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� áá¬®âà¨¬ «¨­¥©­®¥ ®¯¥à â®à­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

L _u(t) =Mu(t); t 2 R; (0.1)

£¤¥ ¯à®áâà ­áâ¢  U ¨ F ¡ ­ å®¢ë, ®¯¥à â®à L 2 L(U ;F) (â. ¥. «¨­¥©­ë© ¨ ­¥¯à¥àë¢­ë©) ­¥
ï¢«ï¥âáï ­¥¯à¥àë¢­® ®¡à â¨¬ë¬, ®¯¥à â®à M 2 Cl(U ;F) (â. ¥. «¨­¥©­ë© § ¬ª­ãâë© á ®¡« áâìî
®¯à¥¤¥«¥­¨ï domM , ¯«®â­®© ¢ U).

� ¤ ç  �®è¨

u(0) = u0 (0.2)

¤«ï ãà ¢­¥­¨ï (0.1) ¯à¥¤áâ ¢«ï¥â á®¡®©  ¡áâà ªâ­ãî ä®à¬ã ¬­®£¨å ­ ç «ì­®-ªà ¥¢ëå § ¤ ç
¤«ï ãà ¢­¥­¨© ¨ á¨áâ¥¬ ãà ¢­¥­¨©, ¬®¤¥«¨àãîé¨å à §«¨ç­ë¥ à¥ «ì­ë¥ ¯à®æ¥ááë [1].

� á ¨­â¥à¥áãeâ à §à¥è¨¬®áâì § ¤ ç¨ (0.1), (0.2) ­  ¢á¥© ¤¥©áâ¢¨â¥«ì­®© ®á¨. � ([2], c. 377)
ãª § ­ë ãá«®¢¨ï ­  ®¯¥à â®à S, ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ¤«ï áãé¥áâ¢®¢ ­¨ï á¨«ì­® ­¥¯à¥-
àë¢­®© à §à¥è îé¥© £àã¯¯ë ãà ¢­¥­¨ï ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ V

_v(t) = Sv(t); t 2 R: (0.3)

�â® á«¥¤ãîé¨¥ ãá«®¢¨ï: ®¯¥à â®à S 2 Cl(V),

9a � 0 8� 2 R (j�j > a)) (� 2 �(S));

9K > 0 8n 2 N 8� 2 R (j�j > a))
�
k(R�(S))nkL(V) �

K

(j�j � a)n

�
;

ç¥à¥§ �(S) §¤¥áì ®¡®§­ ç¥­® à¥§®«ì¢¥­â­®¥ ¬­®¦¥áâ¢® f� 2 C : (�I�S)�1 2 L(V)g,   ç¥à¥§ R�(S)
| à¥§®«ì¢¥­â  (�I � S)�1 ®¯¥à â®à  S. O¯¥à â®à S ¡ã¤¥¬ ­ §ë¢ âì ¡¨à ¤¨ «ì­ë¬.

� à ¬ª å ãà ¢­¥­¨ï (0.3) ¬®¦­® à áá¬ âà¨¢ âì ãà ¢­¥­¨ï

_u(t) = L�1Mu(t); _f(t) =ML�1f(t);

íª¢¨¢ «¥­â­ë¥ ãà ¢­¥­¨î (0.1) ¢ á«ãç ¥ ­¥¯à¥àë¢­®© ®¡à â¨¬®áâ¨ ®¯¥à â®à  L. � íâ®¬ á¬ëá«¥
ãà ¢­¥­¨¥ (0.1) á ¢ëà®¦¤¥­­ë¬ ®¯¥à â®à®¬ L ®¡®¡é ¥â ãà ¢­¥­¨¥ (0.3). � ª®­â¥ªáâ¥ â®«ìª® çâ®
áª § ­­®£® ¢ ¤ ­­®© à ¡®â¥ ®¡®¡é¥­ ¢ëè¥¨§«®¦¥­­ë© à¥§ã«ìâ â ® £àã¯¯ å ãà ¢­¥­¨ï (0.3) ­ 
á«ãç © ãà ¢­¥­¨ï (0.1). �àã£¨¬¨ á«®¢ ¬¨, ¯®«ãç¥­  ­ «®£ â¥®à¥¬ë �¨««¥{�®á¨¤ë{�¨««¨¯á 
¤«ï ¢ëà®¦¤¥­­ëå á¨«ì­® ­¥¯à¥àë¢­ëå £àã¯¯ ®¯¥à â®à®¢, ª ª íâ® á¤¥« ­® ¢ à ¡®â å [3]{[6] ¤«ï
¢ëà®¦¤¥­­ëå  ­ «¨â¨ç¥áª¨å £àã¯¯,   â ª¦¥ ¤«ï ¢ëà®¦¤¥­­ëå  ­ «¨â¨ç¥áª¨å ¨ á¨«ì­® ­¥¯à¥-
àë¢­ëå ¯®«ã£àã¯¯ ®¯¥à â®à®¢. � ª¨¬ ®¡à §®¬, ç áâì ã¯®¬ï­ãâëå à¥§ã«ìâ â®¢ [3] ®¡  ­ «¨â¨-
ç¥áª¨å £àã¯¯ å ¥áâì ç áâ­ë© á«ãç © à¥§ã«ìâ â®¢ ¤ ­­®© áâ âì¨. � ¨¬¥­­®, â  ç áâì, ª®â®à ï
ª á ¥âáï á¨âã æ¨¨ á ãáâà ­¨¬®© ®á®¡®© â®çª®© «¨¡® ¯®«îá®¬ ã L-à¥§®«ì¢¥­âë ®¯¥à â®à  M ¢
¡¥áª®­¥ç­®áâ¨.

� ¡®â  ¯®¤¤¥à¦ ­  �®áá¨©áª¨¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©, £à ­â 97-01-00444; £à ­â®¬

�¨­®¡à §®¢ ­¨ï �®áá¨©áª®© �¥¤¥à æ¨¨.
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�áá«¥¤®¢ ­¨¥ ¯à®¢¥¤¥­® ¯® â®© ¦¥ áå¥¬¥, çâ® ¨ ¨áá«¥¤®¢ ­¨¥ ¢ëà®¦¤¥­­ëå á¨«ì­® ­¥¯à¥-
àë¢­ëå ¯®«ã£àã¯¯ ¢ [4], [5], ¨ ¢® ¬­®£®¬ ®¯¨à ïáì ­  ¯®«ãç¥­­ë¥ â ¬ à¥§ã«ìâ âë. � ¨¬¥­-
­®, ­ ©¤¥­ë ¯ïâì ãá«®¢¨© ¢ â¥à¬¨­ å £àã¯¯, ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ¤«ï á¨«ì­®© (L; p)-
¡¨à ¤¨ «ì­®áâ¨ ®¯¥à â®à  M , ª®â®à ï ®¡®¡é ¥â ãá«®¢¨ï ­  £¥­¥à â®à ­¥¢ëà®¦¤¥­­®© á¨«ì­®
­¥¯à¥àë¢­®© £àã¯¯ë.

� §à¥è¨¬®áâ¨ § ¤ ç¨ (0.1), (0.2) ¯®á¢ïé¥­ë à ¡®âë [7], [8]. � ¥á«¨ à¥§ã«ìâ âë, ¯®«ãç¥­­ë¥
¢ [7] á ¯®¬®éìî â¥å­¨ª¨ ¬­®£®§­ ç­ëå «¨­¥©­ëå ®¯¥à â®à®¢, ¢ ­¥ª®â®à®¬ á¬ëá«¥  ­ «®£¨ç­ë
­ è¨¬ ¯à¨ p = 0, â® ¢ [8] à áá¬ âà¨¢ ¥âáï à §à¥è¨¬®áâì § ¤ ç¨ �®è¨ ­  â®¬ ¦¥ ¬­®¦¥áâ¢¥
­ ç «ì­ëå §­ ç¥­¨© im((�L�M)�1L)n+1. �¤­ ª® à¥çì â ¬ ¨¤¥â ­¥ ®¡ ®¡ëç­®©, ª ª §¤¥áì, ª®à-
à¥ªâ­®áâ¨ à áá¬ âà¨¢ ¥¬®© § ¤ ç¨,   ®¡ (n; !)-ª®àà¥ªâ­®áâ¨, ª®â®à ï ãáâ ­ ¢«¨¢ ¥âáï á ¯®¬®-
éìî â¥®à¨¨ ¨­â¥£à¨à®¢ ­­ëå ¯®«ã£àã¯¯. �®®â¢¥âáâ¢¥­­® ¯à¨ íâ®¬ ¨á¯®«ì§ãîâáï á®¢¥àè¥­­®
¤àã£¨¥ ®æ¥­ª¨ ­  L-à¥§®«ì¢¥­âë (�L � M)�1 ®¯¥à â®à  M , ­¥®¡å®¤¨¬ë¥ ¤«ï áãé¥áâ¢®¢ ­¨ï
¨¬¥­­® ¨­â¥£à¨à®¢ ­­ëå ¯®«ã£àã¯¯. � â®¬ã ¦¥ ¢ [7], [8] à¥çì ¨¤¥â â®«ìª® ® ¯®«ã£àã¯¯ å.

1. �â­®á¨â¥«ì­® p-¡¨à ¤¨ «ì­ë© ®¯¥à â®à

�ãáâì U ¨ F | ¡ ­ å®¢ë ¯à®áâà ­áâ¢ , ®¯¥à â®à L 2 L(U ;F),   ®¯¥à â®à M 2 Cl(U ;F).
�­®¦¥áâ¢  �L(M) = f� 2 C : (�L �M)�1 2 L(F ;U)g ¨ �L(M) = C n �L(M) ¡ã¤¥¬ ­ §ë¢ âì
á®®â¢¥âáâ¢¥­­® L-à¥§®«ì¢¥­â­ë¬ ¬­®¦¥áâ¢®¬ ¨ L-á¯¥ªâà®¬ ®¯¥à â®à M . �¯¥à â®à­®§­ ç­ë¥
äã­ªæ¨¨ ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£® á ®¡« áâìî ®¯à¥¤¥«¥­¨ï �L(M) (�L�M)�1; RL

�(M) = (�L�
M)�1L, LL

�(M) = L(�L�M)�1 ¡ã¤¥¬ ­ §ë¢ âì á®®â¢¥âáâ¢¥­­® L-à¥§®«ì¢¥­â®©, ¯à ¢®© ¨ «¥¢®©

L-à¥§®«ì¢¥­â ¬¨ ®¯¥à â®à  M .
� ¤ «ì­¥©è¥¬ ¯®­ ¤®¡ïâáï â®¦¤¥áâ¢ 

(�� �)(�L�M)�1L(�L�M)�1 = (�L�M)�1 � (�L�M)�1;

L(�L�M)�1Mu =M(�L�M)�1Lu; u 2 domM:
(1.1)

�à ¢®© («¥¢®©) (L; p)-à¥§®«ì¢¥­â®© ®¯¥à â®à  M ­ §ë¢ ¥âáï ®¯¥à â®à­®§­ ç­ ï äã­ªæ¨ï
p+ 1 ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£® �0; : : : ; �p á ®¡« áâìî ®¯à¥¤¥«¥­¨ï (�L(M))p+1

RL
(�;p)(M) =

pY
k=0

RL
�k
(M)

�
LL
(�;p)(M) =

pY
k=0

LL
�k
(M)

�
:

� ¬¥â¨¬, çâ® ¢ ®¡®§­ ç¥­¨¨ (L; p)-à¥§®«ì¢¥­âë ¨­¤¥ªá � ®§­ ç ¥â ¢¥ªâ®à (�0; �1; : : : ; �p).
� [4], [6] ¯®ª § ­®, çâ® ï¤à  ¨ ®¡à §ë ¯à ¢ëå ¨ «¥¢ëå (L; p)-à¥§®«ì¢¥­â ­¥ § ¢¨áïâ ®â ­ ¡®à 

ç¨á¥« �k, k = 0; p.
�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:

U0 = kerRL
(�;p)(M); F0 = kerLL

(�;p)(M);

L0 = L
��
U0 ; M0 =M

��
domM0

; domM0 = U0 \ domM:

�ç¥¢¨¤­®, L0 2 L(U0;F0). �®ª ¦¥¬, çâ® M0 : domM0 ! F0: �®§ì¬¥¬ u 2 domM \ kerRL
(�;p)(M).

�®£¤ , ¨á¯®«ì§ãï â®¦¤¥áâ¢® (1.1), ¯®«ãç¨¬ LL
(�;p)(M)Mu =MRL

(�;p)(M)u =M0 = 0.

�¯à¥¤¥«¥­¨¥ 1.1. �¯¥à â®à M ­ §ë¢ ¥âáï p-¡¨à ¤¨ «ì­ë¬ ®â­®á¨â¥«ì­® ®¯¥à â®à  L

(ª®à®ç¥, (L; p)-¡¨à ¤¨ «ì­ë¬), ¥á«¨

(i) 9a � 0 8� 2 R (j�j > a)) (� 2 �L(M));

(ii) 9K > 0 8n 2 N 8�k 2 R (j�kj > a))�
maxfk(RL

(�;p)(M))nkL(U); k(LL
(�;p)(M))nkL(F)g �

KQp
k=0(j�kj � a)n

�
:

�¤¥áì � = (�0; �1; : : : ; �p).
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� ¬¥ç ­¨¥ 1.1. �ãáâì áãé¥áâ¢ã¥â ®¯¥à â®à L�1 2 L(F ;U). �á«¨ ¯à¨ íâ®¬ ®¯¥à â®à L�1M 2
C`(U) ¡¨à ¤¨ «¥­ (¨«¨, çâ® à ¢­®á¨«ì­®, ¡¨à ¤¨ «¥­ ®¯¥à â®à ML�1 2 C`(F)), â® ®¯¥à â®à M

(L; p)-¡¨à ¤¨ «¥­. �à¨ p = 0 á¯à ¢¥¤«¨¢® ¨ ®¡à â­®¥.

� ¬¥ç ­¨¥ 1.2. �§ (L; p)-¡¨à ¤¨ «ì­®áâ¨ ®¯¥à â®à  M á«¥¤ã¥â (L; p)-à ¤¨ «ì­®áâì [4], [5]
®¯¥à â®à®¢ M ¨ �M . �âáî¤  á«¥¤ã¥â

�¥¬¬  1.1. �ãáâì ®¯¥à â®à M (L; p)-¡¨à ¤¨ «¥­. �®£¤ 

(i) ¤«¨­ë ¢á¥å æ¥¯®ç¥ª M -¯à¨á®¥¤¨­¥­­ëå ¢¥ªâ®à®¢ [6] ®¯¥à â®à  L ®£à ­¨ç¥­ë ç¨á«®¬ p;
(ii) kerRL

(�;p)(M) \ imRL
(�;p)(M) = f0g; kerLL

(�;p)(M) \ imLL
(�;p)(M) = f0g;

(iii) áãé¥áâ¢ã¥â ®¯¥à â®à M�1
0 2 L(F0;U0);

(iv) ®¯¥à â®àë M�1
0 L0 2 L(U0) ¨ L0M

�1
0 2 L(F0) ­¨«ì¯®â¥­â­ë áâ¥¯¥­¨ ­¥ ¡®«ìè¥ p.

�¡®§­ ç¨¬ ç¥à¥§ U1 (F1) § ¬ëª ­¨¥ «¨­¥ «  imRL
(�;p)(M) (imLL

(�;p)(M)) ¢ ­®à¬¥ ¯à®áâà ­-
áâ¢  U (F).

�¥¬¬  1.2. �ãáâì ®¯¥à â®à M (L; p)-¡¨à ¤¨ «¥­. �®£¤ 

(i) lim
�!�1

(�RL
� (M))p+1u = u 8u 2 U1;

(ii) lim
�!�1

(�LL
�(M))p+1f = f 8f 2 F1:

�®ª § â¥«ìáâ¢®. �ãáâì u = (RL
�(M))p+1v ¤«ï ­¥ª®â®àëå � 2 �L(M), j�j > a, ¨ v 2 domM .

�à¨ â ª®¬ u, ¨á¯®«ì§ãï (1.1), ¨¬¥¥¬

(�RL
� (M))p+1u = (I + (�L�M)�1M)p+1u =

p+1X
k=0

Ck
p+1((�L�M)�1M)ku = u+ w;

£¤¥

w =
p+1X
k=1

Ck
p+1(R

L
� (M))k(RL

�(M))p+1�k((�L�M)�1M)kv:

�§ ®¯à¥¤¥«¥­¨ï 1.1 á«¥¤ã¥â, çâ®

kwkU �
p+1X
k=1

KCk
p+1

(j�j � a)k(j�j � a)p+1�k
k((�L �M)�1M)kvkU :

�ëà ¦¥­¨¥ ¢ ¯à ¢®© ç áâ¨ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  áâà¥¬¨âáï ª ­ã«î ¯à¨ � ! �1. �âáî¤ 
lim

�!�1
(�RL

�(M))p+1u = u ¤«ï «î¡®£® u 2 (RL
�(M))p+1[domM ]. �§ â®£®, çâ® íâ®â «¨­¥ « ¯«®â¥­ ¢

U1,   á¥¬¥©áâ¢® ®¯¥à â®à®¢ f(�RL
� (M))p+1 : j�j > 2ag à ¢­®¬¥à­® ®£à ­¨ç¥­® ª®­áâ ­â®© 2p+1K,

¯® â¥®à¥¬¥ � ­ å {�â¥©­£ ã§  á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ (i).
�â¢¥à¦¤¥­¨¥ (ii) «¥¬¬ë ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.

�¥à¥§ eU ( eF) ®¡®§­ ç¨¬ § ¬ëª ­¨¥ «¨­¥ «  U0 _+ imRL
(�;p)(M) (F0 _+ imLL

(�;p)(M)),   ç¥à¥§
U2 (F2) | § ¬ëª ­¨¥ «¨­¥ «  im(RL

� (M))p+2 (im(LL
�(M))p+2) ¢ ­®à¬¥ ¯à®áâà ­áâ¢  U (F). �§

§ ¬¥ç ­¨ï 1.2 ¢ëâ¥ª ¥â

�¥¬¬  1.3. �ãáâì ®¯¥à â®à M (L; p)-¡¨à ¤¨ «¥­. �®£¤ 

(i) eU = U0 � U1; eF = F0 �F1; (ii) U2 = U1; F2 = F1:

�à®¥ªâ®à®¬ eP ( eQ), à áé¥¯«ïîé¨¬ ¯à®áâà ­áâ¢® eU ( eF) ¢ ãª § ­­ãî ¯àï¬ãî áã¬¬ã, ï¢«ï¥âáï
®¯¥à â®à s- lim

�!�1
(�RL

�(M))p+1 (s- lim
�!�1

(�LL
�(M))p+1) ¨§ «¥¬¬ë 1.2.
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2. � §à¥è îé¨¥ £àã¯¯ë ®¯¥à â®à®¢ á ï¤à ¬¨

�ãáâì �L(M) 6= ;. �®§ì¬¥¬ «î¡®¥ � 2 �L(M) ¨ à áá¬®âà¨¬ íª¢¨¢ «¥­â­ë¥ (0.1) ãà ¢­¥­¨ï

RL
�(M)

du

dt
= (�L�M)�1Mu; (2.1)

LL
�(M)

df

dt
=M(�L�M)�1f (2.2)

ª ª ª®­ªà¥â­ë¥ ¨­â¥à¯à¥â æ¨¨ ãà ¢­¥­¨ï ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ V

A
dv

dt
= Bv; (2.3)

£¤¥ ®¯¥à â®àë A 2 L(V), B 2 C`(V).
�¥è¥­¨¥¬ ãà ¢­¥­¨ï (2.3) ­ §®¢¥¬ ã¤®¢«¥â¢®àïîéãî ¥¬ã ¢¥ªâ®à-äã­ªæ¨î v 2 C1(R;V).

�¯à¥¤¥«¥­¨¥ 2.1. �â®¡à ¦¥­¨¥ V � : R ! L(V) ­ §ë¢ ¥âáï £àã¯¯®© à §à¥è îé¨å ®¯¥à -

â®à®¢ (à §à¥è îé¥© £àã¯¯®©) ãà ¢­¥­¨ï (2.3), ¥á«¨
(i) 8v 2 V 8s; t 2 R V sV tv = V s+tv;
(ii) v(t) = V tv ¥áâì à¥è¥­¨¥ ãà ¢­¥­¨ï (2.3) ¤«ï «î¡®£® v ¨§ ¯«®â­®£® ¢ V «¨­¥ « .
�àã¯¯  ­ §ë¢ ¥âáï íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®©, ¥á«¨ 9! 2 R 9C > 0 8t 2 R

kV tkL(V) � Ce!jtj:

�¥®à¥¬  2.1. �ãáâì ®¯¥à â®à M (L; p)-¡¨à ¤¨ «¥­. �®£¤  áãé¥áâ¢ã¥â íªá¯®­¥­æ¨ «ì­®

®£à ­¨ç¥­­ ï á¨«ì­® ­¥¯à¥àë¢­ ï à §à¥è îé ï £àã¯¯  ãà ¢­¥­¨ï (2:1) ((2:2)), à áá¬ âà¨¢ ¥-
¬®£® ­  ¯®¤¯à®áâà ­áâ¢¥ eU ( eF).

�®ª § â¥«ìáâ¢®. � á¨«ã (L; p)-¡¨à ¤¨ «ì­®áâ¨ ®¯¥à â®à  M ª®àà¥ªâ­® ®¯à¥¤¥«¥­­ë¬¨
ï¢«ïîâáï ¯®«ã£àã¯¯ë ®¯¥à â®à®¢

U t
+ = s- lim

�!+1
U t
� =

= s- lim
�!+1

e�
(��a)
p+1 t+at

1X
n=0

tn

n!

�
(�� a)p+2

p+ 1
(RL

� (M))p+1
�n

2 L(U1); t � 0; (2.4)

F t
+ = s- lim

�!+1
e�

(��a)
p+1 t+at

1X
n=0

tn

n!

�
(�� a)p+2

p+ 1
(LL

�(M))p+1
�n

2 L(F1); t � 0; (2.5)

¨ ¯®«ã£àã¯¯ë ®¯¥à â®à®¢

fU t
� 2 L(U

1); t � 0g; (2.6)

fF t
� 2 L(F

1); t � 0g: (2.7)

�¥à¢ ï ¯®«ã£àã¯¯  ¨ âà¥âìï (¢â®à ï ¨ ç¥â¢¥àâ ï) á®¢¯ ¤ îâ á â®ç­®áâìî ¤® § ¬¥­ëM ­  �M .
�à®¤®«¦¨¬ ¯®«ã£àã¯¯ë (2.4), (2.6) ­ã«¥¬ ­  ¯®¤¯à®áâà ­áâ¢® U0,   ¯®«ã£àã¯¯ë (2.5), (2.7)
| ­ã«¥¬ ­  F0. �®£¤  ¤«ï «î¡ëå ¢¥ªâ®à®¢ u0 2 U0 _+ im(RL

� (M))p+2; f0 2 F0 _+ im(LL
�(M))p+2

äã­ªæ¨¨ ®â t U t
+u0, F

t
+f0, U

t
�u0, F

t
�f0 ï¢«ïîâáï à¥è¥­¨ï¬¨ ãà ¢­¥­¨© á®®â¢¥âáâ¢¥­­® (2.1),

(2.2),

RL
�(�M)

du

dt
= �(�L+M)�1Mu;

LL
�(�M)

df

dt
= �M(�L+M)�1f:

(2.8)

57



�¤¨­¨æ ¬¨ ¯®«ã£àã¯¯ ¡ã¤ãâ ¯à®¥ªâ®à U 0
+ = U 0

� = eP ­  imRL
(�;p)(M) = imRL

(�;p)(�M) =

im(�1)p+1RL
(��;p)(M) = U1 ¢¤®«ì kerRL

(�;p)(M) = U0 = kerRL
(�;p)(�M) ¤«ï ¯¥à¢®© ¨ âà¥âì¥© ¯®-

«ã£àã¯¯ ¨ ¯à®¥ªâ®à F 0
+ = F 0

� = eQ ­  imLL
(�;p)(M) = F1 ¢¤®«ì kerLL

(�;p)(M) = F0 ¤«ï ¢â®à®© ¨
ç¥â¢¥àâ®© ¯®«ã£àã¯¯.

�®ª ¦¥¬, çâ® á¥¬¥©áâ¢® ®¯¥à â®à®¢

fU t 2 L( eU) : U t = U t
+; t � 0; U t = U�t

� ; t < 0g (2.9)

ï¢«ï¥âáï á¨«ì­® ­¥¯à¥àë¢­®© £àã¯¯®©. � áá¬®âà¨¬ ®¯¥à â®à Gt = U t
+U

t
�. �®§ì¬¥¬ u0 2

im(RL
� (M))p+2. � ª ã¦¥ ¡ë«® áª § ­®, ¯à¨ â ª¨å u0 äã­ªæ¨¨ U t

+u0, U
t
�u0 à §à¥è îâ ãà ¢­¥­¨ï

(2.1), (2.8). �®íâ®¬ã

RL
�(M)

d

dt
Gtu0 = (�L�M)�1MU t

+U
t
�u0 +RL

�(M)U t
+

d

dt
U t
�u0 =

= (�L�M)�1MU t
+U

t
�u0 � U t

+R
L
��(�M)

d

dt
U t
�u0 =

= (�L�M)�1MU t
+U

t
�u0 � (�L�M)�1MU t

+U
t
�u0 = 0:

�¤¥áì ¨á¯®«ì§®¢ ­® ª®¬¬ãâ¨à®¢ ­¨¥ ®¯¥à â®à®¢ RL
�(M) ¨ (�L � M)�1M á U t

+ ¨ U t
�, ª®â®à®¥

á«¥¤ã¥â ¨§ ¯®áâà®¥­¨ï ¯®«ã£àã¯¯. �â ª, Gtu0 = const = G0u0 = u0 ¯à¨ ¢á¥å u0 2 im(RL
� (M))p+2 �

U1. �¯¥à â®àë Gt ­¥¯à¥àë¢­ë, ¯®íâ®¬ã ¢ á¨«ã «¥¬¬ë 1.3 (ii) â®¦¤¥áâ¢® Gtu0 = u0 ¬®¦­®
à á¯à®áâà ­¨âì ­  ¢á¥ ¯®¤¯à®áâà ­áâ¢® U1. �® ¯®áâà®¥­¨î ¯®«ã£àã¯¯ Gtu = 0 ¯à¨ u 2 U0. �á«¨
u = u0 + u1, u0 2 U0, u1 2 U1, â® Gtu = u1 = ePu = U 0u.

�­ «®£¨ç­® ¯®ª §ë¢ ¥¬ U t
�U

t
+u = U 0u ¤«ï u 2 eU . �àã¯¯®¢®¥ á¢®©áâ¢® á¥¬¥©áâ¢  (2.9)

¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®,   íªá¯®­¥­æ¨ «ì­ ï ®£à ­¨ç¥­­®áâì kU tk � Keajtj á«¥¤ã¥â ¨§
¯®áâà®¥­¨ï. �áâ «®áì ¯à®¢¥à¨âì, çâ® £àã¯¯  à §à¥è ¥â ãà ¢­¥­¨¥ (2.1) ¯à¨ t < 0. �¥©áâ¢¨-
â¥«ì­®, ¤«ï u 2 im(RL

� (M))p+2 RL
�(M) d

dt
U tu = �RL

��(�M) d

dt
U�t
� u = (��L +M)�1(�M)U�t

� u =
(�L�M)�1MU tu:

�àã¯¯  fF t : t 2 Rg áâà®¨âáï  ­ «®£¨ç­®.

� ¬¥ç ­¨¥ 2.1. H¥âàã¤­® ã¢¨¤¥âì, çâ® ¯¥à¢ ï ¨§ £àã¯¯ à §à¥è ¥â ãà ¢­¥­¨¥ (0.1).

3. � áé¥¯«¥­¨¥ ¯à®áâà ­áâ¢

�®áâà®¥­­ë¥ ¯®«ã£àã¯¯ë ®¯à¥¤¥«¥­ë ­¥ ­  ¢á¥¬ ¯à®áâà ­áâ¢¥. � íâ®¬ ¯ à £à ä¥ ãáâà ­¨¬
íâ®â ­¥¤®áâ â®ª.

�¥®à¥¬  3.1. �ãáâì ¯à®áâà ­áâ¢® U (F) à¥ä«¥ªá¨¢­®, ®¯¥à â®à M (L; p)-¡¨à ¤¨ «¥­. �®-
£¤  U = U0 � U1 (F = F0 �F1).

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ ¯à®¨§¢®«ì­ë© ¢¥ªâ®à u 2 U . �§ (L; p)-¡¨à ¤¨ «ì­®áâ¨ ®¯¥à -
â®à  M á«¥¤ã¥â ®£à ­¨ç¥­­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ f(kRL

k (M))p+1u; k > 2ag. �¥ä«¥ªá¨¢­®áâì
¯à®áâà ­áâ¢  U ¤ ¥â ¢®§¬®¦­®áâì ¢ë¡à âì á« ¡® áå®¤ïéãîáï ª ­¥ª®â®à®¬ã ¢¥ªâ®àã v ¯®¤¯®-
á«¥¤®¢ â¥«ì­®áâì f(knRL

kn
(M))p+1ug � U1. �§ ¢ë¯ãª«®áâ¨ ¨ § ¬ª­ãâ®áâ¨ ¬­®¦¥áâ¢  U1 á«¥¤ã¥â

¥£® á« ¡ ï § ¬ª­ãâ®áâì, ¯®íâ®¬ã v 2 U1.
� ¬¥â¨¬, çâ® ­¥¯à¥àë¢­®áâì ®¯¥à â®à  (RL

� (M))p+1, j�j > a, ¢«¥ç¥â ¥£® ­¥¯à¥àë¢­®áâì ¢
á« ¡®© â®¯®«®£¨¨. �âáî¤ 

(RL
� (M))p+1w- lim

n!1
(I � (knR

L
kn
(M))p+1)u = w- lim

n!1
(I � (knR

L
kn
(M))p+1)(RL

� (M))p+1u = 0

¢ á¨«ã «¥¬¬ë 1.2. �®íâ®¬ã ¢¥ªâ®à z = w- lim
n!1

(I � (knRL
kn
(M))p+1)u 2 U0.

�à¥¤áâ ¢¨¬ u ¢ ¢¨¤¥ u = (knRL
kn
(M))p+1u+(I�(knRL

kn
(M))p+1)u. �¥à¥©¤¥¬ ª á« ¡®¬ã ¯à¥¤¥«ã

¯à¨ n!1 ¨ ¯®«ãç¨¬ u = z + v, £¤¥ z 2 U0; v 2 U1.
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� ¬¥ç ­¨¥ 3.1. �«ï á¯à ¢¥¤«¨¢®áâ¨ ãâ¢¥à¦¤¥­¨© «¥¬¬ 1.1, 1.2, 1.3 ¨ â¥®à¥¬ë 3.1 ¤®áâ -
â®ç­® ¢ë¯®«­¥­¨ï ãá«®¢¨ï (ii) ¨§ ®¯à¥¤¥«¥­¨ï 1.1 «¨èì ¯à¨ n = 1.

�«ï à áé¥¯«¥­¨ï ¯à®áâà ­áâ¢, ­¥ ï¢«ïîé¨åáï à¥ä«¥ªá¨¢­ë¬¨, ¯à¨å®¤¨âáï ­ ª« ¤ë¢ âì
¤®¯®«­¨â¥«ì­ë¥ ãá«®¢¨ï ­  ®¯¥à â®àë L, M . �¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ (L; p)-¡¨à ¤¨ «ì­ë© ®¯¥-
à â®à M , ¤«ï ª®â®à®£® ¢ë¯®«­ï¥âáï ®¤­® ¨§ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨©

kRL
(�;p)(M)(�L�M)�1MukU �

c1(u)

(j�j � a)
pQ

k=0
(j�kj � a)

8u 2 domM ; (3.1)

áãé¥áâ¢ã¥â ¯«®â­ë© ¢ F «¨­¥ «
�

F â ª®©, çâ®

kM(�L�M)�1LL
(�;p)(M)fkF �

c2(f)

(j�j � a)
pQ

k=0
(j�kj � a)

8f 2 F� (3.2)

¯à¨ «î¡ëå j�j > a; j�0j > a; j�1j > a; : : : ; j�pj > a.

� ¬¥ç ­¨¥ 3.2. �§ (L; p)-¡¨à ¤¨ «ì­®áâ¨ ®¯¥à â®à  M ¨ ¢ë¯®«­¥­¨ï ãá«®¢¨ï (3.1) ((3.2))
á«¥¤ã¥â á¨«ì­ ï (L; p)-à ¤¨ «ì­®áâì á¯à ¢  (á«¥¢ ) [4], [5] ®¯¥à â®à®¢ M ¨ �M .

�¥®à¥¬  3.2. �ãáâì ®¯¥à â®à M (L; p)-¡¨à ¤¨ «¥­ ¨ ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (3:1) ((3:2)).
�®£¤  U = U0 � U1 (F = F0 �F1):

�®ª § â¥«ìáâ¢®. �ãáâì u 2 domM . �®£¤  ¨¬¥¥¬

(�RL
�(M))p+1u� (�RL

� (M))p+1u = (�� �)
pX

k=0

�p�k�k(RL
� (M))p+1�k(RL

� (M))k(�L�M)�1Mu:

�âáî¤ 
k(�RL

� (M))p+1u� (�RL
� (M))p+1ukU � 2p+1c3(u)j(j�j � a)�1 � (j�j � a)�1j

¯à¨ j�j > 2a, j�j > 2a ¢ á¨«ã ãá«®¢¨ï (3.1). �®íâ®¬ã áãé¥áâ¢ã¥â ¯à¥¤¥« lim
�!�1

(�RL
�(M))p+1u

8u 2 domM . � ª ª ª domM = U ,   á¥¬¥©áâ¢® ®¯¥à â®à®¢ f(�RL
� (M))p+1 : j�j > 2ag à ¢­®¬¥à­®

®£à ­¨ç¥­®, â® P = s- lim
�!�1

(�RL
� (M))p+1 2 L(U). �®£« á­® «¥¬¬¥ 1.3 P ¨ ¥áâì ¯à®¥ªâ®à ¢¤®«ì

U0 ­  U1.
� áé¥¯«¥­¨¥ ¯à®áâà ­áâ¢  F ¢¤®«ì F0 ­  F1 ¯®ª §ë¢ ¥âáï á ¯®¬®éìî ¯à®¥ªâ®à 

Q = s- lim
�!�1

(�LL
�(M))p+1 2 L(F): �

� ¬¥ç ­¨¥ 3.3. �á­®, çâ® ¢ á«ãç ¥ (L; p)-¡¨à ¤¨ «ì­®áâ¨ ®¯¥à â®à  M ¨ ¯à¨ ¢ë¯®«­¥­¨¨
ãá«®¢¨ï (3.1) ((3.2)) à §à¥è îé ï £àã¯¯  ãà ¢­¥­¨ï (2.1) ((2.2)) § ¤ ­  ­  ¢á¥¬ ¯à®áâà ­áâ¢¥
U (F),   ¥¥ ¥¤¨­¨æ¥© ï¢«ï¥âáï ¯à®¥ªâ®à P (Q).

�«¥¤áâ¢¨¥ 3.1. �ãáâì ¤«ï (L; p)-¡¨à ¤¨ «ì­®£® ®¯¥à â®à  M ¢ë¯®«­ïîâáï ãá«®¢¨ï (3.1) ¨
(3.2). �®£¤ 

(i) LPu = QLu 8u 2 U ;

(ii) 8u 2 domM Pu 2 domM ¨ MPu = QMu:

�®ª § â¥«ìáâ¢®. �®®â­®è¥­¨¥

M(�RL
� (M))p+1u = (�LL

�(M))p+1Mu 8u 2 domM (3.3)

á«¥¤ã¥â ¨§ (1.1). �áâà¥¬¨¬ ¢ (3.3) � ! �1. �á¯®«ì§ãï ¯à¥¤ë¤ãéãî â¥®à¥¬ã ¨ § ¬ª­ãâ®áâì
®¯¥à â®à  M , ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥ (ii).

�â¢¥à¦¤¥­¨¥ (i) ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­® á ¨á¯®«ì§®¢ ­¨¥¬ ­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  L.
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�¡®§­ ç¨¬ ç¥à¥§ L1 (M1) áã¦¥­¨¥ ®¯¥à â®à  L (M) ­  U1 (domM1 = U1\domM). �ç¥¢¨¤­®,
L1 2 L(U1;F1):

�¥¬¬  3.1. �ãáâì ®¯¥à â®à M (L; p)-¡¨à ¤¨ «¥­ ¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï (3:1), (3:2). �®-
£¤  M0 2 C`(U0;F0); M1 2 C`(U1;F1):

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ u 2 domM1. �®£« á­® á«¥¤áâ¢¨î 3.1 Mu 2 F1. �áâ «®áì ¯®ª -
§ âì, çâ® domM1 = U1. � á¨«ã á«¥¤áâ¢¨ï 3.1 ¤«ï «î¡®£® uk 2 domM Puk 2 domM1. � ª ª ª
«¨­¥ « domM ¯«®â¥­ ¢ ¯à®áâà ­áâ¢¥ U ¤«ï u = Pu 2 U1, â® áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì
fukg � domM â ª ï, çâ® uk ! u ¯à¨ k !1. �®íâ®¬ã Puk ! Pu = u.

�â¢¥à¦¤¥­¨¥ ®¡ ®¯¥à â®à¥ M0 ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­® á ¨á¯®«ì§®¢ ­¨¥¬ ¯à®¥ªâ®à  (I �
P ).

�¥¬¬  3.2. �ãáâì ¤«ï (L; p)-¡¨à ¤¨ «ì­®£® ®¯¥à â®à  M ¢ë¯®«­ïîâáï ãá«®¢¨ï (3:1) ¨

(3:2). �®£¤  áãé¥áâ¢ã¥â ®¯¥à â®à L�11 2 Cl(F1;U1).

�®ª § â¥«ìáâ¢®. �­ê¥ªâ¨¢­®áâì ®¯¥à â®à  L1 á«¥¤ã¥â ¨§ â®£®, çâ® kerL � U0. �¡®§­ ç¨¬
J = L0M

�1
0 , â®£¤ 

(LL
�(M))p+1 = (J(�J � I)�1)p+1(I � P ) + (LL1

� (M1))p+1P = (LL1

� (M1))p+1P;

â. ª. J ­¨«ì¯®â¥­â¥­ áâ¥¯¥­¨ ­¥ ¡®«ìè¥ p ¢ á¨«ã «¥¬¬ë 1.1 (iv). �®íâ®¬ã imLL
(�;p)(M) =

imLL1

(�;p)(M1) ¨ F1 � imL1. �® imL1 � F1, á«¥¤®¢ â¥«ì­®, imL1 ¯«®â¥­ ¢ F1,   §­ ç¨â, L�11

¯«®â­® ®¯à¥¤¥«¥­.

4. �¡à â­ë© ®¯¥à â®à

� íâ®¬ ¯ à £à ä¥ ¡ã¤ãâ ¯à¨¢¥¤¥­ë ãá«®¢¨ï, ¯à¨ ª®â®àëå L�11 2 L(F 1;U1):

�¯à¥¤¥«¥­¨¥ 4.1. �¯¥à â®à M ­ §ë¢ ¥âáï á¨«ì­® (L; p)-¡¨à ¤¨ «ì­ë¬, ¥á«¨ ®­ (L; p)-
¡¨à ¤¨ «¥­ ¨ ¢ë¯®«­ïîâáï ®æ¥­ª¨ (3.2) ¨

kRL
(�;p)(M)(�L�M)�1kL(F ;U) �

K

(j�j � a)
pQ

k=0
(j�kj � a)

(4.1)

¯à¨ ¢á¥å j�j > a; j�0j > a; : : : ; j�pj > a.

� ¬¥ç ­¨¥ 4.1. �«ï á¨«ì­® (L; p)-¡¨à ¤¨ «ì­®£® ®¯¥à â®à  M ¢ë¯®«­ï¥âáï ®æ¥­ª  (3.1).

� ¬¥ç ­¨¥ 4.2. � á«ãç ¥ L�1 2 L(F ;U) ®¯¥à â®à M á¨«ì­® (L; p)-¡¨à ¤¨ «¥­, ¥á«¨ ¡¨-
à ¤¨ «¥­ ®¯¥à â®à L�1M (¨«¨ ML�1): �®ª ¦¥¬, ­ ¯à¨¬¥à, ¢ë¯®«­¥­¨¥ ãá«®¢¨ï (3.2). �®§ì-

¬¥¬
�

F = L[domM ]. �â®â «¨­¥ « ¯«®â¥­ ¢ F , â. ª. L | £®¬¥®¬®àä¨§¬ ¯à®áâà ­áâ¢ U ¨ F ,  

domM = U : � «¥¥, L�1f 2 domM ¤«ï ¢á¥å f 2
�

F ,

M(�L�M)�1LL
(�;p)(M)f =M(�I � S)�1

pY
k=0

(�kI � S)�1L�1f =

= LS(�I � S)�1
pY

k=0

(�kI � S)�1L�1f = L(�I � S)�1
pY

k=0

(�kI � S)�1SL�1f:

�®íâ®¬ã ¨§ ¡¨à ¤¨ «ì­®áâ¨ ®¯¥à â®à  S = L�1M ¯®«ãç ¥¬

kM(�L�M)�1LL
(�;p)(M)fkF �

KkLkL(U ;F)kSL
�1fkU

(j�j � a)
pQ

k=0
(j�kj � a)

:

�ë¯®«­¥­¨¥ ®æ¥­ª¨ (4.1) ¯®ª §ë¢ ¥âáï  ­ «®£¨ç­®.
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� ¬¥ç ­¨¥ 4.3. �á«¨ ®¯¥à â®àM á¨«ì­® (L; p)-¡¨à ¤¨ «¥­, â® á¨«ì­® (L; p)-à ¤¨ «ì­ë [4],
[5] ®¯¥à â®àë M ¨ �M .

�§ íâ®£® § ¬¥ç ­¨ï ¨ á®®â¢¥âáâ¢ãîé¥© â¥®à¥¬ë [4], [5] á«¥¤ã¥â

�¥®à¥¬  4.1. �ãáâì ®¯¥à â®à M á¨«ì­® (L; p)-¡¨à ¤¨ «¥­. �®£¤  áãé¥áâ¢ã¥â ®¯¥à â®à

L�11 2 L(F1;U1):

�â®â ®¯¥à â®à áâà®¨âáï á«¥¤ãîé¨¬ ®¡à §®¬:

L�11 = s- lim
�!�1

�p+2(RL1

� (M1))p+1(�L1 �M1)�1:

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 1.2.

5. �­ä¨­¨â¥§¨¬ «ì­ë¥ £¥­¥à â®àë

�àã¯¯ã fV t 2 L(V) : t 2 Rg ­ §®¢¥¬ ­¥¢ëà®¦¤¥­­®©, ¥á«¨ V 0 = I. �­ä¨­¨â¥§¨¬ «ì­ë¬
£¥­¥à â®à®¬ ­¥¢ëà®¦¤¥­­®© £àã¯¯ë ­ §ë¢ ¥âáï ®¯¥à â®à A á ®¡« áâìî ®¯à¥¤¥«¥­¨ï

domA = fv 2 V : 9 lim
t!0

t�1(V t � I)vg;

â ª®©, çâ®
Av = lim

t!0
t�1(V t � I)v 8v 2 domA:

�ã¦¥­¨¥ fU t
1 : t 2 Rg (fF t

1 : t 2 Rg) £àã¯¯ë fU t : t 2 Rg (fF t : t 2 Rg) ­  ¯®¤¯à®áâà ­áâ¢® U1

(F1) ï¢«ï¥âáï ­¥¢ëà®¦¤¥­­®© á¨«ì­® ­¥¯à¥àë¢­®© £àã¯¯®©.
�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:

S1 = L�11 M1 : domS1 ! U1; domS1 = domM1;

T1 =M1L
�1
1 : domT1 ! F1; domT1 = L1[domM1]

¯à¨ ãá«®¢¨¨ á¨«ì­®© (L; p){¡¨à ¤¨ «ì­®áâ¨ ®¯¥à â®à  M .

�¥¬¬  5.1. �¯à ¢¥¤«¨¢ë ¢ª«îç¥­¨ï S1 2 Cl(U1), T1 2 Cl(F1).

�®ª §ë¢ ¥âáï «¥¬¬  ­¥¯®áà¥¤áâ¢¥­­®, á ¨á¯®«ì§®¢ ­¨¥¬ â®£® ä ªâ , çâ® L1 | £®¬¥®¬®à-
ä¨§¬ ¯à®áâà ­áâ¢ U1 ¨ F1.

�¥®à¥¬  5.1. �ãáâì ®¯¥à â®àM á¨«ì­® (L; p){¡¨à ¤¨ «¥­. �®£¤  ¨­ä¨­¨â¥§¨¬ «ì­ë¬ £¥-

­¥à â®à®¬ £àã¯¯ë fU t
1 : t 2 Rg (fF t

1 : t 2 Rg) ï¢«ï¥âáï ®¯¥à â®à S1 (T1).

�®ª § â¥«ìáâ¢®. �¥¢ëà®¦¤¥­­ ï £àã¯¯  fU t
1 : t 2 Rg á®áâ ¢«¥­  ¨§ ¤¢ãå ­¥¢ëà®¦¤¥­-

­ëå ¯®«ã£àã¯¯ ¢ á®®â¢¥âáâ¢¨¨ á (2.9). � ©¤¥¬ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ £¥­¥à â®àë íâ¨å ¯®«ã£àã¯¯.
�®§ì¬¥¬ u = (RL

� (M))p+2v ¯à¨ ­¥ª®â®àëå � > a ¨ v 2 U . �® â¥®à¥¬¥ 3.2 v = v0+ v1, £¤¥ v0 2 U0,
v1 2 U1. �®íâ®¬ã u = (RL

� (M))p+2v1. � ¬¥â¨¬, çâ®

d

dt
U t
�u = U t

�

�
�� a

p+ 1
(((�� a)RL

� (M))p+1 � I) + aI

�
u = U t

�G(�)u = G(�)U t
�u 8� > a; 8t > 0;

£¤¥

G(�)u =
�� a

p+ 1
(((�� a)RL

� (M))p+1 � I)u+ au:

(�¡®§­ ç¥­¨¥ U t
� ¢§ïâ® ¨§ (2.4).) �®á¯®«ì§ã¥¬áï á®®â­®è¥­¨¥¬

U t
�u� u =

Z t

0

d

dt
(U s

�u)ds =
Z t

0

U s
�G(�)u ds: (5.1)

�§ à ¢­®¬¥à­®© ¯® s 2 [0; t] áå®¤¨¬®áâ¨ U s
�w ª U sw á«¥¤ã¥â à ¢­®¬¥à­ ï áå®¤¨¬®áâì U s

�G(�)u ª
U s(�L�M)�1M(RL

� (M))p+1v1.
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�§ â¥®à¥¬ë 4.1 á«¥¤ã¥â, çâ® RL1

� (M1) = R�(S1) = (�I � S1)�1. �®íâ®¬ã u = (R�(S1))p+2v1, ¨
â. ª. im(R�(S1))p+2 � domS1; â®

(�L�M)�1M(RL
� (M))p+1v1 = S1(R�(S1))p+2v1 = S1u:

�§ (5.1) ¯à¨ �! +1 ¯®«ãç¨¬

U t
+u� u =

Z t

0

U s
+S1u ds 8u 2 im(R�(S1))p+2: (5.2)

�§ (5.2) ¢¨¤­®, çâ® Au = S1u ¤«ï «î¡®£® u 2 im(R�(S1))p+2. �¢¥¤¥¬ ­  «¨­¥ «¥ domS1 £à ä-
­®à¬ã kukgraph = kukU + kS1ukU . �¨­¥ « domS1, ®á­ é¥­­ë© â ª®© ­®à¬®©, ¯à¥¢à é ¥âáï ¢
¡ ­ å®¢® ¯à®áâà ­áâ¢®, ­  ª®â®à®¬ ®¯¥à â®à S1 ¡ã¤¥â ­¥¯à¥àë¢­ë¬. �®ª ¦¥¬, çâ® «¨­¥ «
im(R�(S1))p+2 ¯«®â¥­ ¢ domS1 ®â­®á¨â¥«ì­® £à ä-­®à¬ë. � áá¬®âà¨¬ ¯à®¨§¢®«ì­ë© ¢¥ªâ®à
u 2 domS1. �®§ì¬¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì fvk = (kRk(S1))p+2ug � im(R�(S1))p+2. � ¬¥â¨¬ á­ -
ç « , çâ® á®£« á­® â¥®à¥¬¥ 4.1 (kRk(S1))p+2w = L�1k L1w ! w ¯à¨ k ! 1 ¤«ï «î¡®£® w 2 U1.
�¤¥áì ¨á¯®«ì§ã¥âáï ®¡®§­ ç¥­¨¥ L�1k = kp+2(RL1

k (M1))p+1(kL1 �M1)�1. �âáî¤ 

k(kRk(S1))p+2u� ukU + kS1((kRk(S1))p+2u� u)kU =

= k(kRk(S1))p+2u� ukU + k(kRk(S1))p+2S1u� S1ukU ! 0

¯à¨ k !1, çâ® ¨ âà¥¡®¢ «®áì.
� ª¨¬ ®¡à §®¬, ®¯¥à â®à A á®¢¯ ¤ ¥â á ­¥¯à¥àë¢­ë¬ ®¯¥à â®à®¬ S1 ­  ¯«®â­®¬ ¢ ¡ ­ å®-

¢®¬ ¯à®áâà ­áâ¢¥ domS1 «¨­¥ «¥ im(R�(S1))p+2. �­ ¬®¦¥â ¡ëâì ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ¯à®-
¤®«¦¥­ ­  ¢á¥ ¯à®áâà ­áâ¢® ¯® ­¥¯à¥àë¢­®áâ¨. �®íâ®¬ã Au = S1u 8u 2 domS1. � á¨«ã (L; p)-
¡¨à ¤¨ «ì­®áâ¨ ¯à¨ «î¡®¬ � > a áãé¥áâ¢ã¥â à¥§®«ì¢¥­â  (�I � S1)�1 = RL1

� (M1) 2 L(U1). �¥-
§®«ì¢¥­â  ¨­ä¨­¨â¥§¨¬ «ì­®£® £¥­¥à â®à  C0-¯®«ã£àã¯¯ë fU t

+1
: t � 0g ¯à¨ � > a áãé¥áâ¢ã¥â

¨ à ¢­ 

(�I �A)�1u =
Z 1

0

e��tU t
+1
u dt 8u 2 U1:

�¤¥áì U t
+1

= U t
+

��
U1 . �â ª, ®¯¥à â®à �I � A ®â®¡à ¦ ¥â ¨ domS1, ¨ domA ­  ¯à®áâà ­áâ¢® U1

¡¨¥ªâ¨¢­®. �âáî¤  á«¥¤ã¥â, çâ® domS1 = domA.
�«ï ¯®«ã£àã¯¯ (2.5){(2.7)  ­ «®£¨ç­® ¯®ª §ë¢ ¥âáï, çâ® ¨å ¨­ä¨­¨â¥§¨¬ «ì­ë¬¨ £¥­¥à -

â®à ¬¨ ï¢«ïîâáï ®¯¥à â®àë M1L
�1
1 , �L�11 M1, �M1L

�1
1 á®®â¢¥âáâ¢¥­­®.

�® ¯®áâà®¥­¨î £àã¯¯ë fU t
1 : t 2 Rg ¯®«ãç ¥¬, çâ® ¥¥ £¥­¥à â®à®¬ ï¢«ï¥âáï ®¯¥à â®à S1.

�­ «®£¨ç­® ­ å®¤¨¬ £¥­¥à â®à £àã¯¯ë fF t
1 : t 2 Rg.

�«¥¤áâ¢¨¥ 5.1. � ãá«®¢¨ïå â¥®à¥¬ë 5.1 ®¯¥à â®àë S1, T1 ¡¨à ¤¨ «ì­ë.

6. �¥­¥à â®àë á¨«ì­® ­¥¯à¥àë¢­ëå £àã¯¯ ®¯¥à â®à®¢ á ï¤à ¬¨

� íâ®¬ ¯ à £à ä¥ ¢ë¤¥«¨¬ ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï á¨«ì­®© (L; p){¡¨à ¤¨ «ì-
­®áâ¨ ®¯¥à â®à  M ¢ â¥à¬¨­ å £àã¯¯.

(A1) �ãé¥áâ¢ãîâ ¤¢¥ á¨«ì­® ­¥¯à¥àë¢­ë¥ ¨ íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­ë¥ £àã¯¯ë fU t 2
L(U) : t 2 Rg ¨ fF t 2 L(F) : t 2 Rg ®¯¥à â®à®¢ á ï¤à ¬¨.

�®«®¦¨¬ P = U 0, Q = F 0. �ç¥¢¨¤­®, P ¨ Q | ¯à®¥ªâ®àë. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï U0 = kerP ,
U1 = imP , F0 = kerQ, F1 = imQ; ¨¬¥¥¬ U = U0 � U1, F = F0 � F1. �¥à¥§ fU t

1 : t 2 Rg ¨
fF t

1 : t 2 Rg ®¡®§­ ç¨¬ áã¦¥­¨ï á®®â¢¥âáâ¢ãîé¨å £àã¯¯ ­  ¯®¤¯à®áâà ­áâ¢  U1 ¨ F1. �ã¦¥­¨ï
áãâì ­¥¢ëà®¦¤¥­­ë¥ £àã¯¯ë ¨ ¨¬¥îâ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ £¥­¥à â®àë S1 ¨ T1 á®®â¢¥âáâ¢¥­­®,
ï¢«ïîé¨¥áï ¡¨à ¤¨ «ì­ë¬¨ ®¯¥à â®à ¬¨ ¢ á®®â¢¥âáâ¢¨¨ á ([2], c. 377).

(A2) �ãé¥áâ¢ã¥â «¨­¥©­ë© £®¬¥®¬®àä¨§¬ L1 : U1 ! F1 â ª®©, çâ® L1S1 = T1L1.
(A3) �ãé¥áâ¢ã¥â ¡¨¥ªâ¨¢­ë© ®¯¥à â®à M0 2 Cl(U0;F0).

�âáî¤  á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ®¯¥à â®à  M�1
0 2 L(F0;U0).

(A4) �ãé¥áâ¢ã¥â ®¯¥à â®à L0 2 L(U0;F0) â ª®©, çâ® ®¯¥à â®à H =M�1
0 L0 ­¨«ì¯®â¥­â¥­

áâ¥¯¥­¨ ­¥ ¡®«ìè¥ p 2 f0g [ N.
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(A5) L = L0(I � P ) + L1P , M =M0(I � P ) + L1S1P , domM = domM0 _+ domS1:

�¥®à¥¬  6.1. �¯¥à â®à M á¨«ì­® (L; p)-¡¨à ¤¨ «¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­¥-

­ë ¢á¥ ãá«®¢¨ï (A1){(A5).

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì ãá«®¢¨© (A1){(A5) á«¥¤ã¥â ¨§ à¥§ã«ìâ â®¢ ¯à¥¤ë¤ãé¨å
¯ à £à ä®¢. �áâ «®áì ¤®ª § âì ¤®áâ â®ç­®áâì.

�ãáâì j�j > a, j�kj > a; k = 0; p, â®£¤ 

(�L�M)�1 = (�H � I)�1M�1
0 (I �Q) + (�I � S1)

�1L�11 Q =

= �
pX

k=0

�kHkM�1
0 (I �Q) + (�I � S1)

�1L�11 Q;

(RL
(�;p)(M))n = 0(I � P ) +

pY
k=0

(R�k(S1))
nP;

(LL
(�;p)(M))n = 0(I �Q) +

pY
k=0

(R�k(T1))
nQ:

�¤¥áì ¨á¯®«ì§®¢ ­® â®, çâ® à¥§®«ì¢¥­âë ª®¬¬ãâ¨àãîâ,   ®¯¥à â®à H = M�1
0 L0 ­¨«ì¯®â¥­â¥­.

� «¥¥,

RL
(�;p)(M)(�L �M)�1 = 0(I �Q) +

pY
k=0

(�kI � S1)�1(�I � S1)�1L�11 Q;

M(�L�M)�1LL
(�;p)(M)f = 0(I �Q)f + (�I � T1)�1

pY
k=0

(�kI � T1)�1T1Qf:

�¤¥áì f 2
�

F = F0 _+ domT1, «¨­¥ «
�

F ¯«®â¥­ ¢ F , â. ª. domT1 = F1. �§ ãª § ­­ëå á®®â­®è¥­¨©
¨ ¡¨à ¤¨ «ì­®áâ¨ ®¯¥à â®à®¢ S1 ¨ T1 á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

�«¥¤áâ¢¨¥ 6.1. �ãáâì ®¯¥à â®àM (L; �)-®£à ­¨ç¥­,   ¡¥áª®­¥ç­®áâì | ãáâà ­¨¬ ï ®á®¡ ï
â®çª  «¨¡® ¯®«îá ¯®àï¤ª  ­¥ ¡®«ìè¥ p [3]. �®£¤  ®¯¥à â®à M á¨«ì­® (L; p)-¡¨à ¤¨ «¥­.

�¥©áâ¢¨â¥«ì­®, ¢ ãá«®¢¨ïå á«¥¤áâ¢¨ï á®£« á­® [3] ¢ë¯®«­ïîâáï (A1){(A5).

7. �à¨¬¥à

�à¨¬¥­¨¬ ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë ª ¨áá«¥¤®¢ ­¨î ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨

u(x; 0) = u0(x); x 2 
; (7.1)

u(x; t) = 4u(x; t) = 0; (x; t) 2 @
� R (7.2)

¤«ï ¬®¤¨ä¨æ¨à®¢ ­­®£® ãà ¢­¥­¨ï

(��4)ut(x; t) = i�4u(x; t) � i�42u(x; t); (x; t) 2 
� R; (7.3)

®¯¨áë¢ îé¥£® í¢®«îæ¨î á¢®¡®¤­®© ¯®¢¥àå­®áâ¨ ä¨«ìâàãîé¥©áï ¦¨¤ª®áâ¨ [9]. �¤¥áì � 2 R,
�; � 2 R+ , 
 � Rm | ®£à ­¨ç¥­­ ï ®¡« áâì á £à ­¨æ¥© @
 ª« áá  C1.

�¥¤ãæ¨àã¥¬ § ¤ çã (7.1){(7.3) ª § ¤ ç¥ (0.1), (0.2). �ãáâì

U = fu 2W k+2
q : u(x) = 0; x 2 @
g; F =W k

q

¨«¨

U = fu 2 Ck+2+� : u(x) = 0; x 2 @
g; F = Ck+� ;
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£¤¥W l
q =W l

q(
) | ¯à®áâà ­áâ¢® �®¡®«¥¢ , 1 < q <1, C l+� = C l+�(
) | ¯à®áâà ­áâ¢® ��¥«ì¤¥à ,
0 < � < 1; l = 0; 1; : : :

�¯¥à â®àë L ¨ M § ¤ ¤¨¬ á«¥¤ãîé¨¬ ®¡à §®¬: L = ��4; M = i�4� i�42,

domM = fu 2W k+4
q : 4u(x) = 0; x 2 @
g \ U

¨«¨

domM = fu 2 Ck+4+� : 4u(x) = 0; x 2 @
g \ U :

�¥à¥§ f'k : k 2 Ng ®¡®§­ ç¨¬ ®àâ®­®à¬¨à®¢ ­­ë¥ ¢ á¬ëá«¥ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï (�; �) ¢
L2(
) á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ § ¤ ç¨ �¨à¨å«¥ ¤«ï ãà ¢­¥­¨ï � ¯« á  ¢ ®¡« áâ¨ 
, § ­ã¬¥à®-
¢ ­­ë¥ ¯® ­¥¢®§à áâ ­¨î á®¡áâ¢¥­­ëå §­ ç¥­¨© f�k : k 2 Ng á ãç¥â®¬ ¨å ªà â­®áâ¨.

�ãáâì � 2 �(4). �®ª ¦¥¬, çâ® ®¯¥à â®à M á¨«ì­® (L; p)-¡¨à ¤¨ «¥­. �¥£ª® ¯®«ãç¨âì ä®à-
¬ã«ë ¤«ï ®â­®á¨â¥«ì­ëå à¥§®«ì¢¥­â

(�L�M)�1 =
1X
k=1

(�; 'k)'k

�(�� �k)� i��k + i��2k
:

Oâáî¤  á«¥¤ã¥â, çâ® L-á¯¥ªâà ®¯¥à â®à  M «¥¦¨â ­  ¬­¨¬®© ®á¨ �L(M) = f�k 2 C : �k =
i
��k���

2
k

���k
; �k 6= �g. �¥âàã¤­® § ¬¥â¨âì, çâ® ®â­®á¨â¥«ì­ë© á¯¥ªâà ­¥®£à ­¨ç¥­ ­  ¬­¨¬®© ®á¨

á­¨§ã. �®íâ®¬ã ®¯¥à â®à M § ¢¥¤®¬® ­¥ ï¢«ï¥âáï (L; �)-®£à ­¨ç¥­­ë¬ [3]. � «¥¥,

(RL
�(M))n = (LL

�(M))n =
X

k:�k 6=�

(�; 'k)'k�
�� i

��k���2k
���k

�n ;

RL
� (M)(�L�M)�1 =

X
k:�k 6=�

�
� � i

��k � ��2k
�� �k

��1 (�; 'k)'k

(�� �k)
�
�� i

��k���2k
���k

� ;

M(�L�M)�1LL
�(M) =

X
k:�k 6=�

�
� �

i��k � i��2k
�� �k

��1�
i��k � i��2k

�� �k

�
(�; 'k)'k

��
i��k�i��2k

���k

:

� ®¯à¥¤¥«¥­¨¨ á¨«ì­®© (L; 0)-¡¨à ¤¨ «ì­®áâ¨ ¤®áâ â®ç­® ¢§ïâì ª®­áâ ­âë K=maxf1;

max
k:�k 6=�

j���kj
�1g; a = 0, «¨­¥ «

�

F = domM � F .

�¦¨¬ îé ï á¨«ì­® ­¥¯à¥àë¢­ ï £àã¯¯  ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤

U tu0 =
X

k:�k 6=�

exp
�
i
��k � ��2k
�� �k

t

�
(u0; 'k)'k:

�¤à®¬ £àã¯¯ë ï¢«ï¥âáï ¯®¤¯à®áâà ­áâ¢® U0 = span f'k : �k = �g.
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