
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2003 ���������� ò 9 (496)

��� 517.956

�.�. ����������, �.�.�������

��� ��������� ���������� ���� ��������������
������� ������ T � ����������� �����������

�� ������� � ������� �����������

� ¤ ®© áâ âì¥ à áá¬®âà¨¬ ãà ¢¥¨¥

Uxx + sgn y � Uyy � �U = 0; � > 0; (1)

¢ ®¡« áâ¨ G, ®£à ¨ç¥®© £« ¤ª®© ªà¨¢®© �, ª®â®àaï «¥¦¨â ¢ ¯®«ã¯«®áª®áâ¨ y > 0, á ª®æ ¬¨
A(0; 0) ¨ B(1; 0) ( ç «® ªà¨¢®© ¢ â®çª¥ B) ¨ ®âà¥§ª ¬¨ å à ªâ¥à¨áâ¨ª AC : y = �x, BC : y =
x� 1, C(1=2;�1=2).

�¡®§ ç¨¬ G+ = G \ f(x; y) j y > 0g, G� = G \ f(x; y) j y < 0g.

� ¤ ç  T . � ©â¨ äãªæ¨î U(x; y) á® á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:
1) U(x; y) 2 C(G); Uxx; Uyy 2 C(G);
2) U(x; y) | à¥è¥¨¥ ãà ¢¥¨ï (1) ¢ G� ¨ G+;
3) U(x; y) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

U(x; y)j� = f(s); s 2 [0; l]; l | ¤«¨  ªà¨¢®© �;

U(x; y)jy=�x = #(x); x 2 [0; 1=2];

¨ ãá«®¢¨î á®¯àï¦¥¨ï

v+(x) = Dv�(x); x 2 (0; 1); (2)

£¤¥ v+(x) = lim
y!+0

@U(x;y)

@y
, Dv�(x) ¢ å à ªâ¥à¨áâ¨ç¥áª¨å ª®®à¤¨ â å � = x+ y, � = x� y ¨¬¥¥â

¢¨¤ Dv�(�) = lim
�!�+0

@
@�

�R
0

(� � t)�rU(t; �)dt, 0 < r < 1.

�à¨ y > 0 ãà ¢¥¨¥ (1) ¯à¨¬¥â ¢¨¤

L(U) � Uxx + Uyy � �U = 0; � > 0: (3)

�¥¬¬  1. �ãáâì ¥¯à¥àë¢ ï ¢ G+ äãªæ¨ï U(x; y) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (3) ¢ ®¡« -
áâ¨ G+ ¨ ¯à¨¨¬ ¥â ¢ G+  ¨¡®«ìè¥¥ ¯®«®¦¨â¥«ì®¥ ( ¨¬¥ìè¥¥ ®âà¨æ â¥«ì®¥) § ç¥¨¥
¢ â®çª¥ (x0; 0), 0 < x0 < 1. �á«¨ § ç¥¨ï U(x; y)   ªà¨¢®© � ¬¥ìè¥ (¡®«ìè¥), ç¥¬ U(x0; 0),
â® v+(x0) = lim

y!+0

@U(x0;y)
@y

< 0 (> 0) ¯à¨ ãá«®¢¨¨, çâ® íâ®â ¯à¥¤¥« áãé¥áâ¢ã¥â.

�®ª § â¥«ìáâ¢®. �ãáâì ãá«®¢¨ï «¥¬¬ë ¢ë¯®«¥ë ¤«ï äãªæ¨¨ U(x; y).
�¥à ¢¥áâ¢® lim

y!+0

@U(x0;y)
@y

> 0 ¥¢®§¬®¦® ¯® ¯à¨æ¨¯ã ¬ ªá¨¬ «ì®£® § ç¥¨ï ([1], á. 492).

�®¯ãáâ¨¬, çâ® lim
y!+0

@U(x0;y)
@y

=0. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ à ááã¦¤¥¨© ¡ã¤¥¬ áç¨â âì U(x0; 0)=1.

�§ ãá«®¢¨ï «¥¬¬ë á«¥¤ã¥â maxU(x; y)j� < U(x0; 0). � ç¨â, áãé¥áâ¢ã¥â â ª®¥ " : 0 < " < 1, çâ®
maxU(x; y)j� � 1� ".
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� áá¬®âà¨¬ ¢á¯®¬®£ â¥«ìãî äãªæ¨î

V (x; y) =
U(x; y)
A(y)

; (4)

£¤¥ A(y) = ed � "ey > 0, d { ¤¨ ¬¥âà ®¡« áâ¨ G+, 0 < " < 1. �®«ãç¨¬ L(U) = A(y)L1(V ), £¤¥

L1(V ) � Vxx + Vyy +
2A0(y)
A(y)

Vy +
�
A00(y)
A(y)

� �

�
V:

�® ãá«®¢¨î «¥¬¬ë L(U) = 0, â®£¤  L1(V ) = 0. �¥¯®áà¥¤áâ¢¥ë¥ ¢ëç¨á«¥¨ï ¯®ª §ë¢ îâ,
çâ® A00(y)

A(y)
� � < 0 ¨ V (x; y)j� � U(x;y)j�

ed(1�") � 1
ed

< V (x0; 0). � ç¨â, V (x; y) ã¤®¢«¥â¢®àï¥â ¢á¥¬

ãá«®¢¨ï¬ ¤ ®© «¥¬¬ë, ¨, á«¥¤®¢ â¥«ì®, ¥¢®§¬®¦® ¥à ¢¥áâ¢® lim
y!+0

@V (x0;y)

@y
> 0. � ¤àã£®©

áâ®à®ë, ¨§ (4) á«¥¤ã¥â lim
y!+0

@V (x0;y)

@y
= "ey

A2(y)
> 0. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â ¯¥à¢®¥

ãâ¢¥à¦¤¥¨¥ «¥¬¬ë. �â®à®¥ ãâ¢¥à¦¤¥¨¥ ¤®ª §ë¢ ¥âáï   «®£¨ç®.

�à¨ y < 0 ãà ¢¥¨¥ (1) ¢ å à ªâ¥à¨áâ¨ç¥áª¨å ª®®à¤¨ â å � = x+ y, � = x� y ¯à¨¬¥â ¢¨¤

U�� �
�

4
U = 0: (5)

�¡« áâì G� ¯à¥®¡à §ã¥âáï ¢ ®¡« áâì D = f(�; �) : 0 < � < � < 1g.

�¥¬¬  2. �á«¨ äãªæ¨ï U(�; �) 2 C(D) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (5) ¢ ®¡« áâ¨ D, â®
U(0; 0) = U(1; 1) = 0 «¨¡® U(0; 0) = U(0; 1) = 0.

�®ª § â¥«ìáâ¢®.�à¥¤¯®«®¦¨¬, çâ® ¤«ï äãªæ¨¨U(�; �) ¥ ¢ë¯®«ï¥âáï à ¢¥áâ¢® U(0; 0) =
U(1; 1) = 0. �®áâà®¨¬ ¢á¯®¬®£ â¥«ìãî äãªæ¨î

V (�; �) = U(�; �) � U(0; 0)
g(1; 1)w(�; �) � w(1; 1)g(�; �)

g(1; 1) � w(1; 1)
� U(1; 1)

g(�; �) � w(�; �)
g(1; 1) � w(1; 1)

;

£¤¥ w(�; �) = exp
�p

�(�+�)

2

�
, g(�; �) = 0F1(1; �4 ��). �ãªæ¨¨ w(�; �) ¨ g(�; �) ï¢«ïîâáï à¥è¥¨ï-

¬¨ ãà ¢¥¨ï (5), á«¥¤®¢ â¥«ì®, äãªæ¨ï V (�; �) â ª¦¥ ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (5) ¢
®¡« áâ¨ D. �ëç¨á«¥¨ï ¯®ª §ë¢ îâ V (0; 0) = V (1; 1) = 0, çâ® ¤®ª §ë¢ ¥â ¯¥à¢®¥ ãâ¢¥à¦¤¥¨¥
«¥¬¬ë. �â®à®¥ ãâ¢¥à¦¤¥¨¥ «e¬¬ë ¤®ª §ë¢ ¥âáï   «®£¨ç® á ¨á¯®«ì§®¢ ¨¥¬ ¢á¯®¬®£ â¥«ì-
®© äãªæ¨¨

V (�; �) = U(�; �) � U(0; 0)
q(0; 1)w(�; �) � w(0; 1)q(�; �)

q(0; 1) � w(0; 1)
� U(0; 1)

q(�; �) � w(�; �)
q(0; 1) � w(0; 1)

;

£¤¥ q(�; �) = 0F1(1; �4 (� + 1)�). �¥â®¤®¬ �¨¬  {�¤ ¬ à   å®¤¨¬ äãªæ¨î U(�; �) 2 C(D) |
à¥è¥¨¥ ãà ¢¥¨ï (5) ¢ ®¡« áâ¨ D, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

U(�; �) = �(�); � 2 [0; 1]; (6)

U(0; �) = #(�
2
) = '(�); � 2 [0; 1]: � (7)

�¥®à¥¬  1. �á«¨ '(�) 2 C1
[0;1], �(�) 2 C[0;1] \ C1

(0;1), â® áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥

§ ¤ ç¨ � à¡ã ¤«ï ãà ¢¥¨ï (5) ¢ ®¡« áâ¨ D á ãá«®¢¨ï¬¨ (6) ¨ (7), ¥¯à¥àë¢®¥ ¢ D, ®¯à¥¤¥«ï-
¥¬®¥ ä®à¬ã«®©

U(�; �) = �(�) +
Z �

0
'0(t)V (0; t; �; �)dt +

�

4
(� � �)

Z �

0
�(t) 0F1

�
2;
�

4
(t� �)(t� �)

�
dt: (8)
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�ãªæ¨ï �¨¬  {�¤ ¬ à  ¤«ï ãà ¢¥¨ï (5) ¨¬¥¥â ¢¨¤

V (�; �; �0; �0) =

(
R(�; �; �0; �0); � > �0;

R(�; �; �0; �0)�R(�; �; �0; �0); � < �0;

£¤¥ R(�; �; �0; �0) = 0F1(1; �4 (� � �0)(� � �0)) | äãªæ¨ï �¨¬   ¤«ï ãà ¢¥¨ï (5) ([2], á. 4). �á-
¯®«ì§ãï à ¢¥áâ¢® (8) ¨  ¯¯ à â á¯¥æ¨ «ìëå äãªæ¨© £¨¯¥à£¥®¬¥âà¨ç¥áª®£® â¨¯  [3],  å®¤¨¬

Dv�(�) =
Z �

0
� 0(s)(� � s)�rds�

r�

4(1� r)

Z �

0
�(s)(� � s)1�r0F2

�
2� r; 2;

�

4
(� � s)2

�
ds+

+
Z �

0
'0(s)(� � s)�r

1X
n=0

1
(1)nn!

�
�

4
�(� � s)

�n
F

�
� r;�n; 1� r;

� � s

�

�
ds�

�

Z �

0

'0(s)(� � s)�r0F1

�
1� r;

�

4
�(� � s)

�
ds�

� r��1�r
Z �

0
'0(s)s

1X
n=0

1
(2)nn!

�
�

4
(� � s)s

�n
F

�
1 + n; r; 2 + n;

s

�

�
ds: (9)

�¥¬¬  3. �á«¨ äãªæ¨ï U(�; �) 2 C(D) â ª®¢ , çâ® U(�; �) = �(�) ¤®áâ¨£ ¥â  ¨¡®«ìè¥£®
¯®«®¦¨â¥«ì®£® ( ¨¬¥ìè¥£® ®âà¨æ â¥«ì®£®) § ç¥¨ï ¢ â®çª¥ �0 : 0 < �0 < 1, ¯à¨ íâ®¬
U(0; �) � 0, 0 < r � (1 + �

4
exp(�

4
))�1, â® Dv�(�0) > 0 (< 0).

�®ª § â¥«ìáâ¢®. �§ à ¢¥áâ¢  (9) ¯® ãá«®¢¨î «¥¬¬ë á«¥¤ã¥â

Dv�(�) =
Z �

0

� 0(s)(� � s)�rds�
r�

4(1 � r)

Z �

0

�(s)(� � s)1�r0F2

�
2� r; 2;

�

4
(� � s)2

�
ds: (10)

� à ¢¥áâ¢¥ (10) ¯à¨¬¥¨¬ ä®à¬ã«ã ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ ª ¯¥à¢®¬ã á« £ ¥¬®¬ã, ãç¨âë-
¢ ï, çâ® � 0(s) = (�(s)� �(�))0. �®«ãç¨¬Z �

0

� 0(s)(� � s)�rds = �(�)��r � r

Z �

0

(�(s)� �(�))(� � s)�r�1ds:

�® ¢â®à®¬ á« £ ¥¬®¬ à ¢¥áâ¢  (10) ¯®«®¦¨¬ �(s) = �(s)� �(�) + �(�). �®£¤ 

Dv�(�) = �(�)��r
�
1�

r�

4(1 � r)

1X
n=0

1
(2)n(2� r)n(2� r + 2n)

�
�

4
�2
�n�

�

�
r�

4(1� r)

Z �

0

(�(s)� �(�))(� � s)1�r0F2

�
2� r; 2;

�

4
(� � s)2

�
ds� r

Z �

0

(�(s)� �(�))(� � s)�r�1ds:

�ãªæ¨ï �(�), ª ª ¥¯à¥àë¢ ï   ®âà¥§ª¥ [0; 1], ¯à¨¨¬ ¥â   ¥¬ á¢®¨  ¨¡®«ìè¥¥ ¨  ¨¬¥ì-
è¥¥ § ç¥¨ï. �ãáâì �(�) ¯à¨¨¬ ¥â  ¨¡®«ìè¥¥ ¯®«®¦¨â¥«ì®¥ § ç¥¨¥ ¢ â®çª¥ 0 < �0 < 1.
�®«®¦¨¬ ¢ ¯®á«¥¤¥¬ à ¢¥áâ¢¥ � = �0. � á¨«ã â®£® çâ® 0 < 1

(2)n
< 1

n!
, 0 < 1

(2�r)n < 1 ¨
0 < 1

2�r+2n
< 1, ¯®«ãç ¥¬

�(�0)��r0

�
1�

r�

4(1 � r)

1X
n=0

1
(2)n(2� r)n(2� r + 2n)

�
�

4
�2
�n�

> �(�0)��r0

�
1�

r�

4(1 � r)
exp

�
�

4

��
:

�§ ãá«®¢¨ï «¥¬¬ë á«¥¤ã¥â 1 � r�
4(1�r) exp(

�
4
) � 0. �®£¤  Dv�(�0) > 0. � «®£¨ç® ¤®ª §ë¢ ¥âáï

¢â®à ï ç áâì ãâ¢¥à¦¤¥¨ï «¥¬¬ë.

�¥®à¥¬  2. �á«¨ f(s) 2 C[0;s], #(x) 2 C1
[0;1], 0 < r � (1 + �

4
exp(�

4
))�1 ¨ áãé¥áâ¢ã¥â à¥è¥¨¥

§ ¤ ç¨ T, â® ®® ¥¤¨áâ¢¥®.
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�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ãîâ ¤¢  à §«¨çëå à¥è¥¨ï § ¤ ç¨ T : U1(x; y)
¨ U2(x; y). �®£¤  äãªæ¨ï U = U1�U2 ¡ã¤¥â à¥è¥¨¥¬ ãà ¢¥¨ï (1) á ®¤®à®¤ë¬¨ ªà ¥¢ë¬¨
ãá«®¢¨ï¬¨. �¥¯à¥àë¢ ï äãªæ¨ï U(x; y) ¤®áâ¨£ ¥â ¢ G+  ¨¡®«ìè¥£® ¨  ¨¬¥ìè¥£® § ç¥¨©.
� ª ª ª U j� = 0 ¨ ¯® ¯à¨æ¨¯ã ¬ ªá¨¬ «ì®£® § ç¥¨ï ([1], á. 492) U(x; y) ¥ ¬®¦¥â ¤®áâ¨£ âì
 ¨¡®«ìè¥£® ( ¨¬¥ìè¥£®) § ç¥¨ï ¢ãâà¨ ®¡« áâ¨ G+, â® ®  ¤®áâ¨£ ¥â ¨å   y = 0. �ãáâì
U(x; 0) = �(x) ¤®áâ¨£ ¥â  ¨¡®«ìè¥£® ( ¨¬¥ìè¥£®) § ç¥¨ï ¢ â®çª¥ x0 2 (0; 1). �®£¤  ¯® «¥¬-
¬¥ 1 v+(x0) < 0 (> 0), ¯® «¥¬¬¥ 3 Dv�(x0) > 0 (< 0). �â® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î á®¯àï¦¥¨ï
(2). � ç¨â, äãªæ¨ï U(x; 0) = �(x) ¥ ¬®¦¥â ¤®áâ¨£ âì  ¨¡®«ìè¥£® ( ¨¬¥ìè¥£®) § ç¥¨©
¢ãâà¨ (0; 1), â. ¥. �(x) � const. � ª ª ª �(0) = �(1) = 0, â® �(x) � 0   [0; 1]. �§ ä®à¬ã«ë (8)
¯®«ãç ¥¬ U(x; y) � 0 ¢ G�, â®£¤  Dv�(x) � 0 ¨ ¢ á¨«ã ãá«®¢¨ï á®¯àï¦¥¨ï (2) v+(x) � 0. �«¥¤®-
¢ â¥«ì®, U(x; y) � 0 ¢ G+,   § ç¨â, U1(x; y) � U2(x; y) ¢ ®¡« áâ¨ G. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥
§ ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.
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