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1. �¢¥¤¥¨¥

�®¯ãáâ¨¬, r 2 N ¨ W r | ª« áá ¥¯à¥àë¢ëå 2�-¯¥à¨®¤¨ç¥áª¨å äãªæ¨©, ¤«ï ª®â®àëå
áãé¥áâ¢ã¥â  ¡á®«îâ® ¥¯à¥àë¢ ï (r�1)-ï ¯à®¨§¢®¤ ï f (r�1)(x) ¨ kf (r)(x)k = sup

x
jf (r)(x)j � 1.

�¡®§ ç¨¬ Rm(W r) = sup
f2W r

kf(x) � Sm�1(x; f)k, £¤¥ Sm�1(x; f) | ç áâ¨çë¥ áã¬¬ë (m � 1)-£®

¯®àï¤ª  àï¤  �ãàì¥ äãªæ¨¨ f(x).
�.�.�®«¬®£®à®¢ [1] ¤®ª § «, çâ®

Rm(W
r) = m�r(4��2 lnm+O(1)):

�áá«¥¤®¢ ¨ï �.�.�®«¬®£®à®¢  ¤«ï ¡®«¥¥ ®¡é¨å ª« áá®¢ ¡ë«¨ ¯à®¤®«¦¥ë,  ¯à¨¬¥à, ¢ [2]{[6].
� ¤ ®© à ¡®â¥ à¥è ¥âáï ¤¨áªà¥âë©   «®£ § ¤ ç¨ �.�.�®«¬®£®à®¢ .
�á«¨ q 2 N , xn = 2�n

q
(n 2 Z), ek = fek(xn) = eikxngq�1

n=0, k = �[ q�1
2
]; : : : ; [ q

2
], â® ¯à®¨§¢®«ìãî

¤¨áªà¥âãî äãªæ¨î f : fx0; : : : ; xq�1g ! R ¬®¦® à §«®¦¨âì ¯® ®àâ®£® «ì®© á¨áâ¥¬¥ fekg
(k = �[ q�1

2
]; : : : ; [ q

2
]) ¢ á«¥¤ãîé¨© ¤¨áªà¥âë© àï¤ �ãàì¥:

f(xn) =
[q=2]X

k=�[ q�1
2

]

ckek(xn); ck =
1
q

q�1X
n=0

f(xn)e
�ikxn :

�®¯ãáâ¨¬, f = ff(xn)g
q�1
n=0, â®£¤  Sm�1(f ;xn) =

m�1P
k=�(m�1)

ckek(xn) | ç áâ¨ç ï áã¬¬  ¤¨áªà¥â®£®

àï¤  �ãàì¥.
�¡®§ ç¨¬ ç¥à¥§ W r

q ª« áá 2�-¯¥à¨®¤¨ç¥áª¨å ¤¨áªà¥âëå äãªæ¨© f , § ¤ ëå   à ¢®-
¬¥à®© á¥âª¥ fxngn2Z ¨ â ª¨å, çâ®

k�r
2�=qfk = max

n
j�r

2�=qf(xn)j �
�
2�=q

�r
:

�á¨¬¯â®â¨ç¥áª¨¥ á¢®©áâ¢  Cm(W r
q ) = sup

f2W r
q

kf � Sm�1(f ;xn)k ¯à¨ m; q ! 1 § ¢¨áïâ ®â ¯à¥-

¤¥«  ®â®è¥¨ï ¯®àï¤ª  áã¬¬ �ãàì¥ ª ç¨á«ã â®ç¥ª à ¢®¬¥à®© á¥âª¨ ¨, ¢ ç áâ®áâ¨, ®â â®£®,
ï¢«ï¥âáï ãª § ë© ¯à¥¤¥« ç¨á«®¬ à æ¨® «ìë¬ ¨«¨ ¨àà æ¨® «ìë¬. �ª §ë¢ ¥âáï, çâ® ¢ ®â-
«¨ç¨¥ ®â ¥¯à¥àë¢®£® á«ãç ï §¤¥áì ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¯®ï¢«ïîâáï äãªæ¨¨ à¨¬ ®¢áª®£®
â¨¯ .

2. �¨áªà¥âë¥ ª®áâ âë �¥¡¥£ 

�«ï à¥è¥¨ï ¯®áâ ¢«¥®© § ¤ ç¨ ¥®¡å®¤¨¬® § âì ¯®¢¥¤¥¨¥ ª®áâ â

Lm(q) =
1
q

q�1X
n=0

j sin(mxn=2)j
sin(xn=2)

;
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Lm(q) =
1
q

q�[q=m]X
n=[q=m]

j cos(�m(n+ 1=2)=q)j
sin(�(n+ 1=2)=q)

; m; q 2 N; m < q:

�®áâ âë Lm(q) ¨§ãç¥ë ¢ [7], £¤¥ ¤®ª §  

�¥®à¥¬  1. �ãáâì mn; qn 2 N , mn !1, mn

qn
! � (n!1). �®£¤ 

a) ¥á«¨ � | ¨àà æ¨® «ì®¥ ç¨á«® ¨«¨ � = 0, â®

lim
n!1

Lmn
(qn)

ln(mn + 1)
=

4
�2
;

¥á«¨ � = s=p, (s; p) = 1, â®

lim
n!1

Lmn
(qn)

ln(mn + 1)
�

2
�p

ctg
�

2p
; lim

n!1

Lmn
(qn)

ln(mn + 1)
�

4
�2
;

¡) ¤«ï «î¡®£®  2 [ 2
�p
ctg �

2p
; 4

�2
] áãé¥áâ¢ãîâ m0

n; q
0
n 2 N â ª¨¥ , çâ®

m0
n

q0n
! s

p
¨ lim

n!1

Lm0n
(q0n)

ln(m0
n+1)

= .

�«ï ª®áâ âë Lm(q) ¤®ª ¦¥¬ á«¥¤ãîéãî â¥®à¥¬ã.

�¥®à¥¬  2. �ãáâì mn; qn 2 N , mn < qn, �n = min(mn; qn � mn) + 1 ! 1, mn

qn
! � ¯à¨

n!1. �®£¤ 

a) ¤«ï ¨àà æ¨® «ìëå � ¨ � = 0; 1 ¨¬¥¥¬ lim
n!1

Lmn (qn)

ln �n
= 4

�2
,

¡) ¥á«¨ � = s
p
, (s; p) = 1, â®

lim
n!1

Lmn
(qn)

ln �n
= h =

(
2
�p
ctg �

2p
¯à¨ s+ p � 0 (mod 2);

4
�2

¯à¨ s+ p � 1 (mod 2);

lim
n!1

Lmn
(qn)

ln �n
= H =

8<
:

4
�2

¯à¨ s+ p � 0 (mod2);
2

�p sin �
2p

¯à¨ s+ p � 1 (mod2):

�à®¬¥ â®£®, ¤«ï «î¡®£®  2 [h;H] áãé¥áâ¢ãîâ m0
n; q

0
n 2 N â ª¨¥, çâ® m0

n=q
0
n ! s=p (n ! 1)

¨ lim
n!1

Lm0n
(q0n)

ln � 0n
= .

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¢ j cos �m(n+1=2)=qj
sin�(n+1=2)=q

= tn, § ¯¨è¥¬ Lm(q) ¢ ¢¨¤¥

Lm(q) =
1
q

q�1X
n=1

tn �
1
q

[q=m]�1X
n=1

tn �
1
q

q�1X
n=q�[q=m]+1

tn � G1 �G2 �G3: (1)

�®ª ¦¥¬, çâ®

G2 +G3 =
2
�
ln

q

m
+O(1): (2)

�¬¥¥¬ G2 = 1
q

[q=(2m)]P
n=1

tn +O(1). �à¨¬¥ïï à ¢¥áâ¢® cos x � 1� 2
�
x, x 2 [0; �=2], ¯®«ãç¨¬

G2 �
1
�
ln

q

m
+O(1): (3)

� ª ª ª
1

sinx
=

1
x
+O(1); x 2 (0;�=2]; (4)

â® G2 �
1
�
ln q

m
+O(1). �âáî¤  ¨ ¨§ (3) á«¥¤ã¥â

G2 =
1
�
ln

q

m
+O(1): (5)
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� ª ª ª G3 = 1
q

[q=m]�1P
n=1

tn�1, â®   «®£¨ç® ¯®«ãç¨¬ G3 = 1
�
ln q

m
+ O(1), ®âªã¤  á ãç¥â®¬ (5)

á«¥¤ã¥â (2). �á¯®«ì§ãï à §«®¦¥¨¥

j cos xj = 1 +
8
�

1X
v=1

(�1)v sin2 vx
4v2 � 1

¨ ä®à¬ã«ã

sin2 nx
sinx

=
nX

k=1

sin(2k � 1)x;

¯®«ãç¨¬ ¤«ï G1 á«¥¤ãîé¥¥ ¢ëà ¦¥¨¥:

G1 =
2 ln q
�

+
8
�q

1X
v=1

(�1)v

4v2 � 1

vmX
k=1

sin�1(2k � 1)
�

q
+O(1): (6)

�§ (1), (2), (6) á«¥¤ã¥â

Lm(q) =
2 lnm
�

+
8
�q

1X
v=1

(�1)v

4v2 � 1

vmX
k=1

sin�1(2k � 1)
�

q
+O(1):

�á¯®«ì§ãï ä®à¬ã«ë sin�1 x = ctg x
2
� ctg x,

pqP
k=1

ctg(2k � 1) �
2q
= 0, p 2 N , ¯à¥¤áâ ¢¨¬

Lm(q) =
2 lnm
�

�
8
�2

1X
v=1

(�1)v ln(qk vm
q
k+ 1)

4v2 � 1
+
16
�2

1X
v=1

(�1)v ln(2qk vm
2q
k+ 1)

4v2 � 1
+O(1); (7)

£¤¥ k � k | à ááâ®ï¨¥ ¤® ¡«¨¦ ©è¥£® æ¥«®£®.
�®ª ¦¥¬ ¯ãªâ a). �ãáâì mn

qn
! � 6= 0; 1 (n ! 1). �®£¤  k vmn

qn
k ! kv�k ¨ v� ¥ æ¥«®¥ ¤«ï

¨àà æ¨® «ìëå �. � §¤¥«¨¢ (7)   lnmn, ¨á¯®«ì§ãï à ¢®¬¥àãî áå®¤¨¬®áâì àï¤®¢ ¨ ¯¥à¥å®¤ï
ª ¯à¥¤¥«ã ¯à¨ n!1, ¯®«ãç¨¬

lim
n!1

Lmn
(qn)

lnmn

=
2
�
+

8
�2

1X
v=1

(�1)v

4v2 � 1
=

4
�2
:

� «¥¥ ¯®«ãç¨¬ ¥à ¢¥áâ¢®

2�
�q

ctg
��

2q
ln � +O(1) � Lm(q) �

2� ln �
�q sin��=q

+O(1); (8)

£¤¥ � = min(m; q �m) + 1.
�ãáâì q � 2m. � á¨«ã (4) ¨¬¥¥¬

Lm(q) =
1
�

[q=2]X
n=[q=m]

�n +
1
�

[q=2]X
n=[q=m]

�n�1 +O(1)

¯à¨ �n =
j cos �m(n+1=2)=qj

n+1=2
. � ¬¥ç ï, çâ® sign cos x = (�1)k+1, �

2
+ k� � x � �

2
+ (k + 1)�, ¯®«ãç¨¬

Lm(q) =
1
�

[m�1
2

]X
k=0

(�1)k+1

[a�
k+1

]X
n=[a�

k
]+1

�n +
1
�

[m�1
2

]X
k=0

(�1)k+1

[a+
k+1

]X
n=[a+

k
]+1

�n�1 +O(1);
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£¤¥ a�k = q
m
(k + 1

2
)� 1

2
. �¬¥¥¬

Lm(q) �
m

�q

[m�1
2

]X
k=0

(�1)k+1

k + 3=2
(A�k +A+

k ) +O(1);

Lm(q) �
m

�q

[m�2
2

]X
k=0

(�1)k+1

k + 1=2
(A�k +A+

k ) +O(1);

£¤¥ A�k =
[a�
k+1

]P
n=[a�

k
]+1

cos �m(n� 1
2
)=q.

�ãáâì fag | ¤à®¡ ï ç áâì a. � ¬¥ç ï, çâ®

A�k =
(�1)k+1(cos( 1

2
� fa�k+1g)

�m
q
+ cos( 1

2
� fa�k g)

�m
q
)

2 sin �m
2q

¨

2 cos
�m

q
� cos

�
1
2
� fa�k+1g

�
�m

q
+ cos

�
1
2
� fa�k g

�
�m

q
� 2;

¯®«ãç¨¬

Lm(q) �
2m
�q

ctg
�m

2q

[m�1
2

]X
k=0

1
k + 3=2

+O(1);

Lm(q) �
2m

�q sin �m
2q

[m�1
2

]X
k=0

1
k + 1=2

+O(1);

®âªã¤  á«¥¤ã¥â (8) ¯à¨ q � 2m.
�ãáâì â¥¯¥àì q < 2m. � ª ª ª

Lm(q) =
1
q

q�1X
n=1

tn +O(1) =
1
q

q�1X
n=1

j sin�(q �m)(n+ 1
2
)=qj

sin�(n+ 1
2
)=q

+O(1);

â® á®¢¥àè¥®   «®£¨ç® ¯®«ãç¨¬

2(q �m)
�q

ctg
�(q �m)

2q
ln(q �m) +O(1) � Lm(q) �

2(q �m) ln(q �m)
�q sin� q�m

2q

+O(1):

�¥à ¢¥áâ¢® (8) ¤®ª § ®. �§ (8) á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ ¯. a) ¤«ï � = 0 ¨ � = 1.
�®ª ¦¥¬ ¯ãªâ ¡). �ãáâì mn

qn
= s

p
+ "n, £¤¥ "n ! 0 (n ! 1) â ª®¥, çâ® áãé¥áâ¢ã¥â (¢ á¨«ã

(8)) lim
n!1

Lmn (qn)

lnmn
.

�®¯ãáâ¨¬ mnk

qnk
| ¯®¤¯®á«¥¤®¢ â¥«ì®áâì, ¤«ï ª®â®à®© lim

k!1

ln(j"nk j+q
�1
nk

)

lnmnk

= �. �¥  àãè ï

®¡é®áâ¨, ¡ã¤¥¬ áç¨â âì nn = n. �á®, çâ® � 2 [�1; 0]. �ãáâì ¤«ï ä¨ªá¨à®¢ ®£® æ¥«®£® k
j"nj <

1
2kp

. �®£¤ 

lim
n!1

ln(kkpmn

qn
k+ kp

qn
)

lnmn

= �; (9)

lim
n!1

ln(2kkpmn

2qn
k+ kp

qn
)

lnmn

=

(
�; ¥á«¨ ks � 0 (mod 2);

0; ¥á«¨ ks � 1 (mod 2):
(10)

� ª ª ª

o � ln
�kpmn

qn

+ kp

qn

�
� ln

�kpmn

qn

+ 1
qn

�
� lnkp;
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â®, § ¬¥ç ï, çâ® vs
p
¥ æ¥«®¥ ¯à¨ v � 0 (mod p), ¨ ¯à¨¬¥ïï (8), ¨§ (7) ¯®«ãç¨¬

lim
n!1

Lmn
(qn)

lnmn

=

8<
:

4
�2
+ 8�

�2

1P
k=1

(�1)k

4k2p2�1
; ¥á«¨ s+ p � 1 (mod 2);

4
�2
+ 8�

�2

P1
k=1

1
4k2p2�1

; ¥á«¨ s+ p � 0 (mod 2);

®âáî¤ 

lim
n!1

Lmn
(qn)

lnmn

�

8<
:

4
�2
; ¥á«¨ s+ p � 1 (mod 2);

4
�2
� 8

�2

1P
k=1

1
4k2p2�1

; ¥á«¨ s+ p � 0 (mod 2);

lim
n!1

Lmn
(qn)

lnmn

�

8<
:

4
�2
+ 8

�2

1P
k=1

(�1)k�1

4k2p2�1
; ¥á«¨ s+ p � 1 (mod 2);

4
�2
; ¥á«¨ s+ p � 0 (mod 2):

�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  ¯¥à¢®© ç áâ¨ ¯. ¡) ®áâ «®áì § ¬¥â¨âì, çâ®

1X
k=1

1
4k2p2 � 1

=
1
2
�

�

4p
ctg

�

2p
; (11)

1X
k=1

(�1)k

4k2p2 � 1
=
1
2
�

�

4p sin �
2p

: (12)

�®ª ¦¥¬ § ª«îç¨â¥«ìãî ç áâì ¯. ¡). � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâ¨ mn = ns, qn = np.
� ¬¥â¨¢, çâ® ¯à¨ v = kp, £¤¥ k 2 N,

vmn

qn

 = 0;
vmn

2qn

 =
(
0; ks � 0 (mod 2);
1
2
; ks � 1 (mod 2);

¨ ¯®áâã¯¨¢ â ª ¦¥, ª ª ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯. a), ¨§ (7) ¯®«ãç¨¬

lim
n!1

Lns(np)
ln(ns)

=

8>><
>>:

2
�
+ 8

�2

1P0

v=1

(�1)v

4v2�1
; ¥á«¨ s � 0 (mod2);

2
�
+ 8

�2

1P0

v=1

(�1)v

4v2�1
+ 16

�2

1P
k=1

(�1)p

4(2k�1)2p2�1
; ¥á«¨ s � 1 (mod2);

£¤¥ 0 ¯à¨ áã¬¬¥ ®§ ç ¥â, çâ® v � 0 (mod p). � ª ª ª 8
�2

1P
v=1

(�1)v

4v2�1
= 4

�2
� 2

�
, â®, ¯à¨¬¥ïï (11),

(12), ¯®«ãç¨¬

R(p) = lim
n!1

Lns(np)
ln(ns)

=

8<
:

2
�p sin �

2p

; ¥á«¨ s+ p � 1 (mod 2);
2 ctg �

2p

�p
; ¥á«¨ s+ p � 0 (mod 2):

(13)

�âáî¤  ¢¨¤®, çâ® R(p)! 4
�2

¯à¨ p!1. �«¥¤®¢ â¥«ì®, ¤«ï «î¡®£® à æ¨® «ì®£® s=p áãé¥-
áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì mn

qn
! s

p
(n!1) â ª ï, çâ®

lim
n!1

Lmn
(qn)

lnmn

=
4
�2
: (14)

�§ (13), (14) á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ ¯. ¡) ¤«ï  = h ¨  = H.

�á«¨  2 (h;H), â® ¢®§ì¬¥¬ q0n 2 N, q
0
n !1 (n!1) ¨ ¯®«®¦¨¬ m0

n = [ sq
0
n�(q0n)

1�t

p
], £¤¥

t =

(
�h
H�h

; ¥á«¨ s+ p � 1 (mod 2);
H�
H�h

; ¥á«¨ s+ p � 0 (mod 2):
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�á®, çâ® m0
n

q0n
= s

p
+ "n, £¤¥ p�1(q0n)

�t � j"nj � p�1(q0n)
�t + (q0n)

�1, ®âªã¤  lim
n!1

ln(j"nj+1=q0n)

lnm0
n

= �t,

çâ® ¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥¨¥ ¤«ï  2 (h;H) á®£« á® (7), (9), (10). �¥®à¥¬  ¤®ª §  , â. ª. ¥á«¨
� 6= 0; 1, â® lim

n!1

ln(qn�mn)

lnmn
= 1.

3. �á®¢®© à¥§ã«ìâ â

�¡®§ ç¨¬ �n = min(2mn� 1; qn� 2mn+1)+1, Yn =
Cmn (W

r
q )

m�r
n ln �n

, g(�) =
�

��
2 sin ��

2

�r
, £¤¥ mn; qn 2 N.

�á®¢ë¬ à¥§ã«ìâ â®¬ ¤ ®© à ¡®âë ï¢«ï¥âáï

�¥®à¥¬  3. �ãáâì qn � 2mn, �n !1, 2mn�1
qn

! � ¯à¨ n!1, r � i (mod 2), i = 0 ¨«¨ i = 1.
�®£¤ 

a) ¥á«¨ � ¨àà æ¨® «ì® ¨«¨ � = 0; 1, â® lim
n!1

Yn = 4
�2
g(�),

¡) ¥á«¨ � = s
p
, £¤¥ s; p 2 N, (s; p) = 1, â® lim

n!1
Yn = g(�)hi, lim

n!1
Yn = g(�)Hi, £¤¥

h0 =
2
�p

ctg
�

2p
; H0 =

4
�2
;

h1 =

(
h0 ¯à¨ s+ p � 0 (mod 2);

H0 ¯à¨ s+ p � 1 (mod 2);

H1 =

8<
:H0 ¯à¨ s+ p � 0 (mod2);

2
�p sin �

2p

¯à¨ s+ p � 1 (mod2):

�à®¬¥ â®£®, ¤«ï «î¡®£®  2 [hi;Hi], £¤¥ i = 0 ¯à¨ r � 0 (mod 2) ¨ i = 1 ¯à¨ r � 1 (mod 2),
áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì

m0
n

q0n
! s

p
(n!1) â ª ï, ¯à¨ ª®â®à®© lim

n!1
Yn = g(�).

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® à ¢®¬¥à® ¯® m ¨ q ¨¬¥¥â ¬¥áâ® ä®à¬ã« 

Cm(W
r
q ) =

�
�

q sin �m
q

�r
(L02m�1(q) +O(1)); (15)

£¤¥

L02m�1(q) =

(
L2m�1(q) ¯à¨ r � 0 (mod 2);

L2m�1(q) ¯à¨ r � 1 (mod 2):

� ª ª ª ª« ááW r
q ¨¢ à¨ â¥ ®â®á¨â¥«ì® á¤¢¨£   à£ã¬¥â , â® ¢ ®¯à¥¤¥«¥¨¨Cm(W r

q ) ¬®¦®
¢¬¥áâ® ®à¬ë kf � Sm�1(f)k ¢§ïâì ®âª«®¥¨¥ jf(0)� Sm�1(f ; 0)j.

�à¨¬¥ïï r à § ¯à¥®¡à §®¢ ¨¥ �¡¥«ï, ¯®«ãç¨¬ ¤«ï ¤¨áªà¥âëå ª®íää¨æ¨¥â®¢ �ãàì¥ 2�-
¯¥à¨®¤¨ç¥áª®© äãªæ¨¨ á«¥¤ãîé¥¥ ¢ëà ¦¥¨¥:

ck =
1

q(1� eixk)r

q�1X
n=0

�r
2�=qf(xn)e

�kxni; k 6= 0:

�«¥¤®¢ â¥«ì®, ¯®¤áâ ¢«ïï § ç¥¨ï f(0), Sm�1(f ; 0) ¨ ck, ¯®«ãç¨¬

Cm(W r
q ) = sup

f2W r
q

2
q

����
q�1X
n=0

�r
2�=qf(xn)

[q=2]X
k=m

cos(�k(2n+r)
q

+ r�
2
)

(2 sin �k
2
)r

����+O(q�r): (16)

�®¯ãáâ¨¬ á ç « , çâ® r � 0 (mod2). �§ (16) á«¥¤ã¥â

Cm(W r
q ) �

2r+1�r

qr+1

q�1X
n=0

����
[q=2]X
k=m

cos kxn
(2 sinxk=2)r

����+O(q�r): (17)
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�¡®§ ç¨¬

ak = (2 sinxk=2)�r; �(k) = ak � ak+1; �2(k) = �(k)��(k + 1);

Bm(n) =
[q=2]X
k=m

ak cos kxn; Dj(x) =
1
2

jX
n=1

cosnx; Fk(x) =
kX

n=0

Dn(x):

�à¨¬¥ïï ¤¢ ¦¤ë ¯à¥®¡à §®¢ ¨¥ �¡¥«ï, ¯®«ãç¨¬

Bm(n) = �amDm�1(xn) + a[q=2]D[q=2](xn) +

+
[q=2]�2X
k=m

�2(k)Fk(xn)��(m)Fm�1(xn) + �([q=2] � 1)F[q=2]�1(xn) �

� �am
sin(m� 1

2
)xn

2 sinxn=2
+G(n): (18)

� ª ª ª Fk(x) � 0 ¨
q�1P
n=0

Fk(xn) =
(k+1)q

2
, â®

1
q

q�1X
n=0

[q=2]�2X
k=m

�2(k)Fk(xn) =
1
2
(m�(m)� ([q=2] � 1)�([q=2] � 1) + am � a[q=2]�1):

�à®¬¥ â®£®, �(k) = O(ak
k
), D[q=2](xn) = O(1). �«¥¤®¢ â¥«ì®, ¡ã¤¥¬ ¨¬¥âì

1
q

q�1X
n=0

jG(n)j = O(am): (19)

�§ (17){(19) á«¥¤ã¥â ®æ¥ª  á¢¥àåã. �¥¯¥àì ¤®ª ¦¥¬ ®æ¥ªã á¨§ã. �ãáâì

A = f([o; [ q
4
]� 1] [ [ 3q

4
+ 2; q � 1]) \ Zg;

B = f[0; q � 1] \ (Z n A)g

| ¬®¦¥áâ¢® æ¥«ëå â®ç¥ª. �®«®¦¨¬

'(xn) =
�
2�
q

�r8><
>:
sign sin(m� 1

2
)xn

sinxn=2
; n 2 A;

�
P
j2A

'(xj)

jBj
; n 2 B;

£¤¥ jBj | ç¨á«® í«¥¬¥â®¢ B. �¡¥¤¨¬áï, çâ® ¨§ ãá«®¢¨ï
q�1P
n=0

'(xn) = 0 á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥

äãªæ¨¨ f 2 W r
q â ª®©, ¯à¨ ª®â®à®© �r

2�=qf(xn) = '(xn). �®§ì¬¥¬ f1(xn) = �
nP

k=0
'(xk) + C1,

n = 1; : : : ; q� 1, f1(o) = C1 ¨ ¢ë¡¥à¥¬ C1 â ª, çâ®¡ë
q�1P
n=0

f1(xn) = 0. �á®, çâ® äãªæ¨î f1 ¬®¦®

¯à®¤®«¦¨âì ª ª ¯¥à¨®¤¨ç¥áªãî á ¯¥à¨®¤®¬ 2� ¨ �2�=qf(xn) = '(xn). � «¥¥ ¢®§ì¬¥¬

f2(xn) = �
nX

k=0

f1(xk) + C2; n = 1; : : : ; q � 1;

f2(o) = C2;
q�1X
n=0

f2(xn) = 0

13



¨ â. ¤. �à®¤®«¦ ï ¯à®æ¥áá, ¬®¦® ¯®áâà®¨âì f = ff(xn)g
q�1
n=0 á ¯¥à¨®¤®¬ 2� â ª, çâ®¡ë �r

2�=qf(xn) =
'(xn). �®íâ®¬ã ¨§ (16) á«¥¤ã¥â

Cm(W
r
q ) �

2
q

����
q�1X
n=0

'(xn)Bm(n)
����+O

�
am
qr

�
:

� ¬¥â¨¢, çâ® j'(xn)j � ( 2�
q
)r ¨ sin(m� 1

2
)xn

sinxn=2
= O(1) ¯à¨ n 2 B, ¨§ (18), (19) ¨¬¥¥¬

Cm(W r
q ) �

am
q

�
2�
q

�r� q�1X
n=0

j sin(m� 1
2
)xnj

sinxn=2
�

� 2
X
n2B

j sin(m� 1
2
)xnj

sinxn=2

�
+O

�
am
qr

�
=
�
2�
q

�r
am(Lm(q) +O(1)):

�«ï ç¥âëå r ä®à¬ã«  (16) ãáâ ®¢«¥ .
�ãáâì â¥¯¥àì r � 1 (mod2). �¡®§ ç¨¬

'0(xn) =
�
2�
q

�r
sign

[q=2]X
k=m

sin(2n+ r)�k=q
(2 sin �k

q
)r

:

�á®, çâ®
q�1P
n=0

'0(n) = 0. �®íâ®¬ã áãé¥áâ¢ã¥â äãªæ¨ï f 2 W r
q â ª ï, çâ® �r

2�=qf(xn) = '0(xn).

�«¥¤®¢ â¥«ì®, ¨§ (16) ¨¬¥¥¬

Cm(W
r
q ) =

2
q

�
2�
q

�r q�1X
n=0

jAm(n)j+O

�
am
qr

�
; (20)

£¤¥ Am(n) =
[q=2]P
k=m

sin 2�k(n+ 1
2
)=q

(2 sin �k
q
)r

.

�à¨¬¥ïï ¤¢ ¦¤ë ¯à¥®¡à §®¢ ¨¥ �¡¥«ï, ¯®«ãç¨¬

Am(n) = am
cos(2m� 1)(n+ 1

2
)�=q

2 sin(n+ 1
2
)=q

�

� a[q=2]
cos([ q

2
] + 1

2
)(2n+ 1)�=q

2 sin�(n+ 1
2
)=q

+
�(m) sin(2n+ 1)�m=q

4 sin2 �(n+ 1
2
)=q

�

��([ q
2
]� 1)

sin[ q
2
](2n+ 1)�=q

4 sin2 �(n+ 1
2
)=q

�
[q=2]�2X
k=m

sin(k + 1)(2n+ 1)�=q
4 sin2 �(n+ 1

2
)=q

�2(k) �

� am
cos(2m� 1)(n+ 1

2
)�=q

2 sin�(n+ 1
2
)=q

+Qm(n): (21)

� ¬¥â¨¢, çâ®

cos([ q
2
] + 1

2
)(2n+ 1)�=q

2 sin(n+ 1
2
)�=q

=

(
0; ¥á«¨ q � 1 (mod 2);
(�1)n

2
; ¥á«¨ q � 0 (mod 2);

q�[ q

2m�1
]�3X

n=[ q

2m�1
]+2

j sin(k + 1)(2n+ 1)�=qj
sin2 �(n+ 1

2
)=q

= O(mq);

¯®«ãç¨¬

2
q

q�[ q

2m�1
]�3X

n=[ q

2m�1
]+2

jQm(n)j = O(am): (22)
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� ¤àã£®© áâ®à®ë,

1
q

� [ q

2m�1
]+1X

n=0

jAm(n)j+
q�1X

n=q�[ q

2m�1
]�2

jAm(n)j �
2
q

��
q

2m� 1

�
+ 2

� [q=2]X
k=m

1
(2 sin �k

q
)r
= O(am): (23)

�à¨¬¥ïï (21){(23), ¨§ (20) ¯®«ãç¨¬ ä®à¬ã«ã (15) ¤«ï ¥ç¥âëå r.
� ª ª ª L2mn�1(qn) = Lqn�(2mn+1)(qn) + O(1) ¯à¨ 2mn � 1 � qn=2 ¨ lim

n!1
2mn�1

qn
!�

ln(qn�2mn+1)

ln(2mn�1)
=1

¯à¨ � 6= 0; 1, â® ¤«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 3 ®áâ «®áì ¯à¨¬¥¨âì â¥®à¥¬ë 1
¨ 2.
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