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�  ¬­®¦¥áâ¢¥ G = G+ [G�, £¤¥

G+ = f(x; y) j 0 < x < y < hg; G� = f(x; y) j �a < x < 0; 0 < y < hg;

à áá¬®âà¨¬ ãà ¢­¥­¨¥

L(u) � (x� y)uxy � 
ux = 0; 0 < 
 < 1: (1)

� ¤ ç . �  ¬­®¦¥áâ¢¥ G ­ ©â¨ à¥è¥­¨¥ u(x; y) 2 C(G+) \ C(G�) ãà ¢­¥­¨ï (1), ã¤®¢«¥â¢®-
àïîé¥¥ ¨­â¥£à «ì­ë¬ ãá«®¢¨ï¬Z y

0

u(x; y)dx = '1(y); y 2 [0; h]; (2)

Z �

0

u(x; y)dy = '2(x); x 2 [�a; 0]; (3)

¨ ãá«®¢¨ï¬ á®¯àï¦¥­¨ï

lim
x!0�

u(x; y) = a(y) lim
x!0+

u(x; y); (4)

lim
x!0�

@

@x

Z x

�a

(x� t)��(y � t)
ut(t; y)dt = b(y) lim
x!0+

@

@x

Z y

x

(t� x)��ut(t; y)dt; (5)

£¤¥ 0 < � < 1, a(y), b(y), '1(y), '2(x) | § ¤ ­­ë¥ äã­ªæ¨¨.

�á¯®¬®£ â¥«ì­ ï § ¤ ç . � ®¡« áâ¨ G� ¤«ï ãà ¢­¥­¨ï (1) ­ ©â¨ à¥è¥­¨¥ u(x; y)2C(G�),
ã¤®¢«¥â¢®àïîé¥¥ ¨­â¥£à «ì­ë¬ ãá«®¢¨ï¬ (3) ¨Z �

�a

u(x; y)dx =  (y); y 2 [0; h]; �a < � � 0: (6)

�áå®¤ï ¨§ ®¡é¥£® à¥è¥­¨ï ãà ¢­¥­¨ï (1)

u(x; y) = c2(y) +
Z y

x

c1(t)(y � t)�
dt

¨ ãá«®¢¨© (3), (6), § ¯¨è¥¬ à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ ¢ ¢¨¤¥

u(x; y) =
 (y)
a+ �

�
1� 


a+ �

Z �

�a

'02(t)(a+ t)(y � t)�


(�t)1�
 � (� � t)1�

dt+ (1� 
)

Z �

x

'02(t)(y � t)�


(�t)1�
 � (� � t)1�

dt; (7)

£¤¥  (y) 2 C 0[0;h], '2(x) 2 C 0[�a;0].
�¥âàã¤­® ã¡¥¤¨âìáï, çâ® äã­ªæ¨ï u(x; y), ®¯à¥¤¥«ï¥¬ ï ä®à¬ã«®© (7), ï¢«ï¥âáï à¥è¥­¨¥¬

ãà ¢­¥­¨ï (1), ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (3), (6), ­¥¯à¥àë¢­  ¢ G�. �¤¨­áâ¢¥­­®áâì à¥è¥­¨ï
á«¥¤ã¥â ¨§ ®¤­®§­ ç­®áâ¨ ®¯à¥¤¥«¥­¨ï c1(t), c2(y).
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� ®¡« áâ¨ G+ ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u(x; y) 2 C(G+) ¤«ï ãà ¢­¥­¨ï (1) § ¤ ç¨ �®è¨ á
¤ ­­ë¬¨

u(x; x) = �(x); x 2 [0; h]; lim
y!x+0

(ux � uy)(y � x)
 = �(x); x 2 [0; h];

¨¬¥¥â ¢¨¤ ([1], á. 7)

u(x; y) = �(y)�
1
2

Z y

x

�(t)(y � t)�
dt; �(x) 2 C[0;h] \ C
0

(0;h); �(x) 2 L[0;h] \ C
0

(0;h): (8)

�¥è¥­¨¥ u(x; y) 2 C(G+) § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï (1), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (2),
¡ã¤¥â ¨¬¥âì ¢¨¤

u(x; y) =
'1(y)
y

+
1
2y

Z y

0

�(t)t(y � t)�
dt�
1
2

Z y

x

�(t)(y � t)�
dt; (x; y) 2 G+; (9)

£¤¥ '1(y) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î A: '1(y) = '0(y)y, '0(y) 2 C 0[0;h].

�ç¨âë¢ ï ãá«®¢¨¥ á®¯àï¦¥­¨ï (4), á®®â­®è¥­¨ï (7), (8), ­ å®¤¨¬  (y)

a+�
¨, ¯®¤áâ ¢«ïï ¢ (7),

¯®«ãç¨¬

u(x; y) =
a(y)'1(y)

y
�
a(y)
2y

Z y

0
�(t)(y � t)1�
dt+

+ (1� 
)
Z 0

x

'02(t)(y � t)�


(�t)1�
 � (� � t)1�

dt; (x; y) 2 G�; (10)

£¤¥ '1(y), a(y) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î � ¨ ãá«®¢¨î B: a(y) 2 C 0[0;h].
�á¯®«ì§ãï ãá«®¢¨¥ á®¯àï¦¥­¨ï (5), ä®à¬ã«ë (9), (10) ¨ ¤¨ää¥à¥­æ¨àãï ¯®«ãç¥­­®¥ á®®â-

­®è¥­¨¥ ¯® y, ¯à¨å®¤¨¬ ª ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î
Z y

0

�(s)s1��(y � s)�
F
�
1� 
 � �; 1; 1� 
;

y � s

y

�
ds = F (y); (11)

£¤¥

�(t) =
Z t

0

�(s)ds; F (y) =
2�
�
y2�


d

dy

�
y


b(y)

�
;

� =
(1� 
)'02(�a)a

��

(� + a)1�
 � a1�

+ (1� 
)

Z 0

�a

(�t)�d
�

'02(t)
(� � t)1�
 � (�t)1�


�
:

�à¨ íâ®¬ ¨á¯®«ì§®¢ ­ë ([2], á. 72) ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ äã­ªæ¨¨ F (a; b; c; z), ä®à¬ã« 
 ¢â®âà ­áä®à¬ æ¨¨

F (�; �; 
; z) = (1� z)
����F (
 � �; 
 � �; 
; z);

  â ª¦¥ ä®à¬ã«ë ¤¨ää¥à¥­æ¨à®¢ ­¨ï

d

dz
[zaF (a; b; c; z)] = aza�1F (a+ 1; b; c; z);

d

dz
[zc�1F (a; b; c; z)] = (c� 1)zc�2F (a; b; c� 1; z):

�ãáâì b(y), '2(x) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �:

b(y) 2 C2
[0;h]; b(y) 6= 0; '2(x) 2 C2

[0;h]:

�®£¤  F (y) 2 C 0[0;h], F (0) = 0.
� áá¬®âà¨¬ ¤¢  á«ãç ï.

17



�«ãç © 1. �+ 
 = 1. �à ¢­¥­¨¥ (11) ¢ íâ®¬ á«ãç ¥ ï¢«ï¥âáï ãà ¢­¥­¨¥¬ �¡¥«ï

Z y

0

�(s)s


(y � s)

ds = F (y): (12)

�á¯®«ì§ãï ä®à¬ã«ã ®¡à é¥­¨ï ãà ¢­¥­¨ï (12) ([3], á. 30), ¯®«ãç¨¬

�(x) =
1

B(1� 
; 
)
x�


Z x

0
F 0(t)(x� t)
�1dt:

� ª ª ª ¢ë¯®«­ï¥âáï ãá«®¢¨¥ C, â® �(x) 2 L[0;h] \ C(0;h], �(x) = O(1), x ! 0. �®£¤  � 0(x) 2
L[0;h] \ C(0;h], � 0(x) = O(1), x ! 0, ¨ äã­ªæ¨ï u(x; y), ®¯à¥¤¥«ï¥¬ ï ä®à¬ã« ¬¨ (9), (10) ¢
®¡« áâïå G+ ¨ G� á®®â¢¥âáâ¢¥­­®, ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ u(x; y) 2 C(G+) \ C(G�)
ãà ¢­¥­¨ï (1) á ãá«®¢¨ï¬¨ (2){(5), £¤¥

�(x) =
1

(1� �)B(�; 1� �)

Z x

0
F 0(t)

�
x� t

x

�1��

F

�
1; 1� �; 2� �;

x� t

x

�
dt; (13)

a(y), b(y), '1(y), '2(x) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ A, B, C.

�«ãç © 2. � + 
 6= 1. �á¯®«ì§ãï ä®à¬ã«ã  ¢â®âà ­áä®à¬ æ¨¨, ¯à¥®¡à §ã¥¬ ãà ¢­¥­¨¥ (11)
ª ¢¨¤ã

Z y

0

�(s)(y � s)�
F
�
�; �
; 1� 
;

y � s

y

�
ds = !(y); (14)

£¤¥ !(y) = y��1F (y), !(0) = 0. �à¨ íâ®¬ !(y) 2 C[0;h] \ C
0

(0;h] ¢ á¨«ã ãá«®¢¨ï C. �à¨¬¥­ïï ª
ãà ¢­¥­¨î (14) ä®à¬ã«ã ®¡à é¥­¨ï ãà ¢­¥­¨ï �®«ìâ¥àà  ¯¥à¢®£® à®¤  ([4], á. 16), ¯®«ãç¨¬

�(x) =
1

B(
; 1� 
)

Z x

0

!0(y)(x� y)
�1R1

�

 � 1; 
; �
; �+ 
 � 1; 
; 
 � 1;

x� y

x
;
x� y

x

�
dy;

(15)

£¤¥ ([4], á. 5)

R1(�; �; �0; �; 
; �0;x; y) =
1X
n=0

1X
m=0

(�)n+m(�)n(�0)m(�)n
(
)n+m(�0)nn!m!

xnym:

�§ ¯à¥¤áâ ¢«¥­¨ï R1 ç¥à¥§ 2F1, ®æ¥­ª¨ 2F1, !0(y) ¨ ¨§ ãá«®¢¨ï C á«¥¤ã¥â

�(x) 2 C(0;h] \ L[0;h]; �(x) = O(x�+
�1); x! 0:

�®£¤  � 0(x) 2 C(0;h] \ L[0;h].
�ã­ªæ¨ï u(x; y), ®¯à¥¤¥«ï¥¬ ï ä®à¬ã« ¬¨ (9), (10) ¢ ®¡« áâïå G+ ¨ G� á®®â¢¥âáâ¢¥­­®, ¯à¨

ãá«®¢¨ïå A, B, C ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ u(x; y) 2 C(G+) \ C(G�) ãà ¢­¥­¨ï (1) á

ãá«®¢¨ï¬¨ (2){(5), £¤¥ �(x) =
xR
0

�(s)ds ®¯à¥¤¥«ï¥âáï ¨§ (15).

�¤¨­áâ¢¥­­®áâì à¥è¥­¨ï § ¤ ç¨ á«¥¤ã¥â ¨§ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¢á¯®¬®£ â¥«ì­®© § ¤ -

ç¨, § ¤ ç¨ �®è¨ ¨ ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (12), (14).
� ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬ . �á«¨ äã­ªæ¨¨ a(y), b(y), '1(y), '2(x) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ A, B, C, â® ¥¤¨­-
áâ¢¥­­®¥ à¥è¥­¨¥ u(x; y) 2 C(G+)\C(G�) ãà ¢­¥­¨ï (1) á® á¢®©áâ¢ ¬¨ (2){(5) ®¯à¥¤¥«ï¥âáï ¢
®¡« áâ¨ G+ ä®à¬ã« ¬¨ (9), ¢ á«ãç ¥ 1 | ä®à¬ã«®© (13), ¢ á«ãç ¥ 2 | (15) ¨ ¢ ®¡« áâ¨ G� |

ä®à¬ã« ¬¨ (10), (13) ¨«¨ (15) á®®â¢¥âáâ¢¥­­®.
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