
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2004 ���������� ò 11 (510)

��� 514.763

�.�.�����, �.�.�������

���-�����, ������������ ���������� �������

�¢¥¤¥¨¥. � [1] ¡ë«®  ç â® á¨áâ¥¬ â¨ç¥áª®¥ ¨§ãç¥¨¥ á¯¥æ¨ «ìëå ª« áá®¢ ªà¨¢®«¨¥©-
ëå âà¨-âª ¥©, ®¯à¥¤¥«ï¥¬ëå ¯à®áâ¥©è¨¬¨ á®®â®è¥¨ï¬¨   ®â®á¨â¥«ìë¥ ¨¢ à¨ âë âª -
¨. �®ª § ®, çâ® ®¡à é¥¨¥ ¢ ã«ì ®¤®© ¨§ ª®¢ à¨ âëå ¯à®¨§¢®¤ëå ªà¨¢¨§ë b å à ªâ¥-
à¨§ã¥â â ª¨¥ âª ¨, ¤¢  á¥¬¥©áâ¢  ª®â®àëå ®¯à¥¤¥«ïîâáï ®¡®¡é¥ë¬¨ ãà ¢¥¨ï¬¨ �¡¥«ï
¢¨¤ 

dy

dx
= �ayn + b(x)yn�2 + � � �+ c(x):

� [2]  ©¤¥    «¨â¨ç¥áª ï å à ªâ¥à¨áâ¨ª  ªà¨¢®«¨¥©ëå âà¨-âª ¥©, ®¯à¥¤¥«ï¥¬ëå ¯à®¨§-
¢®«ìë¬ «¨¥©ë¬ ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨¥¬ ¯¥à¢®£® ¯®àï¤ª . �â®â ª« áá âª ¥© å à ª-
â¥à¨§ã¥âáï á«¥¤ãîé¨¬¨ á®®â®è¥¨ï¬¨   ª®¢ à¨ âë¥ ¯à®¨§¢®¤ëe ®â ªà¨¢¨§ë âª ¨:

bb22 � (b2)2 = 0; bb21 � b1b2 � b3 = 0:

� ¤ ®© à ¡®â¥ pacc¬aâà¨¢ ¥âáï âp¨-âªaì W , ®¯à¥¤¥«ï¥¬ ï ¯à®¨§¢®«ìë¬ ãà ¢¥¨¥¬ �¨ª-
ª â¨,

y0 = f(x)y2 + g(x)y + h(x): (1)

�â  âª ì ®¡à §®¢   ¤¥ª àâ®¢®© á¥âìî ¨ ¨â¥£à «ìë¬¨ ªà¨¢ë¬¨ ãà ¢¥¨ï (1). �á®¢ë¬
à¥§ã«ìâ â®¬ ¤ ®© áâ âì¨ ï¢«ï¥âáï

�¥®à¥¬ . �¢ à¨ âë ªà¨¢®«¨¥©ëå âà¨-âª ¥©, ®¯à¥¤¥«ï¥¬ëå ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢-

¥¨¥¬ �¨ªª â¨, ¨ â®«ìª® â ª¨å ªà¨¢®«¨¥©ëå âª ¥© ã¤®¢«¥â¢®àïîâ á®®â®è¥¨î

b222b� b22b2 = 0: (2)

� ¯®¬¨¬, çâ® âà¨-âª ì à áá¬ âà¨¢ ¥âáï á â®ç®áâìî ¤® «®ª «ìëå ¤¨ää¥®¬®àä¨§¬®¢.
�â® ®§ ç ¥â, çâ® ¯ à ¬¥âàë á«®¥¨© âª ¨ ¤®¯ãáª îâ £« ¤ª¨¥ ¬®®â®ë¥ § ¬¥ë. �ë¬¨
á«®¢ ¬¨, ãà ¢¥¨¥ (1) ®¯à¥¤¥«¥® á â®ç®áâìî ¤® § ¬¥ ¢¨¤ 

x = �(ex); y = �(ey); (3)

¨, ªà®¬¥ â®£®, â ª®¥ ¦¥ ¯à¥®¡à §®¢ ¨¥ ¬®¦® ¤¥« âì á ¯®áâ®ï®© ¨â¥£à¨à®¢ ¨ï | ¯ à ¬¥-
âà®¬ âà¥âì¥£® á«®¥¨ï âª ¨.

1. �®£« á® [3] § ¤ ¤¨¬ á«®¥¨ï �� âª ¨W ãà ¢¥¨ï¬¨�ä ää  !1 = 0, !2 = 0, !1+!2 = 0.
� §¨áë¥ ä®à¬ë !1 = 0 ¨ !2 = 0 ã¤®¢«¥â¢®àïîâ áâàãªâãàë¬ ãà ¢¥¨ï¬

d!1 = !1 ^ !; d!2 = !2 ^ ! (4)

¨

d! = b!1 ^ !2; (5)

£¤¥ b ¥áâì â ª  §ë¢ ¥¬ ï ªà¨¢¨§  âà¨-âª ¨ W .
�¨ää¥à¥æ¨àãï ¢¥è¨¬ ®¡à §®¬ ãà ¢¥¨¥ (5) ¨ ¯à¨¬¥ïï «¥¬¬ã � àâ  , ¯à¨¤¥¬ ª ãà ¢-

¥¨î

db� 2b! = b1!1 + b2!2: (6)
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�à¨ ¤¨ää¥à¥æ¨à®¢ ¨¨ ¯®á«¥¤¥£® ãà ¢¥¨ï   «®£¨çë¬ ®¡à §®¬ ¯®«ãç¨¬

db1 � 3b1! = b11!1 + b12!2; db2 � 3b2! = b21!1 + b22!2; (7)

¯à¨ç¥¬ ¢å®¤ïé¨¥ áî¤  äãªæ¨¨ á¢ï§ ë á®®â®è¥¨¥¬

b12 � b21 = 2b2: (8)

�ãªæ¨¨ b; b1; b2; b11; : : : ; b22 áãâì ®â®á¨â¥«ìë¥ ¨¢ à¨ âë âà¨-âª ¨ W .

2. �â ª, à áá¬®âà¨¬ ãà ¢¥¨¥ (1). � ¯®¬®éìî ¨§®â®¯¨ç¥áª®£® ¯à¥®¡à §®¢ ¨ï ¢¨¤  (3)
®â«¨çãî ®â ã«ï äãªæ¨î f(x) ¬®¦® á¤¥« âì à ¢®© �1. �®£¤  ãà ¢¥¨¥ (1) ¯à¨¬¥â ¢¨¤

dy + (y2 + g(x)y + h(x))dx = 0: (9)

�®«®¦¨¬

!1 = (y2 + g(x)y + h(x))dx; !2 = dy: (10)

�®£¤  ãà ¢¥¨¥ (9), ®¯à¥¤¥«ïîé¥¥ âà¥âì¥ á«®¥¨¥ âª ¨, ¯à¨¬¥â ¢¨¤ !1+!2 = 0,   íâ® ®§ ç ¥â
[3], çâ® áâàãªâãàë¥ ãà ¢¥¨ï à áá¬ âà¨¢ ¥¬®© âà¨-âª ¨ W ¤®«¦ë ¨¬¥âì ¢¨¤ (4){(7).

� ª ª ª d!2 = 0, â® ¨§ (4) á«¥¤ã¥â

! = �!2 = � dy:

�¨ää¥à¥æ¨àãï ä®à¬ã !1, § ¤ ãî ¯¥à¢ë¬ ãà ¢¥¨¥¬ (10), ¨ ¯®«ì§ãïáì áâàãªâãàë¬¨ ãà ¢-
¥¨ï¬¨ (4),  ©¤¥¬

! = �
2y + g

y2 + g(x)y + h(x)
!2:

� «¥¥, ¤¨ää¥à¥æ¨àãï ¯®á«¥¤¥¥ ãà ¢¥¨¥ ¨ áà ¢¨¢ ï à¥§ã«ìâ â á® áâàãªâãàë¬ ãà ¢¥¨¥¬
(5),  ©¤¥¬ ªà¨¢¨§ã à áá¬ âà¨¢ ¥¬®© âª ¨

b =
g0y2 + 2h0y + h0g � hg0

(y2 + g(x)y + h(x))3
: (11)

�á«¨ â¥¯¥àì ¯à®¤¨ää¥à¥æ¨à®¢ âì íâ® ãà ¢¥¨¥ ¨ ¢®á¯®«ì§®¢ âìáï ãà ¢¥¨¥¬ (6), â®  ©¤¥¬
¨¢ à¨ â

b2 = �
(�2h0 + gg0)y2 + 2(2g0h� gh0)y + 2hh0 � g2h0 + gg0h

(y2 + g(x)y + h(x))4
: (12)

�¨ää¥à¥æ¨àãï íâ® ãà ¢¥¨¥ ¨ ¯®«ì§ãïáì ãà ¢¥¨ï¬¨ (7),  ©¤¥¬ ¨¢ à¨ â

b22 =
g2 � 4h

(y2 + g(x)y + h(x))2
b: (13)

� ª®¥æ,   «®£¨çë¬ ®¡à §®¬  ©¤¥¬ ¨¢ à¨ â

b222 =
1

(y2 + g(x)y + h(x))6
[(gg0 � 2h0)y2 + 2(2g0h� gh0)y + 2hh0 � g2h0 + gg0h](g2 � 4h): (14)

�áª«îç ï ¨§ ãà ¢¥¨© (11){(14) ¯¥à¥¬¥ë¥ g, h ¨ â. ¤., ¯®«ãç¨¬ á®®â®è¥¨¥ (2). � ª¨¬
®¡à §®¬, ¯¥à¢ ï ç áâì â¥®à¥¬ë ¤®ª §  .

3. �¡à â®, à áá¬®âà¨¬ âà¨-âª ìW , ¤«ï ª®â®à®© ¢ë¯®«ï¥âáï á®®â®è¥¨e (2), ¨ ¤®ª ¦¥¬,
çâ® ¥© ®â¢¥ç ¥â «¨¥©®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ �¨ªª â¨.

� ¬¥â¨¬ á ç « , çâ® ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ «î¡®© ªà¨¢®«¨¥©®© âà¨-âª ¨ ¬®¦®
§ ¯¨á âì ¢ ¢¨¤¥ !1 + !2 = 0, ¯à¨ç¥¬ ä®à¬  !1 ¯à®¯®àæ¨® «ì  dx,   ä®à¬  !2 ï¢«ï¥âáï
¯®«ë¬ ¤¨ää¥à¥æ¨ «®¬: !2 = dy. �®£¤  d!2 = 0, ®âªã¤  ! = k!2 = k dy. �à®¤¨ää¥à¥æ¨à®¢ ¢
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íâ® ãà ¢¥¨¥ ¢¥è¨¬ ®¡à §®¬ ¨ ¢®á¯®«ì§®¢ ¢è¨áì áâàãªâãàë¬¨ ãà ¢¥¨ï¬¨ (5), ¯à¨¤¥¬ ª
ãà ¢¥¨î (dk � b!1) ^ dy = 0. �âáî¤   å®¤¨¬

dk = b!1 + p dy: (15)

�®®â®è¥¨e (2) ¬®¦® à §à¥è¨âì, ¢¢¥¤ï ¯ à ¬¥âà �:

b22 = �b; b222 = �b2: (16)

� à¥§ã«ìâ â¥ ãà ¢¥¨ï (6){(8) ¯à¨¬ãâ á«¥¤ãîé¨© ¢¨¤:

db = b1!1 + (b2 + 2bk)dy;

db2 = b21!1 + (�b+ 3b2k)dy;

db22 = b221!1 + (�b2 + 4�bk)dy;

db222 = b2221!1 + (�2b+ 5�b2k)dy:

(17)

�á«¨ â¥¯¥àì ¯à®¤¨ää¥à¥æ¨à®¢ âì ¯¥à¢®¥ ¨§ à ¢¥áâ¢ (16) ¨ ¢®á¯®«ì§®¢ âìáï âà¥âì¨¬ ãà ¢¥-
¨¥¬ (17), â® ¯à¨¤¥¬ ª ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î

d� = (: : : )!1 + 2�k dy: (18)

�§ íâ®£® ãà ¢¥¨ï ¯®«ãç ¥âáï ¤¢  ¢ ¦ëå á«¥¤áâ¢¨ï. �®-¯¥à¢ëå, �y = 2�k. �®«®¦¨¢ � = e2',
¯®«ãç¨¬ k = 'y. �®-¢â®àëå, ã¬®¦¨¢ ãà ¢¥¨¥ (18) ¢¥è¨¬ ®¡à §®¬   ä®à¬ã !1, ¯®«ãç¨¬

d� ^ !1 = 2�k dy ^ !1 = �2� d!1

¨«¨
d!1 = �(2�)�1d� ^ !1 = !1 ^ d':

�¥è¥¨¥¬ íâ®£® ãà ¢¥¨ï ¡ã¤¥â ä®à¬ 

!1 = e�'dx: (19)

�®¤áâ ¢«ïï  ©¤¥ë¥ § ç¥¨ï k ¨ !1 ãà ¢¥¨¥ (15),  ©¤¥¬ ¢ëà ¦¥¨¥ ¤«ï ªà¨¢¨§ë: b =
e''xy. �§ ¯¥à¢®£® ãà ¢¥¨ï (17) ¢¨¤®, çâ® by = b2 + 2bk. �®¤áâ ¢«ïï áî¤   ©¤¥ë¥ ã¦¥ b ¨
k, ¯®«ãç¨¬ b2 = e'('xyy � 'xy'y). �§ ¢â®à®£® ãà ¢¥¨ï (17) ¨¬¥¥¬ b2y = �b+ 3b2k. �®¤áâ ¢«ïï
áî¤  b, b2 ¨ k, ¯à¨¤¥¬ ª ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î   äãªæ¨î ':

'xyyy � 'xy'yy + 2'xy'
2
y � e2''xy � 3'y'xyy = 0: (20)

�¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬ ¤®ª §ë¢ îâáï á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

�¥¬¬  1. �à ¢¥¨¥ (20) íª¢¨¢ «¥â® ãà ¢¥¨î

(e�2')xyyy + 2'xy + 3('y(e
�2')xy)y + 2('x(e

�2')yy)y + 6(('y)
2(e�2')x)y = 0: (21)

�¥¬¬  2. �à ¢¥¨¥ (21) íª¢¨¢ «¥â® ãà ¢¥¨î�
uyy

u
+ u�1

�
3
4

�
uy

u

�2�
x

=
(x)
u

; (22)

£¤¥

u = e�2': (23)

�¥¬¬  3. �à ¢¥¨¥ (21) íª¢¨¢ «¥â® ãà ¢¥¨î�
1

(t2)y

�
�

1
t2
+ 4(ty)2

�
y

�
x

=
(x)
t4

; (24)

£¤¥ (x) | ¯à®¨§¢®«ì ï äãªæ¨ï,  

u = t4: (25)
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�¥¬¬  4. �à ¢¥¨¥ (24) íª¢¨¢ «¥â® ãà ¢¥¨î�
1
zy

�
�
1
z
+
(zy)2

z

�
y

�
x

=
(x)
z2

; (26)

£¤¥

z = t2: (27)

�¡®§ ç¨¬ ç¥à¥§ y = y(x; z) äãªæ¨î, ¯à ¢ãî ®¡à âãî ¤«ï z = z(x; y). �®£¤  zy = (yz)�1 ¨
ãà ¢¥¨¥ (26) ¯à¥®¡à §ã¥âáï ª ¢¨¤ã�

�
1
z
+

1
z(yz)2

�
zx

=
(x)
z2

:

�ëà ¦¥¨¥, áâ®ïé¥¥ ¢ «¥¢®© ç áâ¨ ¢ áª®¡ª å, § ¢¨á¨â ®â ¯¥à¥¬¥ëå y, z ¨ x. �®íâ®¬ã, ¢¢®¤ï
¢¬¥áâ® z ¯¥à¥¬¥ãî v = z�1, ¯®«ãç¨¬

(x)v2 =
�
� v +

v

(yz)2

�
xv

dv

dz
:

�® dv

dz
= �v2, ¯®íâ®¬ã ¯®á«¥¤¥¥ ãà ¢¥¨¥ ¯à¨¨¬ ¥â ¢¨¤�

� v +
v

(yz)2

�
xv

= �(x)

¨«¨ �
v

(yz)2

�
xv

= �(x): (28)

�¡®§ ç¨¬ ¯à ¢ãî ç áâì ç¥à¥§ �0(x). �®£¤ , ¯à®¨â¥£à¨à®¢ ¢ (28) ¯®á«¥¤®¢ â¥«ì® ¯® x ¨ v,

¯®«ãç¨¬
�

v

(yz)2

�
v
= �(x) ¨ v

(yz)2
= �(x)v + �(x). � §¤¥«¨¢   v, ¯®«ãç¨¬ 1

(yz)2
= �(x) + �(x)z ¨«¨

@z

@y
=
p
�(x) + �(x)z. �â® ãà ¢¥¨¥ ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ @

@y
(
p
�(x) + �(x)z) = 1

2
�(x). �âáî¤ 

«¥£ª® ¯®«ãç ¥¬ z = a(x)y2+b(x)y+c(x), £¤¥ a(x), b(x) ¨ c(x) | ¯à®¨§¢®«ìë¥ £« ¤ª¨¥ äãªæ¨¨.
�áâ «®áì  ©â¨ ãà ¢¥¨¥ âà¥âì¥£® á«®¥¨ï à áá¬ âà¨¢ ¥¬®© âª ¨. � ª ã¦¥ ®â¬¥ç «®áì,

®® ¨¬¥¥â ¢¨¤ !1 + !2 = 0 ¨«¨ á ãç¥â®¬ (19) e�'dx + dy = 0. �§ ®¡®§ ç¥¨© (23), (24) ¨
(27) ¢ëâ¥ª ¥â, çâ® e�' = z, á«¥¤®¢ â¥«ì®, ãà ¢¥¨¥ à áá¬ âà¨¢ ¥¬®© âª ¨ ¥áâì ãà ¢¥¨¥
�¨ªª â¨ ®¡é¥£® ¢¨¤ . �¥®à¥¬  ¤®ª §  .

�¨â¥à âãà 
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