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� à ¡®â å [1]{[3] ®áãé¥áâ¢«¥­® ¯ã«ì¢¥à¨§ æ¨®­­®¥ (£¥®¤¥§¨ç¥áª®¥, £¥®¬¥âà¨ç¥áª®¥) ¬®¤¥«¨-
à®¢ ­¨¥ ª¢ §¨£¥®¤¥§¨ç¥áª®£® ¯®â®ª  | ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï 2-£® ¯®-
àï¤ª . � ¯®¬®éìî íâ®£® ¬®¤¥«¨à®¢ ­¨ï ¨ ª« áá¨ä¨ª æ¨¨ �.�¨ [4]  «£¥¡à ¢¥ªâ®à­ëå ¯®«¥©
­  ¯«®áª®áâ¨ ¢ ¤ ­­®© à ¡®â¥ ¯®«ãç¥­ë à¥§ã«ìâ âë ® à §¬¥à­®áâïå  «£¥¡à �¨ ¤¢¨¦¥­¨© ®¤-
­®¬¥à­ëå ª¢ ¤à â¨ç­ëå ª¢ §¨£¥®¤¥§¨ç¥áª¨å ¯®â®ª®¢. �®¤ ¤¢¨¦¥­¨ï¬¨ ¯®­¨¬ îâáï â®ç¥ç­ë¥
 ää¨­­ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ¤¢¨¦¥­¨ï.

1. �ãáâì M | ®¤­®¬¥à­®¥ ¬­®£®®¡à §¨¥ (¢¥é¥áâ¢¥­­ ï ¯àï¬ ï R1 ¨«¨ ®ªàã¦­®áâì S1),  
f = (M;f) | ª¢ §¨£¥®¤¥§¨ç¥áª¨© ¯®â®ª (��) ­ M , ¯à¥¤áâ ¢«¥­­ë© ¢ ¯à®¨§¢®«ì­®© ª àâ¥ (u; x)
ª®®à¤¨­ â­ë¬ ¢ëà ¦¥­¨¥¬

d2x

dt2
= f

�
x; t;

dx

dt

�
;

£¤¥ x 2 u �M , t 2 R. �á¥ ®¡ê¥ªâë, ¢áâà¥ç îé¨¥áï ¢ à ¡®â¥, ¯à¥¤¯®« £ îâáï ¤®áâ â®ç­®¥ ç¨á«®
à § ¤¨ää¥à¥­æ¨àã¥¬ë¬¨. � ¯®¬®éìî ¬¥â®¤  £¥®¤¥§¨ç¥áª®£® ¬®¤¥«¨à®¢ ­¨ï [1]{[3] ¨ à¥§ã«ìâ -
â®¢ �.�¨ [4] ¯® ª« áá¨ä¨ª æ¨¨  «£¥¡à ¢¥ªâ®à­ëå ¯®«¥© ­  ¯«®áª®áâ¨ ¨áá«¥¤ã¥âáï ¯®¤¢¨¦­®áâì
â ª¨å ��.

�¨¦¥ ¨§ãç îâáï ª¢ ¤à â¨ç­ë¥ ®¤­®¬¥à­ë¥ �� f , â.¥. â ª¨¥, ¯à ¢ë¥ ç áâ¨ ª®®à¤¨­ â­ëå
¢ëà ¦¥­¨© ª®â®àëå ¨¬¥îâ ¢¨¤

f = ��(x; t)
�
dx

dt

�2

� 2B(x; t)
�
dx

dt

�
�A(x; t); (1)

£¤¥ �(x; t) | ª®íää¨æ¨¥­âë ­¥ª®â®à®© (§ ¢¨áïé¥© ®â t)  ää¨­­®© á¢ï§­®áâ¨ ­  M , B | ª®¬-
¯®­¥­â   ää¨­®à­®£® ¯®«ï,   A | ª®¬¯®­¥­â  ¢¥ªâ®à­®£® ¯®«ï ­  M , â ª¦¥ § ¢¨áïé¨¥ ®â
t.

�áïª¨© ª¢ ¤à â¨ç­ë© �� f ®¯à¥¤¥«ï¥â ¢ ¥£® ¯à®áâà ­áâ¢¥ á®¡ëâ¨©M =M�R áâ ­¤ àâ­ãî
á¢ï§­®áâì �(x�; _x

�
), ª®â®à ï ï¢«ï¥âáï  ää¨­­®© [5]. � íâ®¬ á«ãç ¥ ¥¥ ª®íää¨æ¨¥­âë �

�

�
 ­¥
§ ¢¨áïâ ®â ­ ¯à ¢«¥­¨ï, â. ¥. �

�

�
 = �
�

�
(x
�), �; �; 
; � = 1; 2 = dimM . �à¨ íâ®¬ ®­  ®¯à¥¤¥«ï¥âáï

ä®à¬ã« ¬¨ [2]

�
1

11
= �; �

1

12
= B; �

1

22
= A; �

2

11
= �

2

12
= �

2

22
= 0:

� à¥§ã«ìâ â¥ ¢ëç¨á«¥­¨ï ®¯à¥¤¥«ï¥¬ ª®¬¯®­¥­âë â¥­§®à  ªà¨¢¨§­ë ��

K1

11;1 = K1

11;2 = K1

22;1 = K1

22;2 = K2

��;
 = 0 (�; �; 
 = 1; 2);

K1

12;1 = K1; K1

21;1 = �K1; K1

12;2 = K2; K1

21;2 = �K2;

£¤¥ K1 = @2�� B1, K2 = @2B + B2 �A;1,   § ¯ïâ ï ®§­ ç ¥â ª®¢ à¨ ­â­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥
¢ á¢ï§­®áâ¨ � ­  M .
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�¯à¥¤¥«¥­¨¥ 1 ([4]). �¥ªâ®à­®¥ ¯®«¥ X ¢ ¯à®áâà ­áâ¢¥ á®¡ëâ¨© M = M � R �� (M;f)
­ §ë¢ ¥âáï ¨­ä¨­¨â¥§¨¬ «ì­®© â®ç¥ç­®© á¨¬¬¥âà¨¥© (¨«¨ â®ç¥ç­ë¬ ¯à¥®¡à §®¢ ­¨¥¬) ��
(M;f), ¥á«¨ ®¯à¥¤¥«ï¥¬ ï ¯®«¥¬ X «®ª «ì­ ï ®¤­®¯ à ¬¥âà¨ç¥áª ï £àã¯¯  «®ª «ì­ëå ¤¨ä-
ä¥®¬®àä¨§¬®¢ á®áâ®¨â ¨§ «®ª «ì­ëå â®ç¥ç­ëå ®â®¡à ¦¥­¨© á®®â¢¥âáâ¢ãîé¨å áã¦¥­¨© ¯®â®ª 
(M;f), â.¥. ¨§ «®ª «ì­ëå ®â®¡à ¦¥­¨©, á®åà ­ïîé¨å ¨­â¥£à «ì­ë¥ ªà¨¢ë¥ íâ¨å áã¦¥­¨©.

� â¥®à¨¨ £¥®¤¥§¨ç¥áª®£® ¬®¤¥«¨à®¢ ­¨ï íâ® ¯®­ïâ¨¥ â®ç¥ç­®© á¨¬¬¥âà¨¨ íª¢¨¢ «¥­â­® ¯®-
­ïâ¨î ¯à®¥ªâ¨¢­®© ª¢ §¨á¨¬¬¥âà¨¨ ¯®â®ª .

�¯à¥¤¥«¥­¨¥ 2 ([2]). �¢ §¨á¨¬¬¥âà¨ï (¨«¨ ¯à®¥ªâ¨¢­ ï ª¢ §¨á¨¬¬¥âà¨ï)X �� (M;f) |
íâ® ¢¥ªâ®à­®¥ ¯®«¥ X ­  M =M �R, ï¢«ïîé¥¥áï ¨­ä¨­¨â¥§¨¬ «ì­ë¬ ¯à®¥ªâ¨¢­ë¬ ¯à¥®¡à -
§®¢ ­¨¥¬ áâ ­¤ àâ­®© á¢ï§­®áâ¨ � �� (M;f).

�¯à¥¤¥«¥­¨¥ 3 ([2]). �á«¨ ¨­ä¨­¨â¥§¨¬ «ì­ ï ¯à®¥ªâ¨¢­ ï ª¢ §¨á¨¬¬¥âà¨ï X á®åà ­ï¥â
 ää¨­­ë© ¯ à ¬¥âà ­  ¨­â¥£à «ì­ëå ªà¨¢ëå íâ®£® ��, â® X ­ §ë¢ îâ  ää¨­­®© ª¢ §¨á¨¬-

¬¥âà¨¥©.

�¥§¤¥ ¤ «¥¥ ¯®¤ á¨¬¬¥âà¨ï¬¨ (¤¢¨¦¥­¨ï¬¨) ¡ã¤ãâ ¯®¤à §ã¬¥¢ âìáï ¨­ä¨­¨â¥§¨¬ «ì­ë¥
 ää¨­­ë¥ ª¢ §¨á¨¬¬¥âà¨¨.

2. �¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï, ª®â®àë¬ ã¤®¢«¥â¢®àïîâ á®áâ ¢«ïîé¨¥ X� ¡¥áª®-
­¥ç­® ¬ «®£®  ää¨­­®£® ¤¢¨¦¥­¨ï X = X�@� ¯à®áâà ­áâ¢  á®¡ëâ¨© M �� (M;f), § ¯¨áë¢ -
îâáï á«¥¤ãîé¨¬ ®¡à §®¬:

L
X
���
 = X�

;�
 �K�
�
�X

� = 0; (2)

£¤¥ L
X
| §­ ª ¤¨ää¥à¥­æ¨à®¢ ­¨ï �¨ ¢ ­ ¯à ¢«¥­¨¨ ¯®«ï X, § ¯ïâ ï ®¡®§­ ç ¥â ª®¢ à¨ ­â­®¥

¤¨ää¥à¥­æ¨à®¢ ­¨¥ ­  M ¢ áâ ­¤ àâ­®© á¢ï§­®áâ¨ �
�

�
 �� f ,   K�
�
� | á®áâ ¢«ïîé¨¥ â¥­§®à 

ªà¨¢¨§­ë â®£® ¦¥ �� f .
�á«®¢¨ï ¯¥à¢®© á¥à¨¨ ¨­â¥£à¨àã¥¬®áâ¨ ãà ¢­¥­¨ï (2) ¨¬¥îâ ¢¨¤ L

X
K�

�
� = 0, ¨«¨ ¯®¤à®¡­¥¥

X�K�
�
";� +X�

;�

h
���K
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�
" + ��
K

�
��" + ��"K

�
�
� � ���K

�
�
"

i
= 0; (3)

£¤¥ �; �; 
; "; �; � = 1; 2.
� áá¬®âà¨¬ ¬ âà¨æã
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; (4)

í«¥¬¥­âë ª®â®à®© ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

T �
�

�
�
�
"

�
= ���K

�
�
" + ��
K

�
��" + ��"K

�
�
� � ���K

�
�
":

� âà¨æ  (4) ï¢«ï¥âáï ãª®à®ç¥­­®© ¬ âà¨æ¥© á¨áâ¥¬ë ¯¥à¢®© á¥à¨¨ ãá«®¢¨© ¨­â¥£à¨àã¥¬®-
áâ¨ (3) ãà ¢­¥­¨ï (2) ®â­®á¨â¥«ì­® ç¥âëà¥å ­¥¨§¢¥áâ­ëå äã­ªæ¨© X�

;� (�; � = 1; 2).
� à¥§ã«ìâ â¥ ¢ëç¨á«¥­¨© ¯®«ãç ¥¬
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=
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�
=
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= T 1
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�
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(�; �; 
 = 1; 2);

T 2
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�
= �K1; T 2
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�
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�
= K1; T 2

2

�
1

1 2 2

�
= 2K2; T 2

2

�
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�
= �2K2;

T 2
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�
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1 1 1

�
= T 2
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�
= T 2

2

�
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2 2 1
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= T 2
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�
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2 2 2

�
= 0:

� ª¨¬ ®¡à §®¬, ¬ âà¨æ  (4) ¯®á«¥ âà ­á¯®­¨à®¢ ­¨ï ¨¬¥¥â ¢¨¤
0
BB@
0 0 �K1 K1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 �K2 K2 0 0 0 0 0 0 K1 �K1 �K2 0 K2 0
0 0 0 0 K1 0 �K1 0 0 0 0 0 0 0 0 0
0 0 �K1 K1 2K2 �2K2 0 0 0 0 0 0 0 0 0 0

1
CCA : (5)

� âà¨æã à §¬¥à®¢ a � b, á®áâ®ïéãî ¨§ ­ã«¥©, ®¡®§­ ç¨¬ ç¥à¥§ O(a � b), £¤¥ a ¨ b | ­ âã-
à «ì­ë¥ ç¨á« .

�à¥¤¯®«®¦¨¬, çâ® �� (1) ¨¬¥¥â ­¥­ã«¥¢ãî ªà¨¢¨§­ã. �®£¤  ¢®§¬®¦­ë ¢ à¨ ­âë 1){3).
1) K1 = 0, K2 6= 0. � âà¨æ  (5) ¯à¨­¨¬ ¥â ¢¨¤

0
BB@
0 0 0 0 0
0 0 K2 0 0
0 0 0 0 0
0 0 0 0 2K2

O(11� 4)

1
CCA :

�¥ à ­£ � = 2,   à §¬¥à­®áâì r ¯®«­®©  «£¥¡àë �¨ ¤¢¨¦¥­¨© ¯®â®ª  f à ¢­  ç¥âëà¥¬:
r = n2 + n� � = 22 + 2� 2 = 4.

2) K1 6= 0, K2 = 0. � âà¨æ  (5) ¯à¨­¨¬ ¥â ¢¨¤
0
BB@
K1 0 0
0 0 K1

0 K1 0
K1 0 0

O(13 � 4)

1
CCA ;

� = 3, r = 3.
3) K1 6= 0, K2 6= 0. � âà¨æ  (5) ¯à¨­¨¬ ¥â ¢¨¤

0
BB@
K1 0 0 0 0
0 0 0 K1 K2

0 K1 0 0 0
0 0 K2 0 0

O(11� 4)

1
CCA ;

� = 4, r = 2.
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� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  1. �¤­®¬¥à­ë¥ ª¢ ¤à â¨ç­ë¥ ª¢ §¨£¥®¤¥§¨ç¥áª¨¥ ¯®â®ª¨ ­¥­ã«¥¢®© ªà¨¢¨§­ë ­¥

¤®¯ãáª îâ ¯®«­ëå  «£¥¡à �¨ ¤¢¨¦¥­¨© à §¬¥à­®áâ¥© r, ®â«¨ç­ëå ®â r = 2; 3; 4.

�á¯®«ì§ã¥¬ ¤ «¥¥ ¨§¢¥áâ­ãî ª« áá¨ä¨ª æ¨î �.�¨ [4]  «£¥¡à ¢¥ªâ®à­ëå ¯®«¥© ­  ¯«®áª®áâ¨
¤«ï ¯®«ãç¥­¨ï à §¬¥à­®áâ¥©  «£¥¡à ¨­ä¨­¨â¥§¨¬ «ì­ëå ¤¢¨¦¥­¨© ®¤­®¬¥à­ëå ª¢ ¤à â¨ç­ëå
ª¢ §¨£¥®¤¥§¨ç¥áª¨å ¯®â®ª®¢. � à¥§ã«ìâ â¥ à¥è¥­¨ï ®¯à¥¤¥«ïîé¨å ãà ¢­¥­¨© �.�¨ L

X
�
�

�
 = 0,

¨«¨ ¢ ¯®¤à®¡­®© § ¯¨á¨
8>>>>>>>>>>><
>>>>>>>>>>>:

X1@1� +X2@2� + @11X
1 + 2B@1X2 + @1X

1� = 0;

X1@1B +X2@2B + @12X
1 + @1X

2A+ @2X
1� + @2X

2B = 0;

X1@1A+X2@2A+ @22X
1 + 2@2X1B + 2@2X2A� @1X

1A = 0;

@11X
2 � @1X

2� = 0;

@12X
2 � @1X

2B = 0;

@22X
2 � @1X

2A = 0;

­ å®¤¨¬ ª®íää¨æ¨¥­âë �, B, A �� (1),   â ª¦¥ ª®íää¨æ¨¥­âëK�
�
� â¥­§®à  ªà¨¢¨§­ëK íâ®£®

��. �¨¦¥ ¯à¨¢®¤ïâáï á®®â¢¥âáâ¢ãîé¨¥ à¥è¥­¨ï (¤«ï ¤¢ã¬¥à­ëå, âà¥å¬¥à­ëå ¨ ç¥âëà¥å¬¥à-
­ëå  «£¥¡à �¨ ¤¢¨¦¥­¨© �� f).

1) �¢ã¬¥à­ë¥  «£¥¡àë (¢ ªàã£«ëå áª®¡ª å § ¯¨áë¢ ¥âáï ¡ §¨á)
 )
�
@1 = @

@x1
, @2 = @

@x2

�
, � = c1, B = c2, A = c3, K1

122
= �K1

212
= c2

2
� c1c3, ®áâ «ì­ë¥ K�

�
�=0;
¡) (@2, x2@2), � = �(x1), A = B = 0, K�

�
� � 0;
¢) (@2, x1@1 + x1@2), � = c1=x

1, B = c2=x
1, K1

211
= �K1

211
= c2=(x1)2, K1

122
= �K1

212
=

c1 + c2
2
� c1c2=(x1)2.

2) �à¥å¬¥à­ë¥  «£¥¡àë
 ) (@1, 2x1@1 + x2@2, x2@1 + x1x2@2), � = 0, B = 1

x2
, A = 0, K�

���=0;
¡) (@1, 2x1@2, x2@2), � = 0, B = 0, A = 0, K�

�
�=0;
¢) (@1, @2, x1@1 + (x1 + x2)@2), � = B = A = 0, K�

�
�=0;
£) (@2, x1@2, F (x1)@2), � = B = A = 0, K�

�
�=0;
¤) (@2, x2@2, (x2)2@2), B = A = 0, � = �(x1), K�

�
�=0;
¥) (@1, @2, x1@1 + cx2@2, c 6= 0; 1), � = B = A = 0 (¯à¨ c 6= 1

2
), K�

���=0;
¦) (@1, @2, x2@2), B = A = 0, � = c, K�

���=0;
§) (@1, @2, x1@1 + x2@2), B = A = 0, � = 0, K�

���=0;
¨) (@1, @2, x1@2 � x2@1 + c(x1@1 + x2@2)), � = B = A = 0, K�

���=0;
ª) (@1+((x1)2� (x2)2)@1+2x1x2@2, @2+2x1x2@1+((x2)2� (x1)2)@2, x2@1�x1@2), � = B = A = 0,

K�
���=0;
«) (@1� ((x1)2� (x2)2)@1�2x1x2@2, @2�2x1x2@1� ((x2)2� (x1)2)@2, x2@1�x1@2), � = B = A = 0,

K�
���=0.
3) �¥âëà¥å¬¥à­ë¥  «£¥¡àë
 ) (@2, x1@2, @1, x1@1 + cx2@1, c 6= 1), A = B = � = 0, K�

���=0;
¡) (@2, x1@2, @1; x1@1 + (2x2 + (x1)2)@2), � = A = B = 0, K�

���=0;
¢) (@2, x1@2, x2@2; @1), A = B = � = 0, K�

���=0;

£) (@2, e�x
1

@2, x2@2, @1), A = B = � = 0, K�
���=0;

¤) (@2, x1@2, F (x1)@2, x2@2), A = B = � = 0, K�
���=0;

¥) (@2, x1@2, @1; x1@1 + x2@2), A = B = � = 0, K�
���=0;

¦) (@2, x1@2, F1(x1)@2, F2(x1)@2), A = B = � = 0, K�
���=0;

§) (@2, x2@2, @1, (x2)2@2), A = B = 0, � = c, K�
���=0;

¨) (@2, x2@2, @1, x1@1), A = B = � = 0, K�
���=0;

ª) (@1, @2; x1@2 � x2@1, x1@1 + x2@2), A = B = � = 0, K�
���=0.
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�à¨¢¥¤¥­­ë¥ à¥§ã«ìâ âë ¤®ª §ë¢ îâ á«¥¤ãîé¨¥ ¤¢¥ â¥®à¥¬ë.

�¥®à¥¬  2. �á«¨ ®¤­®¬¥à­ë© ª¢ ¤à â¨ç­ë© �� ¤®¯ãáª ¥â  «£¥¡àã �¨ ¤¢¨¦¥­¨© à §¬¥à-

­®áâ¨ r > 2, â® ®­ ï¢«ï¥âáï ¯®â®ª®¬ ­ã«¥¢®© ªà¨¢¨§­ë ¨, á«¥¤®¢ â¥«ì­®, ®¡« ¤ ¥â ¯®«­®©

6-¬¥à­®©  «£¥¡à®© �¨  ää¨­­ëå ¤¢¨¦¥­¨©.

�¥®à¥¬  3. � ªá¨¬ «ì­ ï à §¬¥à­®áâì  «£¥¡àë �¨ ¤¢¨¦¥­¨© ®¤­®¬¥à­ëå ª¢ ¤à â¨ç­ëå

�� ­¥­ã«¥¢®© ªà¨¢¨§­ë à ¢­  ¤¢ã¬. �­®¦¥áâ¢® â ª¨å ¯®â®ª®¢ à §¡¨¢ ¥âáï ­  ¤¢   ää¨­­®-

­¥íª¢¨¢ «¥­â­ëå ª« áá . �®â®ª¨ ¯¥à¢®£® ª« áá  ¤®¯ãáª îâ  «£¥¡àã �¨ ¤¢¨¦¥­¨© á ¡ §¨á­ë¬¨

®¯¥à â®à ¬¨ @1 ¨ @2,   ¯®â®ª¨ ¢â®à®£® ª« áá  | á ¡ §¨á­ë¬¨ ®¯¥à â®à ¬¨ @2 ¨ x1@1 + x2@2.
�à¨ íâ®¬ ¯¥à¢ë© ª« áá ¯à¥¤áâ ¢«ï¥âáï (¢ â¥å ¦¥ ª®®à¤¨­ â å, çâ® ¨ ¡ §¨á­ë¥ ®¯¥à â®àë)
¯®â®ª®¬ á ª®íää¨æ¨¥­â ¬¨ � = c1, B = c2, A = c3; ¢â®à®© ª« áá | ¯®â®ª®¬ á ª®íää¨æ¨¥­-

â ¬¨ � = c1=x
1, B = c2=x

1, A = c3=x
1 (c1, c2, c3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥).

� ¬¥ç ­¨¥ 1. �¥§ã«ìâ âë à ¡®âë ¬®£ãâ ¡ëâì ¯®«ãç¥­ë ­  ¡ §¥ à ¡®â [6] ¨ [7].

� ¬¥ç ­¨¥ 2. �ää¨­­ ï ¯®¤¢¨¦­®áâì �� (M;f) ¡®«ìè¥© à §¬¥à­®áâ¨ (dimM � 3) ¨áá«¥-
¤®¢ « áì ¢ ¯à¥¤ë¤ãé¨å à ¡®â å  ¢â®à®¢ (­ ¯à., [5]).
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