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1. � ­ áâ®ïé¥© à ¡®â¥ á ¯®¬®éìî ¬¥â®¤®¢ ¯à¨¡«¨¦¥­­®£® £àã¯¯®¢®£®  ­ «¨§  ¨§ãç îâáï
ãà ¢­¥­¨ï

ut = (u2�n + " � k(u; �))x; � = uux: (1.1)

�à ¢­¥­¨ï ¢¨¤  (1.1) ¢®§­¨ª îâ, ­ ¯à¨¬¥à, ¯à¨ ¬®¤¥«¨à®¢ ­¨¨ ®¤­®¬¥à­®£® â¥ç¥­¨ï ¯«¥­ª¨
­¥­ìîâ®­®¢áª®© ¦¨¤ª®áâ¨ ¯® £®à¨§®­â «ì­®¬ã «®¦ã á ¯à®áª «ì§ë¢ ­¨¥¬. � íâ®¬ á«ãç ¥ ­¥-
¨§¢¥áâ­ ï äã­ªæ¨ï u(t; x) | â®«é¨­  ¯«¥­ª¨ ¢ â®çª¥ x ¢ ¬®¬¥­â ¢à¥¬¥­¨ t, n | ¯®ª § â¥«ì
áâ¥¯¥­¨ ¢ à¥®«®£¨ç¥áª®¬ § ª®­¥, ¢â®à®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ (1.1) ®¯¨áë¢ ¥â íää¥ªâ ¯à®-
áª «ì§ë¢ ­¨ï, " | ¯ à ¬¥âà, ª®â®àë© ¢® ¬­®£¨å á«ãç ïå ¬®¦­® áç¨â âì ¬ «ë¬ (¢ § ¤ ç å
¯à®áª «ì§ë¢ ­¨ï ¢ ¡¥§à §¬¥à­®¬ ãà ¢­¥­¨¨ (1.1) ¨¬¥¥¬ " � 0:15). �®ç­ë¥ á¨¬¬¥âà¨¨ ¨ ¨­-
¢ à¨ ­â­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1.1) ¯à¨ " = 0 (â.¥. ¢ ®âáãâáâ¢¨¨ ¯à®áª «ì§ë¢ ­¨ï) ª ª ¤«ï
®¤­®¬¥à­®£® á«ãç ï, â ª ¨ ¤«ï ¤¢ã¬¥à­ëå § ¤ ç á ªàã£®¢®© á¨¬¬¥âà¨¥© ¨áá«¥¤®¢ ­ë ¢ [1]{[3].
�à¨¬¥­ï¥¬ ï ¢ ¤ ­­®© à ¡®â¥ ¬¥â®¤¨ª  ¡ §¨àã¥âáï, ª ª ¢ à ¡®â å [1]{[3], ­  ª« áá¨ç¥áª®¬ £àã¯-
¯®¢®¬  ­ «¨§¥ [4], â.ª. ­ è¥ ¨áá«¥¤®¢ ­¨¥ ®£à ­¨ç¨¢ ¥âáï â®ç¥ç­ë¬¨ £àã¯¯ ¬¨. �â® ¥áâ¥áâ¢¥­­®
¤«ï à áá¬ âà¨¢ ¥¬®£® ª« áá  ãà ¢­¥­¨©, ¯®áª®«ìªã ¤ ¦¥ ¤«ï ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ á ¨á-
â®ç­¨ª®¬ ¥£® £àã¯¯  �¨{�¥ª«ã­¤  [5] ª ª ¯à ¢¨«® (á ¤¢ã¬ï ¨áª«îç¥­¨ï¬¨) âà¨¢¨ «ì­  [6]. �å
£àã¯¯®¢®©  ­ «¨§ á¢®¤¨âáï ª ª« áá¨ä¨ª æ¨¨ â®ç¥ç­ëå á¨¬¬¥âà¨© (£àã¯¯ �¨), ¢ë¯®«­¥­­®© ¤«ï
­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ ¡¥§ ¨áâ®ç­¨ª  �.�.�¢áï­­¨ª®¢ë¬ [7],   ¯à¨ ­ «¨ç¨¨
¨áâ®ç­¨ª  �.�.�®à®¤­¨æë­ë¬ [8]. �à¥¤« £ ¥¬ ï à ¡®â  ¬®¦¥â à áá¬ âà¨¢ âìáï ª ª ¯à®¤®«-
¦¥­¨¥ íâ¨å à ¡®â ¯® ¨§ãç¥­¨î ¯à¨¡«¨¦¥­­ëå á¨¬¬¥âà¨© á ¬ «ë¬ ¯ à ¬¥âà®¬, ®¡é ï â¥®à¨ï
ª®â®àëå ¯®áâà®¥­  ¢ [9], [10]. � ª ª ª ãà ¢­¥­¨¥ (1.1) ¬®¤¥«¨àã¥â â¥ç¥­¨¥ «¨èì á â®ç­®áâìî
O("2), â® ¥áâ¥áâ¢¥­­® á â®© ¦¥ â®ç­®áâìî à áá¬ âà¨¢ âì ¨ ¥£® ¯à¨¡«¨¦¥­­ë¥ á¨¬¬¥âà¨¨. �« á-
á¨ä¨ª æ¨ï ãà ¢­¥­¨© ¢¨¤  (1.1), ¤®¯ãáª îé¨å £àã¯¯ã ¯à¨¡«¨¦¥­­ëå á¨¬¬¥âà¨©, ¯à¨¢¥¤¥­  ¢
¯¯. 2, 3. � ¯. 4 ãª § ­ë ¯à¨¡«¨¦¥­­®-¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï á â®ç­®áâìî o("2) ¤«ï ãà ¢­¥­¨©,
¯®«ãç¥­­ëå ¢ ¯¯. 2, 3 ¨ ¯à¥¤áâ ¢«ïîé¨å ­ ¨¡®«ìè¨© ¨­â¥à¥á ¤«ï ¤¨­ ¬¨ª¨ ­¥­ìîâ®­®¢áª¨å
¦¨¤ª®áâ¥©. �«ï á®ªà é¥­¨ï ¤ «ì­¥©è¨å § ¯¨á¥© ã¤®¡­® ®¡®§­ ç¨âì

t = y1; x = y2; u = y3; � = y4; ut = y5; ux = y6; �t = y7; �x = y8

¨ ¯¥à¥¯¨á âì ãà ¢­¥­¨¥ (1.1) ¢ ¢¨¤¥

F 1

0 + "F 1

1 = 0; F 2

0 + "F 2

1 = 0; (1.2)

£¤¥

F 1

0 = 2y3y6y
n
4 + ny23y

n�1
4 y8 � y5; F 2

0 = y3y6 � y4;

F 1

1 =
@k

@y3
y6 +

@k

@y4
y8; F 2

1 � 0:

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ ò94-01-01191).
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� [1] ¯®ª § ­®, çâ® ­¥¢®§¬ãé¥­­®¥ ãà ¢­¥­¨¥ F 1
0 = 0, F 2

0 = 0, ¯®«ãç îé¥¥áï ¨§ (1.1) ¯à¨ " =
0, ¤®¯ãáª ¥â ç¥âëà¥å¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã �¨ á ¨­ä¨­¨â¥§¨¬ «ì­ë¬¨ ®¯¥à â®à ¬¨ X0 =
�k0

@

@yk
,

X0

1
=

@

@y1
; X0

2
=

@

@y2
; X0

3
= y1

@

@y1
+ 2y2

@

@y2
+ y3

@

@y3
;

X0

4
= (n+ 1)y1

@

@y1
+ y2

@

@y2
� y4

@

@y4
:

(1.3)

2. �®£« á­®  «£®à¨â¬ã ¯®áâà®¥­¨ï ®¯¥à â®à®¢ ¯à¨¡«¨¦¥­­®© á¨¬¬¥âà¨¨ ¤«ï ¢®§¬ãé¥­­ëå
ãà ¢­¥­¨©, ¯à¥¤«®¦¥­­®¬ã ¢ [9], [10], ª ¦¤ë© ¨§ ®¯¥à â®à®¢ (1.3) ¯®à®¦¤ ¥â ®¯¥à â®à ¯à¨¡«¨-
¦¥­­®© á¨¬¬¥âà¨¨ (á â®ç­®áâìî O("2))

X = X0 + "�k1
@

@yk
;

¯à¨ç¥¬ ª®íää¨æ¨¥­âë ¨­ä¨­¨â¥§¨¬ «ì­ëå ®¯¥à â®à®¢ ¨ äã­ªæ¨ï k(y3; y4) ­ å®¤ïâáï ¨§ ®¯à¥-
¤¥«ïîé¨å ãà ¢­¥­¨©, ª®â®àë¥ ¤«ï á¨áâ¥¬ë ãà ¢­¥­¨© (1.2) § ¯¨èãâáï ¢ ¢¨¤¥

 ) ¢ á«ãç ¥ ®¯¥à â®à  X0
1

�k1
@F 2

0

@yk
= �31y6 + �61y3 � �41 = 0; (2.1)

�k1
@F 1

0

@yk
= �31(2y6y

n
4 + 2ny3yn�14 ) + �41(2ny3y6y

n�1
4 + n(n� 1)y8y23y

n�2
4 )�

� �51 + 2�61y3y
n
4 + n�81y

2

3y
n�1
4 = 0; (2.2)

b) ¢ á«ãç ¥ ®¯¥à â®à  X0
2 ®¯à¥¤¥«ïîé¨¥ ãà ¢­¥­¨ï á­®¢  § ¯¨áë¢ îâáï ¢ ¢¨¤¥ (2.1), (2.2);

á) ¢ á«ãç ¥ ®¯¥à â®à  X0
3 + �X0

4 ¨¬¥¥¬ ãà ¢­¥­¨¥ (2.1),   ¢¬¥áâ® ãà ¢­¥­¨ï (2.2) ¯®«ãç ¥¬
ãà ¢­¥­¨¥

�k1
@F 1

0

@yk
= �y3y6

@2k

(@y3)2
+ (�y4y6 � y3y8)

@2k

@y3@y4
+

+ �y4y8
@2k

(@y4)2
+ (1� �n)y6

@k

@y3
+ (2 + �� �n)y8

@k

@y4
: (2.3)

�¯à¥¤¥«ïîé¨¥ ãà ¢­¥­¨ï (2.1){(2.3) ¤®«¦­ë ¢ë¯®«­ïâìáï ­  ¬­®£®®¡à §¨¨ F 1
0 = 0, F 2

0 = 0.
�®íää¨æ¨¥­âë �k1 á¢ï§ ­ë ¬¥¦¤ã á®¡®© ä®à¬ã« ¬¨ ¯à®¤®«¦¥­¨ï [4]

�51 = D1�
3

1 � y5D1�
1

1 � y6D1�
2

1 ;

�61 = D2�
3

1 � y5D2�
1

1 � y6D2�
2

1 ; (2.4)

�81 = D2�
4

1 � y7D2�
1

1 � y8D2�
2

1 ;

£¤¥

D1 =
@

@y1
+ y5

@

@y3
+ y7

@

@y4
; D2 =

@

@y2
+ y6

@

@y3
+ y8

@

@y4

(ä®à¬ã«  ¤«ï �71 ­ ¬ ­¥ ¯®­ ¤®¡¨âáï). �â¬¥â¨¬ ¢ ¦­ë© ¤«ï ¤ «ì­¥©è¥£® ä ªâ ­¥§ ¢¨á¨¬®áâ¨
®â y5; : : : ; y8 ª®íää¨æ¨¥­â®¢ �11 ; : : : ; �

4
1 , â.ª. à áá¬ âà¨¢ ¥¬ «¨èì â®ç¥ç­ë¥ á¨¬¬¥âà¨¨ ãà ¢­¥­¨ï

(1.1), ªà®¬¥ â®£®, ¯à ¢ ï ç áâì ¢ (2.3) ­¥ § ¢¨á¨â ®â y1, y2, çâ® â ª¦¥ ¨£à ¥â ¤ «¥¥ ¢ ¦­ãî à®«ì.
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� ¯à¥¤¥«ì­® ªà âª®© ä®à¬¥ ¨§«®¦¨¬ ¤«ï á«ãç ï a) ¬¥â®¤¨ªã à¥è¥­¨ï á¨áâ¥¬ë ãà ¢­¥­¨©
(2.1), (2.2), (2.4) ¤«ï ª®íää¨æ¨¥­â®¢ �k1 . �®¤áâ ¢«ïï �61 ¨§ (2.4) ¢ (2.1) ¨ à áé¥¯«ïï ¯®«ãç¥­­®¥
á®®â­®è¥­¨¥ ¯® y8, y28 , ¯®«ãç¨¬

@�1
1

@y4
= 0;

@�3
1

@y4
�

@�2
1

@y4
y6 � n

�
@�1

1

@y2
+ y6

@�1
1

@y3

�
y23y

n�1
4 = 0: (2.5)

� ¯®¬®éìî (2.1) ­¥âàã¤­® ¯à¥®¡à §®¢ âì (2.2) ª ¢¨¤ã

(2n�31y3y
n�1
4 + n(n� 1)�41y

2

3y
n�2
4 )y8 + 2(n+ 1)�41y

n
4 � �51 + n�81y

2

3y
n�1
4 = 0: (2.6)

� áé¥¯«ïï (2.6) ¯® y7 (®â y7 § ¢¨áïâ �51 ¨ �81), ­ ©¤¥¬

�

@�31
@y4

+
@�21
@y4

y6 � n

�
@�11
@y2

+ y6
@�11
@y3

�
y2
3
yn�1
4

= 0:

�®¯®áâ ¢«ïï íâ® à ¢¥­áâ¢® á (2.5), ¯®«ãç¨¬ �11 = '(y1), ' | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, ¯à¨ç¥¬

y6
@�21
@y4

=
@�31
@y4

: (2.7)

�®à¬ã«ë ¯à®¤®«¦¥­¨ï (2.4) â¥¯¥àì ¯à¨­¨¬ îâ ¢¨¤

�51 =
@�31
@y1

+ (2yn+14 + ny23y
n�1
4 y8)

�
@�31
@y3

� '0
�

@�21
@y3

y6

�
�

@�21
@y1

y6;

�6
1 =

@�31
@y2

+
@�31
@y3

y6 �

�
@�21
@y2

+
@�21
@y3

y6

�
y6; (2.8)

�81 =
@�41
@y2

+
@�41
@y3

y6 +
�
@�41
@y4

�

@�21
@y2

�

@�21
@y3

y6

�
y8 �

@�21
@y4

y28:

�®¤áâ ¢«ïï (2.8) ¢ (2.6) ¨ à áé¥¯«ïï ¯®«ãç¥­­®¥ à ¢¥­áâ¢® ¯® y8, y28, ¯®«ãç¨¬

@�21
@y4

= 0; 2�31y4 + (n� 1)�41y3 �
�
@�31
@y3

�

@�21
@y2

�

@�41
@y4

� '0

�
y3y4 = 0; (2.9)

¯à¨ç¥¬ á®®â­®è¥­¨ï (2.6), (2.1) â¥¯¥àì § ¯¨èãâáï ¢ ¢¨¤¥

2(n+ 1)�41y
n
4 �

@�31
@y1

+
@�21
@y1

y6 � 2
�
@�31
@y3

�

@�21
@y3

y6 � '0

�
yn+14 + n

�
@�41
@y2

+
@�41
@y3

y6

�
y23y

n�1
4 = 0; (2.10)

�31y4 � �41y3 +
@�31
@y2

y23 +
�
@�31
@y2

�

@�21
@y2

�
y3y4 �

@�21
@y3

y24 = 0: (2.11)

� ª ª ª �21 , �
3
1 ­¥ § ¢¨áïâ ¢ á¨«ã (2.9) ¨ (2.7) ®â y4, â® ¨§ (2.11) á«¥¤ã¥â

�41 = y24�1 + y4�2 + �3; (2.12)

¯à¨ç¥¬

y3�1 = �

@�21
@y3

; y3�2 = �31 +
�
@�31
@y3

�

@�21
@y2

�
y3; �3 = y3

@�31
@y2

; (2.13)

�1, �2, �3 ¬®£ãâ § ¢¨á¥âì «¨èì ®â y1, y2, y3. �®¤áâ ¢«ïï (2.12) ¢ (2.9) ¨ à áé¥¯«ïï ¯®«ãç¥­­®¥
á®®â­®è¥­¨¥ ¯® áâ¥¯¥­ï¬ y4, ¯®«ãç¨¬

�1 = �3 = 0; �41 = y4�2; (2.14)

2�31 +
�
n�2 + '0

�

@�31
@y3

�

@�21
@y2

�
y3 = 0: (2.15)
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�®á«¥ ¯®¤áâ ­®¢ª¨ (2.14) ¢ (2.10) ¯®«ãç¨¬, ¯®« £ ï y6 = y4y
�1
3 á ãç¥â®¬ à ¢¥­áâ¢  F 2

0 = 0 ¨
à áé¥¯«ïï ¯® áâ¥¯¥­ï¬ y4,

�2
1
= �(y2);

� | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, @�2
@y2

= 0, �31 = �(y3), � | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï,

2(n+ 1)�2 + ny3
@�2

@y3
� 2(� 0 � '0) = 0: (2.16)

�¨ää¥à¥­æ¨àãï (2.15) ¯® y1, ­ ©¤¥¬ â¥¯¥àì

�2 = �(y3)� '0=n; (2.17)

� | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï. �®á«¥ ¯®¤áâ ­®¢ª¨ (2.17) ¢ (2.16) ¨ (2.15) ¯®«ãç¨¬

2(n+ 1)�+ ny3�
0

� 2� 0 = 2'0=n; 2� + ny3�� y3�
0 = y3�

0

2;

®âªã¤  «¥£ª® á«¥¤ã¥â ' = c1y1 + c2, � = c3y2 + c4, c1; : : : ; c4 | ¯à®¨§¢®«ì­ë¥ ª®­áâ ­âë, ¨

2(n+ 1)�+ ny3�
0

� 2� 0 = 2c1=n; 2� + ny3�� y3�
0 = c3y3: (2.18)

�¥è¥­¨¥ á¨áâ¥¬ë (2.18) ¨¬¥¥â ¢¨¤

� = c5y
�1
3 + c6y

�2
3 + (2n+ 1)�1(n�1c1 + c3);

� = n(c5(�1 � 1)�1y�1+13 + c6(�2 � 1)�1y�2+13 ) + (2n+ 1)�1((n+ 1)c3 � c1)y3;

£¤¥ �1, �2 | ª®à­¨ ãà ¢­¥­¨ï n�2 + (2� n)�� 2(2n+1) = 0, c5, c6 | ¯à®¨§¢®«ì­ë¥ ª®­áâ ­âë.
� á¨«ã (2.17) ¨¬¥¥¬ â¥¯¥àì

�2 = c5y
�1
3 + c6y

�2
3 + (2n+ 1)�1(c3 � 2c1):

�®á«¥ ¯®¤áâ ­®¢ª¨ íâ®£® ¢ëà ¦¥­¨ï ¢® ¢â®à®¥ ¨§ á®®â­®è¥­¨© (2.13) ¯®«ãç¨¬ c5 = c6 = 0. �â ª,
®ª®­ç â¥«ì­® ­ å®¤¨¬

�11 = c1y1 + c2; �21 = c3y2 + c4; �31 = (2n+ 1)�1((n+ 1)c3 � c1)y3; �41 = (2n+ 1)�1(c3 � 2c1)y3;

�51 , �
6
1 , �

7
1 , �

8
1 ­ å®¤ïâáï ¯® ä®à¬ã« ¬ ¯à®¤®«¦¥­¨ï.

�ë ¯®«ãç¨«¨, çâ® ãà ¢­¥­¨¥ (1.1) á ¯à®¨§¢®«ì­®© äã­ªæ¨¥© k(u; �) ¤®¯ãáª ¥â á â®ç­®áâìî
O("2) ¯à¨¡«¨¦¥­­ãî £àã¯¯ã á¨¬¬¥âà¨¨ á ®¯¥à â®à®¬

X1 = (1 + "t)
@

@t
+ "

�
cx

@

@x
+
(n+ 1)c� 1

2n+ 1
u
@

@u
+

c� 2
2n+ 1

�
@

@�

�
: (2.19)

�­ «®£¨ç­® ­ ©¤¥¬, çâ® íâ® ãà ¢­¥­¨¥ ¤®¯ãáª ¥â á â®ç­®áâìî O("2) ¯à¨¡«¨¦¥­­ãî £àã¯¯ã á
®¯¥à â®à®¬

X2 = (1 + "cx)
@

@x
+ "

�
t
@

@t
+
(n+ 1)c� 1

2n+ 1
u
@

@u
+

c� 2
2n+ 1

�
@

@�

�
: (2.20)

3. �­ ç¨â¥«ì­® ¡®«¥¥ á«®¦­ë¬ ®ª §ë¢ ¥âáï á«ãç © b). �à¨¢¥¤¥¬ «¨èì ®ª®­ç â¥«ì­ë© à¥-
§ã«ìâ â. �à ¢­¥­¨¥ (1.1) ¯à¨¡«¨¦¥­­® ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¯à¨¡«¨¦¥­­®© £àã¯¯ë á ®¯¥-
à â®à®¬

X(�) = X0

3 + �X0

4 + "

�
�11

@

@t
+ �21

@

@x
+ �31

@

@u
+ �41

@

@�

�
; (3.1)
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£¤¥

�11 = c1t
2 + c2t+ c3;

�2
1
= �

Z
u�1(u)du + c4t+ c5x

2 + c6x+ c7;

�31 = �

2c1t
2n+ 1

u+
2(n+ 1)
2n+ 1

c3xu+ u�(u);

�4
1
= �2�1(u) + ��2 +

2(n+ 1)
2n+ 1

c5u
2;

(3.2)

�1, � | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨, c1; : : : ; c7 | ¯à®¨§¢®«ì­ë¥ ª®­áâ ­âë ¨

�2 = �

4c1t
2n+ 1

+ 2�(u) + u� 0 +
2c5x
2n+ 1

� c6:

�ã­ªæ¨ï k(u; �) ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ®¯à¥¤¥«ï¥âáï ¨§ á¨áâ¥¬ë ãà ¢­¥­¨©

nu2�n�2
h
(2n+ 1)�� + (n� 1)u�� 0 + (n+ 1)�2�1 +

2(n2 � 1)
2n+ 1

c5u
2
� �((n+ 1)c6 � c2)

i
=

= �u
@2k

@u@�
+ ��

@2k

@�2
+ (2� �(n� 1))

@k

@�
; (3.3)

u�n�1
h
2n�2�1 + nu�2�0

1 + 2(2n+ 1)�� + 5nu�� 0 + nu2�� 00 +
2n+ 4(n+ 1)(2n+ 1)

2n+ 1
c5u

2
�

� 2�((n+ 1)c6 � c2)
i
+ c4 +

2c1u2

(2n+ 1)�
= �u

@2k

@u2
+ ��

@2k

@u@�
+ (1� �n)

@k

@u
: (3.4)

�ä®à¬ã«¨àã¥¬ ¯®«ãç¥­­ë¥ ¢ ¯¯. 2, 3 à¥§ã«ìâ âë ª« áá¨ä¨ª æ¨¨ ¯à¨¡«¨¦¥­­ëå á¨¬¬¥âà¨©
ãà ¢­¥­¨ï (1.1).

�¥®à¥¬ . �à ¢­¥­¨¥ (1.1) á ¯à®¨§¢®«ì­®© äã­ªæ¨¥© k(u; �) ¤®¯ãáª ¥â á â®ç­®áâìî O("2)
¯à¨¡«¨¦¥­­ë¥ £àã¯¯ë á¨¬¬¥âà¨¨ á ®¯¥à â®à ¬¨ (2.19) ¨ (2.20). � á«ãç ¥, ª®£¤  äã­ªæ¨ï

k(u; �) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨ï¬ (3.3), (3.4), ãà ¢­¥­¨¥ (1.1) ¤®¯ãáª ¥â á â®ç­®áâìî O("2)
¨ ¯à¨¡«¨¦¥­­ãî £àã¯¯ã á¨¬¬¥âà¨© á ®¯¥à â®à®¬ (3.1), ª®íää¨æ¨¥­âë ª®â®à®£® ®¯à¥¤¥«ïîâ-

áï ¨§ á®®â­®è¥­¨© (3.2).

�ã¤¥¬ ¨áª âì à¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨© (3.3), (3.4) ¢ ¢¨¤¥

k = a(u)�n+1 + b(u)�n + c(u)�n�1 +
c4

1� �n
u; (3.5)

£¤¥ ª®íää¨æ¨¥­âë a(u), b(u), c(u) ¯®¤«¥¦ â ®¯à¥¤¥«¥­¨î. �®¤áâ ¢«ïï (3.5) ¢ (3.3), ¯®«ãç¨¬
¯®á«¥ à áé¥¯«¥­¨ï ¯® áâ¥¯¥­ï¬ �

(2 + �)a� ua0 = nu2�1; (3.6)

2b� ub0 = (2n+ 1)u2� + (n� 1)u3� 0 � u2((n+ 1)c6 � c2); (3.7)

(2� �)c� uc0 =
2n(n+ 1)
2n+ 1

c5u
4: (3.8)

�­ «®£¨ç­® ¯®á«¥ ¯®¤áâ ­®¢ª¨ (3.5) ¢ (2.4) ¨ à áé¥¯«¥­¨ï ¯® áâ¥¯¥­ï¬ � ­ ©¤¥¬ c1 = 0 ¨
á«¥¤ãîé¨¥ ãà ¢­¥­¨ï ¤«ï ª®íää¨æ¨¥­â®¢ a, b, c

�ua00 + (1 + �)a0 = n(2u�1 + u2�1); (3.9)

�ub00 + b0 = 2(2n+ 1)u� + 5nu2� 0 + nu3� 00 � 2u((n+ 1)c6 � c2); (3.10)

�uc00 + (1� �)c0 =
2n+ 4(n+ 1)(2n+ 1)

2n+ 1
c5u

3: (3.11)
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� ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ è¥áâì ãà ¢­¥­¨© (3.6){(3.11) ¤«ï ®¯à¥¤¥«¥­¨ï âà¥å ­¥¨§¢¥áâ­ëå äã­ª-
æ¨© a, b, c. �à ¢­¥­¨¥ (3.9) ï¢«ï¥âáï, ®¤­ ª®, á«¥¤áâ¢¨¥¬ ãà ¢­¥­¨ï (3.6) (¯®«ãç ¥âáï ¨§ ­¥£®
¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ ¯® u). �á«®¢¨¥¬ á®¢¬¥áâ­®áâ¨ (3.7) ¨ (3.10) ï¢«ï¥âáï

u� 00 + 2� 0 = 0; (3.12)

  ¨§ (3.8) ¨ (3.11) á«¥¤ã¥â c5 = 0. �§ (3.12), (3.6), (3.7), (3.8) ­ å®¤¨¬

� = c8 + c9u
�1; (3.13)

a = c10u
2+�

� nu2+�
Z

u�1���1du;

b = (n+ 2)c9u+ c11u
2
� [(2n+ 1)c8 � (n+ 1)c6 � c2]u2 lnu; c = c12u

2��;
(3.14)

£¤¥ c8; : : : ; c12 | ¯à®¨§¢®«ì­ë¥ ª®­áâ ­âë. � ª¨¬ ®¡à §®¬, ãà ¢­¥­¨¥ (1.1), ¢ ª®â®à®¬ äã­ªæ¨ï
k(u; �) ®¯à¥¤¥«¥­  à ¢¥­áâ¢®¬ (3.5) á ª®íää¨æ¨¥­â ¬¨ a, b, c ¨§ (3.14), ¤®¯ãáª ¥â á â®ç­®áâìî
O("2) ¯à¨¡«¨¦¥­­ãî £àã¯¯ã á¨¬¬¥âà¨© á ®¯¥à â®à®¬ (3.1), ¢ ª®â®à®¬ ®¯¥à â®àë X0

3 , X
0
4 § -

¤ îâáï á®®â­®è¥­¨ï¬¨ (1.5),   ª®íää¨æ¨¥­âë �k1 , k = 1; 4, | á®®â­®è¥­¨ï¬¨ (3.2), ¯à¨ç¥¬
c1 = c5 = 0,   äã­ªæ¨ï � ®¯à¥¤¥«¥­  ¢ (3.13).

� â¥®à¨¨ ¯à®áª «ì§ë¢ ­¨ï äã­ªæ¨ï k(u; �) ¢ë¡¨à ¥âáï ®¡ëç­® ¢ ¢¨¤¥ (¬®¤¥«ì �í¬¡  [11])

k(u; �) = u�m: (3.15)

�«ï k(u; �), ®¯à¥¤¥«¥­­®© à ¢¥­áâ¢®¬ (3.15), ¯à ¢ ï ç áâì á®®â­®è¥­¨ï (3.3) ¯à¨­¨¬ ¥â ¢¨¤
m(1+�(m�n))u�m�1,   ¯à ¢ ï ç áâì á®®â­®è¥­¨ï (3.4) à ¢­  (1+�(m�n))�m. �«¥¤®¢ â¥«ì­®,
¯à¨ � = (n�m)�1 ®¡¥ ¯à ¢ë¥ ç áâ¨ ®¡à é îâáï ¢ ­ã«ì. �¥âàã¤­® ¯à®¢¥à¨âì, çâ® à ¢­ë ­ã«î
¨ «¥¢ë¥ ç áâ¨ á®®â­®è¥­¨© (3.3), (3.4), ¥á«¨

c1 = c4 = c5 = c9 = 0; � = c8; (3.16)

¯à¨ç¥¬

(2n+ 1)c8 = (n+ 1)c6 � c2: (3.17)

� ª¨¬ ®¡à §®¬, ãà ¢­¥­¨¥ (1.1) á äã­ªæ¨¥© k, ®¯à¥¤¥«¥­­®© à ¢¥­áâ¢®¬ (3.15), ¯à¨ «î¡®¬ m
¤®¯ãáª ¥â á â®ç­®áâìî O("2) ¯à¨¡«¨¦¥­­ãî £àã¯¯ã á¨¬¬¥âà¨¨ á ®¯¥à â®à®¬ (3.2), £¤¥ � =
(n�m)�1,

�11 = t; �21 = cx; �31 =
(n+ 1)c � 1

2n+ 1
u; �41 =

c� 2
2n+ 1

� (3.18)

(­¥ ã¬¥­ìè ï ®¡é­®áâ¨, ¯®«®¦¨«¨ c2 = 1 ¨ ®¡®§­ ç¨«¨ c6 = c, § â¥¬ ¢®á¯®«ì§®¢ «¨áì á®®â­®-
è¥­¨¥¬ (3.17)).

�â¤¥«ì­® à áá¬®âà¨¬ á«ãç © m = n+1. � íâ®¬ á«ãç ¥ á®®â­®è¥­¨ï (3.3), (3.4) ®ª §ë¢ îâáï
á¯à ¢¥¤«¨¢ë¬¨ ¨ ¯à¨ ¯à®¨§¢®«ì­®¬ �, ¥á«¨ ¢ë¯®«­¥­ë à ¢¥­áâ¢  (3.16) ¨

�1 =
1 + �

nu
:

� ª¨¬ ®¡à §®¬, ¢ á«ãç ¥ k = u�n+1 ãà ¢­¥­¨¥ (1.1) ¤®¯ãáª ¥â á â®ç­®áâìî O("2) ¨ ¯à¨¡«¨-
¦¥­­ãî £àã¯¯ã á ®¯¥à â®à®¬ (3.2), £¤¥

�11 = c1t; �21 = c2x�
1 + �

nu
u; �31 = c3u; �41 = (2c3 � c2)� +

(1 + �)�2

nu
:
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4. �®áâà®¨¬ ¯à¨¡«¨¦¥­­®¥ á â®ç­®áâìî O("2) à¥è¥­¨¥ ãà ¢­¥­¨ï (1.1), ¨­¢ à¨ ­â­®¥ ®â-
­®á¨â¥«ì­® ¯à¨¡«¨¦¥­­®© £àã¯¯ë á ®¯¥à â®à®¬ (2.19). �ëç¨á«ïï ¨­¢ à¨ ­âë £àã¯¯ë, ­ ©¤¥¬,
çâ® íâ® à¥è¥­¨¥ á«¥¤ã¥â ¨áª âì ¢ ¢¨¤¥

u = f1(I)(1 + "t)
(n+1)c�1

2n+1 ; � = f2(I)(1 + "t)
c�2
2n+1 ; I = x(1 + "t)�c; (4.1)

£¤¥ äã­ªæ¨¨ f1, f2 ¯®¤«¥¦ â ®¯à¥¤¥«¥­¨î ¨§ ãá«®¢¨ï, çâ® ­¥¢ï§ª , ¢®§­¨ª îé ï ¯®á«¥ ¯®¤áâ -
­®¢ª¨ (4.1) ¢ ãà ¢­¥­¨¥ (1.1), à ¢­  O("2). � ¯®¬®éìî ¯à®áâëå ¢ëª« ¤®ª, ª®â®àë¥ ®¯ãáª ¥¬,
­¥âàã¤­® ã¡¥¤¨âìáï, çâ® íâ® ãá«®¢¨¥ ¡ã¤¥â ¢ë¯®«­¥­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  äã­ªæ¨¨ f1, f2
ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (0 | ¤¨ää¥à¥­æ¨à®¢ ­¨¥
¯® I)

f2 = f1f
0

1; (f 21 f
n
2 + "k(f1; f2))

0 + "cIf 01 + "
(n+ 1)c � 1

2n+ 1
f1 = 0:

�à¨ " = 0 ¯®áâà®¥­­®¥ à¥è¥­¨¥ á®¢¯ ¤ ¥â á® áâ æ¨®­ à­ë¬ à¥è¥­¨¥¬ ­¥¢®§¬ãé¥­­®£® ãà ¢­¥-
­¨ï ut = (un+2unx)x.

� áá¬®âà¨¬ â¥¯¥àì ãà ¢­¥­¨¥ (1.1) á äã­ªæ¨¥© k(u; �) ¢¨¤  (3.15), ¤®¯ãáª îé¥¥ ¯à¨¡«¨¦¥­-
­ãî £àã¯¯ã á¨¬¬¥âà¨¨ á ®¯¥à â®à®¬ (3.1), £¤¥ � = (n �m)�1,   ª®íää¨æ¨¥­âë �k1 ®¯à¥¤¥«¥­ë
à ¢¥­áâ¢ ¬¨ (3.18), (3.17). �ëç¨á«ïï ¨­¢ à¨ ­âë £àã¯¯ë, ­ ©¤¥¬, çâ® ¯à¨¡«¨¦¥­­®¥ á â®ç­®-
áâìî O("2) ¨­¢ à¨ ­â­®¥ à¥è¥­¨¥ á«¥¤ã¥â ¨áª âì ¢ ¢¨¤¥

u = f1(I)t
2n+1+"((n+1)c�1)
(2n+1)(1+2(n+1)+") ; � = f2(I)t

"(c�2)��(2n+1)
(2n+1)(1+�(n+1)+") ; I = xt�

2+�+"c
1+�(n+1)+" ; (4.2)

f1, f2 | ­¥¨§¢¥áâ­ë¥ äã­ªæ¨¨. �®¤áâ ­®¢ª  (4.2) ¢ ãà ¢­¥­¨¥ (1.1) á ãç¥â®¬ á®®â­®è¥­¨ï (3.17)
¯à¨¢®¤¨â ª ­¥¢ï§ª¥, à ¢­®© O("2), â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­¥¨§¢¥áâ­ë¥ äã­ªæ¨¨ f1, f2
ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

f2 = f1f
0

1;

(f 21 f
n
2 + "f1f

m
2 )

0 +
2n� 2m+ 1 + "(n�m)c
2n�m+ 1 + "(n�m)

If 01 �
2n+ 1 + "((n+ 1)c� 1)

(2n+ 1)(2n �m+ 1 + "(n�m))
f1 = 0:

(4.3)

� ¬¥ç ­¨¥. �á«¨ ªà®¬¥ (3.17) ¢ë¯®«­ï¥âáï ¥é¥ ¨ á®®â­®è¥­¨¥

c =
2n+ 1� 2m
2n+ 1�m

; (4.4)

â® ¯®áâà®¥­­®¥ à¥è¥­¨¥ (4.2) á äã­ªæ¨ï¬¨ f1, f2, ã¤®¢«¥â¢®àïîé¨¬¨ ãà ¢­¥­¨î (4.3), ®ª §ë-
¢ ¥âáï ­¥ ¯à¨¡«¨¦¥­­ë¬,   â®ç­ë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (4.1) (k = u�m). �â® à¥è¥­¨¥ â®ç­®
¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ®¯¥à â®à  X(�) (3.1) á � = (n�m)�1 ¨ ª®íää¨æ¨¥­â ¬¨ �k1 , ®¯à¥¤¥-
«¥­­ë¬¨ ¢ (3.18). �§ (3.1), (4.4) á«¥¤ã¥â

2n� 2m+ 1 + "(n�m)c
2n�m+ 1 + "(n�m)

=
2n+ 1� 2m
2n+ 1�m

;

2n+ 1 + "((n+ 1)c� 1)
(2n+ 1)(2n �m+ 1 + "(n�m))

=
1

2n+ 1�m
:

� ãç¥â®¬ íâ¨å á®®â­®è¥­¨© (4.3) ¯à¥¢à é ¥âáï ¢ ãà ¢­¥­¨¥

(f 21 f
n
2 + "f1f

m
2 )

0 +
2n+ 1� 2m
2n�m+ 1

If 01 �
1

2n�m+ 1
f1 = 0; (4.5)

  ®¯¥à â®à X ¯®á«¥ ã¬­®¦¥­¨ï ­  ¯®áâ®ï­­ë© ¬­®¦¨â¥«ì

(n�m)(2n+ 1�m)
2n+ 1�m+ "(n�m)
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| ¢ ¨­ä¨­¨â¥§¨¬ «ì­ë© ®¯¥à â®à

X = (2n+ 1�m)t
@

@t
+ (2n+ 1� 2m)x

@

@x
+ (n�m)u

@

@u
� �

@

@�
(4.6)

£àã¯¯ë, â®ç­® ¤®¯ãáª ¥¬®© ãà ¢­¥­¨¥¬ (1.1) á k = u�m. �¯¥à â®à (4.6) ¨ ãà ¢­¥­¨¥ (4.5) ¡ë«¨
à ­¥¥ ¯®«ãç¥­ë ¢ à ¡®â¥ [1].

�­ «®£¨ç­® á ¯®¬®éìî ®¯¥à â®à  X2 ¨§ (2.20) ­¥âàã¤­® ¯®áâà®¨âì ¤«ï ãà ¢­¥­¨ï (1.1) á
¯à®¨§¢®«ì­®© k(u; �) ¯à¨¡«¨¦¥­­®¥ á â®ç­®áâìî O("2) ¨­¢ à¨ ­â­®¥ à¥è¥­¨¥

u = f1(I)t
(n+1)c�1

2n+1 ; � = f2(I)t
c�2
2n+1 ;

£¤¥
f1 = dI

(n+1)c�1

(2n+1)c ; f2 = "cd2I
c�2

(2n+1)c ; I = (1 + "cx)t�c:

�®«ì§ãïáì á«ãç ¥¬, ¢ëà ¦ î ¨áªà¥­­îî ¡« £®¤ à­®áâì �.�.�ã£ã­®¢ã ¨ �.�.�áª¨­ã § 
¢­¨¬ ­¨¥ ª à ¡®â¥.
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