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��� 517.982

�.�. ��������

����� �������� �������������� ��������� ������ K(H)

�¤®© ¨§ æ¥âà «ìëå ¯à®¡«¥¬ â¥®à¨¨ ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ ¯à®áâà áâ¢ å á ¨¤¥ä¨-
¨â®© ¬¥âà¨ª®©, ï¢«ï¥âáï ¯à®¡«¥¬  áãé¥áâ¢®¢ ¨ï ¬ ªá¨¬ «ìëå á¥¬¨¤¥ä¨¨âëå ¯®¤¯à®-
áâà áâ¢, ¨¢ à¨ âëå ®â®á¨â¥«ì® ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ íâ¨å ¯à®áâà áâ¢ å.

�.�.�§¨§®¢ë¬ [1] ¢¢¥¤¥ ¨ ®¯¨á  ª« áá K(H), á®áâ®ïé¨© ¨§ ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢
¯à®áâà áâ¢ å á ¨¤¥ä¨¨â®© ¬¥âà¨ª®© ¨ ®¡« ¤ îé¨å á¢®©áâ¢ ¬¨: � 2 K(H), ¥á«¨ ã ¥£®
¥áâì å®âï ¡ë ®¤  ¯ à  N+ (¬ ªá¨¬ «ì®£® ¥®âà¨æ â¥«ì®£®), N� (¬ ªá¨¬ «ì®£® ¥¯®«®¦¨-
â¥«ì®£®) ¨¢ à¨ âëå ¯®¤¯à®áâà áâ¢ â ª¨å, çâ® N+[?]N� ¨ N� ¤®¯ãáª îâ à §«®¦¥¨ï

N+ = N 0[+]N++; N� = N 0[+]N��; (1)

£¤¥ dimN 0 < 1, N 0 | ¨§®âà®¯®¥ ¯®¤¯à®áâà áâ¢®, N++ | à ¢®¬¥à® ¯®«®¦¨â¥«ì®¥, N��

| à ¢®¬¥à® ®âà¨æ â¥«ì®¥ ¯®¤¯à®áâà áâ¢ . �¤¥áì ¨ ¤ «¥¥ ¨á¯®«ì§ã¥âáï ®¡é¥¯à¨ïâ ï \¨-
¤¥ä¨¨â ï" â¥à¬¨®«®£¨ï ¨ ®¡®§ ç¥¨ï (á¬.,  ¯à., [1]).

�ãáâì H | ¯à®áâà áâ¢® �à¥©  á ¨¤¥ä¨¨â®© ¬¥âà¨ª®© [x; y] = (Jx; y), £¤¥ J | ª ®-
¨ç¥áª ï á¨¬¬¥âà¨ï ¯à®áâà áâ¢  H. � ¬ªãâãî «¨¥©ãî ®¡®«®çªã («. ®.) ª®à¥¢ëå ¢¥ªâ®à®¢
®¯¥à â®à  � ®¡®§ ç¨¬ E(�),   § ¬ªãâãî «. ®. ¥£® á®¡áâ¢¥ëå ¢¥ªâ®à®¢ | E0(�).

�¥®à¥¬ . �ãáâì � ¥áâì J-á ¬®á®¯àï¦¥ë© ®¯¥à â®à ¢ ¯à®áâà áâ¢¥ �à¥©  H, ¢ ª®-

â®à®¬ áãé¥áâ¢ã¥â ¡ §¨á �¨áá  ffig, á®áâ ¢«¥ë© ¨§ ª®à¥¢ëå ¢¥ªâ®à®¢ ®¯¥à â®à  �. �à®¬¥
â®£®, dim

�
E(�)=E0(�)

�
< 1 ¨ ¥¢¥é¥áâ¢¥ë© á¯¥ªâà ®¯¥à â®à  � á®áâ®¨â ¥ ¡®«¥¥, ç¥¬

¨§ ª®¥ç®£® ç¨á«  á®¡áâ¢¥ëå § ç¥¨© á ãç¥â®¬ ªà â®áâ¨. �®£¤  � ¡ã¤¥â ®¯¥à â®à®¬ ¨§

ª« áá  K(H).

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ®, ®¡« ¤ ï ¢á¥¬¨ ¯¥à¥ç¨á«¥ë¬¨ ¢ëè¥ á¢®©áâ¢ ¬¨, ®¯¥à -
â®à � ¡ã¤¥â ®¯¥à â®à®¬ ª« áá  K(H). �«ï íâ®£® ãª ¦¥¬ ã¦ãî ¯ àã ¯®¤¯à®áâà áâ¢ N+,
N�.

�ãáâì �1, ��1, �2, ��2; : : : ; �m, ��m | ¢á¥ à §«¨çë¥ ¥¢¥é¥áâ¢¥ë¥ á®¡áâ¢¥ë¥ § ç¥¨ï ®¯¥-
à â®à  �. � áá¬®âà¨¬ ¯®¤¯à®áâà áâ¢ : N 1 = �:�:fN(�i)gi=1;2;:::;m, N 2 = �:�:fN(��i)gi=1;2;:::;m,
£¤¥ N(�i) ¨ N(��i) | ª®à¥¢ë¥ ¯®¤¯à®áâà áâ¢  ®¯¥à â®à  �, ®â¢¥ç îé¨¥ �i ¨ ��i á®®â¢¥âáâ¢¥®,
i = 1; 2; : : : ;m. � á¨«ã ([1], £«. II, x 3, c. 132) ¯®¤¯à®áâà áâ¢  N 1 ¨ N 2 ¥©âà «ìë.

�§ ®à¬ «ì®áâ¨ á®¡áâ¢¥ëå § ç¥¨© �i ¨ ��i ®¯¥à â®à  � (i = 1; 2; : : : ;m) (á¬. [1], £«. II,
x 2, c. 124; £«. I, x 7, á. 63) á«¥¤ã¥â, çâ® ¯®¤¯à®áâà áâ¢® H1 = �:�:fN 1; N 2g, ¨¢ à¨ â®¥ ®â®-
á¨â¥«ì® ®¯¥à â®à  �, ï¢«ï¥âáï ¥¢ëà®¦¤¥ë¬ ¨ ¯à®¥ªæ¨®® ¯®«ë¬. � ç¨â, H = H1[+]H2,
£¤¥ H2 = H

[?]
1 | ¯à®áâà áâ¢® �à¥© , ¨¢ à¨ â®¥ ®â®á¨â¥«ì® ®¯¥à â®à  � (á¬. [1], £«. I,

x 7, ác. 62, 64).
� ¬¥â¨¬, çâ® ®¯¥à â®à � j H2  á«¥¤ã¥â ãª § ë¥ ¢ëè¥ á¢®©áâ¢  ®¯¥à â®à  �, â. ¥. ¥¢¥-

é¥áâ¢¥ë© á¯¥ªâà ®¯¥à â®à  � j H2 á®áâ®¨â ¨§ ª®¥ç®£® (¯ãáâ®£®)  ¡®à  ¥¢¥é¥áâ¢¥ëå
á®¡áâ¢¥ëå § ç¥¨©. �à®¬¥ â®£®,

dim
�
E(� j H2)=E0(� j H2)

�
� dim

�
E(�)=E0(�)

�
<1 (2)

�  ï à ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ¯®¤¤¥à¦ª¥ �¥¦¤ã à®¤®£® � ãç®£® �®¤ , £à â NZP000.
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¨ ¢ H2 áãé¥áâ¢ã¥â ¡ §¨á �¨áá  ffig, á®áâ ¢«¥ë© ¨§ ª®à¥¢ëå ¢¥ªâ®à®¢ ®¯¥à â®à  � j H2.
� ª¨¬ ®¡à §®¬, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, ãª § ãî ¯ àã ¨¢ à¨ âëå ¯®¤¯à®áâà áâ¢ N+,
N� ¡ã¤¥¬ ¨áª âì ¤«ï ®¯¥à â®à  � j H2, ¨¬¥îé¥£® â®«ìª® ¢¥é¥áâ¢¥ë¥ á®¡áâ¢¥ë¥ § ç¥¨ï
¢ ¯à®áâà áâ¢¥ �à¥©  H2.

�¥©áâ¢¨â¥«ì®, ¥á«¨ N �
+, N

�
� | ¨¢ à¨ âë¥ ¯®¤¯à®áâà áâ¢  ®¯¥à â®à  � j H2 á ¨áª®-

¬ë¬¨ á¢®©áâ¢ ¬¨, â®,  ¯à¨¬¥à, N+ = �:�:fN 1; N �
+g, N� = �:�:fN 1; N �

�g | ¨¢ à¨ âë¥
¯®¤¯à®áâà áâ¢  ®¯¥à â®à  � á â¥¬¨ ¦¥ á¢®©áâ¢ ¬¨.

�ãáâì � = �� 2 �p(�) â ª®¥, çâ® å®âï ¡ë ®¤¨ ®â¢¥ç îé¨© ¥¬ã á®¡áâ¢¥ë© ¢¥ªâ®à ¨¬¥¥â ¯à¨-
á®¥¤¨¥ë© (¢ á¨«ã (2) â ª¨å á®¡áâ¢¥ëå § ç¥¨© � ¥ ¡®«¥¥ ª®¥ç®£® ç¨á« ). � áá¬®âà¨¬
N(�) | «¨¥©ãî ®¡®«®çªã ¢á¥å ¢¥ªâ®à®¢, ¢å®¤ïé¨å ¢® ¢á¥ ¦®à¤ ®¢ë æ¥¯®çª¨ ¤«¨ë ¡®«ìè¥
¥¤¨¨æë, ®â¢¥ç îé¨¥ ¤ ®¬ã á®¡áâ¢¥®¬ã § ç¥¨î � ¨ ¢å®¤ïé¨¥ ¢ ¨áå®¤ë© ¡ §¨á �¨áá .
�®£¤  N(�) | ª®¥ç®¬¥à®¥ ¨¢ à¨ â®¥ ¯®¤¯à®áâà áâ¢® ®¯¥à â®à  �, ¨ ®® ¥¢ëà®¦¤¥®.

�¥©áâ¢¨â¥«ì®, ¯à¥¤¯®«®¦¨¬, çâ® N(�) | ¢ëà®¦¤¥®¥ ª®¥ç®¬¥à®¥ ¯®¤¯à®áâà áâ¢®.
�®£¤  ¥£® ¨§®âà®¯®¥ ¯®¤¯à®áâà áâ¢® N 0(�) â ª¦¥ ï¢«ï¥âáï ª®¥ç®¬¥àë¬ ¨¢ à¨ âë¬
¯®¤¯à®áâà áâ¢®¬ ®¯¥à â®à  �. �ãáâì z0 2 N 0(�) ï¢«ï¥âáï á®¡áâ¢¥ë¬ ¢¥ªâ®à®¬, ¨¬¥îé¨¬
¯à¨á®¥¤¨¥ë©. �®£¤  z0 ¡ã¤¥â J-®àâ®£® «¥ Ker(� � �I). � ç¨â, ¢¥ªâ®à z0 J -®àâ®£® «¥
¢á¥¬ á®¡áâ¢¥ë¬ ¨ ¯à¨á®¥¤¨¥ë¬ ¢¥ªâ®à ¬ ¨§ N(�), ¢å®¤ïé¨¬ ¢ ¡ §¨á �¨áá  ffig. � ª
ª ª ª®à¥¢ë¥ ¯®¤¯à®áâà áâ¢ , ®â¢¥ç îé¨¥ à §«¨çë¬ ¢¥é¥áâ¢¥ë¬ á®¡áâ¢¥ë¬ § ç¥¨-
ï¬ J-á ¬®á®¯àï¦¥®£® ®¯¥à â®à  �, ï¢«ïîâáï J-®àâ®£® «ìë¬¨ ¤àã£ ¤àã£ã, â® z0 ¡ã¤¥â J-
®àâ®£® «¥ ¨ ¢á¥¬ ®áâ «ìë¬ ¢¥ªâ®à ¬ ¨§ ¡ §¨á  �¨áá . �«¥¤®¢ â¥«ì®, z0 ®àâ®£® «¥ H. �®
¯à®áâà áâ¢® H ï¢«ï¥âáï ¯à®áâà áâ¢®¬ �à¥© ,   ¯®â®¬ã ®® J-¥¢ëà®¦¤¥®. �âáî¤  z0 = �.
�«¥¤®¢ â¥«ì®, N(�) ¥¢ëà®¦¤¥®, ¯®íâ®¬ã ¢ á¨«ã ª®¥ç®¬¥à®áâ¨ N(�) ï¢«ï¥âáï ¯à®¥ªæ¨-
®® ¯®«ë¬ ([1], £«. I, x 7, c. 65).

� áá¬®âà¨¬ ¯®¤¯à®áâà áâ¢® H3 = �:�:fN(�); � 2 �p(�)g. �â¬¥â¨¬, çâ® dimH3 < 1 ¨
¯®¤¯à®áâà áâ¢® H3 ¨¢ à¨ â® ®â®á¨â¥«ì® ®¯¥à â®à  � ¨ ¯à®¥ªæ¨®® ¯®«® ª ª ª®¥ç ï
«¨¥© ï ®¡®«®çª  ¯à®¥ªæ¨®® ¯®«ëå ¢§ ¨¬® J-®àâ®£® «ìëå ¯®¤¯à®áâà áâ¢ (á¬. [1], £«. I,
x 7, c. 67).

� áá¬®âà¨¬ à §«®¦¥¨¥ H = H3[+]H4, £¤¥ H4 = H
[?]
3 | ¨¢ à¨ â®¥ ¯®¤¯à®áâà áâ¢® ®¯¥-

à â®à  �, â ª¦¥ ï¢«ïîé¥¥áï ¯à®áâà áâ¢®¬ �à¥© . �¯¥à â®à � j H4  á«¥¤ã¥â ãª § ë¥
¢ëè¥ á¢®©áâ¢  ®¯¥à â®à  �. �®íâ®¬ã ¢ á¨«ã ª®¥ç®¬¥à®áâ¨ H3 ¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨
¡ã¤¥¬ ¨áª âì ¯ àã ¯®¤¯à®áâà áâ¢ N+, N�, ¨¢ à¨ âãî ®â®á¨â¥«ì® ®¯¥à â®à  �, ¨¬¥îé¥-
£® ¢¥é¥áâ¢¥ë¥ á®¡áâ¢¥ë¥ § ç¥¨ï, ª®â®àë¬ ®â¢¥ç îâ â®«ìª® ¦®à¤ ®¢ë æ¥¯®çª¨ ¤«¨ë
¥¤¨¨æ , â. ¥. ¡ã¤¥¬ áç¨â âì H = H4, ¨ ¢ ¥¬ ¥áâì ¡ §¨á �¨áá  ffig ¨§ á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ®¯¥-
à â®à  �. �«¥¤®¢ â¥«ì®, ¯® ®¯à¥¤¥«¥¨î áãé¥áâ¢ã¥â ¥¯à¥àë¢ë© ¨ ¥¯à¥àë¢® ®¡à â¨¬ë©
®¯¥à â®à W , ¤«ï ª®â®à®£® Wfi = ei, i = 1; 2; : : : , £¤¥ feig | ®àâ®®à¬¨à®¢ ë© ¡ §¨á H.

�¢¥¤¥¬ ¢ H ®¢®¥ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥

hu; vi = (W �Wu; v) ¤«ï u; v 2 H:

�®£¤  hfi; fji = (W �Wfi; fj) = (ei; ej) ¤«ï «î¡ëå fi 2 ffig, â. ¥. ¡ §¨á �¨áá  ffig ¡ã¤¥â W �W -
®àâ®®à¬¨à®¢ ë¬ ¡ §¨á®¬ H.

�®ª ¦¥¬, çâ® ¢ íâ¨å ãá«®¢¨ïå ®¯¥à â®à � ¡ã¤¥â W �W -á ¬®á®¯àï¦¥ë¬. � ª ¨§¢¥áâ®,
¥¯à¥àë¢ë© ¨ ¢áî¤ã § ¤ ë© ¢ ª®¬¯«¥ªá®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ H ®¯¥à â®à � ¡ã¤¥â
W �W -á ¬®á®¯àï¦¥ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ä®à¬  h�z; zi ¢¥é¥áâ¢¥  ¤«ï ¢á¥å z 2 H.

� ª ª ª ª ¦¤ë© ¢¥ªâ®à z 2 H ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
P
i

difi, ¨ § ç¨â, �z =
P
i

di�ifi, £¤¥

�i (2 R) | á®¡áâ¢¥®¥ § ç¥¨¥ ®¯¥à â®à  �, ª®â®à®¬ã ®â¢¥ç ¥â á®¡áâ¢¥ë© ¢¥ªâ®à fi, â®

h�z; zi =
�
W �W

X
i

di�ifi;
X
i

difi
�
=
X
i

jdij
2�i

¯à¨¨¬ ¥â â®«ìª® ¢¥é¥áâ¢¥ë¥ § ç¥¨ï ¤«ï «î¡ëå z 2 H. � ª¨¬ ®¡à §®¬, ®¯¥à â®à � ¡ã¤¥â
W �W -á ¬®á®¯àï¦¥ë¬.
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� ¤àã£®© áâ®à®ë, ¯® ¯®áâà®¥¨î ®¯¥à â®à � ï¢«ï¥âáï á ¬®á®¯àï¦¥ë¬ ¨ ®â®á¨â¥«ì®
¨¤¥ä¨¨â®© ¬¥âà¨ª¨ hu; vi1 = hJ1u; vi = h(W �W )�1Ju; vi = (Ju; v) = [u; v] ¤«ï u; v 2 H, £¤¥
J1 = (W �W )�1J | W �W -á ¬®á®¯àï¦¥ë© ®¯¥à â®à. �®£¤  � = J�11 �h�iJ1 = J�11 �J1,   § ç¨â,
J1� = �J1. �®íâ®¬ã ®¯¥à â®à � ª®¬¬ãâ¨àã¥â á® á¯¥ªâà «ìë¬¨ ¯à®¥ªâ®à ¬¨ fE�g ®¯¥à â®à  J1
¨, ¢ ç áâ®áâ¨, E0� = �E0 ¨ (I�E0)� = �(I�E0). �®£¤  �E0H � E0H ¨ �(I�E0)H � (I�E0)H,
â. ¥. E0H ¨ (I�E0)H | ¨¢ à¨ âë¥ ¯®¤¯à®áâà áâ¢  ®¯¥à â®à  �. �à¨ íâ®¬ ¯®¤¯à®áâà áâ¢®
E0H ï¢«ï¥âáï J-®âà¨æ â¥«ìë¬,   (I�E0)H | J -¯®«®¦¨â¥«ìë¬. �®«¥¥ â®£®, ¨§ ¥¯à¥àë¢®©
®¡à â¨¬®áâ¨ ®¯¥à â®à  J1 á«¥¤ã¥â, çâ® íâ¨ ¯®¤¯à®áâà áâ¢  à ¢®¬¥à® J-¤¥ä¨¨âë. � â ª
ª ª H = E0H[+](I �E0)H, â® E0H | ¬ ªá¨¬ «ì®¥ à ¢®¬¥à® ®âà¨æ â¥«ì®¥,   (I �E0)H |
¬ ªá¨¬ «ì®¥ à ¢®¬¥à® ¯®«®¦¨â¥«ì®¥ ¯®¤¯à®áâà áâ¢ .

�à®áâà áâ¢  N+ = (I � E0)H, N� = E0H ®¡à §ãîâ ¨áª®¬ãî ¯ àã ¨¢ à¨ âëå ¯®¤¯à®-
áâà áâ¢.

�®§¢à é ïáì ª ¨áå®¤®© § ¤ ç¥ ®âëáª ¨ï ¯ àë ¨¢ à¨ âëå ¯®¤¯à®áâà áâ¢ ¢ ®¡é¨å
ãá«®¢¨ïå, ¯®«®¦¨¬

N+ = �:�:fN 1; H+
3 ; (I �E0)H4g | ¬ ªá¨¬ «ì®¥ ¥®âà¨æ â¥«ì®¥ ¯®¤¯à®áâà áâ¢®,

N� = �:�:fN 1; H�
3 ; E0H4g | ¬ ªá¨¬ «ì®¥ ¥¯®«®¦¨â¥«ì®¥ ¯®¤¯à®áâà áâ¢®.

(H+
3 , H

�
3 | ¬ ªá¨¬ «ìë¥ (¢ H3) ¥®âà¨æ â¥«ì®¥ ¨ ¥¯®«®¦¨â¥«ì®¥ ¨¢ à¨ âë¥ ¯®¤¯à®-

áâà áâ¢  ®¯¥à â®à  � j H3.)
�¡®§ ç¨¬ N+ = �:�:fN 1; H+

3 g, N
� = �:�:fN 1; H�

3 g. �®¤¯à®áâà áâ¢  N
+ ¨ N� ª®¥ç®-

¬¥àë, ¯®íâ®¬ã ¨å ¬®¦® à §«®¦¨âì ¢ J-®àâ®£® «ìãî áã¬¬ãN+ = N 0[+]N+
+ , N� = N 0[+]N�

� ,
£¤¥ N 0 | ¨§®âà®¯®¥ ¯®¤¯à®áâà áâ¢®, N+

+ | à ¢®¬¥à® ¯®«®¦¨â¥«ì®¥, N�
� | à ¢®¬¥à®

®âà¨æ â¥«ì®¥ ¯®¤¯à®áâà áâ¢ .
�®«®¦¨¬ N++ = �:�:fN+

+ ; (I � E0)H4g | à ¢®¬¥à® ¯®«®¦¨â¥«ì®¥ ¯®¤¯à®áâà áâ¢®;
N�� = �:�:fN�

� ; E0H4g| à ¢®¬¥à® ®âà¨æ â¥«ì®¥ ¯®¤¯à®áâà áâ¢®. �®£¤  ¯®¤¯à®áâà áâ¢ 
N+, N� ®¡« ¤ îâ á¢®©áâ¢®¬ (1),   ¨¬¥®

N+ = N 0[+]N++; N� = N 0[+]N��:

� ª¨¬ ®¡à §®¬, ®¯¥à â®à � ¯à¨ ¤«¥¦¨â ª« ááã K(H) �.

�¨â¥à âãà 
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