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1. �¢¥¤¥¨¥

�«ï ç¨á«¥®£® à áç¥â  § ¤ ç ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï âà ¤¨æ¨®® ¯à¨¬¥ïîâ ¨â¥à -
æ¨®ë¥ ¬¥â®¤ë £à ¤¨¥â®£® â¨¯ , ¨£®«ìç â®£® ¢ àì¨à®¢ ¨ï [1]{[3]. �«ãçè¥¨¥ ¯® æ¥«¥¢®¬ã
äãªæ¨® «ã   ª ¦¤®© ¨â¥à æ¨¨ íâ¨å ¬¥â®¤®¢ ¢ ®¡é¥¬ á«ãç ¥ ®¡¥á¯¥ç¨¢ ¥âáï «¨èì «®ª «ì-
®, â. ¥. ¢ ¤®áâ â®ç® ¬ «®© ®ªà¥áâ®áâ¨ á« ¡®£® ¨«¨ ¨£®«ìç â®£® ¢ àì¨à®¢ ¨ï ã¯à ¢«¥¨ï.
� ¥ª®â®àëå ª« áá å § ¤ ç ®â ®¯¥à æ¨¨ «®ª «ì®£® ¯®¨áª  ã«ãçè îé¥£® ã¯à ¢«¥¨ï ¬®¦®
®á¢®¡®¤¨âìáï, çâ® ï¢«ï¥âáï áãé¥áâ¢¥ë¬ ä ªâ®à®¬ ¯®¢ëè¥¨ï íää¥ªâ¨¢®áâ¨ à áç¥â  § ¤ ç.
� [4], [5] ¯à¥¤«®¦¥ë ¯à®æ¥¤ãàë ¥«®ª «ì®£® ã«ãçè¥¨ï ã¯à ¢«¥¨ï á®®â¢¥âáâ¢¥® ¢ «¨¥©-
ëå ¨ ª¢ ¤à â¨çëå ¯® á®áâ®ï¨î á¨áâ¥¬ å ã¯à ¢«¥¨ï. �« â®© §  ¥«®ª «ì®áâì ã«ãçè¥¨ï
¢ «¨¥©ëå ¯® á®áâ®ï¨î á¨áâ¥¬ å ï¢«ï¥âáï ¥®¡å®¤¨¬®áâì à¥è¥¨ï § ¤ ç �®è¨ ¤«ï á¨áâ¥-
¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á à §àë¢®© ¯® á®áâ®ï¨î ¯à ¢®© ç áâìî. � ª¢ ¤à â¨çëå
¯® á®áâ®ï¨î á¨áâ¥¬ å ¯« â®© ã¦¥ ï¢«ï¥âáï ªà ¥¢ ï § ¤ ç  ¤«ï á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨© á à §àë¢®© ¯® á®áâ®ï¨î ¯à ¢®© ç áâìî. �â  ªà ¥¢ ï § ¤ ç  § ç¨â¥«ì® ¯à®é¥ ¯®
á¢®©áâ¢ ¬ £« ¤ª®áâ¨, ç¥¬ ªà ¥¢ ï § ¤ ç  ¯à¨æ¨¯  ¬ ªá¨¬ã¬ . �«ï á«ãç ï «¨¥©®© ¯® á®áâ®-
ï¨î § ¤ ç¨ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï ªà ¥¢ ï § ¤ ç  ã«ãçè¥¨ï á¢®¤¨âáï ª à¥è¥¨î § ¤ ç
�®è¨ ¨ á®®â¢¥âáâ¢ãîé¨¥ ¯à®æ¥¤ãàë ã«ãçè¥¨ï [5] áâ ®¢ïâáï íª¢¨¢ «¥âë¬¨ ¯à®æ¥¤ãà ¬ ¨§
([4], á. 14{15).

� ¤ ®© à ¡®â¥ ¯à¥¤« £ îâáï ®¢ë¥ ¯à®æ¥¤ãàë ¥«®ª «ì®£® ã«ãçè¥¨ï ã¯à ¢«¥¨ï ¢
«¨¥©®© ¯® ã¯à ¢«¥¨î § ¤ ç¥ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï

�(u) = '(x(t1)) +
Z
T

fF0(x(t); t) + hF1(x(t); t); u(t)igdt ! min
u2V

; (1)

_x(t) = b(x(t); t) +A(x(t); t)u(t); x(t0) = x0; u(t) 2 U; t 2 T = [t0; t1]; (2)

¢ ª®â®à®© x(t) = (x1(t); : : : ; xn(t)) | ¢¥ªâ®à á®áâ®ï¨ï, u(t) = (u1(t); : : : ; um(t)) | ¢¥ªâ®à
ã¯à ¢«¥¨ï. � âà¨ç ï äãªæ¨ï A(x; t), ¢¥ªâ®àë¥ äãªæ¨¨ b(x; t), F1(x; t), äãªæ¨¨ '(x),
F0(x; t) ï¢«ïîâáï ª¢ ¤à â¨çë¬¨ ¯® x á ª®íää¨æ¨¥â ¬¨, ¥¯à¥àë¢® § ¢¨áïé¨¬¨ ®â t,  
¬®¦¥áâ¢¥ Rn � T . � ª ç¥áâ¢¥ ¬®¦¥áâ¢  ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨© u(t), t 2 T , à áá¬ âà¨¢ ¥â-
áï ª« áá V ªãá®ç®-¥¯à¥àë¢ëå äãªæ¨© á® § ç¥¨ï¬¨ ¢ ¢ë¯ãª«®¬ § ¬ªãâ®¬ ¬®¦¥áâ¢¥
U � Rm. � ¢¥áâ¢® ¤«ï ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨© ¯®¨¬ ¥âáï á â®ç®áâìî ¤® ¬®¦¥áâ¢  ã-
«¥¢®© ¬¥àë   ¨â¥à¢ «¥ T . � ç «ì®¥ á®áâ®ï¨¥ x0 ¨ ¯à®¬¥¦ãâ®ª ã¯à ¢«¥¨ï T § ¤ ë.
�á¯®«ì§ã¥âáï á«¥¤ãîé ï á¨áâ¥¬  ®¡®§ ç¥¨©: hx; yi | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ x,
y; kxk | ®à¬  ¢¥ªâ®à  x ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥; AT | ¬ âà¨æ , âà á¯®¨à®¢  ï
ª ¬ âà¨æ¥ A; �zq(x; u; : : : ) = q(z; u; : : : ) � q(x; u; : : : ), �vq(x; u; : : : ) = q(x; v; : : : ) � q(x; u; : : : ),
�z;vq(x; u; : : : ) = q(z; v; : : : ) � q(x; u; : : : ) | ç áâë¥ ¯à¨à é¥¨ï äãªæ¨¨ q ª®¥ç®£® ç¨á« 
 à£ã¬¥â®¢; qx, qu, qxx, quu, qxu | ç áâë¥ ¯à®¨§¢®¤ë¥ äãªæ¨¨ q á®®â¢¥âáâ¢¥® ¯¥à¢®£® ¨
¢â®à®£® ¯®àï¤ª  ¯®  à£ã¬¥â ¬ x, u.

�àã¤®¥¬ª®áâì ¥«®ª «ì®£® ã«ãçè¥¨ï   ª ¦¤®© ¨â¥à æ¨¨ ¨á¯®«ì§ã¥¬ëå ¯à®¥ªæ¨®ëå
¯à®æ¥¤ãà ®¯à¥¤¥«ï¥âáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ ¤«ï á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©,
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ª®â®à ï ¢ ®â«¨ç¨¥ ®â [5] ï¢«ï¥âáï ¥¯à¥àë¢®© ¯® á®áâ®ï¨î. �«ï «¨¥©ëå ¯® x äãªæ¨©
A(x; t), b(x; t), F1(x; t), '(x), F0(x; t) à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ á¢®¤¨âáï ª à¥è¥¨î ¥¯à¥àë¢ëå
¯® á®áâ®ï¨î § ¤ ç �®è¨ ¨ ¯à®æ¥¤ãàë áâ ®¢ïâáï íª¢¨¢ «¥âë¬¨ á®®â¢¥âáâ¢ãîé¨¬ ¯à®¥ªæ¨-
®ë¬ ¬¥â®¤ ¬ [4], [6].

�á®¢®© ¯à®¥ªæ¨®ëå ¯à®æ¥¤ãà ¥«®ª «ì®£® ã«ãçè¥¨ï ¤«ï § ¤ ç¨ (1), (2) ï¢«ïîâáï á¯¥-
æ¨ «ìë¥ â®çë¥ (¡¥§ ®áâ â®çëå ç«¥®¢) ä®à¬ã«ë ¯à¨à é¥¨ï æ¥«¥¢®£® äãªæ¨® « .

2. �á«®¢¨ï ®¯â¨¬ «ì®áâ¨. �®à¬ã«ë ¯à¨à é¥¨ï äãªæ¨® « 

� § ¤ ç¥ (1), (2) äãªæ¨ï �®âàï£¨  á á®¯àï¦¥®© ¯¥à¥¬¥®©  2 Rn ¨¬¥¥â á«¥¤ãîéãî
áâàãªâãàã ¯® ã¯à ¢«¥¨î: H( ; x; u; t) = H0( ; x; t)+hH1( ; x; t); ui, £¤¥ H0( ; x; t) = h ; b(x; t)i�
F0(x; t), H1( ; x; t) = AT (x; t) � F1(x; t). �â ¤ àâ ï á®¯àï¦¥ ï á¨áâ¥¬  ¨¬¥¥â ¢¨¤

_ (t) = �Hx( (t); x(t); u(t); t); t 2 T: (3)

�«ï ¤®¯ãáâ¨¬®£® ã¯à ¢«¥¨ï v 2 V ®¡®§ ç¨¬ ç¥à¥§ x(t; v), t 2 T , à¥è¥¨¥ á¨áâ¥¬ë (2)
¯à¨ u(t) = v(t), x(t0; v) = x0,   ç¥à¥§  (t; v), t 2 T , | à¥è¥¨¥ á¨áâ¥¬ë (3) ¯à¨ u(t) = v(t),
x(t) = x(t; v),  (t1; v) = �'x(x(t1; v)).

�à¨æ¨¯ ¬ ªá¨¬ã¬  ¤«ï ã¯à ¢«¥¨ï u 2 V ¢ § ¤ ç¥ (1), (2) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

hH1( (t; u); x(t; u); t); w � u(t)i � 0; w 2 U; t 2 T: (4)

�¡®§ ç¨¬ ç¥à¥§

PU (z) = arg min
w2U

(kw � zk); z 2 Rm;

®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï   ¬®¦¥áâ¢® U .
� «®£¨ç® [4] ¤«ï ¤®¯ãáâ¨¬®£® ã¯à ¢«¥¨ï u 2 V ®¡à §ã¥¬ ¢¥ªâ®àãî äãªæ¨î

u�( ; x; t) = PU (u(t) + �H1( ; x; t));  ; x 2 Rn; t 2 T; � > 0:

�  ®á®¢ ¨¨ ãá«®¢¨ï �¨¯è¨æ  ¤«ï ®¯¥à â®à  PU äãªæ¨ï u� ¥¯à¥àë¢  ¯® á®¢®ªã¯®áâ¨
( ; x) 2 Rn�Rn ¨ ªãá®ç®-¥¯à¥àë¢  ¯® t 2 T . �®£« á® ¨§¢¥áâ®¬ã á¢®©áâ¢ã ¯à®¥ªæ¨¨ ¨¬¥¥â
¬¥áâ® ¥à ¢¥áâ¢®

hH1( ; x; t); u�( ; x; t) � u(t)i � 1
�
ku�( ; x; t) � u(t)k2: (5)

�ãªæ¨î u� ¬®¦® ¯à¥¤áâ ¢¨âì â ª¦¥ ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

u�( ; x; t) = arg max
w2U

(H( ; x;w; t) � 1
2�
kw � u(t)k2): (6)

�à¨æ¨¯ ¬ ªá¨¬ã¬  (4) ¤«ï ã¯à ¢«¥¨ï u 2 V ¬®¦® § ¯¨á âì ¢ ä®à¬¥

u(t) = u�( (t; u); x(t; u); t); t 2 T: (7)

�â¬¥â¨¬, çâ® ¤«ï ¢ë¯®«¥¨ï (4) ¤®áâ â®ç® ¯à®¢¥à¨âì ãá«®¢¨¥ (7) å®âï ¡ë ¤«ï ®¤®£® �.
�¡à â®, ¨§ ãá«®¢¨ï (4) á«¥¤ã¥â ¢ë¯®«¥¨¥ (7) ¯à¨ ¢á¥å � > 0.

�«¥¤ãï [5], ¢¢¥¤¥¬ ¬®¤¨ä¨æ¨à®¢ ãî á®¯àï¦¥ãî á¨áâ¥¬ã ¢ § ¤ ç¥ (1), (2)

_p(t) = �Hx(p(t); x(t); u(t); t) � 1
2
Hxx(p(t); x(t); u(t); t)y(t): (8)

�«ï ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨© u0, v 2 V ®¡®§ ç¨¬ ç¥à¥§ p(t; u0; v), t 2 T , à¥è¥¨¥ á¨áâ¥-
¬ë (8) ¯à¨ u(t) = u0(t), x(t) = x(t; u0), y(t) = x(t; v) � x(t; u0), p(t1; u0; v) = �'x(x(t1; u0)) �
1

2
'xx(x(t1; u0))(x(t1; v)� x(t1; u0)). �â¬¥â¨¬ ®ç¥¢¨¤®¥ à ¢¥áâ¢® p(t; u0; u0) =  (t; u0), t 2 T .
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� á®®â¢¥âáâ¢¨¨ á [5] ¯¥à¢ ï ¨ ¢â®à ï â®çë¥ ä®à¬ã«ë ¯à¨à é¥¨ï æ¥«¥¢®£® äãªæ¨® «  ¢
§ ¤ ç¥ (1), (2) ¯à¨¨¬ îâ á«¥¤ãîé¨© ¢¨¤:

�v�(u
0) = �

Z
T

hH1(p(t; u
0; v); x(t; v); t); v(t) � u0(t)idt; (9)

�v�(u0) = �
Z
T

hH1(p(t; v; u0); x(t; u0); t); v(t) � u0(t)idt: (10)

�á¯®«ì§ãï (9), (10), ¯®áâà®¨¬ ¯à®æ¥¤ãàë ã«ãçè¥¨ï ¤«ï ã¯à ¢«¥¨ï u0   ®á®¢¥ ®¯¥à æ¨¨
¯à®¥ªâ¨à®¢ ¨ï.

3. �à®æ¥¤ãàë ã«ãçè¥¨ï

�®áâ ¢¨¬ § ¤ çã ®¡ ã«ãçè¥¨¨ ã¯à ¢«¥¨ï u0:  ©â¨ ã¯à ¢«¥¨¥ v 2 V á ãá«®¢¨¥¬
�v�(u0) � 0.

�¥à¢ ï ¯à®æ¥¤ãà  ã«ãçè¥¨ï.
1. �«ï § ¤ ®£® � > 0  ©¤¥¬ à¥è¥¨¥ (x�(t); p�(t)), t 2 T , ªà ¥¢®© § ¤ ç¨

_x(t) = f(x(t); u�(p(t); x(t); t); t); x(t0) = x0; (11)

_p(t) = �Hx(p(t); x(t; u0); u0(t); t) � 1
2
Hxx(p(t); x(t; u0); u0(t); t)(x(t) � x(t; u0));

p(t1) = �'x(x(t1; u0))� 1
2
'xx(x(t1; u0))(x(t1)� x(t1; u0)): (12)

2. �ä®à¬¨àã¥¬ ã¯à ¢«¥¨¥ v�(t) = u�(p�(t); x�(t); t), t 2 T .
�à¥¤¯®«®¦¨¬, çâ® à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (11), (12) (¢®§¬®¦®, ¥ ¥¤¨áâ¢¥®¥) áãé¥áâ¢ã-

¥â   ¨â¥à¢ «¥ T . �¡®áã¥¬ á¢®©áâ¢® ã«ãçè¥¨ï. �®áª®«ìªã x�(t) = x(t; v�), p�(t) = p(t; u0; v�),
t 2 T , â®

v�(t) = u�(p(t; u0; v�); x(t; v�); t); t 2 T: (13)

�âáî¤    ®á®¢ ¨¨ (5) ¨¬¥¥¬

hH1(p(t; u
0; v�); x(t; v�); t); v�(t)� u0(t)i � 1

�
kv�(t)� u0(t)k2:

�®á«¥ ¨â¥£à¨à®¢ ¨ï ¯® t 2 T á ãç¥â®¬ (9) ¯®«ãç ¥¬ ®æ¥ªã ã¬¥ìè¥¨ï æ¥«¥¢®£® äãªæ¨®-
 « 

�(v�)� �(u0) � � 1
�

Z
T

kv�(t)� u0(t)k2dt: (14)

� ª¨¬ ®¡à §®¬, ¢ëå®¤®¥ ã¯à ¢«¥¨¥ v�, ¢ á¨«ã � > 0, ®¡¥á¯¥ç¨¢ ¥â ¥¢®§à áâ ¨¥ æ¥«¥¢®£®
äãªæ¨® «  á ®æ¥ª®© (14).

� áá¬®âà¨¬ ¬®¦¥áâ¢® V �
1
(u0) ã¯à ¢«¥¨©   ¢ëå®¤¥ ¯¥à¢®© ¯à®æ¥¤ãàë ã«ãçè¥¨ï, å -

à ªâ¥à¨§ã¥¬ëå à ¢¥áâ¢®¬ (13). �á«¨ u0 2 V �
1
(u0) å®âï ¡ë ¤«ï ®¤®£® � > 0, â® u0(t) =

u�( (t; u0); x(t; u0); t), t 2 T , â. ¥. ã¯à ¢«¥¨¥ u0 ã¤®¢«¥â¢®àï¥â ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ . �¡à â-
®, ¥á«¨ u0 ã¤®¢«¥â¢®àï¥â ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ , â® ®® ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬ (13) ¯à¨ v� = u0

¤«ï ¢á¥å � > 0. �«¥¤®¢ â¥«ì®, u0 2 V �
1
(u0). � ª¨¬ ®¡à §®¬, ¢¥à 

�¥¬¬ . �¯à ¢«¥¨¥ u0 2 V ã¤®¢«¥â¢®àï¥â ¯à¨æ¨¯ã ¬ ªá¨¬ã¬  â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  u0 2 V �
1
(u0) å®âï ¡ë ¤«ï ®¤®£® � > 0.

�«¥¤áâ¢¨¥. �á«¨ ªà ¥¢ ï § ¤ ç  ã«ãçè¥¨ï ¥ ¨¬¥¥â à¥è¥¨ï å®âï ¡ë ¤«ï ®¤®£® � > 0,
â® ã¯à ¢«¥¨¥ u0 ¥ ã¤®¢«¥â¢®àï¥â ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ .
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�¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ®¯â¨¬ «ì®áâ¨, íª¢¨¢ «¥â®¥ ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ , ¬®¦® áä®à¬ã-
«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬: ¤«ï ®¯â¨¬ «ì®áâ¨ ã¯à ¢«¥¨ï u0 ¢ § ¤ ç¥ (1), (2) ¥®¡å®¤¨¬®,
çâ®¡ë u0 2 V �

1
(u0) å®âï ¡ë ¤«ï ®¤®£® � > 0.

�æ¥ª  (14) £ à â¨àã¥â áâà®£®¥ ã«ãçè¥¨¥ ã¯à ¢«¥¨ï u0 (¢ â®¬ ç¨á«¥ ã¤®¢«¥â¢®àïîé¥£®
¯à¨æ¨¯ã ¬ ªá¨¬ã¬ ) ¯à¨ ãá«®¢¨¨ v� 6= u0, v� 2 V �

1
. � ª¨¬ ®¡à §®¬, á«ãç © ¥¥¤¨áâ¢¥®áâ¨

à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ ã«ãçè¥¨ï ®¡¥á¯¥ç¨¢ ¥â áâà®£®¥ ã«ãçè¥¨¥ ã¯à ¢«¥¨ï u0, ã¤®¢«¥â¢®-
àïîé¥£® ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ .

�æ¥ª  (14) ¯®§¢®«ï¥â áä®à¬ã«¨à®¢ âì ®¢®¥ ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ®¯â¨¬ «ì®áâ¨ (ãá«®¢¨¥
¥ã«ãçè¥¨ï)   ®á®¢¥ ¯¥à¢®© ¯à®æ¥¤ãàë ã«ãçè¥¨ï: ¤«ï ®¯â¨¬ «ì®áâ¨ ã¯à ¢«¥¨ï u0 ¢
§ ¤ ç¥ (1), (2) ¥®¡å®¤¨¬®, çâ®¡ë ®® ¡ë«® ¥¤¨áâ¢¥ë¬ ã¯à ¢«¥¨¥¬   ¢ëå®¤¥ ¯à®æ¥¤ãàë
¤«ï ¢á¥å � > 0, â. ¥.

fu0g = V �
1
(u0); � > 0: (15)

�®ïâ®, çâ® ¯à¨æ¨¯ ¬ ªá¨¬ã¬  ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ (15). �â® ®§ ç ¥â, çâ® ¯¥à¢ ï ¯à®æ¥¤ãà 
¬®¦¥â ã«ãçè âì ã¯à ¢«¥¨ï, ã¤®¢«¥â¢®àïîé¨¥ ¯à¨æ¨¯ã ¬ ªá¨¬ã¬  ¨ ¥ ã¤®¢«¥â¢®àïîé¨¥
ãá«®¢¨î (15).

�¥à¥ä®à¬ã«¨àã¥¬ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨ ¢ â¥à¬¨ å à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (11), (12).
�à¨æ¨¯ ¬ ªá¨¬ã¬ . �«ï ®¯â¨¬ «ì®áâ¨ ã¯à ¢«¥¨ï u0 ¢ § ¤ ç¥ (1), (2) ¥®¡å®¤¨¬®, çâ®¡ë

¯ à  (x(t; u0);  (t; u0)) ¡ë«  à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (11), (12) å®âï ¡ë ¤«ï ®¤®£® � > 0.
�á«®¢¨¥ ¥ã«ãçè¥¨ï. �«ï ®¯â¨¬ «ì®áâ¨ ã¯à ¢«¥¨ï u0 ¢ § ¤ ç¥ (1), (2) ¥®¡å®¤¨¬®, çâ®¡ë

¯ à  (x(t; u0);  (t; u0)) ¡ë«  ¥¤¨áâ¢¥ë¬ à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (11), (12) ¤«ï ¢á¥å � > 0.
�àã¤®¥¬ª®áâì ¯®áâà®¥¨ï ã«ãçè îé¥£® ã¯à ¢«¥¨ï ®¯à¥¤¥«ï¥âáï âàã¤®¥¬ª®áâìî à¥è¥¨ï

£« ¤ª®© ªà ¥¢®© § ¤ ç¨ (11), (12), ª®â®à ï ¢ ®¡é¥¬ á«ãç ¥ áãé¥áâ¢¥® ¯à®é¥, ç¥¬ à §àë¢ ï
¯® á®áâ®ï¨î ªà ¥¢ ï § ¤ ç  ¢ ¯à®æ¥¤ãà å [5].

� «¨¥©®© ¯® á®áâ®ï¨î § ¤ ç¥ (1), (2) (äãªæ¨¨ A(x; t), b(x; t), F1(x; t), '(x), F0(x; t) «¨-
¥©ë ¯® x) ªà ¥¢ ï § ¤ ç  (11), (12) á¢®¤¨âáï ª ¤¢ã¬ £« ¤ª¨¬ § ¤ ç ¬ �®è¨ ¤«ï ä §®¢®© ¨
á®¯àï¦¥®© ¯¥à¥¬¥ëå. � íâ®¬ á«ãç ¥ ¯à®æ¥¤ãàë áâ ®¢ïâáï íª¢¨¢ «¥âë¬¨ ¯à®¥ªæ¨®ë¬
¬¥â®¤ ¬ [4], [6]. �à¨ íâ®¬ ä §®¢ ï ¨ á®¯àï¦¥ ï § ¤ ç¨ �®è¨ ¨¬¥îâ ¥¤¨áâ¢¥ë¥ à¥è¥¨ï
x�(t), p�(t), t 2 T , ª®â®àë¥ ®¤®§ ç® ®¯à¥¤¥«ïîâ ¢ëå®¤®¥ ã¯à ¢«¥¨¥ v�(t), t 2 T , ¤«ï «î¡®£®
§ ¤ ®£® � > 0. �®â¥àï á¢®©áâ¢  ¥¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï ¢ «¨¥©®© ¯® á®áâ®ï¨î § ¤ ç¥
(1), (2) ®§ ç ¥â, çâ® ã¯à ¢«¥¨ï, ã¤®¢«¥â¢®àïîé¨¥ ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ , áâà®£® ¥ ã«ãçè -
îâáï ¯¥à¢®© ¯à®æ¥¤ãà®©. � ª¨¬ ®¡à §®¬, ¢ ¤ ®¬ «¨¥©®¬ á«ãç ¥ ãá«®¢¨¥ ¥ã«ãçè¥¨ï ¨
¯à¨æ¨¯ ¬ ªá¨¬ã¬  à ¢®§ çë.

�â¬¥â¨¬, çâ® ªà ¥¢ ï § ¤ ç  (11), (12) ¢ «¨¥©®© ¯® á®áâ®ï¨î § ¤ ç¥ (1), (2) ¯à¨®¡à¥â ¥â
á¢®©áâ¢® áãé¥áâ¢®¢ ¨ï à¥è¥¨ï. �â® á¢®©áâ¢® ¨ ®æ¥ª  (14) £ à â¨àãîâ áâà®£®¥ ã«ãçè¥¨¥
¯¥à¢®© ¯à®æ¥¤ãà®© «î¡®£® ã¯à ¢«¥¨ï, ¥ ã¤®¢«¥â¢®àïîé¥£® ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ .

� ¥«¨¥©®© ¯® á®áâ®ï¨î § ¤ ç¥ (1), (2) ¢®§¬®¦¥ á«ãç ©, ª®£¤  ªà ¥¢ ï § ¤ ç  (11), (12)
¥ ¨¬¥¥â à¥è¥¨ï. �â® ®§ ç ¥â, çâ® ã¯à ¢«¥¨¥ u0 ¥ ã¤®¢«¥â¢®àï¥â ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ .
� íâ®¬ á«ãç ¥ ¨á¯®«ì§ã¥¬ ï ¯à®æ¥¤ãà  ¥ ¤¥©áâ¢ã¥â ¨ ã¦® ¯¥à¥©â¨ ª ¤àã£¨¬ ¯à®æ¥¤ãà ¬
ã«ãçè¥¨ï.

�¯¨è¥¬  «ìâ¥à â¨¢ãî ¯à®æ¥¤ãàã ã«ãçè¥¨ï, ®á®¢ ãî   ä®à¬ã«¥ (10) ¯à¨à é¥¨ï
äãªæ¨® « .

�â®à ï ¯à®æ¥¤ãà  ã«ãçè¥¨ï.
1. �«ï § ¤ ®£® � > 0 ®¯à¥¤¥«¨¬ äãªæ¨î

u�(p; t) = u�(p; x(t; u0); t); p 2 Rn; t 2 T:
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2. � ©¤¥¬ à¥è¥¨¥ (x�(t); p�(t)), t 2 T , ªà ¥¢®© § ¤ ç¨
_x(t) = f(x(t); u�(p(t); t); t); x(t0) = x0; (16)

_p(t) = �Hx(p(t); x(t); u�(p(t); t); t) � 1
2
Hxx(p(t); x(t); u�(p(t); t); t)(x(t; u0)� x(t));

p(t1) = �'x(x(t1))� 1
2
'xx(x(t1))(x(t1; u0)� x(t1)): (17)

3. �ä®à¬¨àã¥¬ ã¯à ¢«¥¨¥ v�(t) = u�(p�(t); t), t 2 T .
� á«ãç ¥ áãé¥áâ¢®¢ ¨ï à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (16), (17) ¨¬¥¥¬ x�(t) = x(t; v�), p�(t) =

p(t; v�; u0), t 2 T ; v�(t) = u�(p(t; v�; u0); x(t; u0); t), t 2 T . �âáî¤    ®á®¢ ¨¨ (5)

hH1(p(t; v
�; u0); x(t; u0); t); v�(t)� u0(t)i � 1

�
kv�(t)� u0(t)k2:

�®á«¥ ¨â¥£à¨à®¢ ¨ï ¯® t 2 T á ãç¥â®¬ (10) ¯®«ãç ¥¬ ®æ¥ªã (14) ã¬¥ìè¥¨ï æ¥«¥¢®£® äãª-
æ¨® «  ¢¬¥áâ¥ á   «®£¨çë¬¨ ¯¥à¢®© ¯à®æ¥¤ãà¥ ãâ¢¥à¦¤¥¨ï¬¨ ¯® á¢®©áâ¢ ¬ ã«ãçè¥¨ï ¨
¯à¨æ¨¯ã ¬ ªá¨¬ã¬ .

�ë¤¥«¨¬ á¢ï§ì ¯à¥¤« £ ¥¬ëå ¯à®¥ªæ¨®ëå ¯à®æ¥¤ãà ã«ãçè¥¨ï á ¥«®ª «ìë¬¨ ¯à®æ¥¤ã-
à ¬¨ ã«ãçè¥¨ï [5]. � á®®â¢¥âáâ¢¨¨ á® á¢®©áâ¢®¬ (6) äãªæ¨¨ u�, ¯à®¥ªæ¨®ë¥ ¯à®æ¥¤ãàë ¢
§ ¤ ç¥ (1), (2)  ¤¥ª¢ âë ¯à®æ¥¤ãà ¬ [5] ¯®á«¥ à¥£ã«ïà¨§ æ¨¨ § ¤ ç¨ ¯® ã¯à ¢«¥¨î á äãªæ¨-
® «®¬

��(u) = �(u) +
1
2�

Z
T

ku(t)� u0(t)k2dt:
�¯â¨¬ «ì®¥ § ç¥¨¥ � ¢ ¯à®¥ªæ¨®ëå ¯à®æ¥¤ãà å ã«ãçè¥¨ï á®®â¢¥âáâ¢ã¥â ¬¨¨¬ã¬ã

®æ¥ª¨ (14) ¯® � > 0. �®áª®«ìªã á®®â¢¥âáâ¢ãîé ï § ¤ ç  ¢ ®¡é¥¬ á«ãç ¥   «¨â¨ç¥áª¨ ¥-
à §à¥è¨¬ , â® ¬®¦® ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ í¢à¨áâ¨ç¥áª¨¥ à¥ª®¬¥¤ æ¨¨ [6]. � § ¤ ç å á
®¯â¨¬ «ìë¬ ã¯à ¢«¥¨¥¬ à §àë¢®£® â¨¯  æ¥«¥á®®¡à §® ¨á¯®«ì§®¢ âì áâà â¥£¨î ã¢¥«¨ç¥-
¨ï � ®â 1. �âà â¥£¨ï ã¬¥ìè¥¨ï � ®â 1 ®¯à ¢¤ë¢ ¥â á¥¡ï ¢ § ¤ ç å á ¥¯à¥àë¢ë¬ à¥è¥¨¥¬.

�à®¨««îáâà¨àã¥¬ ¢®§¬®¦®áâì áâà®£®£® ã«ãçè¥¨ï ®á®¡®£® ã¯à ¢«¥¨ï ¯¥à¢®© ¯à®æ¥¤ãà®©
¢ «¨¥©®-ª¢ ¤à â¨ç®© § ¤ ç¥ (äãªæ¨¨ A(x; t), b(x; t) «¨¥©ë ¯® x). �à®¥ªæ¨®ë¥ ¬¥â®¤ë
[4], [6] â ª¨¬ á¢®©áâ¢®¬ ¥ ®¡« ¤ îâ.

� áá¬®âà¨¬ á¥¬¥©áâ¢® § ¤ ç á ¯ à ¬¥âà®¬ t1 > 0

�(u) = �1
2

Z
1

0

x2(t)dt ! min;

_x(t) = u(t); x(0) = 0; u(t) 2 U = [�1; 1]; t 2 T = [0; t1]:

� ¤ ®¬ á«ãç ¥ äãªæ¨ï �®âàï£¨  H =  u+ 1

2
x2, áâ ¤ àâ ï á®¯àï¦¥ ï á¨áâ¥¬  _ (t) =

�x(t), ¬®¤¨ä¨æ¨à®¢  ï á®¯àï¦¥ ï á¨áâ¥¬  _p(t) = �x(t)� 1

2
y(t).

�®áâ ¢¨¬ § ¤ çã áâà®£®£® ã«ãçè¥¨ï ®á®¡®£® ã¯à ¢«¥¨ï u0(t) = 0, t 2 T , ª®â®à®¬ã á®®â¢¥â-
áâ¢ã¥â ä §®¢ ï âà ¥ªâ®à¨ï x(t; u0) = 0, t 2 T , § ç¥¨¥ äãªæ¨® «  �(u0) = 0, á®¯àï¦¥ ï
âà ¥ªâ®à¨ï  (t; u0) = 0, t 2 T . �â®¡à ¦¥¨¥ u�, � > 0, ¨¬¥¥â ¢¨¤

u�( ; x; t) = PU (� ) =

8>><
>>:
�1; � < �1;
1; � > 1;

� ; �1 � � � 1:

�à¨¬¥¨¬ ¯¥à¢ãî ¯à®æ¥¤ãàã ã«ãçè¥¨ï. �à ¥¢ ï § ¤ ç  ã«ãçè¥¨ï ¯à¨¨¬ ¥â ¢¨¤

_x(t) = u�(p(t); x(t); t); x(0) = 0;

_p(t) = �1
2
x(t); p(t1) = 0:
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�ç¥¢¨¤®, ¤«ï «î¡®£® � > 0 ¯ à  (x(t; u0);  (t; u0)), t 2 T , ï¢«ï¥âáï à¥è¥¨¥¬ ªà ¥¢®©
§ ¤ ç¨, â. ¥. u0 ã¤®¢«¥â¢®àï¥â ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ . �®ª ¦¥¬, çâ® áãé¥áâ¢ãîâ ¬®¬¥âë t1 > 0,
¤«ï ª®â®àëå ªà ¥¢ ï § ¤ ç  ¤®¯ãáª ¥â à¥è¥¨¥, ®â«¨ç®¥ ®â ãª § ®£®. �®¤¡¥à¥¬ à¥è¥¨¥,
ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î � 1

�
� p(0) � 1

�
.

� áá¬®âà¨¬ ¢á¯®¬®£ â¥«ìãî § ¤ çã �®è¨

_x(t) = �p(t); x(0) = 0;

_p(t) = �1
2
x(t); � 1

�
� p(0) � 1

�
;

¨¬¥îéãî à¥è¥¨¥ p(t) = p(0) cos
q

�

2
t, x(t) =

p
2�p(0) sin

q
�

2
t. �®áª®«ìªã ¯à¨ ¢á¥å t > 0 ¢ë¯®«-

ï¥âáï � 1

�
� p(t) � 1

�
, â® à¥è¥¨¥ § ¤ ç¨ �®è¨ ¡ã¤¥â ã¤®¢«¥â¢®àïâì ªà ¥¢®© § ¤ ç¥ ¢ á«ãç ¥

¢ë¯®«¥¨ï ªà ¥¢®£® ãá«®¢¨ï p(t1) = p(0) cos
q

�

2
t1 = 0. �âáî¤  á«¥¤ã¥â, çâ® ¤«ï «î¡®£® § -

¤ ®£® � > 0 áãé¥áâ¢ã¥â ¬®¦¥áâ¢® ª®¥çëå ¬®¬¥â®¢ t1 = �p
2�
+ �

q
2

�
k, k = 0; 1; 2; : : : , ¤«ï

ª®â®àëå ªà ¥¢ ï § ¤ ç  ¤®¯ãáª ¥â ¥ã«¥¢®¥ à¥è¥¨¥ ¯à¨ p(0) 6= 0, � 1

�
� p(0) � 1

�
. �®®â¢¥â-

áâ¢ãîé¥¥ ¢ëå®¤®¥ ã¯à ¢«¥¨¥ v�(t) = �p(0) cos
q

�

2
t, t 2 T , áâà®£® ã«ãçè ¥â ®á®¡®¥ ã¯à ¢«¥¨¥

u0(t) = 0, t 2 T .
� ë© ¯à¨¬¥à ¤¥¬®áâà¨àã¥â á«¥¤ãîé¨¥ ®á®¡¥®áâ¨ ¯à®æ¥¤ãà ã«ãçè¥¨ï.
1. �¯à ¢«¥¨¥, ã¤®¢«¥â¢®àïîé¥¥ ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ , ï¢«ï¥âáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨

ã«ãçè¥¨ï ¤«ï «î¡®£® � > 0.
2. �®§¬®¦®áâì ¥¥¤¨áâ¢¥®£® à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ ã«ãçè¥¨ï.
3. �®§¬®¦®áâì áâà®£®£® ã«ãçè¥¨ï ã¯à ¢«¥¨ï, ã¤®¢«¥â¢®àïîé¥£® ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ ,

çâ® ®¡ãá« ¢«¨¢ ¥âáï ¥¥¤¨áâ¢¥®áâìî à¥è¥¨ï ªà ¥¢®© § ¤ ç¨.

4. � ª«îç¥¨¥

�ë¤¥«¨¬ ®á®¢ë¥ ®á®¡¥®áâ¨, å à ªâ¥à¨§ãîé¨¥ ¯à®¥ªæ¨®ë¥ ¯à®æ¥¤ãàë ã«ãçè¥¨ï.
1. �¥«®ª «ì®áâì ã«ãçè¥¨ï ã¯à ¢«¥¨ï ¡¥§ ¯à®æ¥¤ãàë ¢ àì¨à®¢ ¨ï ¯® ¬ «®¬ã ¯ à ¬¥âàã.
2. �®§¬®¦®áâì áâà®£®£® ã«ãçè¥¨ï ã¯à ¢«¥¨ï, ã¤®¢«¥â¢®àïîé¥£® ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ 

(¢ â®¬ ç¨á«¥, ®á®¡®£® ã¯à ¢«¥¨ï). � ª ï ¢®§¬®¦®áâì à¥ «¨§ã¥âáï ç¥à¥§ ¥¥¤¨áâ¢¥®áâì
à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ ã«ãçè¥¨ï.

3. �à®æ¥¤ãàë ¯®§¢®«ïîâ áä®à¬ã«¨à®¢ âì ®¢ë¥ ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨ (ãá«®-
¢¨ï ¥ã«ãçè¥¨ï) ã¯à ¢«¥¨ï, ¤®¯®«ïîé¨¥ ¨ ãá¨«¨¢ îé¨¥ ¯à¨æ¨¯ ¬ ªá¨¬ã¬  ¢ ¨§ãç ¥¬®¬
ª« áá¥ § ¤ ç.

4. �àã¤®¥¬ª®áâì ã«ãçè¥¨ï ®¯à¥¤¥«ï¥âáï âàã¤®¥¬ª®áâìî à¥è¥¨ï £« ¤ª®© ªà ¥¢®© § ¤ ç¨,
ª®â®à ï ¢ ®¡é¥¬ á«ãç ¥ áãé¥áâ¢¥® ¯à®é¥ ªà ¥¢®© § ¤ ç¨ á à §àë¢®© ¯® á®áâ®ï¨î ¯à ¢®©
ç áâìî ¢ ¥«®ª «ìëå ¯à®æ¥¤ãà å [5].

5. �à®¥ªæ¨®ë¥ ¯à®æ¥¤ãàë, ¢ ®â«¨ç¨¥ ®â ¯à®æ¥¤ãà [5], ¥ âà¥¡ãîâ ®£à ¨ç¥®áâ¨ ¬®¦¥-
áâ¢  U . � ç áâ®áâ¨, ¯à¨ U = Rm ¯®«ãç ¥¬ ¥«®ª «ìë¥ ¯à®æ¥¤ãàë ã«ãçè¥¨ï ¤«ï § ¤ ç¨ (1),
(2) ¡¥§ ®£à ¨ç¥¨©   ã¯à ¢«¥¨¥.

6. � «¨¥©®© ¯® á®áâ®ï¨î § ¤ ç¥ (1), (2) ªà ¥¢ ï § ¤ ç  ã«ãçè¥¨ï à á¯ ¤ ¥âáï   ¤¢¥
§ ¤ ç¨ �®è¨ ¤«ï ä §®¢ëå ¨ á®¯àï¦¥ëå ¯¥à¥¬¥ëå. � íâ®¬ á«ãç ¥ ¯à®æ¥¤ãàë áâ ®¢ïâáï
íª¢¨¢ «¥âë¬¨ ¯à®¥ªæ¨®ë¬ ¬¥â®¤ ¬ [4], [6].

7. � «¨¥©®-ª¢ ¤à â¨çëå § ¤ ç å (1), (2) ¯à®æ¥¤ãàë ¬®£ãâ ã«ãçè âì ã¯à ¢«¥¨ï, ã¤®¢«¥-
â¢®àïîé¨¥ ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ . �à®¥ªæ¨®ë¥ ¬¥â®¤ë [4], [6] â ª¨¬ á¢®©áâ¢®¬ ¥ ®¡« ¤ îâ.
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