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� ª ¨§¢¥áâ® ¨§ à¥§ã«ìâ â®¢ ¨áá«¥¤®¢ ¨ï ª®àà¥ªâ®áâ¨ ¯®áâ ®¢®ª ®¡à âëå ªà ¥¢ëå § -
¤ ç (���) â¥®à¨¨   «¨â¨ç¥áª¨å äãªæ¨© (á¬.,  ¯à., [1]), ¢® ¢ãâà¥¥© ��� §  áç¥â ¢ë¡®à 
á®®â¢¥âáâ¢ãîé¥© ¯ àë äãªæ¨® «ìëå ¯à®áâà áâ¢ ¢á¥£¤  ¬®¦® ¤®¡¨âìáï ª®àà¥ªâ®áâ¨ ¯®
�¤ ¬ àã,   ¢¥è¨¥ ��� ï¢«ïîâáï ãá«®¢®-ª®àà¥ªâë¬¨. �«ï ¯®á«¥¤¨å ¥®¡å®¤¨¬® ®¡¥á-
¯¥ç¨âì ¥ â®«ìª® ¢ë¯®«¥¨¥ ãá«®¢¨© à §à¥è¨¬®áâ¨, ® ¨ ¯®¯ ¤ ¨¥ à¥è¥¨ï ¢ ¬®¦¥áâ¢®
ª®àà¥ªâ®áâ¨.

�¤¨ ¨§ á¯®á®¡®¢ à¥£ã«ïà¨§ æ¨¨ à¥è¥¨© ¢¥è¨å ��� ¢ ¯®áâ ®¢ª¥ �.�.�ã¦¨  § ª«î-
ç ¥âáï ¢ ¯®áâà®¥¨¨ ¨å ª¢ §¨à¥è¥¨© [2], ¯®§¢®«ïîé¨å ¤®¡¨âìáï ¢ë¯®«¥¨ï ãá«®¢¨© à §à¥è¨-
¬®áâ¨ §  áç¥â ¬¨¨¬ «ì®© (¢ ®¯à¥¤¥«¥®¬ á¬ëá«¥) ª®àà¥ªæ¨¨ ªà ¥¢ëå ãá«®¢¨©. � ãá«®¢¨ï¬
à §à¥è¨¬®áâ¨ ®â®áïâ ¯à¥¦¤¥ ¢á¥£® ãá«®¢¨ï § ¬ªãâ®áâ¨ ¨áª®¬®£® ª®âãà . � ª ç¥áâ¢¥ ¤®-
¯®«¨â¥«ìëå ®£à ¨ç¥¨© ¬®¦® ¨á¯®«ì§®¢ âì àï¤ ãá«®¢¨©, ®¡¥á¯¥ç¨¢ îé¨å ®¯à¥¤¥«¥ë¥
á¢®©áâ¢  ¯®«ãç ¥¬®£® à¥è¥¨ï. �á®¡¥® ¢ ¦¥ ãç¥â â ª¨å ¤®¯®«¨â¥«ìëå ®£à ¨ç¥¨© ¢
á«ãç ¥, ª®£¤  ®¡à â ï § ¤ ç  ¬®¤¥«¨àã¥â ª ª®©-«¨¡® ä¨§¨ç¥áª¨© ¯à®æ¥áá. � â ª¨å á¨âã æ¨-
ïå  §¢ ë¥ ®£à ¨ç¥¨ï, ®âà ¦ ï ä¨§¨ç¥áª¨¥ á¢®©áâ¢  ¨áª®¬®£® à¥è¥¨ï, áâ ®¢ïâáï ¯®-
áãé¥áâ¢ã ãá«®¢¨ï¬¨ à §à¥è¨¬®áâ¨,   ¨å ãç¥â ¯à¨ § ¤ ¨¨ ¬®¦¥áâ¢  ª®àà¥ªâ®áâ¨ áâ ®¢¨âáï
®¡ï§ â¥«ìë¬.

� ¢ëà ¦¥¨¨ ç¥à¥§ ã¯à ¢«ïîéãî 2�-¯¥à¨®¤¨ç¥áªãî äãªæ¨î p() 2 L2[0; 2�] (L2[0; 2�] |
¯à®áâà áâ¢® äãªæ¨©, ¨â¥£à¨àã¥¬ëå á ª¢ ¤à â®¬   ®âà¥§ª¥ [0; 2�]) ãá«®¢¨ï § ¬ªãâ®áâ¨
¨áª®¬®£® ª®âãà  ¯à¨¨¬ îâ ¢¨¤

Z 2�

0

p() cos  d = A1;

Z 2�

0

p() sin  d = B1; (1)

£¤¥ A1 ¨ B1 | § ¤ ë¥ ¯®áâ®ïë¥, ¢ ¯à®áâ¥©è¥¬ á«ãç ¥ à ¢ë¥ ã«î,   äãªæ¨ï p() ®¯à¥-
¤¥«ï¥âáï ¯® ªà ¥¢ë¬ ãá«®¢¨ï¬ § ¤ ç¨.

� ®¡à âëå ªà ¥¢ëå § ¤ ç å  íà®£¨¤à®¤¨ ¬¨ª¨ (����) [3], ®â®áïé¨åáï ª  §¢ ®¬ã
¢ëè¥ ª« ááã ¢¥è¨å ���, ª ãá«®¢¨ï¬ à §à¥è¨¬®áâ¨ ®â®áïâ ãá«®¢¨ï § ¬ªãâ®áâ¨ ª®âãà 
¨áª®¬®£® ªàë«®¢®£® ¯à®ä¨«ï ¨ ãá«®¢¨¥ á®¢¯ ¤¥¨ï ¢¥«¨ç¨ áª®à®áâ¨  ¡¥£ îé¥£® ¯®â®ª , § -
¤ ëå ¨ ®¯à¥¤¥«ï¥¬ëå ¯à¨ à¥è¥¨¨ § ¤ ç¨. �¥à¢ë¥ ¨¬¥îâ ¢¨¤ (1). � ç¥¨ï ¯®áâ®ïëå A1 ¨
B1 § ¢¨áïâ ®â ¢ë¡®à  ®à¬¨à®¢ª¨ ª®ä®à¬®£® ®â®¡à ¦¥¨ï ª ®¨ç¥áª®© ®¡« áâ¨   ¨áª®¬ãî.
� á«ãç ¥ ®à¬¨à®¢ª¨, ãª § ®© ¨¦¥ ¢ ¯. 1, ¨¬¥¥¬ A1 = ��("� 1) cos �, B1 = �("� 1) sin�, £¤¥
"� | § ¤  ï ¢¥«¨ç¨  ¢¥è¥£® ã£«  ¢ § ¤¥© ªà®¬ª¥ ¯à®ä¨«ï, " 2 [1; 2],   � 2 [0; �=2] | â ª
 §ë¢ ¥¬ë© â¥®à¥â¨ç¥áª¨© ã£®«  â ª¨, ®¯à¥¤¥«ï¥¬ë© ¯®  ç «ìë¬ ¤ ë¬ ����. �á«®¢¨¥

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâë òò03-01-00015, 03-01-96012).
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á®¢¯ ¤¥¨ï áª®à®áâ¥©  ¡¥£ îé¥£® ¯®â®ª  § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

Z 2�

0

p()d = 0: (2)

�®®â¢¥âáâ¢ãîé¥¥ ª¢ §¨à¥è¥¨¥ ®¤®§ ç® ®¯à¥¤¥«ï¥âáï ª ª ¬¨¨¬ã¬ äãªæ¨® «  J(p) =
1
2
kp�pdk

2
L2
  ¢ë¡à ®¬ ¬®¦¥áâ¢¥ äãªæ¨© p() (¬®¦¥áâ¢¥ ª®àà¥ªâ®áâ¨), ã¤®¢«¥â¢®àïîé¨å

 àï¤ã á ¤àã£¨¬¨ âà¥¡®¢ ¨ï¬¨ ®£à ¨ç¥¨ï¬ â¨¯  à ¢¥áâ¢ (1) ¨ (2) (äãªæ¨ï pd() â ª¦¥
®¯à¥¤¥«ï¥âáï ¯®  ç «ìë¬ ¤ ë¬ ªà ¥¢®© § ¤ ç¨).

� ª¨¬ ®¡à §®¬, à¥£ã«ïà¨§ æ¨ï à¥è¥¨© ¢¥è¨å ��� ¢ ¯®áâ ®¢ª¥ �.�.�ã¦¨  ¨ ����
à ¢®á¨«ì  ª« áá¨ç¥áª®© ¢ à¨ æ¨®®© § ¤ ç¥ | ¬¨¨¬¨§ æ¨¨ § ¤ ®£® äãªæ¨® «  ¯à¨
®£à ¨ç¥¨ïå,   ¯à¨¬¥¥¨¥ ¢ à¨ æ¨®ëå ¬¥â®¤®¢ ¯®§¢®«ï¥â ®¯¨á âì á®®â¢¥âáâ¢ãîé¨¥ ¬®-
¦¥áâ¢  ª®àà¥ªâ®áâ¨.

� ¤àã£®© áâ®à®ë, ��� ¢ ¨áå®¤®© ¯®áâ ®¢ª¥ ¥ ¯à¥¤¯®« £ îâ ®¡¥á¯¥ç¥¨ï ª ª¨å-«¨¡®
íªáâà¥¬ «ìëå á¢®©áâ¢ ¨áª®¬®£® à¥è¥¨ï. � à ¡®â¥ [4], [5] ®¯¨á   áå¥¬  ¯¥à¥å®¤  ®â ��� ª ¢ -
à¨ æ¨®ë¬ ®¡à âë¬ § ¤ ç ¬, ª®£¤  ®¤® ¨§ ªà ¥¢ëå ãá«®¢¨© § ¬¥ï¥âáï ®¯â¨¬¨§ æ¨®ë¬.
� à¥§ã«ìâ â¥ ¯®«ãç ¥âáï â ª®© ª« áá ªà ¥¢ëå § ¤ ç á ¥¨§¢¥áâë¬¨ £à ¨æ ¬¨, ¢ ª®â®àëå ¨áª®-
¬ë¬¨ ï¢«ïîâáï ª ª   «¨â¨ç¥áª ï äãªæ¨ï (¨«¨ ¢ ®¡é¥¬ á«ãç ¥ à¥è¥¨¥ ¤¨ää¥à¥æ¨ «ì®£®
ãà ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëå), â ª ¨ á ¬  ®¡« áâì G ¥¥ ®¯à¥¤¥«¥¨ï, ¯à¨ç¥¬ ¯®á«¥¤ïï
®¡« ¤ ¥â ¥ª®â®àë¬ íªáâà¥¬ «ìë¬ á¢®©áâ¢®¬,     £à ¨æ¥ @G § ¤ ¥âáï ®¤® ªà ¥¢®¥ ãá«®¢¨¥.
�ªáâà¥¬ «ì®¥ á¢®©áâ¢® G ¢ëà ¦ ¥âáï ¢ ¢¨¤¥ âà¥¡®¢ ¨ï ¬ ªá¨¬¨§ æ¨¨ (¬¨¨¬¨§ æ¨¨) § ¤ -
®£® äãªæ¨® «  (®¡ëç® ¯à¨ ¤®¯®«¨â¥«ìëå ®£à ¨ç¥¨ïå). �® á ¬®© á¢®¥© ¯®áâ ®¢ª¥ íâ¨
§ ¤ ç¨,  §¢ ë¥ ¢ [3] ¢ à¨ æ¨®ë¬¨ ���, ®â®áïâáï ª § ¤ ç ¬ ®¯â¨¬ «ì®£® ¯à®¥ªâ¨à®-
¢ ¨ï ( ¯à., [6]),    «¨ç¨¥ ¨«¨ ®âáãâáâ¢¨¥ ¤®¯®«¨â¥«ìëå ®£à ¨ç¥¨© ¬®¦¥â áãé¥áâ¢¥®
¨§¬¥ïâì ª àâ¨ã à §à¥è¨¬®áâ¨ § ¤ ç. �®íâ®¬ã ã¦® ®¯à¥¤¥«¨âì, ª ª¨¥ äãªæ¨® «ë æ¥«¥-
á®®¡à §® à áá¬ âà¨¢ âì ¨ ª ª¨¥ ¤®¯®«¨â¥«ìë¥ ®£à ¨ç¥¨ï ã¦® ¯à¨¢«¥ª âì. �§ ®¡é¨å
á®®¡à ¦¥¨© ®â¢¥âë   íâ¨ ¢®¯à®áë  ©â¨ § âàã¤¨â¥«ì®. �¬¥áâ¥ á â¥¬, ¥áâ¥áâ¢¥ë¬ ¨áâ®ç-
¨ª®¬ ¢ à¨ æ¨®ëå ��� ï¢«ïîâáï â¥®à¨¨, á¢ï§ ë¥ á ¬®¤¥«¨à®¢ ¨¥¬ ¯à¨à®¤ëå ï¢«¥¨©
( ¯à., â¥ç¥¨© ¦¨¤ª®áâ¨ ¨«¨ £ § ). �¤®© ¨§ ¨å ï¢«ï¥âáï ª« áá¨ç¥áª ï  íà®£¨¤à®¤¨ ¬¨ª .
�®áâ ®¢ª  á®®â¢¥âáâ¢ãîé¥© ¢ à¨ æ¨®®© ���� ¯à¨¢¥¤¥  ¨¦¥.

� ª¨¬ ®¡à §®¬, ¯à¨¬¥¥¨¥ ¢ à¨ æ¨®®© â¥å¨ª¨ ï¢«ï¥âáï ¥ â®«ìª® ¥áâ¥áâ¢¥ë¬, ® ¨
¥®¡å®¤¨¬ë¬ ¤«ï ¨áá«¥¤®¢ ¨© à §à¥è¨¬®áâ¨ ¨ ¯®áâà®¥¨ï à¥è¥¨© ��� ¯à¥¦¤¥ ¢á¥£® ¢ à¨-
 æ¨®ëå.

�â âìï ¨¬¥¥â á«¥¤ãîéãî áâàãªâãàã.
� ¯. 1 ¤ ë ¯®áâ ®¢ª¨ ¢ à¨ æ¨®®© ���� ¨ á®®â¢¥âáâ¢ãîé¥© ¥© ®¯â¨¬¨§ æ¨®®© § ¤ -

ç¨. � ¯. 2 ¤®ª § ë â¥®à¥¬ë áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨© ¢ à¨ æ¨®ëå § ¤ ç.
� ¯. 3 ¯®áâà®¥ë ª®¥ç®¬¥àë¥  ¯¯à®ªá¨¬ æ¨¨ ¢ à¨ æ¨®ëå § ¤ ç ¨ ¨áá«¥¤®¢ ë ¢®¯à®áë
®¤®§ ç®© à §à¥è¨¬®áâ¨ á®®â¢¥âáâ¢ãîé¨å ª®¥ç®¬¥àëå ®¯â¨¬¨§ æ¨®ëå § ¤ ç. �. 4 ¯®-
á¢ïé¥ ¯®áâà®¥¨î äãªæ¨© � £à ¦  ¤«ï ¢ à¨ æ¨®ëå § ¤ ç ¨ (¨«¨) ¨å ª®¥ç®¬¥àëå
 ¯¯à®ªá¨¬ æ¨©. �®ª § ë â¥®à¥¬ë ® áãé¥áâ¢®¢ ¨¨ á¥¤«®¢ëå â®ç¥ª. � àï¤¥ á«ãç ¥¢ ¯®áâà®-
¥ ï¢ë© ¢¨¤ ¤¢®©áâ¢¥ëå § ¤ ç. � ¯. 5 à áá¬®âà¥ë ¨ ¨áá«¥¤®¢ ë ¥ª®â®àë¥ ¨â¥à æ¨®ë¥
¬¥â®¤ë à¥è¥¨ï ¨§ãç ¥¬ëå § ¤ ç, ®á®¢ ë¥ ª ª   ¯àï¬ëå, â ª ¨   ¤¢®©áâ¢¥ëå ¯®áâ -
®¢ª å.

�â¬¥â¨¬, çâ® ¢¥ à ¬®ª áâ âì¨ ®áâ «¨áì ¢®¯à®áë ®¡®á®¢ ¨ï áå®¤¨¬®áâ¨ ª®¥ç®¬¥àëå
 ¯¯à®ªá¨¬ æ¨©. �®®â¢¥âáâ¢ãîé¨¥ à¥§ã«ìâ âë ¬®£ãâ ¡ëâì ¯®«ãç¥ë ¬¥â®¤ ¬¨ â¥®à¨¨  ¯¯à®ª-
á¨¬ æ¨¨ ¢ à¨ æ¨®ëå ¥à ¢¥áâ¢ (á¬. [7] ¤«ï á«ãç ï ¢ à¨ æ¨®ëå ¥à ¢¥áâ¢ á «¨¥©ë¬¨
®¯¥à â®à ¬¨). �ë ®£à ¨ç¨«¨áì ¨áá«¥¤®¢ ¨¥¬ ¤¢ãå ¢ à¨ æ¨®ëå § ¤ ç ¨ ¥áª®«ìª¨å ª« á-
á®¢ ¨â¥à æ¨®ëå ¬¥â®¤®¢, å®âï ¯à¥¤«®¦¥ë¥ ®¡é¨¥ ¯®¤å®¤ë ¨ à¥§ã«ìâ âë áâ âì¨ ¯®§¢®«ïîâ
à áè¨à¨âì ª« áá ¨§ãç ¥¬ëå § ¤ ç ¨ ¬¥â®¤®¢ (á¬.,  ¯à., [8], £¤¥ ¨áá«¥¤®¢ ë à §«¨çë¥ ¨â¥à -
æ¨®ë¥ ¬¥â®¤ë ¤«ï § ¤ ç ãá«®¢®© ®¯â¨¬¨§ æ¨¨).
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1. � à¨ æ¨® ï ����

�à¨¢¥¤¥¬ ¯®áâ ®¢ªã § ¤ ç¨ ¨ ¢ë¢¥¤¥¬ ®á®¢ë¥ á®®â®è¥¨ï.
�¨§¨ç¥áª ï ¯®áâ ®¢ª  § ¤ ç¨. � ¯«®áª®áâ¨ z = x + iy à áá¬®âà¨¬ ãáâ ®¢¨¢è¥¥áï ¡¥§®â-

àë¢®¥ ®¡â¥ª ¨¥ ¨¤¥ «ì®© ¥á¦¨¬ ¥¬®© ¦¨¤ª®áâìî (���) ¥¯à®¨æ ¥¬®£® ¨§®«¨à®¢ ®£®
ªàë«®¢®£® ¯à®ä¨«ï á ª®âãà®¬, £« ¤ª¨¬ §  ¨áª«îç¥¨¥¬ § ®áâà¥®© § ¤¥© ªà®¬ª¨ B (z = 0)
(à¨á. 1), ¢¥è¨© ã£®« ª®â®à®© à ¢¥ "� (1 � " � 2, ¯à¨ " = 1 ¨¬¥¥¬ ¢áî¤ã £« ¤ª¨© ª®âãà),
¯¥à¨¬¥âà ª®âãà  ¯à®ä¨«ï l = 2. �®â®ª   ¡¥áª®¥ç®áâ¨ ï¢«ï¥âáï ®¤®à®¤ë¬,  ¯à ¢«¥ë¬
£®à¨§®â «ì®, ¥£® áª®à®áâì v1 = 1,   ¯«®â®áâì � = 1. � ª ç¥áâ¢¥ ¬ áèâ ¡  ¤«¨ ¢ë¡¥à¥¬ ¯®«ã-
¯¥à¨¬¥âà ª®âãà  (¤«ï à¥ «ìëå ¯à®ä¨«¥© ® ¬ «® ®â«¨ç ¥âáï ®â ¤«¨ë ¨å å®à¤ë). �à¥¡ã¥âáï
®¯à¥¤¥«¨âì ä®à¬ã ¯à®ä¨«ï, ®¡¥á¯¥ç¨¢ îé¥£® ¬ ªá¨¬ «ì®¥ § ç¥¨¥ ª®íää¨æ¨¥â  ¯®¤ê¥¬-
®© á¨«ë ¯à¨ ãá«®¢¨¨, çâ®  ¨¡®«ìè¥¥ § ç¥¨¥ ¯à¨¢¥¤¥®© áª®à®áâ¨   ª®âãà¥ (¢¥«¨ç¨ë
áª®à®áâ¨, ®â¥á¥®© ª áª®à®áâ¨ ¯®â®ª    ¡¥áª®¥ç®áâ¨) ¥ ¯à¥¢®áå®¤¨â § ¤ ®© ¢¥«¨ç¨ë
vmax > 1.

�¨á. 1. �« áá ®¯â¨¬¨§¨àã¥¬ëå ª®âãà®¢

� â¥¬ â¨ç¥áª ï ¬®¤¥«ì. � ¯¨è¥¬ ®á®¢ë¥ á®®â®è¥¨ï, ®¯à¥¤¥«ïîé¨¥ ¬ â¥¬ â¨ç¥áªãî
¬®¤¥«ì § ¤ ç¨, á«¥¤ãï [3].

� ª ç¥áâ¢¥ ª ®¨ç¥áª®© ¢®§ì¬¥¬ ®¡« áâì E� = f� : j�j > 1g ¢® ¢á¯®¬®£ â¥«ì®© ¯«®áª®áâ¨
ª®¬¯«¥ªá®£® ¯¥à¥¬¥®£® � = rei (à¨á. 1). � áá¬®âà¨¬ ®¡â¥ª ¨¥ ¥¤¨¨ç®£® ªàã£  ¯®â®ª®¬
���, ¢¥ªâ®à áª®à®áâ¨ ª®â®à®£®   ¡¥áª®¥ç®áâ¨  ¯à ¢«¥ ¢¤®«ì ®á¨  ¡áæ¨áá, ¬®¤ã«ì à ¢¥
u,   ªà¨â¨ç¥áª¨¥ â®çª¨ B = e�i� ¨ A = �ei�   ®ªàã¦®áâ¨ (¢ ª®â®àëå áª®à®áâì ®¡à é ¥âáï
¢ ã«ì) á¨¬¬¥âà¨çë ®â®á¨â¥«ì® ¢¥àâ¨ª «ì®© ®á¨. �®¬¯«¥ªá ï áª®à®áâì â ª®£® â¥ç¥¨ï,
ª ª ¨§¢¥áâ®, ¨¬¥¥â ¢¨¤

dw

d�
= u(1� e�i�=�)(1 + ei�=�):

�¡â¥ª ¨¥ à áá¬ âà¨¢ ¥¬®£® ¯à®ä¨«ï ¢ ä¨§¨ç¥áª®© ¯«®áª®áâ¨ ¯®«®áâìî ®¯à¥¤¥«ï¥âáï § -
¤ ¨¥¬ ¯ àë | 2�-¯¥à¨®¤¨ç¥áª®© äãªæ¨¨ p() 2 L2[0; 2�], ã¤®¢«¥â¢®àïîé¥© ¤®¯®«¨â¥«ì-
ë¬ ãá«®¢¨ï¬ £« ¤ª®áâ¨, ® ª®â®àëå ¡ã¤¥â áª § ® ¨¦¥,   â ª¦¥ â¥®à¥â¨ç¥áª®£® ã£«   â ª¨
� 2 [��=2; �=2]. �¡« áâì â¥ç¥¨ï ï¢«ï¥âáï ®¡à §®¬ ¢¥è®áâ¨ ªàã£  E� ¯à¨ ª®ä®à¬®¬ ®â®-
¡à ¦¥¨¨ zp = zp(�), ®à¬¨à®¢ ®¬ ãá«®¢¨ï¬¨ zp(1) =1, zp(e�i�) = 0.

�¢¥¤¥¬   «¨â¨ç¥áªãî äãªæ¨î

�(�) = ln
�
v�11

dw

dz
(�)
�
� �1(�); �1(�) = ln

�
u�1

dw

d�
(�)
�
� ("� 1) ln(1� e�i�=�);

ª®â®à ï ¯®«ãç ¥âáï ¨§ äãªæ¨¨�¨ç¥« {�ãª®¢áª®£® ã¤ «¥¨¥¬ ®á®¡¥®áâ¥© á ¯®¬®éìî äãª-
æ¨¨ �1(�): �à¨ íâ®¬ �(1) = 0 ¢ á¨«ã ¢ë¡à ëå ãá«®¢¨© ®à¬¨à®¢ª¨ áª®à®áâ¨ ¯®â®ª    ¡¥á-
ª®¥ç®áâ¨ ¢ ä¨§¨ç¥áª®© ¨ ¢á¯®¬®£ â¥«ì®© ¯«®áª®áâïå.
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�ãáâì ã¯à ¢«ïîé ï äãªæ¨ï p() = <�(ei) (§¤¥áì ¨ ¤ «¥¥ <| ®¡®§ ç¥¨¥ ¤¥©áâ¢¨â¥«ì®©
ç áâ¨ ª®¬¯«¥ªá®§ ç®© äãªæ¨¨). �®£¤  ¯® ä®à¬ã«¥ �¢ àæ 

�(�) = �
1
2�

Z 2�

0

p()
ei + �

ei � �
d:

�«ï ®¡¥á¯¥ç¥¨ï áãé¥áâ¢®¢ ¨ï á¨£ã«ïà®£® ¨â¥£à «  ¯®âà¥¡ã¥¬, çâ®¡ë p() ã¤®¢«¥â¢®àï« 
ãá«®¢¨î ��¥«ì¤¥à  á ä¨ªá¨à®¢ ë¬¨ ª®íää¨æ¨¥â®¬ ¨ ¯®ª § â¥«¥¬; â ª¨¥ äãªæ¨¨ ®¡à §ãîâ
¢ ¯à®áâà áâ¢¥ L2[0; 2�] ª®¬¯ ªâ®¥ ¬®¦¥áâ¢® U . � «¥¥, ¢ á¨«ã ®à¬¨à®¢ª¨ �(1) = 0 ã¯à -
¢«ïîé ï äãªæ¨ï p() ¤®«¦  ã¤®¢«¥â¢®àïâì ¤®¯®«¨â¥«ì®¬ã ®£à ¨ç¥¨î (2). �à¨ íâ®¬
�(�) = lnu� ln[dzp=d�] + ("� 1) ln(1� e�i�=�), â. ¥.

z0p(�) = u exp[��(�)](1� e�i�=�)"�1: (3)

�âáî¤  ¯®á«¥ ¨â¥£à¨à®¢ ¨ï á ãç¥â®¬ ®à¬¨à®¢ª¨ zp(e�i�) = 0 ¯®«ãç¨¬ ¨â¥£à «ì®¥ ¯à¥¤áâ -
¢«¥¨¥ ª« áá  ®â®¡à ¦¥¨© zp(�) ¢ § ¢¨á¨¬®áâ¨ ®â ã¯à ¢«ïîé¥© äãªæ¨¨ p() ¨ ã¯à ¢«ïîé¥-
£® ¯ à ¬¥âà  � ¨, á«¥¤®¢ â¥«ì®, ¯®«®¥ ®¯¨á ¨¥ ª« áá  à áá¬ âà¨¢ ¥¬ëå ª®âãà®¢, ª®â®àë©
®¡®§ ç¨¬ ç¥à¥§ L. �áâ¥áâ¢¥®, ¯à¨ïâë¥ ®£à ¨ç¥¨ï   í«¥¬¥âë L ¯à¨¢¥¤ãâ ª ¤®¯®«¨-
â¥«ìë¬ ®£à ¨ç¥¨ï¬   p(), � ¨ ¯®§¢®«ïâ ¢ëï¢¨âì á¢ï§¨ ¬¥¦¤ã ã¯à ¢«ïîé¥© äãªæ¨¥© ¨
ã¯à ¢«ïîé¨¬ ¯ à ¬¥âà®¬.

�®®à¤¨ âë x, y ¨ ¤«¨  ¤ã£¨ s ª®âãà  ¯à®ä¨«ï ®¯à¥¤¥«ïâáï â¥¯¥àì ¨§ (3) ¢ ¯ à ¬¥âà¨-
ç¥áª®© ä®à¬¥ ª ª äãªæ¨¨ ¯ à ¬¥âà   2 [0; 2�]. � ç áâ®áâ¨,

s() =
Z 

��
jz0p(e

i)jd = u

Z 

��
e�p()

����2 sin  + �

2

����
"�1

d: (4)

� ä®à¬ã«¥ (4) ¯ à ¬¥âà u ®¯à¥¤¥«ï¥â ¬ áèâ ¡ ¤«¨ ¢ ä¨§¨ç¥áª®© ¯«®áª®áâ¨, ¯®íâ®¬ã ¢¥«¨ç¨ã
u ®¯à¥¤¥«¨¬ ¨§ ãá«®¢¨ï § ¤ ¨ï ¯¥à¨¬¥âà  ª®âãà :

l = s(2� � �) = u

Z 2���

��

e�p()
����2 sin  + �

2

����
"�1

d:

�âáî¤ , ãç¨âë¢ ï, çâ® ¯® ¯®áâ ®¢ª¥ § ¤ ç¨ l = 2, ¢ë¢¥¤¥¬ u = 2=J1(p); £¤¥

J1(p) =
Z 2�

0
e�p()

����2 sin  + �

2

����
"�1

d: (5)

� ¯®á«¥¤¥¬ ¨â¥£à «¥ ¯à¥¤¥«ë ¨â¥£à¨à®¢ ¨ï á¤¢¨ãâë   ��, çâ® ¥ ¢«¨ï¥â   à¥§ã«ìâ â
¨â¥£à¨à®¢ ¨ï, ¯®áª®«ìªã ¯®¤¨â¥£à «ì ï äãªæ¨ï 2�-¯¥à¨®¤¨ç¥áª ï.

�®«¥ áª®à®áâ¥© ®¡â¥ª ¨ï à áá¬ âà¨¢ ¥¬®£® ¯à®ä¨«ï ¢ ä¨§¨ç¥áª®© ¯«®áª®áâ¨ z ®¯à¥¤¥«ï¥â
äãªæ¨ï

dw

dz
=
dw

d�

d�

dz
= e�(�)(1 + ei�=�)(1 � e�i�=�)2�":

�à¨ íâ®¬ áª®à®áâì  ¡¥£ îé¥£® ¯®â®ª    ¡¥áª®¥ç®áâ¨ á ãç¥â®¬ (2) ¨ (3), ª ª ¨ ¯à¥¤¯®« -
£ «®áì ¢ ¯®áâ ®¢ª¥ § ¤ ç¨, à ¢  v1 = exp[�(1)] = 1: �ãªæ¨ï p() ¤®«¦  ®¡¥á¯¥ç¨¢ âì
§ ¬ªãâ®áâì ª®âãà  á®®â¢¥âáâ¢ãîé¥£® ¯à®ä¨«ï. �®íâ®¬ã ®  ¤®«¦  ã¤®¢«¥â¢®àïâì à ¢¥-
áâ¢ ¬ (1), £¤¥ A1 = ��("� 1) cos �, B1 = �("� 1) sin�.

� á¯à¥¤¥«¥¨¥ ¬®¤ã«ï áª®à®áâ¨   ª®âãà¥ ¯à®ä¨«ï ¢ ¯ à ¬¥âà¨ç¥áª®¬ ¢¨¤¥ ¬®¦¥â ¡ëâì
¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥

v() = 2
���� cos  � �

2

����
����2 sin  + �

2

����
2�"

ep(): (6)
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�¥¯¥àì âà¥¡®¢ ¨¥ ®£à ¨ç¥®áâ¨ ¬ ªá¨¬ «ì®© ¯à¨¢¥¤¥®© áª®à®áâ¨   ª®âãà¥ (áª®à®áâ¨,
®â¥á¥®© ª ¢¥«¨ç¨¥ áª®à®áâ¨   1), § ¤ ®© ¢¥«¨ç¨®© vmax â ª¦¥ ¬®¦¥â ¡ëâì ¢ëà ¦¥®
ç¥à¥§ äãªæ¨î p() ¨ ¯ à ¬¥âà � ¢ ¢¨¤¥

p() � H(); (7)

H() = ln
�
vmax

����2(sin + sin�)
����
�1�

+ ("� 1) ln
����2 sin  + �

2

����:
�¥«¨ç¨  Y ¯®¤ê¥¬®© á¨«ë ¯à®ä¨«ï ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© �ãª®¢áª®£® Y = �v1�, £¤¥

� | æ¨àªã«ïæ¨ï áª®à®áâ¨ ¯® ª®âãàã ¯à®ä¨«ï. �«ï ¯®áâà®¥¨ï ¡¥§à §¬¥à®£® ª®íää¨æ¨¥â 
¯®¤ê¥¬®© á¨«ë ®â¥á¥¬ Y ª ¢¥«¨ç¨¥ áª®à®áâ®£®  ¯®à    ¡¥áª®¥ç®áâ¨ ¨ ¤«¨¥ ¯®«ã¯¥-
à¨¬¥âà  ª®âãà :

Cy =
�v1�

0;5�v21l=2
= 2�:

�¤¥áì ãçâ¥®, çâ® ¯® ¯®áâ ®¢ª¥ § ¤ ç¨ � = 1, v1 = 1, l = 2. �ëà §¨¬ � ç¥à¥§ äãªæ¨î p() ¨
¯ à ¬¥âà �, ¨á¯®«ì§®¢ ¢ (4) ¨ (6): � = 4�u sin�. �ª®ç â¥«ì® ¤«ï ª®íää¨æ¨¥â  ¯®¤ê¥¬®©
á¨«ë á ãç¥â®¬ (5) ¯®«ãç¨¬ Cy = 16� sin�=J1(p).

� ¤ ç  P0. �à¥¡ã¥âáï  ©â¨ ª®âãà ¨§ ª« áá  L, ¬ ªá¨¬¨§¨àãîé¨© ¢¥«¨ç¨ã Cy ¯à¨ ãá«®-
¢¨¨, çâ®   ª®âãà¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ áª®à®áâ¨ ¯®â®ª  ¥ ¯à¥¢®áå®¤¨â § ¤ ®© ¢¥«¨-
ç¨ë vmax > 1.

�®ª § ® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ® à §à¥è¨¬®áâ¨ § ¤ ç¨ P0.

�¥®à¥¬  1 ([9]). � ¤ ç  P0 ¡¥§ãá«®¢® à §à¥è¨¬ , ¯à¨ç¥¬ ¨¬¥îâ ¬¥áâ® ¥à ¢¥áâ¢ 
sin�� < ln vmax ¨ C�y < 2 ln vmax. �à®¬¥ â®£®:

1� ¯à¨ 1 < vmax < 4 íªáâà¥¬ «ì ®â«¨ç  ®â ®ªàã¦®áâ¨;
2� ¯à¨ vmax � 4 ¥¤¨áâ¢¥®© íªáâà¥¬ «ìî ï¢«ï¥âáï ®ªàã¦®áâì, C�y � vmax � 2 ¨ �� �

arcsin(vmax=2�1) ¯à¨ 2 < vmax � 4, C�y = 8, �� = �=2 ¯à¨ vmax � 4, £¤¥ C�y ¨ �
� | á®®â¢¥âáâ¢¥®

 ¡á®«îâë© ¬ ªá¨¬ã¬ Cy ¨ íªáâà¥¬ «ì®¥ § ç¥¨¥ �.

� ä¨ªá¨àã¥¬ â¥¯¥àì ¢¥«¨ç¨ã � = �� > 0 ¨ à áá¬®âà¨¬ á®®â¢¥âáâ¢ãîéãî § ¤ çã ¬ ªá¨-
¬¨§ æ¨¨ ª®íää¨æ¨¥â  ¯®¤ê¥¬®© á¨«ë ªàë«®¢®£® ¯à®ä¨«ï, ¨á¯®«ì§ãï ¢ ª ç¥áâ¢¥ ã¯à ¢«ï-
îé¥© äãªæ¨î p(). �â® ¡ã¤¥â ç áâë© á«ãç © § ¤ ç¨ P0, ª®£¤  ¢¥«¨ç¨  � § à ¥¥ § ä¨ª-
á¨à®¢   ( §®¢¥¬ ¥£® § ¤ ç¥© P 00): ¯à¨ ä¨ªá¨à®¢ ëå � = �� > 0 ¨ vmax âà¥¡ã¥âáï ®¯à¥-
¤¥«¨âì 2�-¯¥à¨®¤¨ç¥áªãî äãªæ¨î p() 2 L2[0; 2�], ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ (1), (2), (7)
¨ ¤®áâ ¢«ïîéãî ¬¨¨¬ã¬ äãªæ¨® «ã (5). � á¨«ã â¥®à¥¬ë 1 ¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ à §-
à¥è¨¬®áâ¨ ¯®á«¥¤¥© § ¤ ç¨ ï¢«ï¥âáï ¥à ¢¥áâ¢® sin�� < ln vmax. �à¨ íâ®¬ ¥á«¨ vmax > 2
¨ sin�� � vmax=2 � 1, â® ¥¤¨áâ¢¥®© íªáâà¥¬ «ìî ï¢«ï¥âáï ®ªàã¦®áâì. �à¨ vmax > 1 ¨
maxf0; vmax=2� 1g < sin�� < ln vmax íªáâà¥¬ «ì ®â«¨ç  ®â ®ªàã¦®áâ¨.

�áá«¥¤ã¥¬ ¤ «¥¥ § ¤ ç¨ ¬¨¨¬¨§ æ¨¨ ®¯à¥¤¥«¥ëå ¢ëè¥ äãªæ¨® «®¢ J(p) ¨ J1(p) ¯à¨
®£à ¨ç¥¨ïå (1), (2) ¨ (7).

2. �áá«¥¤®¢ ¨¥ à §à¥è¨¬®áâ¨ ¢ à¨ æ¨®ëå § ¤ ç

�¯à¥¤¥«¨¬ ¢ L2[0; 2�]  ää¨®¥ ¬®¦¥áâ¢®

K0 =
�
p() 2 L2[0; 2�] :

Z 2�

0

p()d = 0;
Z 2�

0

p() cos d = A1;

Z 2�

0

p() sind = B1

�
¨ ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢®

K1 = fp() 2 L2[0; 2�] : p() � H() ¤«ï ¯®çâ¨ ¢á¥å  2 [0; 2�]g:

�á«¨ ®¯à¥¤¥«¨âì ª¢ §¨à¥è¥¨¥ ���� ª ª à¥è¥¨¥ § ¤ ç¨   ¬¨¨¬ã¬ äãªæ¨® «  J(p)  
¬®¦¥áâ¢¥ K0, â®, ®ç¥¢¨¤®, á¢®©áâ¢  ¢ë¯ãª«®áâ¨, § ¬ªãâ®áâ¨ ¨ ¥¯ãáâ®âë ¬®¦¥áâ¢  K0,
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áâà®£®© ¢ë¯ãª«®áâ¨ ¨ ¥¯à¥àë¢®áâ¨ äãªæ¨® «  J(p) ®¡¥á¯¥ç â áãé¥áâ¢®¢ ¨¥ ¥¤¨áâ¢¥-
®£® à¥è¥¨ï íâ®© § ¤ ç¨. �¬¥áâ¥ á â¥¬  ¡®à ®£à ¨ç¥¨© (1), (2) ¬¨¨¬ «ì® ¢®§¬®¦ë©.
�çâ¥¬ ¤®¯®«¨â¥«ì® ®£à ¨ç¥¨¥ (7), ¨¬¥îé¥¥ ä¨§¨ç¥áª¨© á¬ëá«, ãª § ë© ¢ ¯. 1. �®áâà®-
¥¨¥ ª¢ §¨à¥è¥¨ï ¢ íâ®¬ á«ãç ¥ á¢®¤¨âáï ª á«¥¤ãîé¥© § ¤ ç¥:  ©â¨ äãªæ¨î p 2 K0

T
K1,

¤®áâ ¢«ïîéãî ¬¨¨¬ã¬ äãªæ¨® «ã

J(p) =
1
2
kp� pdk

2
L2
: (P )

�á®, çâ® K = K0

T
K1 | ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢®, ®¤ ª® ®® ¥ ¯ãáâ® ¥ ¯à¨ ¢á¥å

¢å®¤ëå ¯ à ¬¥âà å vmax, A1, B1 ¨ �.

�¥¬¬  1. �ãé¥áâ¢ã¥â â ª®¥ v� � 1, çâ® K 6= ; ¯à¨ vmax > v�; K = ; ¯à¨ vmax < v�; ¥á«¨
vmax > v�+ �, � > 0, â®  ©¤ãâáï ¯®áâ®ï ï � = �(�) > 0 ¨ äãªæ¨ï p� 2 K0 : p�() � H()� �
¯à¨ ¯®çâ¨ ¢á¥å  2 [0; 2�].

�®ª § â¥«ìáâ¢®. �à¥¤áâ ¢¨¬ äãªæ¨î H() ¢ ¢¨¤¥

H() = H(; vmax) = ln vmax + eH();
eH() = � ln j2(sin  + sin�)j+ ("� 1) ln

����2 sin  + �

2

����:
�¥¯®áà¥¤áâ¢¥ë¬¨ ¢ëç¨á«¥¨ï¬¨ ¬®¦® ãáâ ®¢¨âì, çâ®Z 2�

0

eH()d = 0; (8)Z 2�

0

eH() cos d = ��("� 1) cos �;
Z 2�

0

eH() sind = �("� 3) sin�:

�à®¬¥ â®£®, eH() � c = const ¯à¨ ¢á¥å  2 [0; 2�] ( ¯®¬¨¬, çâ® " � 2). �ãªæ¨ï ep() =
��1A1 cos  + ��1B1 sin ¯à¨ ¤«¥¦¨â K0 ¨ ®£à ¨ç¥ . �âáî¤  á«¥¤ã¥â, çâ® ¯à¨ ¤®áâ â®ç®
¡®«ìè¨å vmax ¡ã¤¥â ¢ë¯®«¥® ¥à ¢¥áâ¢® ep() � H(), â ª çâ® ep 2 K0

T
K1. �§ ¯®áâà®¥¨©

â ª¦¥ ®ç¥¢¨¤®, çâ® ¥á«¨ ¬®¦¥áâ¢® K0

T
K1 6= ; ¯à¨ ¥ª®â®à®¬ vmax, â® ®® ¥ ¯ãáâ® ¨ ¯à¨

¡®«ìè¥¬ § ç¥¨¨ vmax. � ¤àã£®© áâ®à®ë, ãá«®¢¨ï
2�R
0

p()d = 0, p 2 K1 ¯à¨¢®¤ïâ ª ¥®¡å®¤¨-

¬®¬ã ãá«®¢¨î ¥¯ãáâ®âë K0

T
K1: Z 2�

0
H()d � 0: (9)

� á¨«ã (8) ¨¬¥¥¬
2�R
0

H()d = 2� lnvmax, ¨ ¯à¨ 0 < vmax < 1 ¯®«ãç¨¬
2�R
0

H()d < 0, çâ® ¯à®â¨¢®-

à¥ç¨â (9). � ª¨¬ ®¡à §®¬,  ©¤¥âáï â ª®¥ v� � 1, çâ® K0

T
K1 = ; ¯à¨ vmax < v� ¨ K0

T
K1 6= ;

¯à¨ vmax > v�.
�ãáâì â¥¯¥àì vmax > v� + �, � > 0, â®£¤  áãé¥áâ¢ã¥â â ª®© í«¥¬¥â p� 2 K0, çâ® p�() �

H(; vmax��) = H(; vmax)� (ln vmax� ln jvmax��j), ¨ ¯®á«¥¤¥¥ ãâ¢¥à¦¤¥¨¥ «¥¬¬ë á¯à ¢¥¤«¨¢®
¯à¨ � = ln vmax � ln jvmax � �j.

� ¬¥ç ¨¥ 1. �ãáâì L2[0; 2�] = V0 + V1 | ®àâ®£® «ì®¥ à §«®¦¥¨¥ ¯à®áâà áâ¢  â ª®¥,

çâ® ¤«ï u 2 L2[0; 2�] á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥ u = u0 + u1, (u0; u1) =
2�R
0

u0()u1()d = 0 ¨

u0() = (u0 + u1 cos  + u2 sin) 2 V0 á ª®íää¨æ¨¥â ¬¨ �ãàì¥ u0, u1, u2.
�î¡ãî äãªæ¨î p 2 K0 ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ p() = ep() + p1(), £¤¥

ep() = (��1A1 cos  + ��1B1 sin) 2 V0; p1() 2 V1:
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�á®, çâ® K = K0

T
K1 = V0

T
K11, £¤¥

K11 = fp() 2 L2[0; 2�] : p() � H()� ep() ¤«ï ¯®çâ¨ ¢á¥å  2 [0; 2�]g:

�á¯®«ì§®¢ ¢ ®¢®¥ ¯à¥¤áâ ¢«¥¨¥ ¬®¦¥áâ¢  K ¨ «¥¬¬ã 1, ¥âàã¤® ¯à®¢¥áâ¨   «¨§ çã¢áâ¢¨-
â¥«ì®áâ¨ K ª ¨§¬¥¥¨î ¯ à ¬¥âà®¢ A1, B1 ¨ vmax. � ¯à¨¬¥à, ¥á«¨ ��1jA1�fA1j+��1jB1�fB1j �
�, â® ¤«ï ¬®¦¥áâ¢ 

fK11 = fp() 2 L2[0; 2�] : p() � H()� ��1fA1 cos  � ��1fB1 sin 8 2 [0; 2�]g:

á¯à ¢¥¤«¨¢ë ¢ª«îç¥¨ï K�
11 �

fK11 � K��
11 , £¤¥

K��
11 = fp() 2 L2[0; 2�] : p() � H()� ep()� �;  2 [0; 2�]g:

�âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ® ¥á«¨ vmax > v� exp �, â® V0
TfK11 6= ;.

�«¥¤áâ¢¨¥¬ «¥¬¬ë 1 ¨ á¢®©áâ¢ äãªæ¨® «  J(p) ï¢«ï¥âáï

�¥®à¥¬  2. �à¨ vmax > v� § ¤ ç  (P ) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥,   ¯à¨ vmax < v� ® 
¥à §à¥è¨¬ .

�®ª § â¥«ìáâ¢®. �®áª®«ìªã äãªæ¨® « J(p) áâà®£® ¢ë¯ãª«ë©, ¥¯à¥àë¢ë© ¨ ª®íàæ¨-
â¨¢ë©,   ¬®¦¥áâ¢® K ¢ë¯ãª«®¥ ¨ § ¬ªãâ®¥, ®¤®§ ç ï à §à¥è¨¬®áâì § ¤ ç¨ (P ) ®¯à¥¤¥-
«ï¥âáï ¥¯ãáâ®â®© ¬®¦¥áâ¢  K. �¥¯¥àì ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à¦¤¥¨¥ ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â
¨§ «¥¬¬ë 1.

�®«ãç¥ë© ¢ â¥®à¥¬¥ 2 à¥§ã«ìâ â à á¯à®áâà ï¥âáï   § ¤ ç¨ ¬¨¨¬¨§ æ¨¨ ¤àã£¨å ¢ë-
¯ãª«ëå äãªæ¨® «®¢   ¬®¦¥áâ¢¥ K = K0

T
K1. �¤¨¬ ¨§ ¨å ï¢«ï¥âáï äãªæ¨® « ¢¨¤ 

(5).
�à¨ ¨áá«¥¤®¢ ¨¨ § ¤ ç¨ ¬¨¨¬¨§ æ¨¨ äãªæ¨® «  J1(p)   ¬®¦¥áâ¢¥ K ã¤®¡® ¯à¥®¡à -

§®¢ âì ¥¥ ª íª¢¨¢ «¥â®© § ¤ ç¥ ®â®á¨â¥«ì® äãªæ¨¨ p0() = H() � p(). �£à ¨ç¥¨ï  
p0() ¯à¨¬ãâ ¢¨¤ p0() 2 fK0

TfK1, £¤¥

fK1 = fp() 2 L2[0; 2�] : p() � 0 ¤«ï ¯®çâ¨ ¢á¥å  2 [0; 2�]g;

fK0 =
�
p() 2 L2[0; 2�] :

Z 2�

0
p()d = eA0;

Z 2�

0
p() cos d = eA1;

Z 2�

0
p() sind = eB1

�
;

eA0 =
Z 2�

0
H()d = 2� ln vmax;

eA1 =
Z 2�

0
H() cos d �A1 = 0; eB1 =

Z 2�

0
H() sin d �B1 = �2� sin�:

�«ï ¬®¦¥áâ¢  fK0

TfK1 á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï «¥¬¬ë 1, ¢ ç áâ®áâ¨, fK0

TfK1 6= ; ¯à¨
vmax > v� ¨ fK0

TfK1 = ; ¯à¨ vmax < v�. � á¢®î ®ç¥à¥¤ì, äãªæ¨® « J1(p) ¯à¥®¡à §ã¥âáï ª ¢¨¤ã

J1(p0) =
Z 2�

0

ep0()�()d; �() =
���� cos  � �

2
sin

 + �

2

����:
� «¥¥ ®¯ãáª ¥¬ ¨¤¥ªá 0 ã äãªæ¨¨ p. �¯à¥¤¥«¨¬   L2[0; 2�] äãªæ¨® «

I(p) =
�Z 2�

0

ep()�()d; ¥á«¨ ep()�() 2 L1[0; 2�]; +1 ¨ ç¥
�
: (10)

�§ à¥§ã«ìâ â®¢ [10] á«¥¤ã¥â

�¥®à¥¬  3. �ãªæ¨® « I(p), ®¯à¥¤¥«¥ë© à ¢¥áâ¢®¬ (10), ï¢«ï¥âáï á®¡áâ¢¥ë¬, ¢ë-
¯ãª«ë¬ ¨ ¯®«ã¥¯à¥àë¢ë¬ á¨§ã.
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�á®, çâ®   á¢®¥© íää¥ªâ¨¢®© ®¡« áâ¨ D(I) = fp 2 L2[0; 2�] : I(p) <1g äãªæ¨® « I(p)
áâà®£® ¢ë¯ãª«ë©. �¥¯¥àì ¤«ï ¤®ª § â¥«ìáâ¢  ®¤®§ ç®© à §à¥è¨¬®áâ¨ § ¤ ç¨

p� = argmin
p2eK0

T eK1

I(p) (P1)

®áâ ¥âáï ¤®ª § âì ª®íàæ¨â¨¢®áâì äãªæ¨® «  I(p).
� ¬¥â¨¬, çâ® ¢¥á®¢ ï äãªæ¨ï �() ¥®âà¨æ â¥«ì  ¨ ¨¬¥¥â   [0; 2�] ã«¨ ¯¥à¢®£® ¯®àï¤ª 

(¯à¨  + � = 2k� ¨  � � = (2k + 1)�). �âáî¤  á«¥¤ã¥â áå®¤¨¬®áâì ¨â¥£à « 
2�R
0

[�()]�qd ¯à¨

q < 1.
�ãáâì p() 2 L2[0; 2�] ¨ [p()]2r�() 2 L1[0; 2�] ¤«ï ¥ª®â®à®£® r > 2. �à¨¬¥¨¢ ¥à ¢¥áâ¢®

��¥«ì¤¥à , ¯®«ãç¨¬

Z 2�

0

[p()]2d �
�Z 2�

0

[p()]2r�()d
�1=r�Z 2�

0

[�()]�1=(r�1)d
�r=(r�1)

�

� c1

�Z 2�

0
[p()]2r�()d

�1=r

:

� ¤àã£®© áâ®à®ë, ¥á«¨ p 2 D(I)
TfK1, â®Z 2�

0

ep()�()d � c2

Z 2�

0

[p()]2r�()d; c2 = const > 0;

¯®íâ®¬ã áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï ï c0, çâ®Z 2�

0

ep()�()d � c0kpk
2r
L2
; r > 2: (11)

�¥à ¢¥áâ¢® (11) ®ç¥¢¨¤ë¬ ®¡à §®¬ ¢«¥ç¥â §  á®¡®© ª®íàæ¨â¨¢®áâì I(p): ¥á«¨ fpng 2 D(I)
TfK1

¨ kpnkL2 !1, â® I(pn)! +1.
�áâ ®¢«¥ë¥ á¢®©áâ¢  äãªæ¨® «  I(p) ¨ «¥¬¬  1 ¯®§¢®«ïîâ ¤®ª § âì á¯à ¢¥¤«¨¢®áâì

á«¥¤ãîé¥£® ãâ¢¥à¦¤¥¨ï.

�¥®à¥¬  4. �à¨ vmax > v� § ¤ ç  (P1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ p�,   ¯à¨ vmax < v� ® 
¥à §à¥è¨¬ .

3. �®¥ç®¬¥àë¥  ¯¯à®ªá¨¬ æ¨¨

�ãáâì Vh | ª®¥ç®¬¥à ï  ¯¯à®ªá¨¬ æ¨ï ¯à®áâà áâ¢  L2[0; 2�], h > 0 | ¯ à ¬¥âà. �
ª ç¥áâ¢¥ â ª®©  ¯¯à®ªá¨¬ æ¨¨ ¤ «¥¥ ¢ë¡¥à¥¬ ¯à®áâà áâ¢® ªãá®ç®-¯®áâ®ïëå äãªæ¨©  
à ¢®¬¥à®© á¥âª¥ è £  h = 2�=N (n > 3)   ®âà¥§ª¥ [0; 2�]. �¯à¥¤¥«¨¬ ¬®¦¥áâ¢® K0;h =
K0

T
Vh ¨ ¬®¦¥áâ¢® K1;h = fph 2 Vh : ph() � Hh() 8 2 [0; 2�]g. �¤¥áì Hh | ªãá®ç®-

¯®áâ®ï ï äãªæ¨ï, à ¢ ï Hi = (1=h)
iR

i�1

H()d   ¯à®¬¥¦ãâª¥ (i�1; i). �á®, çâ® ¯à¨

â ª®¬ ®¯à¥¤¥«¥¨¨ Hh ¬®¦¥áâ¢® K1;h = fph 2 Vh : pi � Hi ¤«ï ¢á¥å i = 1; : : : ; Ng, £¤¥ pi |
§ ç¥¨¥ ph   ¯à®¬¥¦ãâª¥ (i�1; i). � â® ¦¥ ¢à¥¬ï, ¢ â¥à¬¨ å ®£à ¨ç¥¨©   ¢¥ªâ®à p =
(p1; : : : ; pN)T ¬®¦¥áâ¢® K0;h = fp : Bp = bg á ¢¥ªâ®à®¬ b = (0; A1; B1)T ¨ 3�n-¬ âà¨æ¥© B à £ 

3, í«¥¬¥âë ª®â®à®© ®¯à¥¤¥«¥ë à ¢¥áâ¢ ¬¨: b1j = h, b2j =
iR

i�1

cos d, b3j =
iR

i�1

sind. � «¥¥

¤«ï ¢¥ªâ®à®¢ ã§«®¢ëå ¯ à ¬¥âà®¢ äãªæ¨© ph; qh ®¡®§ ç¨¬ ç¥à¥§ hp; qi =
NP
i=1

piqi áª «ïà®¥

¯à®¨§¢¥¤¥¨¥ ¢ RN ¨ ç¥à¥§ jpj = hp; pi1=2 | ®à¬ã.
�«ï ¬®¦¥áâ¢  Kh = K0;h

T
K1;h á¯à ¢¥¤«¨¢ 
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�¥¬¬  2. �ãé¥áâ¢ã¥â â ª®¥ v�h � 1, çâ® ¯à¨ vmax > v�h ¬®¦¥áâ¢® Kh ¥ ¯ãáâ®; ¯à¨
vmax < v�h ¬®¦¥áâ¢® Kh ¯ãáâ®; ¥á«¨ vmax > v�h+�, � > 0, â®  ©¤ãâáï ¯®áâ®ï ï � = �(�) > 0
¨ äãªæ¨ï p� 2 K0;h, ¤«ï ª®â®àëå p�() � Hh()� � ¯à¨  2 [0; 2�].

�®ª § â¥«ìáâ¢®. �à¥¤áâ ¢¨¬ äãªæ¨î Hh() ¢ ¢¨¤¥ Hh() = ln vmax + fHh(). �á®, çâ®fHh() � c = const ¯à¨ ¢á¥å  2 [0; 2�]: �§ ¯®áâà®¥¨ï äãªæ¨¨ Hh á«¥¤ã¥â â ª¦¥, çâ®
2�R
0

fHh()d =
2�R
0

eH()d = 0. �ë¡¥à¥¬ ¯à®¨§¢®«ìãî äãªæ¨î ph 2 K0;h, â®£¤  ¯à¨ ¤®áâ â®ç-

® ¡®«ìè¨å vmax ¡ã¤¥â ¢ë¯®«¥® ¥à ¢¥áâ¢® ph() � Hh(), â ª çâ® ph 2 K0;h

T
K1;h. � ¤àã£®©

áâ®à®ë, ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¥¯ãáâ®âë KhZ 2�

0
Hh()d �

Z 2�

0
ph()d = 0

¯à¨¢®¤¨â ª ®£à ¨ç¥¨î v�h � 1. � «ì¥©è¥¥ ¤®ª § â¥«ìáâ¢® ¯®çâ¨ ¤®á«®¢® á®¢¯ ¤ ¥â á ¤®ª -
§ â¥«ìáâ¢®¬ «¥¬¬ë 1.

� ¬¥ç ¨¥ 2. �®á«¥¤¥¥ ãâ¢¥à¦¤¥¨¥ «¥¬¬ë 2 ®§ ç ¥â, çâ® ¯à¨ vmax > v�h ¢ë¯®«ï¥âáï
ãá«®¢¨¥ �«¥©â¥à .

� áá¬®âà¨¬ ª®¥ç®¬¥àãî  ¯¯à®ªá¨¬ æ¨î § ¤ ç¨ (P ):

ph = argmin
qh2Kh

fJh(q) =
1
2
kqh � pd;hk

2g:; (Ph)

£¤¥ pd;h | Vh- ¯¯à®ªá¨¬ æ¨ï pd. � ¤ ç  (Ph) | § ¤ ç  ª¢ ¤à â¨ç®£® ¯à®£à ¬¬¨à®¢ ¨ï, ®â-
áî¤  ¨ ¨§ «¥¬¬ë 2 á«¥¤ã¥â

�¥®à¥¬  5. �à¨ vmax > v�h § ¤ ç  (Ph) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥,   ¯à¨ vmax < v�h ® 
¥à §à¥è¨¬ .

�¥à¥©¤¥¬ ª ¯®áâà®¥¨î ª®¥ç®¬¥à®©  ¯¯à®ªá¨¬ æ¨¨ § ¤ ç¨ (P1). �ãáâì ¯à®áâà áâ¢® Vh
®¯à¥¤¥«¥®, ª ª ¨ à ¥¥, fK1;h = fK1

T
Vh,   ¬®¦¥áâ¢®

fK0;h =
�
ph 2 Vh :

Z 2�

0
ph()d = eA0;h;

Z 2�

0
ph() cos d = eA1;h;

Z 2�

0
ph() sin d = eB1;h

�
;

£¤¥

eA0;h =
Z 2�

0

Hh()d; eA1;h =
Z 2�

0

Hh() cos d �A1; eB1;h =
Z 2�

0

Hh() sind �B1:

� ¤ ®¬ á«ãç ¥ fK1;h = fp 2 Vh : pi � 0 ¤«ï ¢á¥å i = 1; : : : ; Ng,   ¬®¦¥áâ¢® fK0;h á®¢  ¨¬¥¥â
¢¨¤ fK0;h = fp : Bp = ebg á ¢¥ªâ®à®¬ eb = ( eA0;h; eA1;h; eB1;h)T ¨ ¬ âà¨æ¥© B, ®¯à¥¤¥«¥®© ¢ëè¥.

�«ï ¬®¦¥áâ¢  fKh = fK0;h

TfK1;h á¯à ¢¥¤«¨¢   «®£ «¥¬¬ë 2, â ª ª ª ¯® ¯®áâà®¥¨î ph 2fK0;h , Hh � ph 2 K0;h, ph 2 fK1;h , Hh � ph 2 K1;h á ¬®¦¥áâ¢ ¬¨ K0;h ¨ K1;h, ®¯à¥¤¥«¥ë¬¨ ¢
§ ¤ ç¥ (Ph).

� áá¬®âà¨¬ ª®¥ç®¬¥àãî  ¯¯à®ªá¨¬ æ¨î § ¤ ç¨ (P1):

ph = argmin
qh2eKh

�
J1;h(qh) =

Z 2�

0
eqh()�h()d

�
; ; (P1;h)

£¤¥ �h | Vh- ¯¯à®ªá¨¬ æ¨ï �, ¯®áâà®¥ ï   «®£¨ç® â®¬ã, ª ª íâ® ¡ë«® á¤¥« ® ¤«ï äãª-
æ¨¨ H. �ãªæ¨® « J1;h(p) ¢ë¯ãª«ë©, ¥¯à¥àë¢ë© ¨ ª®íàæ¨â¨¢ë©   fKh. �¬¥áâ¥ á «¥¬¬®© 2
íâ® ¤ ¥â á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  6. �à¨ vmax > v�h § ¤ ç  (P1;h) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥,   ¯à¨ vmax < v�h ® 
¥à §à¥è¨¬ .
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4. �ãªæ¨¨ � £à ¦  ¨ ¤¢®©áâ¢¥ë¥ § ¤ ç¨

�ãªæ¨ï � £à ¦  ¨ ¤¢®©áâ¢¥ ï § ¤ ç  ¤«ï (P ). � áá¬®âà¨¬ äãªæ¨î � £à ¦ 

L(p; �) = J(p) +
Z 2�

0
�()[p() �H()]d (12)

¨ ¡ã¤¥¬ ¨áª âì ¥¥ á¥¤«®¢ãî â®çªã (p; �) 2 K0 � L+
2 [0; 2�]:

L(p; �) � L(p; �) � L(q; �) 8q 2 K0; 8� 2 L+
2 [0; 2�]: (13)

�¤¥áì L+
2 [0; 2�] | ª®ãá ¥®âà¨æ â¥«ìëå äãªæ¨© ¨§ L2[0; 2�].

�¥®à¥¬  7. �ãáâì ¢ë¯®«¥® ãá«®¢¨¥ vmax > v�, £¤¥ v� ®¯à¥¤¥«¥® ¢ «¥¬¬¥ 1. �®£¤  p 2 K0

ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (P ) ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  áãé¥áâ¢ã¥â äãªæ¨ï � 2
L+
2 [0; 2�] â ª ï, çâ® (p; �) ¥áâì á¥¤«®¢ ï â®çª  L, â. ¥. ¢ë¯®«¥® (13).

�®ª § â¥«ìáâ¢®. �á¯®«ì§ã¥¬ ®¡éãî â¥®à¨î áãé¥áâ¢®¢ ¨ï á¥¤«®¢®© â®çª¨ äãªæ¨¨ � -
£à ¦  (á¬. [11], £« ¢  3). �¥âàã¤® ¢¨¤¥âì, çâ® äãªæ¨ï (12) ¢ë¯ãª«  ¨ ¥¯à¥àë¢  ¯® p ¨
 ää¨  ¯® �. �à®¬¥ â®£®, L(p; 0) = J(p) ! +1 ¯à¨ kpk = kpkL2 ! 1. �áâ ¥âáï ãáâ ®¢¨âì,
çâ®

lim inf
p2K0

L(p; �) = �1 ¯à¨ k�k ! 1; � 2 L+
2 [0; 2�]:

�«ï «î¡®© äãªæ¨¨ p 2 K0 á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥ p = ep + p1, p1 2 V1, £¤¥ ep() =
��1A1 cos +��1B1 sin ¨ L2[0; 2�] = V0+V1 | ®àâ®£® «ì®¥ à §«®¦¥¨¥ L2[0; 2�] (á¬. § ¬¥ç -
¨¥ 1). �âáî¤  á«¥¤ã¥â

inf
p2K0

L(p; �) = inf
p12V1

L(ep+ p1; �) = (1=2)kep � pd;0k
2 + (1=2)kp1 � pd;1k

2 +

+(�0; ep�H0) + (�1; p1 �H1):

�àï¬ë¬¨ ¢ëç¨á«¥¨ï¬¨  ©¤¥¬ p1 = ��1 + pd;1, £¤¥ pd;1 | ®àâ®£® «ì ï ¯à®¥ªæ¨ï pd  
¯®¤¯à®áâà áâ¢® V1. � ª¨¬ ®¡à §®¬, äãªæ¨ï

p(�) = arg min
p2K0

L(p; �) (14)

®¯à¥¤¥«¥  à ¢¥áâ¢®¬ p(�) = ep� �1 + pd;1 ¨

L(p(�); �) = �(1=2)k�1k
2 + (�1; pd;1 �H1) + (�0; ep�H0) + (1=2)kep � pd;0k

2:

�ãáâì äãªæ¨ï p�() 2 K0 â ª®¢ , çâ® (á¬. «¥¬¬ã 1) p�() < H() � �, � > 0, ¯à¨ ¯®çâ¨ ¢á¥å
 2 [0; 2�]. �®£¤ 

L(p(�); �) = �(1=2)k�1k
2 + (�1; pd;1 �H1) + (�0; p� �H) + (1=2)kep � pd;0k

2 =

= �(1=2)k�1k
2 + (�1; pd � p�) + (�; p� �H) + (1=2)kep � pd;0k

2
L2
�

� ��k�1k
2 + ckpd � p�k

2
L2
+ (1=2)kep � pd;0k

2 � �

Z 2�

0

�()d =

= ��k�1k
2 � �

Z 2�

0

�()d + c � �minf�; �g
�
k�1k

2 +
Z 2�

0

�()d
�
+ c (15)

á ¯®«®¦¨â¥«ìë¬¨ ¯®áâ®ïë¬¨ �, �, c, ¥ § ¢¨áïé¨¬¨ ®â �.
�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® f�(n)g 2 L+

2 [0; 2�] ¨ k�
(n)k ! 1. �®ª ¦¥¬, çâ®

k�(n)1 k2 +
Z 2�

0
�(n)()d ! +1:
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�®¯ãáâ¨¬ ¯à®â¨¢®¥, â. ¥. áãé¥áâ¢®¢ ¨¥ ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ (á®åà ¨¬ §  ¥© ®¡®§ ç¥¨¥
f�(n)g) â ª®©, çâ®

k�(n)1 k2 +
Z 2�

0
�(n)()d � c 8n: (16)

�â®, ¢ ç áâ®áâ¨, ®§ ç ¥â à ¢®¬¥àãî ¯® n ®£à ¨ç¥®áâì ¯¥à¢ëå ª®íää¨æ¨¥â®¢ �ãàì¥
äãªæ¨© �(n). �®����

Z 2�

0

�() cos  d
���� �

Z 2�

0

�()d;
����
Z 2�

0

�() sin d
���� �

Z 2�

0

�()d

¤«ï �() � 0, ¯®íâ®¬ã ¢â®à®© ¨ âà¥â¨© ª®íää¨æ¨¥âë �ãàì¥ äãªæ¨© �(n) â ª¦¥ ®£à ¨ç¥ë.
�âáî¤  á«¥¤ã¥â k�(n)0 k � c 8n, çâ® ¢¬¥áâ¥ á (16) ¯à¨¢®¤¨â ª ¥à ¢¥áâ¢ã k�(n)k � c, ¯à®â¨¢®-

à¥ç é¥¬ã ãá«®¢¨î. �â ª, ¯à¨ k�(n)k ! 1 ¨¬¥¥¬ k�(n)1 k2 +
2�R
0

�(n)()d ! +1, ¨ ¢ á¨«ã (15)

L(p(�(n)); �(n))! �1.

�¢®©áâ¢¥®© ª (P ) ï¢«ï¥âáï § ¤ ç 

� = argmax
�2L+

2

 (�); (17)

£¤¥  (�) = L(p(�); �) ¨ p(�) | à¥è¥¨¥ § ¤ ç¨ (14). � ª ãáâ ®¢«¥® ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥-
¬ë 6,

L(p(�); �) = �(1=2)k�1k
2 + (�1; pd;1 �H1) + (�0; ep�H0) + (1=2)kep � pd;0k

2:

�à®¢¥¤ï ¥á«®¦ë¥ ¯à¥®¡à §®¢ ¨ï, ¯®«ãç¨¬ á«¥¤ãîé¨© ¢¨¤ ¤¢®©áâ¢¥®© äãªæ¨¨:

 (�) = �(1=2)k�1k
2 + (�; pd;1 + ep�H) + (1=2)kep � pd;0k

2: (18)

�ãªæ¨ï � £à ¦  ¨ ¤¢®©áâ¢¥ ï § ¤ ç  ¤«ï (Ph). � áá¬®âà¨¬ äãªæ¨î � £à ¦ 

Lh(ph; �h) = Jh(ph) +
Z 2�

0

�h()[ph()�Hh()]d

¨ ¡ã¤¥¬ ¨áª âì ¥¥ á¥¤«®¢ãî â®çªã (ph; �h) 2 K0;h � V +
h , £¤¥ V +

h | ª®ãá ¥®âà¨æ â¥«ìëå
äãªæ¨© ¨§ Vh.

�¥®à¥¬  8. �ãáâì ¢ë¯®«¥® ãá«®¢¨¥ vmax > v�h, £¤¥ v
�
h ®¯à¥¤¥«¥® ¢ «¥¬¬¥ 2. �®£¤  ph 2

K0;h ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (Ph) ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  áãé¥áâ¢ã¥â äãªæ¨ï
�h 2 V

+
h â ª ï, çâ® (ph; �h) ¥áâì á¥¤«®¢ ï â®çª  Lh.

�®ª § â¥«ìáâ¢®. �á®, çâ® äãªæ¨ï � £à ¦  Lh(p; �) ¢ë¯ãª«  ¨ ¥¯à¥àë¢  ¯® ph ¨
 ää¨  ¯® �h,   â ª¦¥ Lh(ph; 0) = Jh(ph) ! +1 ¯à¨ kphk ! 1. �à®¬¥ â®£®, ¢ë¯®«¥®
ãá«®¢¨¥ �«¥©â¥à  (á¬. § ¬¥ç ¨¥ 2). �§ ([11], £«. III, ¯à¥¤«®¦¥¨¥ 5.1) á«¥¤ã¥â ¤®ª §ë¢ ¥¬ë©
à¥§ã«ìâ â.

�ãáâì

ph(�h) = argmin
ph2K0;h

Lh(ph; �h)

¤«ï ¯à®¨§¢®«ì®© äãªæ¨¨ �h 2 Vh. �®£¤  ¢¥ªâ®à ã§«®¢ëå ¯ à ¬¥âà®¢ p(�) äãªæ¨¨ ph(�h)
ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨

p(�) = argmin
Bp=b

[jp� pdj
2=2 + h�; p�Hi]: (19)
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�¥è¥¨¥ § ¤ ç¨ (19) ¬®¦® ¢ë¯¨á âì ¢ ï¢®¬ ¢¨¤¥. �¬¥®, ¯ãáâì S = E � BT (BBT )�1B, £¤¥
E | ¥¤¨¨ç ï N �N ¬ âà¨æ , b0 = BT (BBT )�1b 2 RN . �®£¤ 

p(�) = b0 + Spd � S�: (20)

� âà¨æ  S = ST ï¢«ï¥âáï ¯à®¥ªâ®à®¬   KerB. �¯à¥¤¥«¨¬ ¤¢®©áâ¢¥ãî äãªæ¨î

	(�) = jp(�)� pdj
2=2 + h�; p(�)�Hi: (21)

�®¤áâ ¢¨¢ ¢ëà ¦¥¨¥ ¤«ï p(�) ¨§ (20) ¢ à ¢¥áâ¢® (21) ¨ ¯à®¢¥¤ï ¥á«®¦ë¥ ¢ëª« ¤ª¨, ¯®«ãç¨¬

	(�) = �jS�j2=2 + h�; (E � S)b0 + Spd �Hi+ jb0 + (S �E)pdj
2=2: (22)

�ãªæ¨ï � £à ¦  ¤«ï § ¤ ç¨ (P1;h). �®§ì¬¥¬ ¥¥ ¢ ¢¨¤¥

L1;h(ph; �h) = J1;h(ph)�
Z 2�

0

�hphd;

â. ¥. á®¢  á¨¬¥¬ á ¯®¬®éìî ¬®¦¨â¥«¥© � £à ¦  ®£à ¨ç¥¨ï-¥à ¢¥áâ¢ .

�¥®à¥¬  9. �ãáâì ¢ë¯®«¥® ãá«®¢¨¥ vmax > v�h. �®£¤  ph 2
fK0;h ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨

(P1;h) ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  áãé¥áâ¢ã¥â äãªæ¨ï �h â ª ï, çâ® (ph; �h) 2 fK0;h�V
+
h

¥áâì á¥¤«®¢ ï â®çª  L1;h.

�®ª § â¥«ìáâ¢®. �á®, çâ® äãªæ¨ï � £à ¦  L1;h(ph; �h) ¢ë¯ãª«  ¨ ¥¯à¥àë¢  ¯® ph ¨
 ää¨  ¯® �h. �à®¬¥ â®£®, ¢ë¯®«¥® ãá«®¢¨¥ �«¥©â¥à . �áâ «®áì ¤®ª § âì, çâ® L1;h(pnh; 0)!
+1 ¯à¨ pnh 2 fK0;h, kpnhk ! 1.

� ä¨ªá¨àã¥¬ í«¥¬¥â p0;h 2 fK0;h, â®£¤  qnh = pnh � p0;h ã¤®¢«¥â¢®àï¥â ãá«®¢¨îZ 2�

0

qnhd = 0 (23)

¨ kqnhk ! 1. � á¨«ã ª®¥ç®¬¥à®áâ¨ ¯à®áâà áâ¢  Vh ¨¬¥¥¬
2�R
0

jqnh jd ! +1;   ãá«®¢¨¥ (23)

®¡¥á¯¥ç¨¢ ¥â ¢ë¯®«¥¨¥ á®®â®è¥¨ï
2�R
0

(qnh)
+d ! +1. �â¬¥â¨¬, çâ® ¯® ¯®áâà®¥¨î �h() �

�0 > 0 ¯à¨ ¢á¥å  2 [0; 2�], ®âªã¤  á«¥¤ã¥â ep0;h�h() � � > 0 ¤«ï ¢á¥å  2 [0; 2�],
�¥¯¥àì ¥âàã¤® ¯à®¢¥áâ¨ á«¥¤ãîé¨¥ ®æ¥ª¨:

L1;h(p
n
h; 0) = J1;h(p

n
h) � �

Z 2�

0
eq

n
hd � �

�Z 2�

0
e(q

n
h )

+

d � 2�
�
� �

�Z 2�

0
(qnh)

+d � 2�
�
;

¯®íâ®¬ã L1;h(pnh; 0)! +1.

� ¬¥ç ¨¥ 3. � àï¤ã á à áá¬®âà¥ë¬¨ äãªæ¨ï¬¨� £à ¦ , ¢ ª®â®àëå á ¯®¬®éìî ¬®-
¦¨â¥«¥© � £à ¦  á¨¬ îâáï ®£à ¨ç¥¨ï-¥à ¢¥áâ¢ , ¬®¦® áâà®¨âì äãªæ¨¨ � £à ¦ ,
á¨¬ ï,  ¯à¨¬¥à, ¢á¥ ®£à ¨ç¥¨ï. �®®â¢¥âáâ¢ãîé¨¥ äãªæ¨¨ � £à ¦ , § ¯¨á ë¥ ¤«ï ¢¥ª-
â®à®¢ ã§«®¢ëå ¯ à ¬¥âà®¢ äãªæ¨© ¨§ Vh, ¨¬¥îâ ¢¨¤

L(p; �; �) = jp� pdj
2=2 + h�; p�Hi �

3X
i=1

�i(Bp� b)i (24)

¤«ï § ¤ ç¨ (Ph) ¨

L1(p; �; �) = h�ep; 1i � h�; pi �
3X

i=1

�i(Bp� b)i (25)
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¤«ï § ¤ ç¨ (P1;h). � (25) ¯®¤ � ¯®¨¬ ¥âáï ¤¨ £® «ì ï ¬ âà¨æ  � = diag(�1; : : : ; �N),   ¯®¤
ep = diag(ep1; : : : ; e

pN ) | ¤¨ £® «ìë© ®¯¥à â®à ¢ RN .

�®áª®«ìªã äãªæ¨¨ jp�pdj2=2 ¨ h�ep; 1i ¢ë¯ãª«ë ¨ ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë ¯® p,   ¢á¥
®£à ¨ç¥¨ï «¨¥©ë, ¨§ ¨§¢¥áâëå à¥§ã«ìâ â®¢ [8] á«¥¤ãîâ ¯à¨¢¥¤¥ë¥ ¨¦¥ ãâ¢¥à¦¤¥¨ï.

�â¢¥à¦¤¥¨¥ 1. �ãáâì p| à¥è¥¨¥ § ¤ ç¨ (Ph), â®£¤  áãé¥áâ¢ã¥â ¢¥ªâ®à (�; �) 2 RN
+�

R3 â ª®©, çâ®

p� pd + ��BT� = 0;

Bp� b = 0;

p�H � 0; hp�H;�i = 0:

(26)

�¡à â®, ¥á«¨ ¢¥ªâ®à (p; �; �) 2 RN � RN
+ � R3 ã¤®¢«¥â¢®àï¥â á®®â®è¥¨ï¬ (26), â® p |

à¥è¥¨¥ § ¤ ç¨ (Ph).

�â¢¥à¦¤¥¨¥ 2. �ãáâì p | à¥è¥¨¥ § ¤ ç¨ (P1;h), â®£¤  áãé¥áâ¢ã¥â ¢¥ªâ®à (�; �) 2
RN
+ �R3 â ª®©, çâ®

�ep � ��BT� = 0;

Bp� eb = 0;

p� 0; hp; �i = 0:

(27)

�¡à â®, ¥á«¨ ¢¥ªâ®à (p; �; �) 2 RN � RN
+ � R3 ã¤®¢«¥â¢®àï¥â á®®â®è¥¨ï¬ (27), â® p |

à¥è¥¨¥ § ¤ ç¨ (P1;h).

� ¤ ç¨ á â ª  §ë¢ ¥¬ë¬¨ á¥¤«®¢ë¬¨ ®¯¥à â®à ¬¨ (26) ¨ (27) ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ë ¤«ï
¯®áâà®¥¨ï ¨â¥à æ¨®ëå  «£®à¨â¬®¢. �ë, ®¤ ª®, ®£à ¨ç¨¢ ¥¬áï ¨áá«¥¤®¢ ¨¥¬ ¨â¥à æ¨®-
ëå  «£®à¨â¬®¢, ¯®áâà®¥ëå ¯® äãªæ¨ï¬ � £à ¦  L, Lh ¨ L1;h.

5. �â¥à æ¨®ë¥  «£®à¨â¬ë

�á¯®«ì§®¢ ¢ à¥§ã«ìâ âë ¯¯. 3, 4, ¬®¦® ¯à¥¤«®¦¨âì à §«¨çë¥ ¨â¥à æ¨®ë¥ ¬¥â®¤ë à¥-
è¥¨ï § ¤ ç (P ), (P1) ¨ ¨å ª®¥ç®¬¥àëå  ¯¯à®ªá¨¬ æ¨©, ®á®¢ ë¥ ª ª   ¯àï¬ëå, â ª
¨   ¤¢®©áâ¢¥ëå ¯®áâ ®¢ª å. �¨¦¥ à áá¬®âà¥® ¥áª®«ìª® â ª¨å ¬¥â®¤®¢, ®¡®á®¢   ¨å
áå®¤¨¬®áâì ¨ ®¡áã¦¤¥ë ¢®¯à®áë à¥ «¨§ æ¨¨.

�«£®à¨â¬ �¤§ ¢ë. � áá¬®âà¨¬ á ç «  § ¤ çã (P ). �«£®à¨â¬ �¤§ ¢ë ®âëáª ¨ï á¥¤«®¢®©
â®çª¨ äãªæ¨¨ � £à ¦  (12) ¨¬¥¥â ¢¨¤

�0 2 L+
2 [0; 2�]; �n+1 = PrL+

2
f�n + �n(p

n �H)g;

pn = argmin
p2K0

L(p; �n): (28)

�¤¥áì PrL+
2
| ¯à®¥ªæ¨ï ¢ L2[0; 2�]   L

+
2 [0; 2�], �n > 0 | ¨â¥à æ¨®ë© ¯ à ¬¥âà.

�à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï vmax > v�, â. ¥. ¯à¨ áãé¥áâ¢®¢ ¨¨ á¥¤«®¢®© â®çª¨ äãªæ¨¨ � -
£à ¦ , ¨â¥à æ¨®ë©  «£®à¨â¬ (28) áå®¤¨âáï,  ç¨ ï á «î¡®£®  ç «ì®£® ¯à¨¡«¨¦¥¨ï,
¥á«¨ �n 2 [�; 2� �] 8� > 0: kpn � pkL2 ! 0, n!1. �®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ ([7], £«. 2, â¥®à¥¬ 
4.1).

�¥£ª® ¢¨¤¥âì, çâ® �n+1 ®¯à¥¤¥«ï¥âáï ¯àï¬ë¬¨ ¢ëç¨á«¥¨ï¬¨

�n+1() = (�n + �n(p
n �H))+() ¤«ï ¯®çâ¨ ¢á¥å :

� ª¦¥ ¥âàã¤® ¯®«ãç¨âì ä®à¬ã«ë ¤«ï ¢ëç¨á«¥¨ï pn(). �¥©áâ¢¨â¥«ì®, ª ª á«¥¤ã¥â ¨§ ¤®-
ª § â¥«ìáâ¢  â¥®à¥¬ë 3,

pn = ep+ (pd � �n)1 = ep+ pd � �n � (pd � �n)0;
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  (pd � �n)0 | ¯¥à¢ë¥ âà¨ ç«¥  à §«®¦¥¨ï ¢ àï¤ �ãàì¥ äãªæ¨¨ pd � �n.
�â¬¥â¨¬, çâ® ¯à¨ ä ªâ¨ç¥áª®© à¥ «¨§ æ¨¨  «£®à¨â¬  (28) ¬ë ¤®«¦ë ¨á¯®«ì§®¢ âì ¯à¨-

¡«¨¦¥ë¥ ¢ëç¨á«¥¨ï, ¢ ç áâ®áâ¨, ª¢ ¤à âãàë¥ ä®à¬ã«ë ¯à¨ ¢ëç¨á«¥¨¨ ¨â¥£à «®¢, ¨
 ¯¯à®ªá¨¬¨à®¢ âì äãªæ¨¨ p ¨ � ¥ª®â®àë¬¨ ¨å ª®¥ç®¬¥àë¬¨ ¯à¨¡«¨¦¥¨ï¬¨. � ¨â®£¥ ¯®-
«ãç¨¬  «£®à¨â¬ �¤§ ¢ë á ¥â®ç®© à¥ «¨§ æ¨¥© ¨â¥à æ¨®ëå è £®¢, ª®â®àë© âà¥¡ã¥â ¤®¯®«-
¨â¥«ì®£® ®¡®á®¢ ¨ï. �â®£® ¥¤®áâ âª  «¨è¥  «£®à¨â¬ �¤§ ¢ë ¤«ï ª®¥ç®¬¥à®© § ¤ ç¨
(Ph), ª ¦¤ë© è £ ª®â®à®£® ¬®¦¥â ¡ëâì à¥ «¨§®¢  â®ç®.

�«£®à¨â¬ �¤§ ¢ë ¤«ï § ¤ ç¨ (Ph) ¨¬¥¥â ¢¨¤

�0h 2 V
+
h ; �n+1h = PrV +

h
f�nh + �n(p

n
h �Hh)g;

pnh = argmin
ph2K0;h

L(ph; �nh):
(29)

�â¥à æ¨®ë©  «£®à¨â¬ (29) áå®¤¨âáï,  ç¨ ï á «î¡®£®  ç «ì®£® ¯à¨¡«¨¦¥¨ï, ¥á«¨ �n 2
[�; 2 � �] 8� > 0. �¥ «¨§ æ¨ï ®¤®£® è £  ¬¥â®¤  (29) á®áâ®¨â ¢ ¢ëç¨á«¥¨¨ ¢¥ªâ®à  ã§«®¢ëå
¯ à ¬¥âà®¢ �n+1 ¯® ä®à¬ã«¥

�n+1i = (�ni + �n(p
n
i �Hi))

+ ¤«ï ¢á¥å i = 1; : : : ; N (30)

¨ ¢ ¢ëç¨á«¥¨¨ ¢¥ªâ®à  pn, ¤«ï ç¥£® âà¥¡ã¥âáï à¥è¨âì § ¤ çã ª¢ ¤à â¨ç®£® ¯à®£à ¬¬¨à®¢ ¨ï
(1=2) min

Bp=p
jp � pdj

2 + h�n; p �Hi. � ª ã¦¥ ¡ë«® ®â¬¥ç¥® à ¥¥ (á¬. (20)), à¥è¥¨¥ íâ®© § ¤ ç¨

¬®¦® ¢ë¯¨á âì ¢ ï¢®¬ ¢¨¤¥: pn = BT b0 + S(pd � �n):
�®áâà®¨¬ ¨ ¨áá«¥¤ã¥¬ â¥¯¥àì ¬¥â®¤ �¤§ ¢ë ¤«ï § ¤ ç¨ (P1;h). �¬¥áâ® äãªæ¨¨ � £à ¦ 

L1;h(ph; �h) = J1;h(ph)�
2�R
0

�hphd ¨á¯®«ì§ã¥¬ ¬®¤¨ä¨æ¨à®¢ ãî äãªæ¨î

L1;h(ph; �h) = J1;h(ph) + r

Z 2�

0
(p�h )

2d �
Z 2�

0
�hphd; r = const > 0:

�ãªæ¨ï L1;h ¨¬¥¥â â¥ ¦¥ á¥¤«®¢ë¥ â®çª¨, çâ® ¨ L1;h, ¯à¨ íâ®¬ äãªæ¨ï Jr(ph) = J1;h(ph) +
2�R
0

(p�h )
2d ª®íàæ¨â¨¢    ¢á¥¬ ¯à®áâà áâ¢¥ Vh, ¨ ¥¥ £à ¤¨¥â à ¢®¬¥à® ¬®®â®ë©

(J 0r(ph)� J 0r(qh); ph � qh) � minf�0; rgkph � qhk
2 8ph; qh 2 Vh:

� á¨«ã íâ¨å á¢®©áâ¢  «£®à¨â¬ �¤§ ¢ë

�0h 2 V
+
h ; �n+1h = PrV +

h
f�nh � �np

n
hg;

pnh = argmin
ph2eK0;h

L(ph; �nh)
(31)

áå®¤¨âáï ¯à¨ ¢ë¡®à¥ ¨â¥à æ¨®ëå ¯ à ¬¥âà®¢ �n 2 (�;minf�0; rg � �), � > 0.
�à¨ à¥ «¨§ æ¨¨ (31) à¥è¥¨¥ § ¤ ç¨ pnh = argmin

ph2eK0;h

L(ph; �nh) á¢®¤¨âáï ª ¬¨¨¬¨§ æ¨¨ ¢ë¯ã-

ª«®© ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨

J (p) =
NX
i=1

[epi �i + r(p+i )
2 � �ni pi] (32)

   ää¨®¬ ¬®¦¥áâ¢¥ Bp = eb. � ¤ çã (32) ¬®¦® à¥è âì à §«¨çë¬¨ ¨§¢¥áâë¬¨ ¬¥â®¤ ¬¨
¤¨ää¥à¥æ¨àã¥¬®© ®¯â¨¬¨§ æ¨¨. � â®¬ ç¨á«¥, ¬®¦® ¢ ®ç¥à¥¤®© à § ¨á¯®«ì§®¢ âì ¬¥â®¤ë

¤¢®©áâ¢¥®áâ¨, ®âëáª¨¢ ï á¥¤«®¢ãî â®çªã   Vh�R3 äãªæ¨¨ � £à ¦  J (p)+
3P

i=1
�i(Bp�eb)i.
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\�àï¬®¥" à¥è¥¨¥ ¤¢®©áâ¢¥ëå § ¤ ç. � á¨«ã ¤¨ää¥à¥æ¨àã¥¬®áâ¨ äãªæ¨¨  § ¤ ç 
(18) íª¢¨¢ «¥â  ¢ à¨ æ¨®®¬ã ¥à ¢¥áâ¢ã (�1 + (pd;1+ ep�H); �� �) � 0 8� 2 L+

2 [0; 2�] ¨«¨
ãà ¢¥¨î

� = PrL+
2
(�0 + pd;1 + ep�H): (33)

�à ¢¥¨¥ (33) ¬®¦® § ¯¨á âì ¢ ¯®â®ç¥ç®¬ ¢¨¤¥

�() = (�0 + pd;1 + ep�H)+ ¤«ï ¯®çâ¨ ¢á¥å  2 [0; 2�];

®âªã¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ®,  ©¤ï ª®¬¯®¥âã �0 ¬®¦¨â¥«ï � £à ¦  �, ¬®¦® ¯®áâà®-
¨âì � ¨ § â¥¬ à¥è¥¨¥ § ¤ ç¨ (P)

p�() = (ep� (�� �0) + pd;1)() ¤«ï ¯®çâ¨ ¢á¥å  2 [0; 2�]:

�«ï ®âëáª ¨ï �0 ¯à¥®¡à §ã¥¬ ãà ¢¥¨¥ (33), ¯à¨¬¥¨¢ ª ®¡¥¨¬ ¥£® ç áâï¬ ®¯¥à â®à PrV0
®àâ®£® «ì®£® ¢ L2 ¯à®¥ªâ¨à®¢ ¨ï   ¯®¤¯à®áâà áâ¢® V0. �ã¤¥¬ ¨¬¥âì

�0 = PrV0 PrL+
2
(�0 + pd;1 + ep�H): (34)

�á®, çâ® (34) | á¨áâ¥¬  ¥«¨¥©ëå ãà ¢¥¨© ®â®á¨â¥«ì® âà¥å ¯¥à¢ëå ª®íää¨æ¨¥â®¢
�ãàì¥-à §«®¦¥¨ï äãªæ¨¨ �, ª®â®àãî ¥âàã¤® § ¯¨á âì ¢ ï¢®¬ ¢¨¤¥ ¤«ï ç¨á«¥®£® à¥-
è¥¨ï. � ¤àã£®© áâ®à®ë, íâ® ãà ¢¥¨¥ á ¥à áâï£¨¢ îé¨¬ ®¯¥à â®à®¬ F = PrV0 �PrL+

2

¢ V0.
�à ¢¥¨¥ (34) ¨¬¥¥â å®âï ¡ë ®¤® à¥è¥¨¥ (®àâ®£® «ì ï ¯à®¥ªæ¨ï   V0 ¢â®à®© ª®¬¯®¥âë
� á¥¤«®¢®© â®çª¨ äãªæ¨¨ � £à ¦ ). �®ª ¦¥¬, çâ® ®¯¥à â®à F ®¡« ¤ ¥â á¢®©áâ¢®¬ ®¡à â®©
á¨«ì®© ¬®®â®®áâ¨

kF�0 � F�0k � (F�0 � F�0; �0 � �0) 8F�0; �0 2 V0:

�«ï íâ®£® ¢®á¯®«ì§ã¥¬áï â¥¬, çâ® PrV0 | «¨¥©ë© ®àâ®£® «ìë© ¯à®¥ªâ®à,   ®¯¥à â®à Pr+L2
®¡« ¤ ¥â á¢®©áâ¢®¬ ®¡à â®© á¨«ì®© ¬®®â®®áâ¨ ª ª ¯à®¥ªâ®à   ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¬®-
¦¥áâ¢®. �ã¤¥¬ ¨¬¥âì

kF�0 � F�0k � kPrL+
2

�0 � PrL+
2

�0k � (PrL+
2

�0 � PrL+
2

�0; �0 � �0) =

= (PrL+
2
�0 � PrL+

2
�0;PrV0(�0 � �0)) = (PrV0 PrL+

2
�0 � PrV0 PrL+

2
�0; �0 � �0) =

= (F�0 � F�0; �0 � �0):

�®áª®«ìªã ®¯¥à â®à F ®¡à â® á¨«ì® ¬®®â®ë© ¨ ãà ¢¥¨¥ (34) ¨¬¥¥â å®âï ¡ë ®¤® à¥è¥-
¨e, ¨â¥à æ¨¨

�n+10 = (1� !)�n0 + !PrV0 PrL+
2

(�n0 + pd;1 + ep�H); ! 2 (0; 2);

áå®¤ïâáï [12],  ç¨ ï á «î¡®£®  ç «ì®£® ¯à¨¡«¨¦¥¨ï, ª ª ª®¬ã-«¨¡® à¥è¥¨î ãà ¢¥¨ï
(34).

�®¤®¡ë© ¯à¥¤ë¤ãé¥¬ã  «£®à¨â¬ ¬®¦® ¯à¨¬¥¨âì ¨ ¤«ï à¥è¥¨ï ª®¥ç®¬¥à®© ¤¢®©-
áâ¢¥®© § ¤ ç¨

� = argmax
��0

	(�); (35)

£¤¥ äãªæ¨ï 	(�) § ¤   à ¢¥áâ¢®¬ (22),   ¥à ¢¥áâ¢® � � 0 ®§ ç ¥â �i � 0 8i. �¥©áâ¢¨-
â¥«ì®, ¨á¯®«ì§®¢ ¢ á¢®©áâ¢® ¤¨ää¥à¥æ¨àã¥¬®áâ¨ 	, ¨§ (35) ¯®«ãç¨¬

(S�; �� �) � ((E � S)b0 � Spd +H;�� �) 8�� 0;

®âªã¤ 

� = ((E � S)b0 � Spd +H + (E � S)�)+: (36)
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�¬®¦¨¢ ®¡¥ ç áâ¨ ãà ¢¥¨ï (36)   ¬ âà¨æã E�S | ¯à®¥ªâ®à   ImBT , ¯®«ãç¨¬ ãà ¢¥¨¥
¤«ï ¢¥ªâ®à  y = (E � S)� 2 R3 (  «®£ (34))

y = (E � S)((E � S)b0 � Spd +H + y)+:

� «®£¨ç® ¯à¥¤ë¤ãé¥¬ã á«ãç î ¬®¦® ¤®ª § âì áå®¤¨¬®áâì ¨â¥à æ¨®®£®  «£®à¨â¬ 

yn+1 = (1� !)yn + !(E � S)((E � S)b0 � Spd +H + yk)+; ! 2 (0; 2): (37)

�á®, çâ® ¯®  ©¤¥®¬ã y = (E �S)� 2 R3 ¢¥ªâ®à � ¢®ááâ  ¢«¨¢ ¥âáï ¯® ä®à¬ã«¥ (36), ¯®á«¥
ç¥£® à¥è¥¨¥ § ¤ ç¨ (Ph) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ p = b0 + Spd � S� (á¬. (20)).

� ¬¥ç ¨¥ 4. �à ¢¥¨¥ (36),   § ç¨â, ¨ ¨â¥à æ¨®ë©  «£®à¨â¬ (37) ¬®¦® ¯®áâà®¨âì,
¨áå®¤ï ¨§ á¥¤«®¢®© § ¤ ç¨ (26).

�¥â®¤ë à áé¥¯«¥¨ï ¤«ï ¯àï¬ëå § ¤ ç (Ph) ¨ (P1;h). � ¯¨è¥¬ § ¤ çã (Ph) ¢ ¢¨¤¥ ãà ¢¥¨ï
(¢ª«îç¥¨ï) á ¬®£®§ çë¬ ¬ ªá¨¬ «ì® ¬®®â®ë¬ ®¯¥à â®à®¬

Tph � ph � pd + @IKh
(ph) 3 0; (38)

£¤¥ @IKh
| áã¡¤¨ää¥à¥æ¨ « ¨¤¨ª â®à®© äãªæ¨¨ ¬®¦¥áâ¢  Kh, â. ¥. IKh

(p) = f0 ¯à¨ p 2
Kh, +1 ¯à¨ p =2 Khg. �ãáâì, ªà®¬¥ â®£®, @IK0;h

¨ @IK1;h
| áã¡¤¨ää¥à¥æ¨ «ë ¨¤¨ª â®àëå

äãªæ¨© ¬®¦¥áâ¢ K0;h ¨ K1;h á®®â¢¥âáâ¢¥®, Sph = ph�pd;h+@IK0;h
(ph), R = @IK1;h

. �§¢¥áâ®,
çâ® ®¡« áâ¨ ®¯à¥¤¥«¥¨© D(S) = K0;h ¨ D(R) = K1;h. �®£« á® «¥¬¬e 2 ¯à¨ vmax > v�h ¥ ¯ãáâ®
¬®¦¥áâ¢® intK1;h

T
K0;h = intD(S)

T
D(R), ®âªã¤  á«¥¤ã¥â [10], çâ® T = R + S. �â® ¯®§¢®«ï¥â

¯à¨¬¥¨âì ¬¥â®¤ë à áé¥¯«¥¨ï [13] ª à¥è¥¨î ãà ¢¥¨ï (38).
�ãáâì I | â®¦¤¥áâ¢¥®¥ ®â®¡à ¦¥¨¥ ¢ ¯à®áâà áâ¢¥ Vh, JrR = (I + rR)�1, r = const > 0, |

à¥§®«ì¢¥â  ¬ ªá¨¬ «ì® ¬®®â®®£® ®¯¥à â®à  R, ®¤®§ çë© ¨ ¥à áâï£¨¢ îé¨© ®¯¥à â®à.
�â¥à æ¨®ë© ¬¥â®¤ â¨¯  ¬¥â®¤  �ã£« á {�íªä®à¤  ¤«ï ãà ¢¥¨ï (38) ¨¬¥¥â ¢¨¤

tn+1h = JrR(2J
r
S � I)tnh + (I � JrS)t

n
h; n = 0; 1; : : : (39)

�®áª®«ìªã ®¯¥à â®àë R ¨ S ¬ ªá¨¬ «ì® ¬®®â®ë ¨, ªà®¬¥ â®£®, S | à ¢®¬¥à® ¬®®â®-
ë©, â® ¯à¨ «î¡®¬ r > 0 ¨â¥à æ¨®ë© ¯à®æ¥áá (39) áå®¤¨âáï á «î¡®£®  ç «ì®£® ¯à¨¡«¨¦¥¨ï,
¯à¨ íâ®¬ ¥á«¨ t�h | ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì®áâ¨ tkh, â® p

�
h = JrSt

�
h | à¥è¥¨¥ § ¤ ç¨ (Ph).

�¥ «¨§ æ¨ï (39) á®áâ®¨â ¢ ¯®á«¥¤®¢ â¥«ì®¬ ¯à¨¬¥¥¨¨ ª ¨§¢¥áâë¬ äãªæ¨ï¬ ®¯¥à â®à®¢
JrR ¨ JrS, çâ®, ¢ á¢®î ®ç¥à¥¤ì, á¢®¤¨âáï ª ¯à®æ¥¤ãà ¬ ¯à®¥ªâ¨à®¢ ¨ï ¢ Vh   K0;h ¨ K1;h. �¬¥®
yh = JrRxh ®§ ç ¥â, çâ® yh = PrK1;h

xh,   yh = JrSxh ®§ ç ¥â, çâ® yh = PrK0;h
((1 + r)�1xh +

k(1 + r)�1pd;h). � ª¨¬ ®¡à §®¬,  «£®à¨â¬ (39) ¯à¨¨¬ ¥â ¢¨¤

t
n+1=2
h = PrK0;h

((1 + r)�1tnh + r(1 + r)�1pd;h);

tn+1h = tnh � t
n+1=2
h + PrK1;h

(2tn+1=2h � tnh):

�¯¥à æ¨¨ ¯à®¥ªâ¨à®¢ ¨ï   ¬®¦¥áâ¢  K0;h ¨ K1;h «¥£ª® à¥ «¨§ã¥¬ë. �¥©áâ¢¨â¥«ì®, ¯à®¥ª-
â¨à®¢ ¨¥   K0;h ¥áâì § ¤ ç  ª¢ ¤à â¨ç®£® ¯à®£à ¬¬¨à®¢ ¨ï á ®£à ¨ç¥¨ï¬¨ ¢¨¤  Bp = b,
à¥è¥¨¥ ª®â®à®© ¢ë¯¨áë¢ ¥âáï ¢ ï¢®¬ ¢¨¤¥ (áà. á (20)),   ¯à®¥ªâ¨à®¢ ¨¥   K1;h ®áãé¥áâ¢«ï-
¥âáï ¯®â®ç¥ç® (áà. á (30)).

�à¨¬¥¨¬ ¨â¥à æ¨®ë© ¬¥â®¤ à áé¥¯«¥¨ï ª § ¤ ç¥ (P1;h). � ¯¨è¥¬ ¥¥ ¢ ¢¨¤¥ ¢ª«îç¥¨ï

Tph � eph�h + @IeKh
(ph) 3 0; (40)

¨ ¯ãáâì Sph = eph�h+@IeK1;h
(ph), R = @IeK0;h

. � ª ¨ ¢ëè¥, ã¡¥¤¨¬áï ¢ â®¬, çâ® intD(S)
T
D(R) 6= ;,

¯®íâ®¬ã T = R+ S.
�â¥à æ¨®ë© ¬¥â®¤ â¨¯  ¬¥â®¤  �ã£« á {�íªä®à¤  ¤«ï ãà ¢¥¨ï (40) ¨¬¥¥â ¢¨¤ (39) ¨

áå®¤¨âáï.
�áâ ®¢¨¬áï   ¢®¯à®á¥ à¥ «¨§ æ¨¨  «£®à¨â¬  (39). �á®, çâ® à¥è¥¨¥ ãà ¢¥¨ï yh =

JrRxh á®¢  á¢®¤¨âáï ª § ¤ ç¥ ª¢ ¤à â¨ç®£® ¯à®£à ¬¬¨à®¢ ¨ï á ®£à ¨ç¥¨ï¬¨ ¢¨¤  Bp = eb,
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à¥è¥¨¥ ª®â®à®© ¢ë¯¨áë¢ ¥âáï ¢ ï¢®¬ ¢¨¤¥ (áà. á (20)). �â® ª á ¥âáï ãà ¢¥¨ï yh = JrSxh, â®
®® íª¢¨¢ «¥â® ¢ à¨ æ¨®®¬ã ¥à ¢¥áâ¢ã

yh � 0 : (yh + reyh�h � xh; zh � yh) � 0 8zh � 0;

ª®â®à®¥ à áé¥¯«ï¥âáï   N ¥§ ¢¨á¨¬ëå ®¤®¬¥àëå § ¤ ç ®â®á¨â¥«ì® ã§«®¢ëå ¯ à ¬¥âà®¢
yi äãªæ¨¨ yh

yi � 0; yi + reyi�i � xi � 0; yi(yi + reyi�i � xi) = 0: (41)

� ¤ ç  (41) à¥è ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:
¥á«¨ r�i > xi, â® yi = 0,
¨ ç¥ yi > 0 ï¢«ï¥âáï à¥è¥¨¥¬ áª «ïà®£® ãà ¢¥¨ï yi + reyi�i = xi á® áâà®£® ¬®®â®®©

¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¥© yi + reyi , ¨ ¬®¦® ¯à¨¬¥¨âì,  ¯à¨¬¥à, ¬¥â®¤ �ìîâ® .
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