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� ¤ ­­®© à ¡®â¥ ãáâ ­®¢«¥­  ­ ¨¡®«ìè ï à §¬¥à­®áâì £àã¯¯ë ¤¢¨¦¥­¨© á¯¥æ¨ «ì­ëå ¯à®-
áâà ­áâ¢ � ¢ £ãç¨ ¨ ãª § ­ë ¨­¢ à¨ ­â­ë¥ å à ªâ¥à¨áâ¨ª¨ ¬ ªá¨¬ «ì­® ¯®¤¢¨¦­ëå ¯à®-
áâà ­áâ¢.

1. �à®áâà ­áâ¢®¬ � ¢ £ãç¨ ­ §ë¢ îâ n-¬¥à­®¥ £« ¤ª®¥ ¬­®£®®¡à §¨¥ M , ¢ ª®â®à®¬ ¤«¨­  s

ªà¨¢®© x(t) ®¯à¥¤¥«ï¥âáï ¨­â¥£à «®¬ [1]

s =
Z
L(x; _x; �x; : : : ; x(k))dt; (1)

£¤¥ L | áª «ïà­ ï äã­ªæ¨ï (« £à ­¦¨ ­)  à£ã¬¥­â®¢ xi, _xi = dxi

dt
, �xi = d2xi

dt2
; : : : ; x(k)i = dkxi

dtk
|

ª®®à¤¨­ â k-áª®à®áâ¨ â®çª¨ x 2M . �à¥¡ã¥âáï, çâ®¡ë ¨­â¥£à « (1) ¯à¨­¨¬ « ­¥®âà¨æ â¥«ì­ë¥
§­ ç¥­¨ï ¨ ­¥ § ¢¨á¥« ®â ¯ à ¬¥âà¨§ æ¨¨ ªà¨¢®©.

� áá¬®âà¨¬ n-¬¥à­®¥ (n ç¥â­®¥) ¯à®áâà ­áâ¢® � ¢ £ãç¨, ¢ ª®â®à®¬ ¬¥âà¨ª  (1) ®¯à¥¤¥«ï¥âáï
« £à ­¦¨ ­®¬ ¢¨¤  [2]

L(x; _x; �x) = (!ij(x) _xi�xj + 
ijk(x) _xi _xj _xk)
1

3 ; (2)

£¤¥ !ij | ª®¬¯®­¥­âë ­¥¢ëà®¦¤¥­­®© ¤¨ää¥à¥­æ¨ «ì­®© 2-ä®à¬ë !, § ¤ îé¥© ¯®çâ¨ á¨¬-
¯«¥ªâ¨ç¥áªãî áâàãªâãàã ­  M ; !ij = �!ji, det k!ijk 6= 0, 
ijk | á®¢®ªã¯­®áâì äã­ªæ¨©, á¨¬-
¬¥âà¨ç­ ï ¯® ¢á¥¬ ¨­¤¥ªá ¬, ®¯à¥¤¥«ïîé ï ¤¨ää¥à¥­æ¨ «ì­®-£¥®¬¥âà¨ç¥áª¨© ®¡ê¥ªâ 
, § -
ª®­ ¯à¥®¡à §®¢ ­¨ï ª®â®à®£® 
i0j0k0 = 
ijk@i0x

i@j0x
j@k0xk + !pq@(i0x

p@2
j0k0)x

q ®¡¥á¯¥ç¨¢ ¥â ¨­¢ -
à¨ ­â­®áâì « £à ­¦¨ ­  L(x; _x; �x) ¯à¨ § ¬¥­¥ ª®®à¤¨­ â xi

0

= xi
0

(x1; : : : ; xn), _xi
0

= _xi@ixi
0

,
�xi

0

= �xi@ixi
0

+ _xi _xj@2
ijx

i0 .

�á«®¢¨ï �¥à¬¥«® _xi _@iL + 2�xi �@iL = L, _xi �@iL = 0 ¤«ï « £à ­¦¨ ­  (2) ¢ë¯®«­ïîâáï â®¦¤¥-
áâ¢¥­­®, ¯®íâ®¬ã ¨­â¥£à « (1) ­¥ § ¢¨á¨â ®â ¯ à ¬¥âà¨§ æ¨¨ ªà¨¢®© (@i = @

@xi
, _@i = @

@ _xi
, �@i = @

@�xi
,

i; j; k; : : : = 1; : : : ; n).

2. �­ «¨§ ãà ¢­¥­¨© �©«¥à {� £à ­¦  @L

@xi
� d

dt

@L

@ _xi
+ d2

dt2
@L

@�xi
= 0 ¯®§¢®«ï¥â ¯à¨á®¥¤¨­¨âì ª

« £à ­¦¨ ­ã (2) á¢ï§­®áâì
�

r [1], [3]:

�

�k
ij = !kp

�
1
3

(@i!pj + @j!pi) + 
ijp

�
: (3)

�¥áª®«ìª® à ­¥¥  ­ «®£¨ç­ãî á¢ï§­®áâì ¯®áâà®¨« �. � àâ ­ [4] ¤«ï n = 2, ¨§ãç ï £¥®¬¥âà¨î
¨­â¥£à « 

R
F (x; y; y0; y00).

�¢ï§­®áâì (3) ­¥ ¨¬¥¥â ªàãç¥­¨ï ¨, ª ª «¥£ª® ¯à®¢¥à¨âì, ®¡« ¤ ¥â á«¥¤ãîé¨¬ á¢®©áâ¢®¬
[3], [5]:

�

ri!jk = (d!)ijk ; (4)

77



£¤¥ (d!)ijk = @[i!jk] | ª®¬¯®­¥­âë ¢­¥è­¥£® ¤¨ää¥à¥­æ¨ «  d! äã­¤ ¬¥­â «ì­®© ä®à¬ë !.

�á«¨ d! = 0, â. ¥. ¯®çâ¨ á¨¬¯«¥ªâ¨ç¥áª ï áâàãªâãà  ï¢«ï¥âáï á¨¬¯«¥ªâ¨ç¥áª®©, â® á¢ï§­®áâì
�

r,
ª ª á«¥¤ã¥â ¨§ (4), á®£« á®¢ ­  á !. �á«¨ d! 6= 0, á¢ï§­®áâì, á®£« á®¢ ­­ ï á !, ­¥®¡å®¤¨¬® ¨¬¥¥â
ªàãç¥­¨¥. �¥©áâ¢¨â¥«ì­®, ãá«®¢¨¥ á®£« á®¢ ­­®áâ¨ r! = 0 ¢ «®ª «ì­ëå ª®®à¤¨­ â å ¨¬¥¥â ¢¨¤

@k!ij � !pj�
p
ki � !ip�

p
kj = 0; (5)

£¤¥ �k
ij | ª®íää¨æ¨¥­âë á¢ï§­®áâ¨ r@i@j = �k

ij@k. �¨ª«¨àãï (5) ¨ áª« ¤ë¢ ï, ¯®«ãç¨¬

!pjS
p
ki + !piS

p
jk + !pkS

p
ij = @k!ij + @i!jk + @j!ki; (6)

£¤¥ Sk
ij = �k

ij � �k
ji | ª®¬¯®­¥­âë â¥­§®à  ªàãç¥­¨ï S(X;Y ) = rXY � rYX � [X;Y ]: �§ (6)

á«¥¤ã¥â, çâ® ¥á«¨ d! 6= 0, â® ¨ S 6= 0.

�¬¥ï á¢ï§­®áâì
�

r ­¥âàã¤­® ¯®áâà®¨âì á¢ï§­®áâì r, á®£« á®¢ ­­ãî á !. �®¬¯®­¥­âë â¥­§®à 
ªàãç¥­¨ï â ª®© á¢ï§­®áâ¨ ¢®§ì¬¥¬ ¢ ¢¨¤¥

Sk
ij = !kp(d!)ipj ; (7)

£¤¥ !ip!
pj = �

j
i . �®£¤ 

�k
ij = !kp

�
1
3

(@i!pj + @j!pi) +
1
2

(d!)ipj + 
ijp

�
(8)

¨ ­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®© ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ à ¢¥­áâ¢  (5). �®áâà®¥­­ãî á¢ï§-
­®áâì (8) ­ §®¢¥¬ ª ­®­¨ç¥áª®© ¬¥âà¨ç¥áª®© á¢ï§­®áâìî. �®¬¯®­¥­âë â¥­§®à  ªà¨¢¨§­ë
R(X;Y )Z = rXrYZ �rYrXZ �r[X;Y ]Z:

Rl
ijk = @i�l

jk � @j�l
ik + �l

ip�
p
jk � �l

jp�
p
ik; (9)

ª®â®àë¥ ¢ á¨«ã ®¯à¥¤¥«¥­¨ï ®¡« ¤ îâ ª®á®© á¨¬¬¥âà¨¥© ¯® ¯¥à¢ë¬ ¤¢ã¬ ¨­¤¥ªá ¬,   ¥£® ª®¢ -
à¨ ­â­ë¥ ª®¬¯®­¥­âë Rijkl = !lpR

p
ijk ï¢«ïîâáï á¨¬¬¥âà¨ç­ë¬¨ ¯® ¯®á«¥¤­¨¬ ¤¢ã¬ ¨­¤¥ªá ¬,

çâ® ­¥¬¥¤«¥­­® á«¥¤ã¥â, ¥á«¨ à á¯¨á âì â®¦¤¥áâ¢® �¨çç¨ ¤«ï ª®¬¯®­¥­â äã­¤ ¬¥­â «ì­®©
ä®à¬ë !. �®íâ®¬ã á¯à ¢¥¤«¨¢® ®ç¥¢¨¤­®¥ â®¦¤¥áâ¢® !pqRijpq = R

p
ijp = 0, â. ¥. ª ­®­¨ç¥áª ï

¬¥âà¨ç¥áª ï á¢ï§­®áâì ï¢«ï¥âáï íª¢¨ ää¨­­®©.

3. �¥ªâ®à­®¥ ¯®«¥ X = �k@k ­  M ï¢«ï¥âáï ¤¢¨¦¥­¨¥¬ ¯à®áâà ­áâ¢  � ¢ £ãç¨ (M;L), ¥á«¨
¯à®¨§¢®¤­ ï �¨ ¢¤®«ì X ®â « £à ­¦¨ ­  L ®¡à é ¥âáï ¢ ­ã«ì:  LXL = 0, ¨«¨ ¢ «®ª «ì­ëå
ª®®à¤¨­ â å

�p@pL + _xp@p�
l _@lL + (�xp@p�

l + _xp _xq �@2
pq�

l)�@lL = 0: (10)

�®¤áâ ¢«ïï (2) ¢ (10), ¯®á«¥ ­¥á«®¦­ëå ¯à¥®¡à §®¢ ­¨© ¯®«ãç¨¬

�p@p!ij + @i�
p!pj + @j�

p!ip = 0; (11)

â. ¥.  LX! = 0 ¨

�p@p
ijk + @i�
p
pjk + @j�

p
ipk + @k�
p
ijp + @2

(ij�
p!k)p = 0; (12)

â. ¥.  LX
 = 0. �¡à â­®, ¥á«¨ á¯à ¢¥¤«¨¢® (11) ¨ (12), â® ¨¬¥¥â ¬¥áâ® ¨ (10).

�¥¬¬ . �î¡®¥ ¨­ä¨­¨â¥§¨¬ «ì­®¥ ¤¢¨¦¥­¨¥ ¯à®áâà ­áâ¢  � ¢ £ãç¨ á®åà ­ï¥â ¯à¨á®-

¥¤¨­¥­­ãî á¢ï§­®áâì
�

r.

�®ª § â¥«ìáâ¢®. � «®ª «ì­ëå ª®®à¤¨­ â å ¯à®¨§¢®¤­ ï �¨ ¢¤®«ì X ®â ª®íää¨æ¨¥­â®¢
á¢ï§­®áâ¨ �k

ij ¨¬¥¥â ¢¨¤

�p@p�
k
ij + @i�

p�k
pj + @j�

p�k
ip � @p�

k�p
ij + @2

ij�
k = 0: (13)
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�¬­®¦¨¬ (13) ­  !lk ¨ ãçâ¥¬ (11). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

�p@p�ijl + @i�
p�pjl + @j�

p�ipl + @l�
p�ijp + @2

ij�
p!lp = 0; (14)

£¤¥ �ijl = !lk�k
ij . �®¤áâ ¢¨¢ ¢ (14) ¢¬¥áâ® �ijl

�

�ijl =
1
3

(@i!lj + @j!li) + 
ijl

¨ ãç¨âë¢ ï (11) ¨ (12), ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ (14),   á«¥¤®¢ â¥«ì­®, ¨ (13).

�§ ¢ëè¥ ¨§«®¦¥­­®£® á«¥¤ã¥â, çâ® ¥á«¨ ¨¬¥¥â ¬¥áâ® (11) ¨ (13), â® á¯à ¢¥¤«¨¢® ¨ (12).
�à®¬¥ â®£®, â. ª. ¯à®¨§¢®¤­ ï �¨ ª®¬¬ãâ¨àã¥â á ¢­¥è­¨¬ ¤¨ää¥à¥­æ¨ «®¬, â® «î¡®¥ ¤¢¨¦¥­¨¥
¯à®áâà ­áâ¢  � ¢ £ãç¨ á®åà ­ï¥â ¨ ª ­®­¨ç¥áªãî ¬¥âà¨ç¥áªãî á¢ï§­®áâì (8). � ª¨¬ ®¡à §®¬,
á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �¥ªâ®à­®¥ ¯®«¥ X ï¢«ï¥âáï ¨­ä¨­¨â¥§¨¬ «ì­ë¬ ¤¢¨¦¥­¨¥¬ ¯à®áâà ­áâ¢ 

� ¢ £ãç¨ ( LXL = 0) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­® ï¢«ï¥âáï ¨­ä¨­¨â¥§¨¬ «ì­ë¬  ¢â®¬®à-

ä¨§¬®¬ ¯®çâ¨ á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâãàë ! ( LX! = 0) ¨ á®åà ­ï¥â ª ­®­¨ç¥áªãî ¬¥âà¨-

ç¥áªãî á¢ï§­®áâì r ( LXr = 0).

�§ íâ®© â¥®à¥¬ë, ¢ ç áâ­®áâ¨, á«¥¤ã¥â, çâ®  «£¥¡à  �¨ ¨­ä¨­¨â¥§¨¬ «ì­ëå ¤¢¨¦¥­¨© ¯à®-
áâà ­áâ¢  � ¢ £ãç¨ ¨¬¥¥â ª®­¥ç­ãî à §¬¥à­®áâì.

4. �¥®à¥¬  2. � §¬¥à­®áâì r  «£¥¡àë �¨ ¨­ä¨­¨â¥§¨¬ «ì­ëå ¨§®¬¥âà¨© n-¬¥à­®£® ¯à®-

áâà ­áâ¢  � ¢ £ãç¨ ­¥ ¯à¥¢®áå®¤¨â
n(n+3)

2
. �á«¨ r = n(n+3)

2
, â® ¡ §¨á­®¥ ¬­®£®®¡à §¨¥ (M;!;r)

ï¢«ï¥âáï «®ª «ì­®  ää¨­­®-á¨¬¯«¥ªâ¨ç¥áª¨¬ ¯à®áâà ­áâ¢®¬: d! = 0, R = 0.

�®ª § â¥«ìáâ¢®. � ª ¡ë«® ¯®ª § ­®, ¢¥ªâ®à­®¥ ¯®«¥ X ï¢«ï¥âáï ¨­ä¨­¨â¥§¨¬ «ì­ë¬
¤¢¨¦¥­¨¥¬ ¯à®áâà ­áâ¢  � ¢ £ãç¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤   LX! = 0 ¨  LXr = 0, £¤¥ ! | äã­-
¤ ¬¥­â «ì­ ï 2-ä®à¬ , r | ª ­®­¨ç¥áª ï ¬¥âà¨ç¥áª ï á¢ï§­®áâì. � «®ª «ì­ëå ª®®à¤¨­ â å
¨¬¥¥¬ ãà ¢­¥­¨ï (11) ¨ (13). � ¬¥­ïï ¢ íâ¨å ãà ¢­¥­¨ïå ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ª®¢ à¨ ­âë¬¨
¨ ¢¢®¤ï ­®¢ë¥ ­¥¨§¢¥áâ­ë¥ äã­ªæ¨¨

�kj = rj�
k � �pSk

jp; (15)

¯à¨¢¥¤¥¬ ãà ¢­¥­¨ï (7) ª ¢¨¤ã

�ij � �ji = 0; (16)

£¤¥ �ij = !ip�
p
j ,   ãà ¢­¥­¨ï (9) ¡ã¤ãâ ¢ë£«ï¤¥âì ¢ ¢¨¤¥

rj�
k
l + �pRk

pjl = 0: (17)

� ª¨¬ ®¡à §®¬, ¨¬¥¥¬ á¬¥è ­­ãî á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤-
­ëå (15){(17), à §à¥è¨¬ãî ®â­®á¨â¥«ì­® ¯¥à¢ëå ¯à®¨§¢®¤­ëå ®â n + n2 ­¥¨§¢¥áâ­ëå äã­ªæ¨©
�k, �kj :

@j�
k = �kj � �p�k

pj ; (18)

@j�
k
l = �kp�p

jl � �
p
l �k

jp � �pRk
pjl: (19)

�à ¢­¥­¨ï (16) ­ ª« ¤ë¢ îâ ­  ­¥¨§¢¥áâ­ë¥ äã­ªæ¨¨ n(n�1)

2
 «£¥¡à ¨ç¥áª¨å ãá«®¢¨©. �®íâ®¬ã

®¡é¥¥ à¥è¥­¨¥ �k(x) § ¢¨á¨â ­¥ ¡®«¥¥ ç¥¬ ®â n + n2 � n(n�1)
2

= n(n+3)
2

¯à®¨§¢®«ì­ëå ¯®áâ®ï­-
­ëå,   §­ ç¨â, à §¬¥à­®áâì r  «£¥¡àë �¨ ¨­ä¨­¨â¥§¨¬ «ì­ëå ¤¢¨¦¥­¨© ­¥ ¯à¥¢®áå®¤¨â n(n+3)

2
.

�á«¨ ãá«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ ãà ¢­¥­¨© (18) ¨ (19) ¢ë¯®«­ïîâáï â®¦¤¥áâ¢¥­­®, â® ¯à®áâà ­-
áâ¢® � ¢ £ãç¨ ¬ ªá¨¬ «ì­® ¯®¤¢¨¦­®, â. ¥. r = n(n+3)

2
. � áá¬®âà¨¬ ãá«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨

ãà ¢­¥­¨© (18) ¨ (19).
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�¨ää¥à¥­æ¨àãï (18) ¯® xi, ¯®«ãç¨¬

@2
ij�

k = @i�
k
j � @i�

p�k
pj � �p@i�k

pj : (20)

�¥­ïï ¢ (20) ¨­¤¥ªáë i ¨ j ¨ ¯à¨à ¢­¨¢ ï ¯à ¢ë¥ ç áâ¨ (@2
ij�

k = @2
ji�

k), ¡ã¤¥¬ ¨¬¥âì

@i�
k
j � @i�

p�k
pj � �p@i�

k
pj = @j�

k
i � @j�

p�k
pi � �p@j�

k
pi: (21)

�ç¨âë¢ ï (18) ¨ (19), à ¢¥­áâ¢  (21) ¯à¨¢¥¤¥¬ ª ¢¨¤ã

�kp�p
ij� �

p
j�k

ip� �pRk
pij� �

p
i �k

pj + �p�s
pi�

k
sj� �p@i�k

pj = �kp�p
ji� �

p
i �k

jp� �pRk
pji� �

p
j�k

pi + �p�s
pj�

k
si� �p@j�k

pi

¨«¨

�kpS
p
ij � �

p
jS

k
ip � �

p
i S

k
pj � �p(Rk

pij �Rk
pji) + �p(�q

ip + S
q
pi)(�

k
jq + Sk

qj) �

� �p@i�
k
jp � �p@iS

k
pj � �p(�q

jp + S
q
pj)(�

k
iq + Sk

qi) + �p@j�
k
ip + �p@jS

k
ip = 0;

¨«¨

�kpS
p
ij � �

p
jS

k
ip � �

p
i S

k
pj � �p(Rk

ijp + Rk
jpi + Rk

pij) +

+ �p(Sq
pi�

k
jq + �q

ipS
k
qj + S

q
piS

k
qj � @iS

k
pj � S

q
pj�

k
iq � �q

jpS
k
qi � S

q
pjS

k
qi + @jS

k
pi) = 0: (22)

� ª ª ª �kj = !kq�qi, !ip!pj = !pi!
jp = �ji , â® (22) ¯à¨¬¥â ¢¨¤

�rq(!
rk�qpS

p
ij � !rp�

q
jS

k
ip � !rp�

q
i S

k
pj) � �prpS

k
ij = 0; (23)

£¤¥ Rk
ijp + Rk

jpi + Rk
pij = @iS

k
jp + @jS

k
pi + @pS

k
ij + �k

iqS
q
jp + �k

jqS
q
pi + �k

pqS
q
ij .

� ¢¥­áâ¢  (23) ¤®«¦­ë ¢ë¯®«­ïâìáï ¤«ï «î¡ëå �p ¨ á¨¬¬¥âà¨ç­ëå �rq. �®íâ®¬ã

!rk�qpS
p
ij � !rp�qjS

k
ip � !rp�qi S

k
pj + !qk�rpS

p
ij � !qp�rjS

k
ip � !qp�ri S

k
pj = 0 (24)

¨ rpS
k
ij = 0.

� à ¢¥­áâ¢ å (24) á¢¥à­¥¬ r á i,   k á j, ¯®«ãç¨¬ Sj
ij = 0 ¨, á«¥¤®¢ â¥«ì­®, Si

ij = 0. �®
Sk
ij = !kp(d!)ipj , ¯®íâ®¬ã

!kp(d!)ipk = 0; !kp(d!)kpj = 0; !kp(d!)klp = 0: (25)

�¥¯¥àì à ¢¥­áâ¢  (24) ã¬­®¦¨¬ ­  !lr!mq. � à¥§ã«ìâ â¥ ¯®«ãç¨¬

�kl !mpS
p
ij � !mjS

k
il � !miS

k
lj + �km!lpS

p
ij � !ljS

k
im � !liS

k
mj = 0: (26)

�¢¥à­ã¢ ¢ (26) ¨­¤¥ªáë k ¨ l, á ãç¥â®¬ (25) ¯®«ãç¨¬ (n� 1)(d!)ijm = 0, â. ¥. Sk
ij = 0 ¨, á«¥¤®¢ -

â¥«ì­®, d! = 0.
� ª¨¬ ®¡à §®¬, ãá«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ ãà ¢­¥­¨© (18) ¢ë¯®«­ïîâáï â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  â¥­§®à ªàãç¥­¨ï ª ­®­¨ç¥áª®© ¬¥âà¨ç¥áª®© á¢ï§­®áâ¨ à ¢¥­ ­ã«î, â. ¥. äã­¤ ¬¥­â «ì­ ï
2-ä®à¬  § ¬ª­ãâ , ¨, á«¥¤®¢ â¥«ì­®, ¯®çâ¨ á¨¬¯«¥ªâ¨ç¥áª ï áâàãªâãà  ï¢«ï¥âáï á¨¬¯«¥ªâ¨ç¥-
áª®©.

� áá¬®âà¨¬ â¥¯¥àì ãá«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ ãà ¢­¥­¨© (19). �¨ää¥à¥­æ¨àãï (19) ¯® xi,
¯®«ãç¨¬

@2
ij�

k
l = @i�

k
p�p

jl + �kp@i�
p
jl � @i�

p
l �k

jp � �
p
l @i�

k
jp � @i�

pRk
pjl � �p@iR

k
pjl:

�¥­ïï ¨­¤¥ªáë i ¨ j (@2
ij�

k
l = @2

ji�
k
l ) ¨ ¯à¨à ¢­¨¢ ï ¯à ¢ë¥ ç áâ¨, ¡ã¤¥¬ ¨¬¥âì

@i�
k
p�p

jl + �kp@i�
p
jl � @i�

p
l �k

jp � �
p
l @i�

k
jp � @i�

pRk
pjl � �p@iR

k
pjl =

= @j�
k
p�p

il + �kp@j�
p
il � @j�

p
l �k

ip � �
p
l @j�

k
ip � @j�

pRk
pil � �p@jR

k
pil: (27)
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�®¤áâ ¢¨¢ (18) ¨ (19) ¢ (27), ¯®«ãç¨¬

�ks�s
ip�

p
jl � �sp�

k
is�

p
jl � �sRk

sip�
p
jl + �kp@i�

p
jl � �ps�s

il�
k
jp + �sl �

p
is�

k
jp +

+ �sRp
sil�

k
jp � �pl @i�

k
jp � �piR

k
pjl + �s�p

isR
k
pjl � �p@iR

k
pjl =

= �ks�s
jp�

p
il � �sp�

k
js�

p
il � �sRk

sjp�
p
il + �kp@j�

p
il � �ps�s

jl�
k
ip + �sl �

p
js�

k
ip +

+ �sRp
sjl�

k
ip � �pl @j�

k
ip � �pjR

k
pil + �s�p

jsR
k
pil � �p@jR

k
pil

¨«¨

� �pf@iR
k
pjl �Rk

sjl�
s
ip �Rk

pjs�
s
il + Rs

pjl�
k
is �Rk

psl�
s
ijg +

+ �pf@jR
k
pil �Rk

sil�
s
jp �Rk

pis�
s
jl + Rs

pil�
k
js �Rk

psl�
s
jig +

+ �kp (@i�
p
jl � @j�

p
il + �k

is�
s
jl � �p

js�
s
il) �

� �pl (@i�k
jp � @j�k

ip + �k
is�

s
jp � �k

js�
s
ip) � �piR

k
pjl + �pjR

k
pil = 0;

¨«¨

�p(�riR
k
pjl + rjR

k
pil) + �kpR

p
ijl � �

p
l R

k
ijp � �

p
iR

k
pjl + �

p
jR

k
pil = 0: (28)

� ¢¥­áâ¢  (28) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

�p(�riR
k
pjl + rjR

k
pil) + �sp!

ksRp
ijl � �sl!

psRk
ijp � �si!

psRk
pjl + �sj!

psRk
pil = 0

¨«¨
�p(�riR

k
pjl + rjR

k
pil) + �sqf!

ks�qrR
r
ijl � !ps�

q
lR

k
ijp � !ps�

q
iR

k
pjl + !ps�

q
jR

k
pilg = 0;

¨«¨

�p(�riR
k
pjl + rjR

k
pil) + �sq!

psf�kpR
q
ijl � �

q
lR

k
ijp � �

q
iR

k
pjl � �

q
jR

k
iplg = 0: (29)

� ¢¥­áâ¢  (29) ¤®«¦­ë ¢ë¯®«­ïâìáï ¤«ï ¢á¥å �p ¨ á¨¬¬¥âà¨ç­ëå �sq. �®íâ®¬ã ¨¬¥¥¬ riR
k
pjl�

rjR
k
pil = 0 ¨

!psf�kpR
q
ijl � �qlR

k
ijp � �qiR

k
pjl � �qjR

k
iplg + !pqf�kpR

s
ijl � �slR

k
ijp � �siR

k
pjl � �sjR

k
iplg = 0:

� ¯®á«¥¤­¨å à ¢¥­áâ¢ å ¤«ï ã¤®¡áâ¢  ¬¥­ï¥¬ á« £ ¥¬ë¥. � à¥§ã«ìâ â¥ ¯®«ãç¨¬

!psf�kpR
q
ijl � �

q
iR

k
pjl � �

q
jR

k
ipl � �

q
lR

k
ijpg + !pqf�kpR

s
ijl � �siR

k
pjl � �sjR

k
ipl � �slR

k
ijpg = 0: (30)

� ¢¥­áâ¢  (30) ã¬­®¦¨¬ ­  !sm � !qr. � à¥§ã«ìâ â¥ ¡ã¤¥¬ ¨¬¥âì

�kmRijlr � !irR
k
mjl � !jrR

k
iml � !lrR

k
ijm + �krRijlm � !imR

k
rjl � !jmR

k
irl � !lmR

k
ijr = 0: (31)

� à ¢¥­áâ¢ å (31) á¢¥à­ã¢ ¨­¤¥ªáë k ¨ m, ãç¨âë¢ ï, çâ® â¥­§®à Rijkl á¨¬¬¥âà¨ç¥­ ¯® ¯®á«¥¤­¨¬
¤¢ã¬ ¨­¤¥ªá ¬, ¯®«ãç¨¬

nRijlr � !irR
k
kjl + !jrR

k
kil �Rrjil �Rirjl = 0: (32)

�® â. ª. á¢ï§­®áâì â¥¯¥àì ¡¥§ ªàãç¥­¨ï, â® Rirjl + Rrjil + Rjirl = 0. �®íâ®¬ã (32) ¯à¨¬¥â ¢¨¤

(n + 1)Rijlr � !irR
k
kjl + !jrR

k
kil = 0: (33)

� ¢¥­áâ¢  (33) ã¬­®¦¨¬ ­  !rl, ¯®«ãç¨¬ Rk
kij = Rk

kji. �®íâ®¬ã !ijRk
kij = Rki

ki = 0. �¥à­¥¬áï ª
(33) ¨ ã¬­®¦¨¬ ¨å ­  !ql. � à¥§ã«ìâ â¥ ¯®«ãç¨¬

(n + 1)Rq
ijr � !irR

kq
kj + !jrR

kq
ki = 0: (34)

�¥¯¥àì, á¢¥à­ã¢ ¢ (34) ¨­¤¥ªáë q ¨ i, ¯®«ãç¨¬ (n+ 1)Rk
kjr �Rk

kjr = 0, ®âªã¤  Rk
kjr = 0, ¨ ¨§ (33)

á«¥¤ã¥â Rijlr = 0.
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5. � ¯®¬­¨¬, çâ®  ää¨­­®¥ ¯à®áâà ­áâ¢® A(V ) ­ §ë¢ ¥âáï  ää¨­­®-á¨¬¯«¥ªâ¨ç¥áª¨¬
AS(V ), ¥á«¨ ¥£® ¯à®áâà ­áâ¢® ¯¥à¥­®á®¢ V ï¢«ï¥âáï á¨¬¯«¥ªâ¨ç¥áª¨¬ ¢¥ªâ®à­ë¬ ¯à®áâà ­-
áâ¢®¬. � á¨¬¯«¥ªâ¨ç¥áª®¬ à¥¯¥à¥ fO; e1; : : : ; em; em+1; : : : ; eng: !(e�; en+�) = �!(en+�; e�), à ¢­ë
¥¤¨­¨æ¥, ®áâ «ì­ë¥ | ­ã«î. � âà¨æ  �à ¬¬  äã­¤ ¬¥­â «ì­®© 2-ä®à¬ë ! ¨¬¥¥â ¢¨¤

I =
�

0 E

�E 0

�
:

�ää¨­­®¥ ¯à¥®¡à §®¢ ­¨¥ ' ­ §ë¢ ¥âáï á¨¬¯«¥ªâ¨ç¥áª¨¬, ¥á«¨ «¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥
'� ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  V ï¢«ï¥âáï á¨¬¯«¥ªâ¨ç¥áª¨¬: !('�u; '�v) = !(u; v). �«ï â®£® çâ®-
¡ë  ää¨­­®¥ ¯à¥®¡à §®¢ ­¨¥ ' ¡ë«® á¨¬¯«¥ªâ¨ç¥áª¨¬, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ®­®
á¨¬¯«¥ªâ¨ç¥áª¨© à¥¯¥à ¯¥à¥¢®¤¨«® ¢ á¨¬¯«¥ªâ¨ç¥áª¨©. � âà¨æ  S ¯à¥®¡à §®¢ ­¨ï '� ¢ íâ®¬
á«ãç ¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ST IS = I ¨ ­ §ë¢ ¥âáï á¨¬¯«¥ªâ¨ç¥áª®©. �­ «¨â¨ç¥áª®¥ ¢ë-
à ¦¥­¨¥ £àã¯¯ë á¨¬¯«¥ªâ¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© ¢ á¨¬¯«¥ªâ¨ç¥áª¨å ª®®à¤¨­ â å á®¤¥à¦¨â
n(n+3)

2
¯ à ¬¥âà®¢ ¨ ¨¬¥¥â ¢¨¤

xi = Si
jx

j + Si
0:

�®áª®«ìªã ¬ ªá¨¬ «ì­® ¯®¤¢¨¦­ë¥ ¯à®áâà ­áâ¢  � ¢ £ãç¨ ï¢«ïîâáï «®ª «ì­®  ää¨­­®-
á¨¬¯«¥ªâ¨ç¥áª¨¬¨ (d! = 0, R = 0), â® ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ª ¦¤®© â®çª¨ áãé¥áâ¢ãîâ
 ää¨­­®-á¨¬¯«¥ªâ¨ç¥áª¨¥ ª®®à¤¨­ âë (p�; q�), ¢ ª®â®àëå äã­¤ ¬¥­â «ì­ ï 2-ä®à¬  ! ¨¬¥¥â
ª ­®­¨ç¥áª¨© ¢¨¤: ! = dp�^dq

�,   �k
ij = 0. �®íâ®¬ã ¬¥âà¨ª  ¬ ªá¨¬ «ì­® ¯®¤¢¨¦­®£® ¯à®áâà ­-

áâ¢  � ¢ £ãç¨ ¨ ¡ §¨á­ë¥ ®¯¥à â®àë  «£¥¡àë �¨ ¥£® ¤¢¨¦¥­¨© ¢  ää¨­­®-á¨¬¯«¥ªâ¨ç¥áª¨å
ª®®à¤¨­ â å ¨¬¥îâ ¢¨¤

S =
Z
j _p��q� � �p� _q�j

1

3dt;

@

@p�
; p�

@

@p�
� q�

@

@q�
;

q�
@

@p�
+ q�

@

@p�
(� < �); q�

@

@p�
(¯® � ­¥â áã¬¬¨à®¢ ­¨ï);

p�
@

@q�
+ p�

@

@q�
(� < �); p�

@

@q�
(¯® � ­¥â áã¬¬¨à®¢ ­¨ï):

�¨â¥à âãà 
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