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1. �®áâ ­®¢ª  § ¤ ç¨

� áá¬®âà¨¬ ãà ¢­¥­¨¥

uxx + yuyy + (�n+ 1=2)uy = 0; n 2 N; (1)

¢ á¬¥è ­­®© ®¡« áâ¨D, í««¨¯â¨ç¥áª ï ç áâì ª®â®à®©D1 á®¢¯ ¤ ¥â á® ¢á¥© ¢¥àå­¥© ¯®«ã¯«®áª®-
áâìî,   £¨¯¥à¡®«¨ç¥áª ï ç áâì á®áâ®¨â ¨§ ¤¢ãå ¡¥áª®­¥ç­ëå âà¥ã£®«ì­¨ª®¢: D2, ®£à ­¨ç¥­­®£®
å à ªâ¥à¨áâ¨ª ¬¨ y = 0 ¨ x � 2

p�y = 0, ¨ D3, ®£à ­¨ç¥­­®£® å à ªâ¥à¨áâ¨ª ¬¨ y = 0 ¨
x+ 2

p�y = 0.
� [1]{[4] ¨áá«¥¤®¢ «¨áì § ¤ ç¨ â¨¯  �à¨ª®¬¨ ¨ �¨æ ¤§¥{� ¬ àáª®£® ¤«ï ãà ¢­¥­¨ï (1) ¢

á«ãç ¥ ­¥®£à ­¨ç¥­­ëå ®¡« áâ¥©. � ¤ ­­®© áâ âì¥ à áá¬ âà¨¢ ¥âáï ­¥ª®â®àë©  ­ «®£ § ¤ ç¨
�à ­ª«ï.

� ¤ ç  F . � ®¡« áâ¨ D ­ ©â¨ äã­ªæ¨î u(x; y) á® á¢®©áâ¢ ¬¨

1) u(x; y) ¯à¨­ ¤«¥¦¨â C(D1 [ fy = 0g) \ C(D2 [ fy = 0g [ fx� 2
p�y = 0g) \ C(D3 [ fy =

0g [ fx+ 2
p�y = 0g);

2) ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï

u = o(R2n+1); ux = o(R2n); uy = o(R2n�1) (2)

¯à¨ R! +1, £¤¥ R2 = x2 + 4y, (x; y) 2 D1;
3) u(x; y) ¯à¨­ ¤«¥¦¨â C2(D1 [D2 [D3) ¨ ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (1) ¢ D1 [D2 [D3;
4) áãé¥áâ¢ãîâ ¯à¥¤¥«ë (x 6= 0)

�i(x) = lim
y!0; (x;y)2Di

jyj�n+1=2[u(x; y) �A(x; y; �i)]y; i = 1; 2; 3; (3)

¨ ¢ë¯®«­ïîâáï à ¢¥­áâ¢ 

�1(x) = (�1)n�2(x); x > 0; (4)

�1(x) = 0; �3(x) = 0; x < 0; (5)

£¤¥

�i(x) = lim
y!0; (x;y)2Di

u(x; y); (6)

A(x; y; �) =
nX

s=1

� (2s)(x)(�1)s
(�n+ 1=2)ss!

ys;

(�)0 = 1, (�)s = �(� + 1)(� + 2) � � � (�+ s� 1);

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ ¢­¥¡î¤¦¥â­®£® ä®­¤  ����� �ª ¤¥¬¨¨ ­ ãª � â àáâ ­  (¤®£®¢®à
ò05-5.1-79/2001(&)).
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5) u(x; y) ã¤®¢«¥â¢®àï¥â ªà ¥¢®¬ã ãá«®¢¨î (y < 0)

u(x; y)jx=2p�y = u(x; y)jx=�2p�y; (7)

6) ¢ë¯®«­ïîâáï ãá«®¢¨ï áª«¥¨¢ ­¨ï

�1(x) = �2(x); x � 0; (8)

�1(x) = �3(x) + g(x); x � 0; (9)

£¤¥ g(x) | § ¤ ­­ ï äã­ªæ¨ï;
7) ¢ë¯®«­ïîâáï à ¢¥­áâ¢ 

�
(s)
i (0) = 0; s = 0; n: (10)

�à¥¤¯®« £ ¥âáï ¢ë¯®«­¥­­ë¬

�á«®¢¨¥ 1. �ã­ªæ¨ï g(x) 2 Cn(�1; 0] \C2n+1;
(�1; 0), 
 > 0,

g(s)(0) = 0; s = 0; n;

¯à®¨§¢®¤­ ï g(n+1)(x) ¬®¦¥â ¨¬¥âì ®á®¡¥­­®áâì ¯à¨ x = 0 ¯®àï¤ª  ­¨¦¥ ¥¤¨­¨æë ¨ ¤®«¦­ 
¨¬¥âì ¯à¥¤áâ ¢«¥­¨¥ g(n+1)(x) = O(jxj��) ¯à¨ x!1, £¤¥ � > 1=2.

�ã¤¥¬ à¥è¥­¨¥ ¨áª âì ¢ ª« áá¥ äã­ªæ¨©, ¤«ï ª®â®àëå �i(x) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬,  ­ -
«®£¨ç­ë¬ ãá«®¢¨î 1 á ãç¥â®¬ ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï,   ¤«ï �i(x) ¢ë¯®«­ï¥âáï

�á«®¢¨¥ 2. �ã­ªæ¨¨ �i(x) ­¥¯à¥àë¢­ë ¢ á®®â¢¥âáâ¢ãîé¨å ®¡« áâïå ®¯à¥¤¥«¥­¨ï, ¬®£ãâ
¨¬¥âì ®á®¡¥­­®áâì ¯à¨ x = 0 ¯®àï¤ª  ­¨¦¥ n+ 1 ¨ ®£à ­¨ç¥­ë ­  ¡¥áª®­¥ç­®áâ¨.

2. �á­®¢­®¥ á®®â­®è¥­¨¥ ¨§ í««¨¯â¨ç¥áª®© ¯®¤®¡« áâ¨

�«ï à¥è¥­¨ï § ¤ ç¨ ¬¥â®¤®¬ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯®­ ¤®¡ïâáï ®á­®¢­ë¥ á®®â­®è¥­¨ï
¬¥¦¤ã � ¨ �. � í««¨¯â¨ç¥áª®© ¯®¤®¡« áâ¨ ¨á¯®«ì§ã¥¬ à¥è¥­¨¥ § ¤ ç¨ �¨à¨å«¥ á ªà ¥¢ë¬
ãá«®¢¨¥¬ (6) ¯à¨ i = 1 ([5], á. 588)

u(x; y) =
n!22n+1p

��(n+ 1=2)
yn+1=2

Z +1

�1
�i(�)[(x� �)2 + 4y]�n�1d�: (11)

�¥âàã¤­® ¯à®¢¥à¨âì, çâ® íâ  ä®à¬ã«  ¢¥à­  ¢ á«ãç ¥, ª®£¤  § ¤ ­­ ï äã­ªæ¨ï ®¡« ¤ ¥â
­  ¡¥áª®­¥ç­®áâ¨ ®á®¡¥­­®áâìî ¯®àï¤ª  ­¨¦¥ 2n + 1, ¯à¨ íâ®¬ ¯®«ãç¥­­ ï äã­ªæ¨ï (11) ¡ã-
¤¥â ã¤®¢«¥â¢®àïâì ãá«®¢¨ï¬ (2). �®¤áâ ¢«ïï ¯à¥¤áâ ¢«¥­¨¥ (11) ¢ (3),  ­ «®£¨ç­® à ¡®â¥ [3]
¤®ª §ë¢ e¬, çâ® á¯à ¢¥¤«¨¢ 

�¥¬¬  1. �á­®¢­®¥ á®®â­®è¥­¨¥ ¨§ í««¨¯â¨ç¥áª®© ¯®¤®¡« áâ¨ ¨¬¥¥â ¢¨¤

�(n+ 1=2)�1(x) =
n!(n+ 1=2)22n+1p

�(2n+ 1)!
dn

dxn

+1Z
�1

�
(n+1)
1 (�)
� � x

d�: (12)
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3. �á­®¢­®¥ á®®â­®è¥­¨¥ ¨§ £¨¯¥à¡®«¨ç¥áª¨å ®¡« áâ¥©

�á¯®«ì§ã¥¬ à¥è¥­¨¥ § ¤ ç¨ â¨¯  �®è¨ á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ (6), (3) ¯à¨ i = 2; 3, ª®â®àë¥
¢ á®®â¢¥âáâ¢ãîé¨å ®¡« áâïå ¨¬¥îâ ¢¨¤

u(x; y) =
1
2

nX
s=0

n!(2n� s)!22s

s!(n� s)!(2n)!
(�y)s=2[� (s)i (x� 2

p�y) + (�1)s� (s)i (x+ 2
p�y)]�

� 2(2n+ 1)!
(n+ 1)!2

(�y)n+1=2
1Z

0

�i(�)[�(1 � �)]nd�; (13)

£¤¥ � = x� 2
p�y(1� 2�).

�á«®¢¨¥ (7) § ¯¨è¥¬ ¢ ¢¨¤¥

u

�
x;�x2

4

�
= u

�
� x;�x2

4

�
: (14)

�®¤áâ ­®¢ª®© (13) ¢ (14)  ­ «®£¨ç­® [1] ¤®ª §ë¢ ¥âáï

�¥¬¬  2. �á­®¢­®¥ á®®â­®è¥­¨¥ ¨§ £¨¯¥à¡®«¨ç¥áª¨å ¯®¤®¡« áâ¥© ¨¬¥¥â ¢¨¤

�(n+ 1=2)�2(x)� �(�n+ 1=2)� (2n+1)2 (x) = �(n+ 1=2)�3(�x) + �(�n+ 1=2)� (2n+1)3 (�x): (15)

4. �ë¢®¤ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¨ à¥è¥­¨¥ § ¤ ç¨ F

�§ á®®â­®è¥­¨© (12), (15) á ãç¥â®¬ ãá«®¢¨© (4), (5), (8), (9) ¨ à ¢¥­áâ¢ 

n!(n+ 1=2)22n+1(�1)np
�(2n+ 1)!�(�n+ 1=2)

=
1
�

¯®«ãç¨¬

�
(2n+1)
1 (x) + �

(2n+1)
1 (�x)� 1

�

dn

dxn

Z +1

�1

�
(n+1)
1 (�)d�
� � x

= g(2n+1)(�x); x > 0; (16)

1
�

dn

dxn

Z +1

�1

�
(n+1)
1 (�)d�
� + x

= 0; x > 0: (17)

� ®¡®¨å á®®â­®è¥­¨ïå (16) ¨ (17) à §®¡ì¥¬ ¨­â¥£à «ë ­  ¤¢  á« £ ¥¬ëå: ®â �1 ¤® 0 ¨ ®â 0
¤® +1. � ¯¥à¢ëå á« £ ¥¬ëå ¨§¬¥­¨¬ §­ ª ¯¥à¥¬¥­­®© ¨­â¥£à¨à®¢ ­¨ï. � à¥§ã«ìâ â¥ ãà ¢­¥­¨ï
(16), (17) ¯à¨¬ãâ ¢¨¤

�
(2n+1)
1 (x) + �

(2n+1)
1 (�x)� 1

�

dn

dxn

Z +1

0

� (n+1)1 (�)d�
� � x

+
1
�

dn

dxn

Z +1

0

� (n+1)1 (��)d�
� + x

= g(2n+1)(�x);
(18)

1
�

dn

dxn

Z +1

0

� (n+1)1 (�)d�
� + x

� 1
�

dn

dxn

Z +1

0

� (n+1)1 (��)d�
� � x

= 0: (19)

� ¢¥­áâ¢  (18), (19) ¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥¬ã ãà ¢­¥­¨© ®â­®á¨â¥«ì­® �1(x) ¨ �1(�x) ¯à¨
x > 0.

�â ª, ¤®ª §a­ 

�¥®à¥¬  1. �¥è¥­¨¥ § ¤ ç¨ F à¥¤ãæ¨àã¥âáï ª à¥è¥­¨î á¨áâ¥¬ë ãà ¢­¥­¨© (18), (19).

�¥è¨¬ íâã á¨áâ¥¬ã. �¬­®¦¨¬ ãà ¢­¥­¨¥ (19) ­  (�1)n ¨ ¯à¨¡ ¢¨¬ ª ãà ¢­¥­¨î (18). �
à¥§ã«ìâ â¥ ¯®«ãç¨¬

dn

dxn

�
�(x)� 1

�

Z +1

0

�
1

� � x
� (�1)n

� + x

�
�(�)d� � (�1)ng(n+1)(�x)

�
= 0; (20)
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£¤¥

�(x) = �
(n+1)
1 (x) + (�1)n� (n+1)1 (�x): (21)

�à ¢­¥­¨¥ (20) íª¢¨¢ «¥­â­® á«¥¤ãîé¥¬ã:

�(x)� 1
�

Z +1

0

�
1

� � x
� (�1)n

� + x

�
�(�)d� = (�1)ng(n+1)(�x) +

n�1X
s=0

csx
s;

£¤¥ cs | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�ë¯®«­¨¬ § ¬¥­ã �2 = �, x2 = �. �®«ãç¨¬ ¯à¨ ­¥ç¥â­®¬ n

z(�)� 1
�

Z +1

0

z(�)d�
� � �

= f(�) +
n�1X
s=0

cs�
s=2; (22)

z(�) = �(x); f(�) = (�1)ng(n+1)(�x);
¯à¨ ç¥â­®¬ n

z(�) � 1
�

Z +1

0

z(�)d�
� � �

= f(�) +
n�1X
s=0

cs�
(s�1)=2; (23)

z(�) = �(x)=x; f(�) = (�1)ng(n+1)(�x)=x:
�æ¥­¨¬ ¯®¢¥¤¥­¨¥ äã­ªæ¨© ­  ª®­æ å ¯à®¬¥¦ãâª  ¨­â¥£à¨à®¢ ­¨ï. �§ ãá«®¢¨ï 1 á«¥¤ã¥â,

çâ® ¥á«¨ n ­¥ç¥â­®¥, â® äã­ªæ¨ï f(�) ¬®¦¥â ¨¬¥âì ®á®¡¥­­®áâì ¯à¨ � = 0 ¯®àï¤ª  ­¨¦¥ 1=2
¨ ¯à¨ � ! +1 ¤®«¦­  ¨¬¥âì ­ã«ì ¯®àï¤ª  ¢ëè¥ 1=4; ¥á«¨ n ç¥â­®¥, â® äã­ªæ¨ï f(�) ¬®¦¥â
¨¬¥âì ®á®¡¥­­®áâì ¯à¨ � = 0 ¯®àï¤ª  ­¨¦¥ 1 ¨ ¯à¨ � ! +1 ¤®«¦­  ¨¬¥âì ­ã«ì ¯®àï¤ª  ¢ëè¥
3=4. � ª®¥ ¦¥ ¯®¢¥¤¥­¨¥ ¯à¥¤¯®« £ ¥âáï ã äã­ªæ¨¨ z(�).

�à ¢­¥­¨ï ¢¨¤  (22), (23) à §à¥è¨¬ë, ª®£¤  ¯à ¢ ï ç áâì ®¡à é ¥âáï ¢ ­ã«ì ­  ¡¥áª®­¥ç-
­®áâ¨ [6]. �âáî¤  á«¥¤ãîâ à ¢¥­áâ¢  cs = 0, s = 0; n� 1, ¢ á«ãç ¥ ãà ¢­¥­¨ï (22) ¨ cs = 0,
s = 1; n� 1, ¢ á«ãç ¥ ãà ¢­¥­¨ï (23). �¥¯¥àì ¢ íâ¨å ãà ¢­¥­¨ïå ¢ë¯®«­¨¬ ¯®¤áâ ­®¢ªã [6]

� = �=(1� �); � = t=(1� t);

z(�) = v(�)(1 � �); f(�) = b(�)(1� �):

�à ¢­¥­¨ï ¯à¨¬ãâ ¢¨¤

v(�)� 1
�

Z 1

0

v(t)dt
t� �

= b(�) +
c0p

�(1� �)
; (24)

¯à¨ç¥¬ c0 = 0 ¯à¨ ­¥ç¥â­®¬ n.
�â¬¥â¨¬, çâ® à¥è¥­¨ï ãà ¢­¥­¨ï ¢¨¤  (24), ­¥®£à ­¨ç¥­­ë¥ ¯à¨ � = 0, ¨¬¥îâ ®á®¡¥­­®áâì

¯®àï¤ª  1=4,   ­¥®£à ­¨ç¥­­ë¥ ¯à¨ � = 1 ¨¬¥îâ ®á®¡¥­­®áâì ¯®àï¤ª  3=4 ¢ ãª § ­­®© â®çª¥.
�ãáâì n ­¥ç¥â­®¥. � äã­ªæ¨¨ b(�) ¬®£ãâ ¡ëâì ®á®¡¥­­®áâ¨ ¯à¨ � = 0 ¯®àï¤ª  ­¨¦¥ 1=2, ¯à¨

� = 1 | ­¨¦¥ 3=4. � ª¨¥ ¦¥ ®á®¡¥­­®áâ¨ ¤®¯ãáª îâáï ã à¥è¥­¨ï v(�). �®íâ®¬ã ­¥®¡å®¤¨¬®
¨á¯®«ì§®¢ âì ä®à¬ã«ã à¥è¥­¨ï, ®£à ­¨ç¥­­®£® ¯à¨ � = 1.

�ãáâì n ç¥â­®¥. � äã­ªæ¨¨ b(�) ¬®£ãâ ¡ëâì ®á®¡¥­­®áâ¨ ¯à¨ � = 0 ¯®àï¤ª  ­¨¦¥ 1, ¯à¨ � = 1
| ­¨¦¥ 1=4. �«¥¤®¢ â¥«ì­®, ®¯ïâì ­¥®¡å®¤¨¬® ¨á¯®«ì§®¢ âì ä®à¬ã«ã à¥è¥­¨ï, ®£à ­¨ç¥­­®£®
¯à¨ � = 1. �à¨ç¥¬ ¤®«¦­® ¡ëâì c0 = 0. � ¯à®â¨¢­®¬ á«ãç ¥ äã­ªæ¨ï v(�) ¡ã¤¥â ¨¬¥âì ¯à¨ � = 1
®á®¡¥­­®áâì ¯®àï¤ª  1=2, çâ® ¢ëè¥ ¤®¯ãáâ¨¬®©.

�ª § ­­®¥ à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®. �âáî¤  ­ ©¤¥¬ v(�),   á«¥¤®¢ â¥«ì­®, ¨ äã­ªæ¨î �(x).
�¥¯¥àì, ª®£¤  äã­ªæ¨ï �(x) ­ ©¤¥­ , ¨§ ä®à¬ã«ë (21) ¢ëà §¨¬

�
(n+1)
1 (�x) = (�1)n�(x)� (�1)n� (n+1)1 (x) (25)
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¨ ¯®¤áâ ¢¨¬ ¢ ãà ¢­¥­¨¥ (19). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

dn

dxn

�
1
�

Z +1

0

�
1

� � x
+
(�1)n
� + x

�
� (n+1)1 (�)d� � 1

�

Z +1

0

�(�)
� � x

d�

�
= 0:

�â® ãà ¢­¥­¨¥ ¨¬¥¥â â ªãî ¦¥ áâàãªâãàã, ª ª ¨ ãà ¢­¥­¨¥ (20). �®íâ®¬ã ¯®á«¥ ¯®á«¥¤®¢ -
â¥«ì­ëå § ¬¥­ ¯®«ãç¨¬

1
�

Z 1

0

p(t)dt
t� �

= q(�) +
d0p

�(1� �)
;

¯à¨ç¥¬ d0 = 0 ¯à¨ ç¥â­®¬ n.
� äã­ªæ¨© p(�) ¨ q(�) ¤®¯ãáª îâáï á«¥¤ãîé¨¥ ®á®¡¥­­®áâ¨: ¥á«¨ n ç¥â­®¥, â® ¯à¨ � = 0

®á®¡¥­­®áâì ¯®àï¤ª  ­¨¦¥ 1=2, ¯à¨ � = 1 | ­¨¦¥ 3=4; ¥á«¨ n ­¥ç¥â­®¥, â® ¯à¨ � = 0 | ­¨¦¥ 1,
¯à¨ � = 1 | ­¨¦¥ 1=4.

�¥è¥­¨¥, ­¥®£à ­¨ç¥­­®¥ ¯à¨ � = 0 ¨«¨ � = 1, ¨¬¥¥â ¢ íâ®© â®çª¥ ®á®¡¥­­®áâì ¯®àï¤ª  1=2.
�®íâ®¬ã ­¥®¡å®¤¨¬® ¨á¯®«ì§®¢ âì ä®à¬ã«ã à¥è¥­¨ï, ®£à ­¨ç¥­­®£® ¯à¨ � = 0, ¥á«¨ n ç¥â­®¥, ¨
®£à ­¨ç¥­­®£® ¯à¨ � = 1, ¥á«¨ n ­¥ç¥â­®¥. �à®¬¥ â®£®, ®âáî¤  ¦¥ á«¥¤ã¥â, çâ® ¢® ¢â®à®¬ á«ãç ¥
d0 = 0. �ª § ­­ë¥ à¥è¥­¨ï ¥¤¨­áâ¢¥­­ë.

� ©¤¥¬ p(�),   á«¥¤®¢ â¥«ì­®, ¨ �
(n+1)
1 (x), x > 0. �á¯®«ì§ãï ä®à¬ã«ã (25), ¢ëç¨á«¨¬

�
(n+1)
1 (x), x < 0. � â¥¬ á ãç¥â®¬ à ¢¥­áâ¢ (10) ¢®ááâ ­®¢¨¬ äã­ªæ¨î �1(x). �®á«¥ íâ®£® ¨§
á®®â­®è¥­¨© (8), (9), (15) ¯®á«¥¤®¢ â¥«ì­® ­ ©¤¥¬ äã­ªæ¨¨ �2(x), �3(x) ¨ �2(x). �á«¨ § ¯¨è¥¬
à¥è¥­¨¥ ¢ ª ¦¤®© ¨§ ¯®¤®¡« áâ¥©, ¨á¯®«ì§ãï ä®à¬ã«ë (11) ¨ (13), â® íâ® à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®
¢ á¨«ã ®¤­®§­ ç­®áâ¨ ®¯à¥¤¥«¥­¨ï ¢á¯®¬®£ â¥«ì­ëå äã­ªæ¨© ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨© § ¤ ç
�¨à¨å«¥ ¨ â¨¯  �®è¨.

�â ª, ¤®ª § ­ 

�¥®à¥¬  2. � ¤ ç  F ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.

�¨â¥à âãà 

1. �à¨ªã­®¢ �.�. �¨¤®¨§¬¥­¥­­ ï § ¤ ç  �à¨ª®¬¨ ¤«ï ãà ¢­¥­¨ï uxx+yuyy+(�n+1=2)uy = 0
// �§¢. ¢ã§®¢. � â¥¬ â¨ª . { 1979. { ò 9. { �. 21{28.
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­¥­¨ï á¬¥è ­­®£® â¨¯  ¢â®à®£® à®¤  ¢ ­¥®£à ­¨ç¥­­®© ®¡« áâ¨ // �¥áâ­. �¥­¨­£à. ã­-â .
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