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�¨áâ¥¬ë £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨© ¨¬¥îâ ¬®£®ç¨á«¥ë¥ (á¬.,  ¯à., [1]{[4]) ¯à¨«®¦¥-
¨ï. �à¨ íâ®¬ ¢ ¯à¨«®¦¥¨ïå § ç áâãî ¯à¨å®¤¨âáï áâ «ª¨¢ âìáï á ¥£« ¤ª¨¬¨ ¤ ë¬¨, ¢å®-
¤ïé¨¬¨ «¨¡® ¢ ¯à ¢ãî ç áâì á¨áâ¥¬ë, «¨¡® ¢ ¥¥  ç «ì®-£à ¨çë¥ ãá«®¢¨ï, çâ® ¯à¨¢®¤¨â
ª ¥®¡å®¤¨¬®áâ¨ à áè¨àïâì § ¯ á £« ¤ª¨å äãªæ¨©, ª®â®à®¬ã â®«ìª® «¨èì ¨ ¬®£ãâ ¯à¨ ¤-
«¥¦ âì ª« áá¨ç¥áª¨¥ à¥è¥¨ï. �à®¡«¥¬  ª®áâàã¨à®¢ ¨ï ®¡®¡é¥®£® à¥è¥¨ï ¢ª«îç ¥â ¢
á¥¡ï ¥ â®«ìª® ®¡®á®¢ ¨¥ ¥£® ª®àà¥ªâ®áâ¨, ® ¨ ¢ëï¢«¥¨¥   «¨â¨ç¥áª¨å á¢®©áâ¢,   â ª¦¥
¯®áâà®¥¨¥ ®æ¥®ª à®áâ  ®â®á¨â¥«ì® ¢å®¤ëå ¤ ëå. �§ãç¥¨¥ íâ¨å ¢®¯à®á®¢ á à §«¨çëå
¯®§¨æ¨© ¯à®¢®¤¨«®áì,  ¯à¨¬¥à, ¢ [1], [5]{[7].

� ¯à¥¤« £ ¥¬®© à ¡®â¥ ®¡®¡é¥®¥ à¥è¥¨¥ ®¯à¥¤¥«ï¥âáï ª ª à¥è¥¨¥ á¨áâ¥¬ë ¨â¥£à «ì-
ëå ãà ¢¥¨©, íª¢¨¢ «¥â®© á¬¥è ®© ¤¨ää¥à¥æ¨ «ì®© § ¤ ç¥   £« ¤ª¨å à¥è¥¨ïå. �
®â«¨ç¨¥ ®â [1], [5]{[7] £¨¯¥à¡®«¨ç¥áª ï á¨áâ¥¬  à áá¬ âà¨¢ ¥âáï ¢ ®¡é¥©, ¥¨¢ à¨ â®© ä®à-
¬¥,    ¯¯ à â ¬¥â®¤  å à ªâ¥à¨áâ¨ª ¨ ¨¢ à¨ â®¢ �¨¬   § ¤¥©áâ¢®¢  ¢ ª ç¥áâ¢¥ ®á®¢®£®
¨áâàã¬¥â  ¨áá«¥¤®¢ ¨©. �¬¥è ë¥ ãá«®¢¨ï ª®áâàã¨àãîâáï ¢ ¥«¨¥©®¬ ¢¨¤¥. �®ª §ë-
¢ îâáï áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì ®¡®¡é¥®£® à¥è¥¨ï x ¢ ¯à¥¤¯®«®¦¥¨¨, çâ® ¢å®¤ë¥
¯ à ¬¥âàë § ¤ ç¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �¨¯è¨æ  ¯® x ¨ áã¬¬¨àã¥¬ë ¯® �¥¡¥£ã á ¥ª®â®à®©
áâ¥¯¥ìî p � 1 ¯® ¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥ë¬. �âà®¨âáï à ¢®¬¥à ï, á¯à ¢¥¤«¨¢ ï ¯®çâ¨ ¢áî-
¤ã ¢ ®¡« áâ¨ ¥§ ¢¨á¨¬ëå ¯¥à¥¬¥ëå ®æ¥ª  ¯à¨à é¥¨ï à¥è¥¨ï ®â®á¨â¥«ì® ¢®§¬ãé¥¨©
¢å®¤ëå ¤ ëå. �¡®á®¢ë¢ ¥âáï  ¡á®«îâ ï ¥¯à¥àë¢®áâì «¨¥©ëå ª®¬¡¨ æ¨© ª®¬¯®¥â
®¡®¡é¥®£® à¥è¥¨ï (¨¢ à¨ â®¢ �¨¬  ) ¢¤®«ì å à ªâ¥à¨áâ¨ª á®®â¢¥âáâ¢ãîé¨å á¥¬¥©áâ¢ ¨
ä®à¬ã«  ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬.

1. �®áâ ®¢ª  § ¤ ç¨

�ãáâì ¢ ¯«®áª®áâ¨ ¯¥à¥¬¥ëå (s; t) £à ¨æ¥© ¯àï¬®ã£®«ì¨ª  � = S � T , S = (s0; s1),

T = (t0; t1), ï¢«ï¥âáï @� =
_

@�[
^

@�[
<

@�[
>

@�, £¤¥
<

@� = f(s; t) : s = s0, t 2 Tg,
>

@� = f(s; t) : s = s1,

t 2 Tg,
_

@� = f(s; t) : s 2 S, t = t0g,
^

@� = f(s; t) : s 2 S, t = t1g.
<>

@ � =
<

@� [
>

@� | ¡®ª®¢ ï
£à ¨æ . � ¯àï¬®ã£®«ì¨ª¥ � ®¯à¥¤¥«¨¬ á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ç áâë¬¨
¯à®¨§¢®¤ë¬¨

xt +A(s; t)xs = f(x; s; t): (1.1)

�¤¥áì x = x(s; t), x(s; t) 2 Rn, | ¨áª®¬®¥ à¥è¥¨¥, A = A(s; t), A(s; t) 2 Rn�n | § ¤  ï
¬ âà¨ç ï äãªæ¨ï,   f = f(x; s; t), f(x; s; t) 2 Rn | § ¤  ï ¢¥ªâ®à-äãªæ¨ï.

�¯à¥¤¥«¥¨¥ 1.1. �¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (1.1) ¨ ¤¨ää¥à¥æ¨ «ìë© ®¯¥-
à â®à

Dx = xt +A(s; t)xs (1.2)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ ò02-01-00243), �¨¨áâ¥àáâ¢  ®¡à §®¢ ¨ï �®áá¨©áª®© �¥¤¥à æ¨¨, £à â ò�02-1.0-60, ¨ ¯à®-
£à ¬¬ë \�¨¢¥àá¨â¥âë �®áá¨¨" (¯à®¥ªâ ò��.03.01.002).
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¡ã¤¥¬  §ë¢ âì £¨¯¥à¡®«¨ç¥áª¨¬¨, ¥á«¨ ¢á¥ á®¡áâ¢¥ë¥ § ç¥¨ï �i = �i(s; t), i = 1; 2; : : : ; n,
¬ âà¨æë A ï¢«ïîâáï ¢¥é¥áâ¢¥ë¬¨ ¢ � äãªæ¨ï¬¨, ¯à¨ç¥¬ ¨å  «£¥¡à ¨ç¥áª ï ¨ £¥®¬¥âà¨ç¥-
áª ï ªà â®áâ¨ á®¢¯ ¤ îâ.

� ª ¨§¢¥áâ® [8], ¢ íâ®¬ á«ãç ¥ áãé¥áâ¢ãîâ «¥¢ë¥ `(i) = `(i)(s; t) ¨ ¯à ¢ë¥ p(i) = p(i)(s; t),
i = 1; 2; : : : ; n, á®¡áâ¢¥ë¥ ¢¥ªâ®àë ¬ âà¨æë A â ª¨¥, çâ® ¬ âà¨æë L = (`(1); `(2); : : : ; `(n)),
P = (p(1); p(2); : : : ; p(n)) ã¤®¢«¥â¢®àïîâ á®®â®è¥¨ï¬

L0(s; t)A(s; t) = �(s; t)L0(s; t); A(s; t)P(s; t) = P(s; t)�(s; t); L0(s; t)P(s; t) = E: (1.3)

�¤¥áì � = diagf�1; �2; : : : ; �ng, 0 | § ª âà á¯®¨à®¢ ¨ï, E | ¥¤¨¨ç ï ¬ âà¨æ .
�®¯®«¨â¥«ì® ¯à¥¤¯®«®¦¨¬, çâ® ¬ âà¨çë¥ äãªæ¨¨ �, L ¨ P ¥¯à¥àë¢ë ¨ ¥¯à¥àë¢-

® ¤¨ää¥à¥æ¨àã¥¬ë ¢ ¯àï¬®ã£®«ì¨ª¥ � = � [ @�,   á®¡áâ¢¥ë¥ § ç¥¨ï �i ¬ âà¨æë
A ã¤®¢«¥â¢®àïîâ ãá«®¢¨î: «¨¡® �i(s; t) = �j(s; t), «¨¡® �i(s; t) 6= �j(s; t) ¯à¨ ¯à®¨§¢®«ìëå
i; j = 1; 2; : : : ; n, i 6= j, ¨ ¢á¥å (s; t) 2 �.

�ã¤¥¬ áç¨â âì ¢¥ªâ®à-äãªæ¨î f(x; s; t) ¥¯à¥àë¢®© ¯® �¨¯è¨æã ¯® ¯¥à¥¬¥®© x 2 Rn

¯à¨ ä¨ªá¨à®¢ ëå (s; t) 2 � ¨ ¨â¥£à¨àã¥¬®© ¯® �¥¡¥£ã ¢ � ¯à¨ ä¨ªá¨à®¢ ëå x 2 Rn.
�à¨ á¤¥« ëå ¯à¥¤¯®«®¦¥¨ïå ®â®á¨â¥«ì® ¤¨ää¥à¥æ¨ «ì®£® ®¯¥à â®à  (1.2) ¨ ¢¥ªâ®à-

äãªæ¨¨ f(x; s; t) âà¥¡ã¥âáï ®¯à¥¤¥«¨âì ª®àà¥ªâë© á¯®á®¡ ¯®áâ ®¢ª¨  ç «ì®-ªà ¥¢ëå ãá«®-
¢¨©, ¯®áâà®¨âì ®¡®¡é¥®¥ à¥è¥¨¥ á¨áâ¥¬ë (1.1), ®¡®á®¢ âì ¥£® áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥-
®áâì,   â ª¦¥ ãáâ ®¢¨âì ®æ¥ª¨ à®áâ  ¨   «¨â¨ç¥áª¨¥ á¢®©áâ¢  íâ®£® à¥è¥¨ï.

2. � à ªâ¥à¨áâ¨ª¨ £¨¯¥à¡®«¨ç¥áª®£® ®¯¥à â®à  ¨ ¨¢ à¨ âë �¨¬  

� íâ®¬ ¯ à £à ä¥ ¤«ï á¨áâ¥¬ë (1.1) ¢ë¯¨è¥¬ â ª  §ë¢ ¥¬ãî ¨¢ à¨ âãî á¨áâ¥¬ã, ¢®á-
¯®«ì§®¢ ¢è¨áì è¨à®ª® ¨§¢¥áâë¬ ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª ( ¯à., [1], [2]), ¡¥àãé¨¬ á¢®¥  ç «®
®â à ¡®âë [9].

�¢¥¤¥¬ å à ªâ¥à¨áâ¨ª¨ £¨¯¥à¡®«¨ç¥áª®£® ®¯¥à â®à  (1.2) á ¯®¬®éìî ®¡ëª®¢¥ëå ¤¨ää¥-
à¥æ¨ «ìëå ãà ¢¥¨©

ds

dt
= �i(s; t); i = 1; 2; : : : ; n: (2.1)

�ãáâì s = s(i)(�; � ; t) | à¥è¥¨¥ i-£® ãà ¢¥¨ï (2.1), ¯à®å®¤ïé¥¥ ç¥à¥§ â®çªã (�; �) 2 �. � á¨«ã
£« ¤ª®áâ¨ á®¡áâ¢¥ëå § ç¥¨© �i(s; t) â ª¨¥ äãªæ¨¨ áãé¥áâ¢ãîâ, ¥¤¨áâ¢¥ë, ¥¯à¥àë¢ë
¨ ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë ¢ ¯àï¬®ã£®«ì¨ª¥ �. � ª¨¬ ®¡à §®¬, ª ¦¤®¥ ãà ¢¥¨¥ (2.1)
¯®à®¦¤ ¥â ¢ � á¥¬¥©áâ¢® ¨â¥£à «ìëå ªà¨¢ëå s = s(i)(�; � ; t), ª®â®àë¥  §ë¢ îâáï å à ªâ¥à¨-
áâ¨ª ¬¨ i-£® á¥¬¥©áâ¢  å à ªâ¥à¨áâ¨ª á¨áâ¥¬ë (1.1) (®¯¥à â®à  (1.2)).

�â¬¥â¨¬ ¯à®áâ®¥, ® ¯®«¥§®¥ ®¡áâ®ïâ¥«ìáâ¢®. �¤ã ¨ âã ¦¥ ¨â¥£à «ìãî ªà¨¢ãî s =
s(i)(�; � ; t) ¬®¦® ®¤®¢à¥¬¥® à áá¬ âà¨¢ âì ¨ ª ª à¥è¥¨¥ t = t(i)(�; � ; s) ¤¨ää¥à¥æ¨ «ì®£®
ãà ¢¥¨ï

dt

ds
=

1
�i(s; t)

¢ â¥å â®çª å (s; t) 2 �, £¤¥ �i(s; t) 6= 0, i = 1; 2; : : : ; n.
�¯à¥¤¥«¨¬ â¥¯¥àì ¨¢ à¨ âë �¨¬   r = r(s; t), r(s; t) 2 Rn, ¢®á¯®«ì§®¢ ¢è¨áì «¨¥©®©

¥¢ëà®¦¤¥®© § ¬¥®© ¯¥à¥¬¥ëå

r(s; t) = L0(s; t)x(s; t); x(s; t) = P(s; t)r(s; t): (2.2)

�à¥¤¯®«®¦¨¬, çâ® ¢¥ªâ®à-äãªæ¨ï x = x(s; t) ï¢«ï¥âáï ª« áá¨ç¥áª¨¬, â. ¥. ¥¯à¥àë¢ë¬ ¨
£« ¤ª¨¬, à¥è¥¨¥¬ á¨áâ¥¬ë (1.1), ¨ ¯®áâà®¨¬ á®®â¢¥âáâ¢ãîéãî á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨©, ª®â®à®© ¤®«¦ë ã¤®¢«¥â¢®àïâì ¨¢ à¨ âë �¨¬  . �«ï íâ®£® ¯®¤áâ ¢¨¬ ¢ (1.1)
à¥è¥¨¥ x ¢ ¢¨¤¥ (2.2). �ã¤¥¬ ¨¬¥âì

f(Pr; s; t) = (Pr)t +A(Pr)s = DP � r + P(rt + L0APrs):
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�âáî¤  ¨ ¨§ (1.3) ¯®«ãç¨¬ á¨áâ¥¬ã ¤«ï ¨¢ à¨ â®¢ �¨¬   ¢ ¢¨¤¥

rt +�(s; t)rs = L0(f(Pr; s; t) �DP � r): (2.3)

�§¢¥áâ  ¨ ¤àã£ ï ä®à¬  § ¯¨á¨ ¨¢ à¨ â®© á¨áâ¥¬ë, á®®â¢¥âáâ¢ãîé¥© á¨áâ¥¬¥ (1.1). �
¥© ¬®¦® ¯à¨©â¨ ®¡à âë¬ ¯ãâ¥¬, ¢ëç¨á«¨¢ § ç¥¨¥ ®¯¥à â®à 

D�r = rt +�(s; t)rs:

�¥©áâ¢¨â¥«ì®,
D�r = (L0x)t +�(L0x)s = L0(xt + P�L0xs) +D�L0 � x:

� ãç¥â®¬ à ¢¥áâ¢ (1.3), (1.1) ¨ (2.2) ¢®¢ì ¯®«ãç ¥¬ á¨áâ¥¬ã ¢ ¨¢ à¨ â å

rt +�(s; t)rs = L0f(Pr; s; t) +D�L0 � Pr:
�®ïâ®, çâ®   á ¬®¬ ¤¥«¥ íâ  á¨áâ¥¬  ®â«¨ç ¥âáï ®â á¨áâ¥¬ë (2.3) «¨èì ¢¥è¥. � íâ®¬
¬®¦® «¥£ª® ã¡¥¤¨âìáï á ¯®¬®éìî â®¦¤¥áâ¢ 

L0DP +D�L0 � P = L0(Pt +APs) + (L0t +�L0s)P = (L0P)t +�(L0P)s = 0:

�¡®§ ç¨¬ ¤«ï ªà âª®áâ¨ ¯à ¢ãî ç áâì ¨¢ à¨ â®© á¨áâ¥¬ë ¢¥ªâ®à-äãªæ¨¥© g(r; s; t) =
L0(f(Pr; s; t)�DP � r). �ç¥¢¨¤®, ¢á¥   «¨â¨ç¥áª¨¥ á¢®©áâ¢  ¢¥ªâ®à-äãªæ¨© f ¨ g ®¤¨ ª®¢ë.

�¨ää¥à¥æ¨ «ìë© ®¯¥à â®à D� ¨¢ à¨ â®© á¨áâ¥¬ë ãáâà®¥ áãé¥áâ¢¥® ¯à®é¥ ¤¨ä-
ä¥à¥æ¨ «ì®£® ®¯¥à â®à  D ¨áå®¤®© á¨áâ¥¬ë, â. ª. ¢¢¨¤ã ¤¨ £® «ì®áâ¨ ¬ âà¨æë � ª ¦¤ ï
¨§ n ¥£® ª®¬¯®¥â á®¤¥à¦¨â ¯à®¨§¢®¤ë¥ ¯® t ¨ ¯® s â®«ìª® ®â ®¤®© ¥¨§¢¥áâ®© äãªæ¨¨.
�à¨¬¥¬ ®¡®§ ç¥¨ï �

dri
dt

�
i

= rit + �i(s; t)ris ; i = 1; 2; : : : ; n: (2.4)

�®£¤ 

D�r =
��

dr1
dt

�
1

;

�
dr2
dt

�
2

; : : : ;

�
drn
dt

�
n

�
:

3. �â¥£à «ìë© íª¢¨¢ «¥â ¤¨ää¥à¥æ¨ «ì®© á¨áâ¥¬ë

� ä¨ªá¨àã¥¬ ¢à¥¬¥® ¯à®¨§¢®«ìãî â®çªã (s; t) 2 � ¨ ¢ë¯ãáâ¨¬ ¨§ ¥¥ ¢á¥ å à ªâ¥à¨áâ¨ª¨
� = s(i)(s; t; �), i = 1; 2; : : : ; n, ¢ ®¡à â®¬ ¢à¥¬¥¨ � � t. �ãáâì (�s(i)(s; t); �t(i)(s; t)) |  ç «ìë¥

â®çª¨ ¤ ëå å à ªâ¥à¨áâ¨ª, (�s(i); �t(i)) 2
<>

@ � [
_

@�. �à®¨â¥£à¨à®¢ ¢ ãà ¢¥¨ï á¨áâ¥¬ë (2.3)
  ®âà¥§ª å [�t(i); t] ¢¤®«ì á®®â¢¥âáâ¢ãîé¨å å à ªâ¥à¨áâ¨ª � = s(i)(s; t; �), ¡ã¤¥¬ ¨¬¥âì

ri(s; t) = roi (�s
(i); �t(i)) +

Z t

�t(i)
gi(r; �; �)

���
�=s(i)(s;t;�)

d�; i = 1; 2; : : : ; n; (s; t) 2 �; (3.1)

£¤¥ ro = ro(s; t) | ¥ª®â®à ï ®¯à¥¤¥«¥ ï  
<>

@ � [
_

@� ¢¥ªâ®à-äãªæ¨ï, § ¤ îé ï  ç «ì®-
£à ¨çë¥ § ç¥¨ï à¥è¥¨ï r.

�«ï ãáâ ®¢«¥¨ï íª¢¨¢ «¥â®áâ¨ ¤¨ää¥à¥æ¨ «ì®© (2.3) ¨ ¨â¥£à «ì®© (3.1) á¨áâ¥¬  
ª« áá¨ç¥áª¨å (£« ¤ª¨å) à¥è¥¨ïå ®áâ ¥âáï ¤®ª § âì, çâ® à¥è¥¨ï ¨â¥£à «ì®© á¨áâ¥¬ë (3.1)
ï¢«ïîâáï â ª¦¥ à¥è¥¨ï¬¨ ¤¨ää¥à¥æ¨ «ì®© á¨áâ¥¬ë (2.3) ¤«ï «î¡ëå £« ¤ª¨å ¢å®¤ëå ¤ -
ëå ro ¨ g. �®ª § â¥«ìáâ¢® ¬®¦® ¯à®¢¥áâ¨ ¯ãâ¥¬ ¥¯®áà¥¤áâ¢¥®£® ¢ëç¨á«¥¨ï ¯à®¨§¢®¤ëå
(2.4) äãªæ¨© ri(s; t), ®¯à¥¤¥«¥ëå à ¢¥áâ¢ ¬¨ (3.1). �¥ ¯à¨¢®¤ï §¤¥áì íâ¨å ¯à®áâëå, ® £à®-
¬®§¤ª¨å ¢ëª« ¤®ª, ®â¬¥â¨¬ «¨èì â®¦¤¥áâ¢ 

s
(i)
t (s; t; �) + �i(s; t)s

(i)
s (s; t; �) � 0; t

(i)
t (s; t; �) + �i(s; t)t

(i)
s (s; t; �) � 0; (3.2)

(s; t) 2 �; � 2 T; � 2 S; i = 1; 2; : : : ; n;
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¡« £®¤ àï ª®â®àë¬ ®¡à é îâáï ¢ ã«ì ¢á¥ á« £ ¥¬ë¥ ¯®«ãç îé¥£®áï ¢ ¨â®£¥ ¢ëà ¦¥¨ï § 
¨áª«îç¥¨¥¬ gi(r; s; t).

�¥©áâ¢¨â¥«ì®, ¥âàã¤® § ¬¥â¨âì, çâ® ¢ íâ®¬ ¢ëà ¦¥¨¨ «¥¢ë¥ ç áâ¨ â®¦¤¥áâ¢ (3.2) ¡ã¤ãâ
¢ëáâã¯ âì ¢ à®«¨ ª®íää¨æ¨¥â®¢ ¯à¨ ç áâëå ¯à®¨§¢®¤ëå ¯® � ¨ ¯® � á®®â¢¥âáâ¢¥®,   ¥¤¨-
áâ¢¥ë¬ á« £ ¥¬ë¬, ¥ á®¤¥à¦ é¨¬ ¢ ª ç¥áâ¢¥ ª®íää¨æ¨¥â  â ª¨å ç áâëå ¯à®¨§¢®¤ëå, ¨
¡ã¤¥â äãªæ¨ï gi(r; s; t) ª ª à¥§ã«ìâ â ¤¨ää¥à¥æ¨à®¢ ¨ï ¯à ¢®© ç áâ¨ à ¢¥áâ¢  ¢ á¨áâ¥¬¥
(3.1) ¯® ¢¥àå¥¬ã ¯à¥¤¥«ã ¨â¥£à¨à®¢ ¨ï t. � á¢®î ®ç¥à¥¤ì ª ¦¤®¥ ¨§ â®¦¤¥áâ¢ (3.2) ®§ ç ¥â
¥§ ¢¨á¨¬®áâì ¨â¥£à «ì®© ªà¨¢®© ®â ¢ë¡®à  \ ç «ì®©" â®çª¨   ¥© ¦¥ ¨ ¬®¦¥â ¡ëâì ¯®-
«ãç¥® «¨¡®  å®¦¤¥¨¥¬ ç áâëå ¯à®¨§¢®¤ëå à¥è¥¨ï ®¡ëª®¢¥®£® ¤¨ää¥à¥æ¨ «ì®£®
ãà ¢¥¨ï ¯®  ç «ìë¬ ¤ ë¬ [10] ¢ ¢¨¤¥

s
(i)
t (s; t; �) = ��i(s; t) exp

�Z t

�

�is(s
(i)(s; t;�); �)d�

�
;

s(i)s (s; t; �) = exp
�Z t

�

�is(s
(i)(s; t;�); �)d�

�
;

i = 1; 2; : : : ; n; (s; t) 2 �; � 2 T;
«¨¡®, çâ® ¯à®é¥, ¤¨ää¥à¥æ¨à®¢ ¨¥¬ â ¢â®«®£¨©

� � s(i)(s(i)(�; � ; t); t; �); � � t(i)(s; t(i)(�; � ; s); �);

(�; �) 2 �; t 2 T; s 2 S; i = 1; 2; : : : ; n;

¯® ¯¥à¥¬¥ë¬ t ¨ s á®®â¢¥âáâ¢¥®.
�â ª, ¤¨ää¥à¥æ¨ «ì ï (2.3) ¨ ¨â¥£à «ì ï (3.1) á¨áâ¥¬ë íª¢¨¢ «¥âë ¢ á«ãç ¥, ¥á«¨

®¨ ¨¬¥îâ ª« áá¨ç¥áª®¥, â. ¥. ¥¯à¥àë¢®¥ ¨ ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®¥ ¢ � à¥è¥¨¥ r =
r(s; t). � ª ¨§¢¥áâ® ( ¯à., [1], [2]), ¤«ï íâ®£® ¥®¡å®¤¨¬® âà¥¡®¢ âì   «®£¨çãî £« ¤ª®áâì ®â
¯à ¢®© ç áâ¨ á¨áâ¥¬ë (1.1). � â® ¦¥ ¢à¥¬ï ¨â¥£à «ì ï á¨áâ¥¬  (3.1), ®ç¥¢¨¤®, ¨¬¥¥â á¬ëá« ¥
â®«ìª® ¤«ï £« ¤ª¨å ¢¥ªâ®à-äãªæ¨© f , çâ® ¨ ¯®§¢®«ï¥â ®¯à¥¤¥«ïâì á®®â¢¥âáâ¢ãîé¨¥ ¯®ïâ¨ï
®¡®¡é¥®£® à¥è¥¨ï ¨¢ à¨ â®© á¨áâ¥¬ë (2.3),   á«¥¤®¢ â¥«ì®, ¨ ¨áå®¤®© £¨¯¥à¡®«¨ç¥áª®©
á¨áâ¥¬ë (1.1).

4. �®áâà®¥¨¥ ª®àà¥ªâëå £à ¨çëå ãá«®¢¨©

� ç «¥ ¯®áâà®¨¬ ª®àà¥ªâë¥  ç «ì®-£à ¨çë¥ ãá«®¢¨ï ¤«ï à¥è¥¨ï ¨¢ à¨ â®© á¨-
áâ¥¬ë (2.3),   § â¥¬ âà áä®à¬¨àã¥¬ ¨å á ¯®¬®éìî â®¦¤¥áâ¢ (2.2) ¢ ãá«®¢¨ï ¤«ï à¥è¥¨ï x
¨áå®¤®© £¨¯¥à¡®«¨ç¥áª®© á¨áâ¥¬ë (1.1).

�â¥£à «ìë© íª¢¨¢ «¥â (3.1) ¨¢ à¨ â®© á¨áâ¥¬ë (2.3) ¨á¯®«ì§ã¥â £à ¨çë¥ § ç¥¨ï
¨¢ à¨ â®¢ �¨¬   ri â®«ìª® ¢  ç «ìëå â®çª å å à ªâ¥à¨áâ¨ª. �«¥¤®¢ â¥«ì®, £à ¨çë¥
ãá«®¢¨ï ¤®«¦ë ¡ëâì ãáâà®¥ë â ª, çâ®¡ë ®¨ \§ ªà¥¯«ï«¨" ª ¦¤ë© ¨¢ à¨ â �¨¬   ¢  -
ç «ìëå â®çª å ¨,  ¯à®â¨¢, ¥ ä¨ªá¨à®¢ «¨ ¥£® ¢ ª®¥çëå â®çª å \á¢®¨å" å à ªâ¥à¨áâ¨ª.
�¥á¬®âàï   ®¤®§ ç®áâì íâ®£® ¯®«®¦¥¨ï, ®® ¤®¯ãáª ¥â ¤¢  à §«¨çëå á¯®á®¡  ä®à¬ «ì®©
§ ¯¨á¨ £à ¨çëå ãá«®¢¨©. �¤¨ ¨§ ¨å ( ¯à., [1], [2], [5], [7] ,[11]) ¦¥áâª® ¯à¨¢ï§  ª ¯®ïâ¨ï¬
\«¥¢ ï", \¨¦ïï", \¯à ¢ ï" £à ¨æë ®¡« áâ¨ � ¨ âà¥¡ã¥â áâà®£®£® § ª®¯®áâ®ïáâ¢  á®¡áâ¢¥-
ëå § ç¥¨© �i, i = 1; 2; : : : ; n, ¢áî¤ã ¢ ®¡« áâ¨ �. � íâ®¬ á«ãç ¥ ¢¥ªâ®à ¨¢ à¨ â®¢ �¨¬  
à §¡¨¢ ¥âáï   âà¨ ¯®¤¢¥ªâ®à  ¯® ¯à¨§ ªã �i < 0, �i = 0 ¨«¨ �i > 0. �¢ à¨ âë �¨¬  

ri, ¤«ï ª®â®àëå �i > 0, § ªà¥¯«ïîâáï   «¥¢®© £à ¨æ¥
<

@�, ¨¢ à¨ âë �¨¬   ri, á®®â¢¥â-

áâ¢ãîé¨¥ �i < 0, |   ¯à ¢®© £à ¨æ¥
>

@�,  ª®¥æ,   ¨¦¥© £à ¨æ¥
_

@� § ªà¥¯«ïîâáï ¢á¥
¨¢ à¨ âë ri ¢¥ § ¢¨á¨¬®áâ¨ ®â § ª  �i.

�àã£®© á¯®á®¡ § ¯¨á¨ £à ¨çëå ãá«®¢¨© ( ¯à., [12]{[17]) ¥ âà¥¡ã¥â ãª § ëå ®£à ¨ç¥-
¨©, ¡®«¥¥ ª®¬¯ ªâ¥, ¨¬¥¥â ®¤¨ ª®¢ãî ä®à¬ã § ¯¨á¨ ª ª ¢ ®¤®¬¥àëå, â ª ¨ ¢ ¬®£®¬¥à-
ëå £¨¯¥à¡®«¨ç¥áª¨å á¨áâ¥¬ å ¨ ¯à¨¬¥¨¬ ¤«ï ¯à®¨§¢®«ìëå ®¤®á¢ï§ëå ®¡« áâ¥© á ªãá®ç®-
£« ¤ª¨¬¨ £à ¨æ ¬¨.
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�¢¥¤¥¬ ¢á¯®¬®£ â¥«ìë¥ äãªæ¨¨, ª®â®àë¥ ¡ã¤ãâ ¨á¯®«ì§®¢ âìáï ¥ â®«ìª® §¤¥áì ¯à¨ ¯®áâ -
®¢ª¥  ç «ì®-£à ¨çëå ãá«®¢¨©, ® ¨ ¤ «¥¥ ¤«ï ¤àã£¨å æ¥«¥©. �®íâ®¬ã ®¯à¥¤¥«¥¨¥ ¤ ëå
äãªæ¨© ¤ ¤¨¬ ¤«ï ¯à®¨§¢®«ì®© ®¤®á¢ï§®© ®¡« áâ¨Q á ªãá®ç®-£« ¤ª®© £à ¨æ¥© @Q. �ãáâìb� = (�o; �) | ¥¤¨¨çë© ¢¥ªâ®à ¢¥è¥© ®à¬ «¨ ª £à ¨æ¥ @Q ¢ â®çª å (s; t) 2 @Q, ¯à¨ç¥¬
�o = �o(s; t) | ¢¥«¨ç¨  ¯à®¥ªæ¨¨ ¢¥ªâ®à  b�(s; t)   ®áì t,   � = �(s; t)   ®áì s.

�¯à¥¤¥«¨¬ äãªæ¨¨ zi = zi(@Q; s; t) à ¢¥áâ¢ ¬¨

zi(@Q; s; t) = �o(s; t) + �i(s; t)�(s; t); i = 1; 2; : : : ; n; (s; t) 2 @Q: (4.1)

�ç¥¢¨¤®, § ç¥¨¥ äãªæ¨¨ zi ¢ â®çª¥ (s; t) ¥áâì § ç¥¨¥ áª «ïà®£® ¯à®¨§¢¥¤¥¨ï ¢¥ªâ®à 
¢¥è¥© ®à¬ «¨ b�(s; t) ¨ ¢¥ªâ®à  (1; �i(s; t)), ª®â®àë© ¢ á¨«ã à ¢¥áâ¢  (dt; ds) = (1; �i(s; t))dt
«¥¦¨â   ª á â¥«ì®©, ¯à®¢¥¤¥®© ¢ â®çª¥ (s; t) ª å à ªâ¥à¨áâ¨ª¥ s(i)(s; t; �). �âáî¤  á¯à ¢¥¤-
«¨¢  á«¥¤ãîé ï ª« áá¨ä¨ª æ¨ï â®ç¥ª (s; t) 2 @Q ®â®á¨â¥«ì® å à ªâ¥à¨áâ¨ª¨ s(i)(s; t; �). �á«¨
zi < 0, â® (s; t) 2 @Q ï¢«ï¥âáï  ç «ì®© â®çª®© íâ®© å à ªâ¥à¨áâ¨ª¨, â. ª. ¤«ï «î¡®£® ¤®áâ -
â®ç® ¬ «®£® " > 0 â®çª¨ (s(i)(s; t; �); �) 2 intQ ¯à¨ ¢á¥å � 2 (t; t+ "). �á«¨ zi > 0, â® (s; t) 2 @Q
| ª®¥ç ï â®çª  å à ªâ¥à¨áâ¨ª¨ s(i)(s; t; �), â. ª. ¤«ï «î¡®£® ¤®áâ â®ç® ¬ «®£® " > 0 â®çª¨
(s(i)(s; t; �); �) 2 intQ ¯à¨ ¢á¥å � 2 (t�"; t). �«ãç © zi = 0 ®§ ç ¥â, çâ® ¢ â®çª¥ (s; t) à¥ «¨§ã¥âáï
«¨¡® ¯à¨ª®á®¢¥¨¥ ª £à ¨æ¥ @Q, «¨¡® áª®«ì¦¥¨¥ ¢¤®«ì ¥¥ å à ªâ¥à¨áâ¨ª¨ s(i)(s; t; �). �à¨
íâ®¬ â®çª  (s; t) ¬®¦¥â ®ª § âìáï  ç «ì®©, ª®¥ç®© ¨«¨ ¢ãâà¥¥© â®çª®© å à ªâ¥à¨áâ¨ª¨
s(i)(s; t; �). �¤ ª® ¢¢¨¤ã íª§®â¨ç®áâ¨ íâ¨å â®ç¥ª (¢ â®¬ á¬ëá«¥, çâ®   £à ¨æ¥ @Q ¬¥à  ¬®-
¦¥áâ¢  ¢á¥å  ç «ìëå ¨ ª®¥çëå â®ç¥ª, á®®â¢¥âáâ¢ãîé¨å à ¢¥áâ¢ã zi = 0, à ¢  ã«î) ¨å
¤¥â «ì ï ª« áá¨ä¨ª æ¨ï ¥ ¯®âà¥¡ã¥âáï, å®âï ¨ ¤®áâ â®ç® ®ç¥¢¨¤ .

� ¯®¬®éìî äãªæ¨© (4.1) ®¯à¥¤¥«¨¬ äãªæ¨¨ á® § ç¥¨¥¬ 0 ¨«¨ 1

z+i = sign(zi)(1 + sign(zi))=2; z�i = sign(zi)(sign(zi)� 1)=2; i = 1; 2; : : : ; n;

¨ ¬ âà¨çë¥ äãªæ¨¨

Z = diagfz1; z2; : : : ; zng; Z+ = diagfz+1 ; z+2 ; : : : ; z+n g; Z� = diagfz�1 ; z�2 ; : : : ; z�n g:
�ãáâì â¥¯¥àì zi = zi(@�; s; t), i = 1; 2; : : : ; n; (s; t) 2 @�,   ro = ro(s; t) | n-¬¥à ï ¢¥ªâ®à-

äãªæ¨ï, § ¤  ï   £à ¨æ¥ @�. �®£¤   ç «ì®-£à ¨çë¥ ãá«®¢¨ï ¤«ï ¨¢ à¨ â®© á¨-
áâ¥¬ë (2.3) ¬®¦® § ¯¨á âì ¢ ¢¥ªâ®à®-¬ âà¨ç®¬ ¢¨¤¥

Z�(s; t)(r(s; t)� ro(s; t)) = 0; (s; t) 2 @�: (4.2)

�â¨ ãá«®¢¨ï ¯à¨£®¤ë ¥ ¤«ï ¢á¥å ¯à¨«®¦¥¨© £¨¯¥à¡®«¨ç¥áª¨å á¨áâ¥¬ ãà ¢¥¨©. �¥«® ¢
â®¬, çâ®   ¯à ªâ¨ª¥, ª ª ¯à ¢¨«®, £à ¨çë¥ ãá«®¢¨ï ä®à¬ã«¨àãîâáï ¥ ¤«ï «¨¥©ëå ª®¬-
¡¨ æ¨© L0x ¨áª®¬®£® à¥è¥¨ï x, â. ¥. ä ªâ¨ç¥áª¨ ¨¢ à¨ â®¢ �¨¬   r,   ¥¯®áà¥¤áâ¢¥®
¤«ï ª®¬¯®¥â ¢¥ªâ®à-äãªæ¨¨ x, ª®â®àë¥ â®«ìª® «¨èì ¨ ¨¬¥îâ ª®ªà¥âë© á®¤¥à¦ â¥«ìë©
á¬ëá«. �å à áè¨äà®¢ª  ¢ â¥à¬¨ å ¨¢ à¨ â®¢ �¨¬   ¯à¨¢®¤¨â ª ¡®«¥¥ ®¡é¨¬, ç¥¬ (4.2),
â ª  §ë¢ ¥¬ë¬ c¬¥è ë¬  ç «ì®-ªà ¥¢ë¬ ãá«®¢¨ï¬.

�ãáâì q = q(x; s; t) | § ¤  ï n-¬¥à ï ¢¥ªâ®à-äãªæ¨ï á ®¡« áâìî ®¯à¥¤¥«¥¨ï Rn � @�.
�®£¤  ¢¬¥áâ®  ç «ì®-£à ¨çëå ãá«®¢¨© (4.2) ¬®¦® ¯®áâ ¢¨âì á¬¥è ë¥ ãá«®¢¨ï

Z�(s; t)[r(s; t) � q(Z+(s; t)r(s; t); s; t)] = 0: (4.3)

�á«®¢¨ï (4.3) ®¡®¡é îâ ãá«®¢¨ï (4.2) ¨ á®¢¯ ¤ îâ á ¨¬¨, «¨èì ¥á«¨ q(Z+r; s; t) = ro(s; t). �â¬¥-
â¨¬, çâ® ¢®¯à®áë ®¡®á®¢ ¨ï ª®àà¥ªâ®áâ¨ á¬¥è ëå § ¤ ç £¨¯¥à¡®«¨ç¥áª®£® â¨¯  ¨§ãç «¨áì
¬®£¨¬¨  ¢â®à ¬¨ ( ¯à., [1], [2], [5], [7]), ® «¨èì ¤«ï á¨áâ¥¬, § ¯¨á ëå ¢ ¨¢ à¨ â å �¨¬  
¨ á «¨¥©ë¬¨ ¯® à¥è¥¨î (§  ¨áª«îç¥¨¥¬ [7]) äãªæ¨ï¬¨ q.

�®á«¥ § ¬¥ë ¢ á®®â®è¥¨¨ (4.3) ¨¢ à¨ â®¢ �¨¬   r   ¨áå®¤ãî äãªæ¨î x ¯® ¯à ¢¨«ã
(2.2) ¡ã¤¥¬ ¨¬¥âì

Z�(s; t)[L0(s; t)x(s; t) � q(Z+(s; t)L0(s; t)x(s; t); s; t)] = 0: (4.4)
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5. �¡®¡é¥®¥ à¥è¥¨¥

� ®á®¢ã ®¯à¥¤¥«¥¨ï ®¡®¡é¥®£® à¥è¥¨ï ¯®«®¦¨¬ ¨¤¥î, ª®â®à ï ¤«ï íâ®© æ¥«¨ ç áâ®
¨á¯®«ì§ã¥âáï ª ª ¢ á¨áâ¥¬ å ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© [18], [19], â ª ¨ ¢
£¨¯¥à¡®«¨çá¥ª¨å á¨áâ¥¬ å [1], [11], [16], [17]. �¬¥®, ®¡®¡é¥ë¬ à¥è¥¨¥¬ á¨áâ¥¬ë ¤¨ää¥-
à¥æ¨ «ìëå ãà ¢¥¨© ®¡êï¢«ï¥âáï à¥è¥¨¥ íª¢¨¢ «¥â®© ¥© á¨áâ¥¬ë ¨â¥£à «ìëå ãà ¢-
¥¨©. �®ïâ®, çâ® íª¢¨¢ «¥â®áâì á¨áâ¥¬ ãáâ  ¢«¨¢ ¥âáï   ª« áá¨ç¥áª¨å (£« ¤ª¨å) à¥-
è¥¨ïå. � ª ¡ë«® ã¦¥ ¯®ª § ®, ¨â¥£à «ì ï á¨áâ¥¬  (3.1) íª¢¨¢ «¥â  ¤¨ää¥à¥æ¨ «ì®©
 ç «ì®-ªà ¥¢®© § ¤ ç¥ ¢ ¨¢ à¨ â å (2.3), (4.2). � â®ç®áâ¨ â ª ¦¥ ¬®¦® ¤®ª § âì íª¢¨¢ -
«¥â®áâì á¬¥è ®© § ¤ ç¨ (2.3), (4.3) ¨ ¨â¥£à «ì®© á¨áâ¥¬ë

ri(s; t) = qi(Z
+r; �s(i); �t(i)) +

Z t

�t(i)
gi(r; �; �)

���
�=s(i)(s;t;�)

d�; i = 1; 2; : : : ; n; (s; t) 2 �: (5.1)

�®íâ®¬ã ¨â¥£à «ìë© íª¢¨¢ «¥â á¬¥è ®© § ¤ ç¨ (1.1), (4.4) ¨¬¥¥â ¢¨¤

x(s; t) =
nX
i=1

p(i)(s; t)
�
qi(Z

+L0x; �s(i); �t(i)) +
Z t

�t(i)
gi(L0x; �; �)

���
�=s(i)(s;t;�)

d�

�
; i = 1; 2; : : : ; n; (s; t) 2 �;

(5.2)

çâ® ¯®§¢®«ï¥â ¤ âì

�¯à¥¤¥«¥¨¥ 5.1. �¡®¡é¥ë¬ à¥è¥¨¥¬ £¨¯¥à¡®«¨ç¥áª®© á¨áâ¥¬ë ãà ¢¥¨© (1.1) á  -
ç «ì®-£à ¨çë¬¨ ãá«®¢¨ï¬¨ (4.4)  §®¢¥¬ ¢¥ªâ®à-äãªæ¨î x = x(s; t), ª®â®à ï ¯®çâ¨ ¢áî¤ã
¢ � ã¤®¢«¥â¢®àï¥â à ¢¥áâ¢ã (5.2).

�à¥¦¤¥ ç¥¬ ¯¥à¥©â¨ ¥¯®áà¥¤áâ¢¥® ª ä®à¬ã«¨à®¢ª ¬ ¨ ¤®ª § â¥«ìáâ¢ ¬ á®®â¢¥âáâ¢ãîé¨å
ãâ¢¥à¦¤¥¨©, ¢¢¥¤¥¬ ¢á¯®¬®£ â¥«ìë¥ ª®áâàãªæ¨¨.

�ãáâì G(s; t) � � | ®¡« áâì ®¯à¥¤¥«¥¨ï à¥è¥¨ï x, á®®â¢¥âáâ¢ãîé ï â®çª¥ (s; t) 2 �.
�¥¢ ï � = smin(s; t; �) ¨ ¯à ¢ ï � = smax(s; t; �) £à ¨æë ®¡« áâ¨ G(s; t)  å®¤ïâáï ª ª à¥è¥¨ï
®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

d�

d�
=

8<
:

max
i=1;2;:::;n

�i(�; �); (�; �) 2 (so; s1];

0; � = so;

d�

d�
=

8<
:

min
i=1;2;:::;n

�i(�; �); (�; �) 2 [so; s1);

0; � = s1;

á®®â¢¥âáâ¢¥®, ª®â®àë¥ ¨â¥£à¨àãîâáï ¢ \®¡à â®¬ ¢à¥¬¥¨" � < t   ®âà¥§ª¥ TG(s; t) =
[�t(s; t); t], £¤¥ ¬®¬¥â �t(s; t) ®ª®ç ¨ï ¨â¥£à¨à®¢ ¨ï «¨¡® á«ã¦¨â ª®à¥¬ ãà ¢¥¨ï smin(s; t; �) =
smax(s; t; �), «¨¡® á®¢¯ ¤ ¥â á t0. �®íâ®¬ã ®¡« câì G(s; t) ®¯à¥¤¥«ï¥âáï ¯® ¯à ¢¨«ã

G(s; t) = f(�; �) 2 � : smin(s; t; �) < � < smax(s; t; �); � 2 TG(s; t)g:
�ª ¦¥¬ â¥¯¥àì á¯¥æ¨ «ìë¥ äãªæ¨® «ìë¥ ¯à®áâà áâ¢ , ª®â®àë¬ (íâ® ¡ã¤¥â ¯®ª § ®

¤ «¥¥) ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¢ë¡®à¥ ¢¥ªâ®à-äãªæ¨© f ¨ q ¯à¨ ¤«¥¦ â à¥è¥¨ï r ¨ x ¨â¥-
£à «ìëå á¨áâ¥¬ (5.1) ¨ (5.2). �§ ¯à¥¤ë¤ãé¥£® ¯ à £à ä  á«¥¤ã¥â, çâ® ¤«ï ¯®çâ¨ ª ¦¤®© â®çª¨
(s; t) 2 � ¨ ª ¦¤®£® i = 1; 2; : : : ; n áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ ï ¯ à  â®ç¥ª (�s(i); �t(i)), (bs(i); bt(i)) 2 @�.
�à¨ íâ®¬ zi(@�; �s(i); �t(i)) < 0, zi(@�; bs(i); bt(i)) > 0, â. ¥. (�s(i); �t(i)) |  ç «ì ï, (bs(i); bt(i)) | ª®¥ç ï
â®çª¨ å à ªâ¥à¨áâ¨ª¨ � = s(i)(s; t; �), � 2 [�t(i); bt(i)] = Ti(s; t). �®«®¦¨¬

�n
p (�) = fr 2 Lnp (�) : ri(s

(i)(s; t; �); �) 2 AC(Ti(s; t)); i = 1; 2; : : : ; n; (s; t) 2 �g;
An
p (�) = fx 2 Lnp (�) : x(s; t) = P(s; t)r(s; t); (s; t) 2 �; r 2 �n

p (�)g:
�¤¥áì Lnp (�) | ¯à®áâà áâ¢® n-¬¥àëå ¢¥ªâ®à-äãªæ¨©, áã¬¬¨àã¥¬ëå á® áâ¥¯¥ìî p, p � 1, ¢
®¡« áâ¨ � ¯® �¥¡¥£ã, AC(T ) { ¯à®áâà áâ¢®  ¡á®«îâ® ¥¯à¥àë¢ëå   ®âà¥§ª¥ T äãªæ¨©.
�ç¥¢¨¤®, çâ® x 2 An

p (�) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  L0x 2 �n
p (�).
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�¥®à¥¬  5.1. �ãáâì ¢¥ªâ®à-äãªæ¨¨ f = f(x; s; t), q = q(x; s; t) ¢ ®¡« áâïå Rn�� ¨ Rn�@�
á®®â¢¥âáâ¢¥® ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �¨¯è¨æ  ¯® ¯¥à¥¬¥®© x ¯à¨ ä¨ªá¨à®¢ ëå (s; t) ¨
f(x; �; �) 2 Lnp (�), q(x; �; �) 2 Lnp (@�) ¯à¨ ä¨ªá¨à®¢ ëå x. �®£¤  áãé¥áâ¢ã¥â à¥è¥¨¥ x 2 An

P(�)
á¨áâ¥¬ë ¨â¥£à «ìëå ãà ¢¥¨© (5:2).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à®¢®¤¨âáï ¯® á«¥¤ãîé¥© áå¥¬¥. �âà®¨âáï ¯®á«¥¤®¢ â¥«ì®áâì
äãªæ¨© fx(k)g ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨©

x(k+1)(s; t) =
nX
i=1

p(i)(s; t)
�
qi(Z

+L0x(k+1); �s(i); �t(i)) +
Z t

�t(i)
gi(L0x(k); �; �)

���
�=s(i)(s;t;�)

d�

�
:

�®ª §ë¢ ¥âáï, çâ® ®â®¡à ¦¥¨¥, £¥¥à¨àãîé¥¥ ¯®á«¥¤®¢ â¥«ì®áâì fx(k)g, ï¢«ï¥âáï á¦¨¬ î-
é¨¬. �«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â ¯à¥¤¥«ì ï â®çª  x 2 An

p (�), ã¤®¢«¥â¢®àïîé ï ¨â¥£à «ì®©
á¨áâ¥¬¥ ãà ¢¥¨© (5.2).

�  ®á®¢¥ á¢®©áâ¢  á¦¨¬ ¥¬®áâ¨ ®â®¡à ¦¥¨ï, ä¨£ãà¨àãîé¥£® ¢ ¯à ¢®© ç áâ¨ á¨áâ¥¬ë
(5.2), ¤®ª §ë¢ ¥âáï

�¥®à¥¬  5.2. �ãáâì ex ¨ x | ®¡®¡é¥ë¥ à¥è¥¨ï á¬¥è ëå § ¤ ç (1:1), (4:4), á®®â¢¥â-
áâ¢ãîé¨¥ ¢å®¤ë¬ ¤ ë¬ ef , eq ¨ f , q, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 5:1. �®£¤ 
á¯à ¢¥¤«¨¢  ®æ¥ª 

kex(s; t)� x(s; t)k � K

� nX
i=1

�
k4q(Z+L0x; �s(i); �t(i))k +

tZ
�t(i)

k4f(L0x; �; �)k
���
�=s(i)(s;t;�)

d�

�
+

+
Z

@G(s;t)\@�

k4q(Z+L0x; �; �)kd! +
ZZ

G(s;t)

k4f(L0x; �; �)kd� d�
�
;

¢ ª®â®à®© 4q(x; s; t) = eq(x; s; t)� q(x; s; t), 4f(x; s; t) = ef(x; s; t)� f(x; s; t) | à §®áâ¨ ¢å®¤ëå

¤ ëå; d! =
p
d�2 + d� 2 | ¤¨ää¥à¥æ¨ « ¤«¨ë £à ¨æë @� ¢ ¨â¥£à «¥ ¯¥à¢®£® à®¤ ; K |

¯®«®¦¨â¥«ì ï ª®áâ â , § ¢¨áïé ï â®«ìª® ®â ª®áâ â �¨¯è¨æ  ¢¥ªâ®à-äãªæ¨© ef , eq,
f , q ¨ à §¬¥à  ®âà¥§ª  T .

� á¨«ã â¥®à¥¬ë 5.2 ®¡®¡é¥®¥ à¥è¥¨¥ á¬¥è ®© § ¤ ç¨ (1.1), (4.4) ï¢«ï¥âáï ¥¤¨áâ¢¥-
ë¬ ¨ ¥¯à¥àë¢® § ¢¨á¨â ®â ¢å®¤ëå ¤ ëå.

� § ª«îç¥¨¥ ®¡®áã¥¬ á¯à ¢¥¤«¨¢®áâì ä®à¬ã«ë ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬. �«ï íâ®£® ¢¢¥-
¤¥¬ äãªæ¨® «ìë¥ ¯à®áâà áâ¢ , á®¯àï¦¥ë¥ á ¯à®áâà áâ¢ ¬¨ �n

p (�) ¨ An
p (�) á®®â¢¥â-

áâ¢¥®,

��nm (�) =
�
' 2 Lnm(�) : 'i(s

(i)(s; t; �); �) 2 AC(Ti(s; t)); i = 1; 2; : : : ; n; (s; t) 2 �
	
;

A�n
m (�) =

�
 2 Lnm(�) :  (s; t) = L(s; t)'(s; t); (s; t) 2 �; ' 2 ��nm(�)

	
;

£¤¥ m; p � 1 ¨ 1=m+ 1=p = 1.
� ¬¥â¨¬, çâ®  (s; t) 2 A�n

m (�), ¥á«¨ ¨ â®«ìª® ¥á«¨ P 0 2 ��nm (�).
�¢¨¤ã  ¡á®«îâ®© ¥¯à¥àë¢®áâ¨ äãªæ¨© 'i ¢¤®«ì å à ªâ¥à¨áâ¨ª \á¢®¨å" á¥¬¥©áâ¢ ¨¬¥¥â

á¬ëá« ¯®çâ¨ ¢áî¤ã ¢ � ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à D�

�, ®¯à¥¤¥«¥ë©   äãªæ¨ïå ' 2 ��nm (�)
¯® ¯à ¢¨«ã

D�

�' = D�'+�s(s; t)':

�® áå¥¬¥ à ¡®âë [5] ¬®¦® ¤®ª § âì, çâ® ¤«ï ¯à®¨§¢®«ì®© ®¤®á¢ï§®© ¯®¤®¡« áâ¨ Q � �
á ªãá®ç®-£« ¤ª®© £à ¨æ¥© @Q ¨ «î¡ëå ¢¥ªâ®à-äãªæ¨© r 2 �n

p (�), ' 2 ��nm (�) á¯à ¢¥¤«¨¢ 
ä®à¬ã«  ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ZZ

Q

h';D�rids dt =
Z
@Q

h';Z(s; t)rid! �
ZZ
Q

hD�

�'; rids dt; (5.3)
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¢ ª®â®à®© h ; i | § ª áª «ïà®£® ¯à®¨§¢¥¤¥¨ï ¢ ¯à®áâà áâ¢¥ Rn; Z = diagfz1; z2; : : : ; zng,  
äãªæ¨¨ zi = zi(s; t), i = 1; 2; : : : ; n, ®¯à¥¤¥«¥ë ¯® ¯à ¢¨«ã (4.1).

� ®â«¨ç¨¥ ®â ¢¥ªâ®à-äãªæ¨© ¯à®áâà áâ¢ �n
p (�) ¨ �

�n
m (�), i-¥ ª®®à¤¨ âë ª®â®àëå ï¢«ïîâ-

áï  ¡á®«îâ® ¥¯à¥àë¢ë¬¨ äãªæ¨ï¬¨ ¢¤®«ì å à ªâ¥à¨áâ¨ª i-£® á¥¬¥©áâ¢ , ¢¥ªâ®à-äãªæ¨¨
¯à®áâà áâ¢ An

p (�) ¨ A�n
m (�) ãáâà®¥ë ¡®«¥¥ á«®¦®. � ç áâ®áâ¨ (¨ íâ® ¬®¦® ¯à®¨««îáâà¨-

à®¢ âì ª®ªà¥âë¬¨ ¯à¨¬¥à ¬¨) ª®¬¯®¥âë xi( i) ¢¥ªâ®à-äãªæ¨© x( ) ¬®£ãâ ¥ â®«ìª® ¥
¨¬¥âì ¯à®¨§¢®¤ëå, ® ¨ ¡ëâì à §àë¢ë¬¨ ¢ ª ¦¤®© â®çª¥ (s; t) 2 � ¯® «î¡®¬ã  ¯à ¢«¥-
¨î. �¥¬ ¥ ¬¥¥¥, ª®àà¥ªâë© á¯®á®¡ ¢ëç¨á«¥¨ï § ç¥¨ï ®¯¥à â®à  D ¢ â®çª å x 2 �n

p (�)
¥âàã¤® ¢ë¯¨á âì á ¯®¬®éìî ®¯¥à â®à  D�. �®áâ â®ç® ¯®«®¦¨âì

Dx = DP � L0x+ PD�(L0x): (5.4)

� «®£¨ç® ¯®áâã¯¨¬ ¨ á á®¯àï¦¥ë¬ ®¯¥à â®à®¬ D�, ª®â®àë©   £« ¤ª¨å äãªæ¨ïå  § ¤ -
¥âáï à ¢¥áâ¢®¬ D � =  t + (A0 )s. � â®çª å  2 A�n

m (�) ®¯à¥¤¥«¨¬ ¥£® ¯® ¯à ¢¨«ã

D� = D�L � P 0 �L�s + LD�

�(P 0 ): (5.5)

�¥®à¥¬  5.3. �ãáâì x 2 An
p (�),  2 A�n

m (�). �®£¤  ¤«ï «î¡®© ®¤®á¢ï§®© ¯®¤®¡« áâ¨

Q � � á ªãá®ç®-£« ¤ª®© £à ¨æ¥© @Q á¯à ¢¥¤«¨¢  ä®à¬ã«  ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ZZ
Q

h ;Dxids dt =
Z
@Q

h ;Bxid! �
Z
Q

hD� ; xids dt;

£¤¥ ¬ âà¨ç ï äãªæ¨ï B = B(s; t) ¢ëç¨á«ï¥âáï   £à ¨æ¥ @Q ¯® ä®à¬ã«¥

B(s; t) = �o(s; t)E + �(s; t)A(s; t);

¢ ª®â®à®© b� = (�o; �) { ¥¤¨¨ç ï ¢¥èïï ®à¬ «ì ª £à ¨æ¥ @Q.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ®á®¢ ®   à ¢¥áâ¢¥ (5.3) ¨ ä®à¬ã« å (5.4), (5.5).
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