¥­­®© t, p � 0, ¨ q à § ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå ¯® ª®¬¯®-
­¥­â ¬ ¢¥ªâ®à  x, q � 1. �¥è¥­¨ï ãà ¢­¥­¨ï (1), ã¤®¢«¥â¢®àïîé¨¥ ­ ç «ì­ë¬ ¤ ­­ë¬ (t0; x0),
¡ã¤¥¬ ®¡®§­ ç âì á¨¬¢®«®¬ x(t : t0; x0). �ãáâì ¤«ï ¢á¥å ãà ¢­¥­¨© ¨§ � ¢á¥ à¥è¥­¨ï x(t : t0; x0)
®¯à¥¤¥«¥­ë ¯à¨ ¢á¥å t � T .

�¥à¢®­ ç «ì­® à áè¨à¨¬ ¯®­ïâ¨¥ «ï¯ã­®¢áª®£® ¯à¥®¡à §®¢ ­¨ï, ¢¢¥¤¥­­®¥ ¢ [1].

�¯à¥¤¥«¥­¨¥. � §®¢¥¬ £àã¯¯ã ¯à¥®¡à §®¢ ­¨© G = f' : ' : � ! �g «ï¯ã­®¢áª®© £àã¯¯®©
¯à¥®¡à §®¢ ­¨© (LG;�), ¥á«¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ¯®ª § â¥«¨ ¨ ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï
ï¢«ïîâáï ¨­¢ à¨ ­â ¬¨. �á«¨ ' ¯à¨­ ¤«¥¦¨â ª ª®©-«¨¡® (LG1;�1), �1 � �, â® ' ¡ã¤¥¬ ­ §ë-
¢ âì «ï¯ã­®¢áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬,   á®®â¢¥âáâ¢ãîé¨¥ ãà ¢­¥­¨ï | ¢§ ¨¬­® ¯à¨¢®¤¨¬ë¬¨.

�á«¨ ¤®¯®«­¨â¥«ì­® ãà ¢­¥­¨¥ (1) ®¡« ¤ ¥â á¢®©áâ¢®¬ kf(t; x)k �  (t)kxk, £¤¥  2

C([T;+1); [0;+1)) ¨ äã­ªæ¨ï  § ¢¨á¨â ®â äã­ªæ¨¨ f , â® á®¢®ªã¯­®áâì ãà ¢­¥­¨© (1) ®¡®-
§­ ç¨¬ á¨¬¢®«®¬ �1. �ãáâì �1 � �.

�¥®à¥¬  1. �àã¯¯  G2 ¢á¥å ¯à¥®¡à §®¢ ­¨© ' : �! � â ª¨å, çâ®

1) x = '(t; y), ' 2 C(p0;q0)([T;+1) � Rn; Rn), p0; q0 � 1, k'(t; y)k � k0kyk, k0 > 0 ¤«ï ¢á¥å

t � T ;
2) ¤«ï ®¡à â­®© äã­ªæ¨¨ y = '�1(t; x), '�1 2 C(p0;q0)([T;+1)�Rn; Rn) ¨ k'�1(t; x)k � k1kxk,

k1 > 0 ¤«ï ¢á¥å t � T , x 2 Rn,

ï¢«ï¥âáï «ï¯ã­®¢áª®© (LG2;�)

�®ª § â¥«ìáâ¢®. �§ ­¥à ¢¥­áâ¢ k'(t; y)k � k0kyk, k'�1(t; x)k � k1kxk á«¥¤ã¥â, çâ® å à ªâ¥-
à¨áâ¨ç¥áª¨¥ ¯®ª § â¥«¨ ¨ ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï ï¢«ïîâáï ¨­¢ à¨ ­â ¬¨ ¤«ï £àã¯¯ë
G2. �«¥¤®¢ â¥«ì­®, íâ  £àã¯¯  ï¢«ï¥âáï «ï¯ã­®¢áª®© (LG2;�).

�ãáâì ãà ¢­¥­¨¥

dy

dt
= f0(t; y) (2)
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¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã � ¨ x = '1(t; c), y = '2(t; c) | ®¡é¨¥ à¥è¥­¨ï á®®â¢¥âáâ¢¥­­® ãà ¢­¥-
­¨© (1) ¨ (2), ª®â®àë¥ áãé¥áâ¢ãîâ ­  ¢á¥¬ ¯à®áâà ­áâ¢¥ [T;+1)�Rn, â. ª. ¢á¥ à¥è¥­¨ï ãà ¢­¥­¨©
¨§ � ®¯à¥¤¥«¥­ë ­  ¬­®¦¥áâ¢¥ [T;+1).

�¥®à¥¬  2. �«ï â®£® çâ®¡ë ãà ¢­¥­¨ï (1) ¨ (2) ¡ë«¨ ¢§ ¨¬­® ¯à¨¢®¤¨¬ë¬¨, ­¥®¡å®¤¨¬®

¨ ¤®áâ â®ç­®, çâ®¡ë ¯à¥®¡à §®¢ ­¨¥

x = '1(t; '�12 (t; y)) (3)

¡ë«® «ï¯ã­®¢áª¨¬.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì «ï¯ã­®¢áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬ x = L(t; y) ãà ¢-
­¥­¨¥ (1) ¯à¨¢®¤¨¬® ª ãà ¢­¥­¨î (2). �®£¤  L(t; y) = '1(t; c) ¨ L(t; '2(t; c)) = '1(t; c). � ª ª ª
y = '2(t; c), â® c = '�12 (t; y). �®íâ®¬ã

L(t; y) = '1(t; '
�1
2 (t; y)): (4)

�§ à ¢¥­áâ¢  (4) á«¥¤ã¥â, çâ® ¯à¥®¡à §®¢ ­¨¥ x = '1(t; '
�1
2 (t; y)) ï¢«ï¥âáï «ï¯ã­®¢áª¨¬.

�®áâ â®ç­®áâì. �ãáâì ¯à¥®¡à §®¢ ­¨¥ (3) ï¢«ï¥âáï «ï¯ã­®¢áª¨¬. �®ª ¦¥¬, çâ® íâ® ¯à¥-
®¡à §®¢ ­¨¥ ¯¥à¥¢®¤¨â ãà ¢­¥­¨¥ (1) ¢ ãà ¢­¥­¨¥ (2). �à®¤¨ää¥à¥­æ¨àã¥¬ (3) ¯® ¯¥à¥¬¥­­®© t

dx

dt
=
@'1

@t
+
@'1

@z

�
@'�12

@t
+
@'�12

@y

dy

dt

�
; (5)

£¤¥ z = '�12 (t; y). �®£¤  dx

dt
= f(t; x), @'1

@t
= f(t; '1(t; c)). �®íâ®¬ã ¨§ (5) ¯®«ãç¨¬

@'1

@z

�
@'�12

@t
+
@'�12

@y

dy

dt

�
= 0:

� ª ª ª ¬ âà¨æ  @'1

@z
­¥¢ëà®¦¤¥­­ ï, â®

@'�12

@t
+
@'�12

@y

dy

dt
= 0: (6)

�§ â®¦¤¥áâ¢ y � '2(t; '
�1
2 (t; y)), z = '�12 (t; '2(t; z)) á«¥¤ãîâ à ¢¥­áâ¢ 

@'2

@z

@'�12

@y
= E;

@'�12

@y
=
@'2

@z
= E;

£¤¥ E | (n� n) ¥¤¨­¨ç­ ï ¬ âà¨æ . �®£¤ 
h
@'2

@z

i
�1

= @'
�1

2

@y
. �®íâ®¬ã

@'�12

@t
= �

�
@'2

@z

��1
@'2

@t
= �

@'�12

@y

@'2

@t
: (7)

� íâ®¬ á«ãç ¥ á ãç¥â®¬ (7) à ¢¥­áâ¢® (6) ¯à¨­¨¬ ¥â ¢¨¤

�
@'�12

@y

@'2

@t
+
@'�12

@y

dy

dt
= 0: (8)

�§ (8) á«¥¤ã¥â
dy

dt
=
@'2

@t
= f1(t; '2(t; c)) = f1(t; y): �

� ¯¥à¢®¬ ¬¥â®¤¥ �ï¯ã­®¢  [3] ¢ ¦­ãî à®«ì ¨£à ¥â £àã¯¯  ¯à¥®¡à §®¢ ­¨© á ¨­¢ à¨ ­â ¬¨
á¯¥ªâà ¨ ãáâ®©ç¨¢®áâì ¬­®¦¥áâ¢  �0 ¢á¥å «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
á ­¥¯à¥àë¢­ë¬¨ ¨ ®£à ­¨ç¥­­ë¬¨ ¬ âà¨æ ¬¨ ¢ íâ® ¦¥ ¬­®¦¥áâ¢® �0. � ª ¨§¢¥áâ­® [1], [2],
íâ  £àã¯¯  ï¢«ï¥âáï «ï¯ã­®¢áª®© (LG0;�0), ¨ â¥®à¥¬  �àã£¨­  ([2], á. 154) ï¢«ï¥âáï ªà¨â¥à¨¥¬
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¯à¨¢®¤¨¬®áâ¨ ¤¢ãå «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �®£¤  ¨§ â¥®à¥¬ë 2
¢ëâ¥ª ¥â ­ §¢ ­­ë© ¢ëè¥ ªà¨â¥à¨© ª ª ç áâ­ë© á«ãç ©.

�«¥¤áâ¢¨¥. � áá¬®âà¨¬ ¯à¥®¡à §®¢ ­¨¥ x = '1(t; y). �®£¤  ¨§ â¥®à¥¬ë 1 ¢ëâ¥ª ¥â ªà¨â¥à¨©
¯à¨¢®¤¨¬®áâ¨ ãà ¢­¥­¨ï (1) ª ãà ¢­¥­¨î

dy

dt
= 0: (9)

�à ¢­¥­¨¥ (1) ¯à¨¢®¤¨¬® ª ãà ¢­¥­¨î (9) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯à¥®¡à §®¢ ­¨¥ x =
'1(t; y) ï¢«ï¥âáï «ï¯ã­®¢áª¨¬. �âáî¤  ¢ëâ¥ª îâ à¥§ã«ìâ âë ([2], áá. 157, 158).

�¥®à¥¬  3. �ãáâì

k'1(t; y)k � k1(t)kyk; k'�12 (t; y)k � k4(t)kyk;

k'2(t; x)k � k3(t)kxk; k'�11 (t; x)k � k2(t)kxk

¯à¨ ¢á¥å x; y 2 Rn ¨ t � T . �®£¤ , ¥á«¨ k1(t)k4(t) � c1, k3(t)k2(t) � c2, t � T , £¤¥ c1 ¨ c2 |

¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, â® ãà ¢­¥­¨ï (1) ¨ (2) ¢§ ¨¬­® ¯à¨¢®¤¨¬ë «ï¯ã­®¢áª¨¬ ¯à¥®¡à -

§®¢ ­¨¥¬ ¨§ (LG2;�).

�®ª § â¥«ìáâ¢®. �§ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â, çâ® ¯à¥®¡à §®¢ ­¨¥¬ (3) ãà ¢­¥­¨¥ (1) ¯¥à¥¢®-
¤¨âáï ¢ ãà ¢­¥­¨¥ (2) ¨ ­ ®¡®à®â: ãà ¢­¥­¨¥ (2) ¯¥à¥¢®¤¨âáï ¢ ãà ¢­¥­¨¥ (1). �®ª ¦¥¬, çâ® íâ®
¯à¥®¡à §®¢ ­¨¥ ¯à¨­ ¤«¥¦¨â £àã¯¯¥ (LG2;�) ¨§ â¥®à¥¬ë 1. � ª ª ª

k'1(t; '
�1
2 (t; y))k � k1(t)k4(t)kyk � c1kyk;

k'2(t; '�11 (t; x))k � k3(t)k2(t)kxk � c2kxk;

â® ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 1. �«¥¤®¢ â¥«ì­®, L(t; y) = '1(t; '
�1
2 (t; y)), L 2 (LG2;�).

�ãáâì ãà ¢­¥­¨¥ (1) ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã �1 ¨
+1R
T

 (s)ds < +1. �®£¤  x(t : t0; x0) =

x0 +
tR
t0

f(s; x(s : t0; x0))ds ¨ x = x(t : t0; x0) | ®¡é¥¥ à¥è¥­¨¥. �®ª ¦¥¬, çâ® x = x(t : t0; y) |

«ï¯ã­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥. � ª ª ª

kx(t : t0; x0)k � kx0k+
Z t

t0

 (s)kx(s : t0; x0)kds;

â®

kx(t : t0; x0)k � kx0k exp
�Z +1

t0

 (s)ds
�

¨ kx(t : t0; y)k � kykk0, £¤¥ k0 = exp
�+1R

t0

 (s)ds
�
. �à®¬¥ â®£®,

kx0k � kxk+ k0

Z t

t0

 (s)kx0kds; kx0k

�
1� k0

Z t

t0

 (s)ds
�
� kxk:

�®íâ®¬ã kyk � k1kxk, k1 = 1 � k0
tR
t0

 (s)ds ¯à¨ ¤®áâ â®ç­® ¡®«ìè®¬ t0 ¨ ¤«ï ¯à¥®¡à §®¢ ­¨ï

x = x(t : t0; y) ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë 3. �«¥¤®¢ â¥«ì­®, ®­® ï¢«ï¥âáï «ï¯ã­®¢áª¨¬.
�®£¤  ­  ®á­®¢ ­¨¨ á«¥¤áâ¢¨ï ¨§ â¥®à¥¬ë 2 á«¥¤ã¥â ¯à¨¢®¤¨¬®áâì ãà ¢­¥­¨ï (1) ª ãà ¢­¥­¨î
(9). � ¬¥â¨¬, çâ® «ï¯ã­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥ ¯à¨­ ¤«¥¦¨â ¢ íâ®¬ á«ãç ¥ £àã¯¯¥ (LG2;�1).
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� áá¬®âà¨¬ ¯à¨«®¦¥­¨¥ ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢ ª à¥è¥­¨î § ¤ ç ãáâ®©ç¨¢®áâ¨ à¥è¥­¨©
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �ãáâì ãà ¢­¥­¨¥

dx

dt
= f(t; x) +R(t; x) (10)

¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã �,   ãà ¢­¥­¨¥

dz

dt
= f(t; z) (11)

| ¬­®¦¥áâ¢ã �1 ¨
+1R
T

 (t)dt < +1. �®£¤  ãà ¢­¥­¨¥ (11) ­  ®á­®¢ ­¨¨ ¯à¥¤ë¤ãé¥£® ¯à¨¢®¤¨¬®

«ï¯ã­®¢áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬ z = '(t; y), '(t; y) = z(t : t0; y) ª ãà ¢­¥­¨î (9) ¨ '�1(t; z) =

z �
tR
t0

f(s; z)ds.

�ãáâì





@'
�1(t; z)
@z





 �  0(t);  0 2 C([T;+1); [0;+1)): (12)

� ªãî ®æ¥­ªã «¥£ª® ¯®«ãç¨âì ¨§ ãá«®¢¨ï
+1R
T

 (t)dt < +1. � ª ª ª @'�1(t;z)

@z
=

h
@'(t;y)

@y

i
�1

, â® ­ 

®á­®¢ ­¨¨ (12)






�
@'(t; y)
@y

��1



 �  0(t); t � T; y 2 Rn: (13)

�à¥¤¯®«®¦¨¬ â ª¦¥ kR(t; x)k � �(t; kxk) ¨ � 2 C([T;+1); [0;+1)), �(t; 0) � 0, �(t; r1) � �(t; r2),
r1 � r2.

�¥®à¥¬  4. �ãáâì à¥è¥­¨ï �(t : t0; �0) ãà ¢­¥­¨ï

d�

dt
=  0(t)�(t; k0�) (14)

®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ ¨ à¥è¥­¨¥ � = 0 ãáâ®©ç¨¢®. �®£¤  à¥è¥­¨¥

x = 0 ãà ¢­¥­¨ï (10) â ª¦¥ ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. �à¥®¡à §®¢ ­¨¥¬ x = '(t; y) ãà ¢­¥­¨¥ (10) ¯à¨¢®¤¨¬® ª ãà ¢­¥­¨î

dy

dt
=

�
@'

@y

��1
R(t; '(t; y)): (15)

�§ ®æ¥­ª¨ (13) á«¥¤ã¥â ­¥à ¢¥­áâ¢®






�
@'(t; y)
@y

��1
R(t; '(t; y))





 �  0(t)�(t; k0kyk):

�®£¤  ¨§ ãáâ®©ç¨¢®áâ¨ à¥è¥­¨ï � = 0 ãà ¢­¥­¨ï (14) ¨ â¥®à¥¬ë ([4], á. 66) ¢ëâ¥ª ¥â ãáâ®©ç¨¢®áâì
à¥è¥­¨ï y = 0 ãà ¢­¥­¨ï (15). �® â. ª. ¯à¥®¡à §®¢ ­¨¥ x = '(t; y) «ï¯ã­®¢áª®¥, â® à¥è¥­¨¥ x = 0
ãà ¢­¥­¨ï (10) ãáâ®©ç¨¢®.
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