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� ç¨â¥«ì®¥ ç¨á«® â¥®à¥â¨ç¥áª¨å ¨ ¯à ªâ¨ç¥áª¨å § ¤ ç ¯à¨¢®¤¨â ª ¥®¡å®¤¨¬®áâ¨ à¥è¥¨ï
á«¥¤ãîé¥£® ¤¢ã¬¥à®£® á¨£ã«ïà®£® ¨â¥£à «ì®£® ãà ¢¥¨ï (á. ¨. ã.) á ¢ãâà¥¨¬¨ ª®íää¨-
æ¨¥â ¬¨:
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�¤¥áì a0(s; �), a1(s; �; �), a2(s; �; �), a12(s; �; �; �) | ¨§¢¥áâë¥ ¥¯à¥àë¢ë¥ 2�-¯¥à¨®¤¨ç¥áª¨¥
äãªæ¨¨1 ¯® ª ¦¤®© ¨§ ¯¥à¥¬¥ëå, f(s; �) ¨ '(s; �) 2 L2[0; 2�]2 � L2 | ¤  ï ¨ ¨áª®¬ ï
äãªæ¨¨ á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬ á¨£ã«ïàë¥ ¨â¥£à «ë
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¯®¨¬ îâáï ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï ¯® �®è¨{�¥¡¥£ã [1]{[3].
�¥®à¨ï ãà ¢¥¨© ¢¨¤  (0.1), ¢ â®¬ ç¨á«¥  ¯¯à®ªá¨¬ â¨¢ëå ¬¥â®¤®¢ ¨å à¥è¥¨ï, ¢¥áì¬ 

á«®¦  ¨ ¢á¥ ¥é¥ ¤ «¥ª  ®â á¢®¥£® § ¢¥àè¥¨ï. �¨¦¥, ¢ ¯à®¤®«¦¥¨¥ àï¤  à¥§ã«ìâ â®¢ [4]{
[8], ¯à¨¢®¤ïâáï ¯à®áâë¥ ¤®áâ â®çë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï, ¥¤¨áâ¢¥®áâ¨ ¨ ãáâ®©ç¨¢®áâ¨
à¥è¥¨© ãà ¢¥¨ï (0.1),   â ª¦¥ ¯à¥¤« £ îâáï ¯à ªâ¨ç¥áª¨ íää¥ªâ¨¢ë¥ (¢ â®¬ ç¨á«¥ ®¯â¨-
¬ «ìë¥)  ¯¯à®ªá¨¬ â¨¢ë¥ ¬¥â®¤ë ¥£® à¥è¥¨ï. � ¤¨ ¯à®áâ®âë ¢ëª« ¤®ª ¢á¥ äãªæ¨¨ ¨ ¯à®-
áâà áâ¢  áç¨â ¥¬ (¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨) ¢¥é¥áâ¢¥ë¬¨. �â¬¥â¨¬ â ª¦¥, çâ® ¥ª®â®àë¥
à¥§ã«ìâ âë à ¡®âë  ®á¨à®¢ ë ¢ ([9]; [10], £«. 4, x 4).

1�¨ â ª®¢ë, çâ® ®¯¥à â®à A ¨§ (0.1) ®£à ¨ç¥ ¢ L2[0; 2�]
2. �«ï íâ®£® ¤®áâ â®ç®, çâ®¡ë äãªæ¨¨ ai

(i = 1; 2; 12) ¡ë«¨ ¥¯à¥àë¢ë ¯® ��e«ì¤¥àã; ¥á«¨ ¦¥ a1(s; �; �) = b1(s; �)c1(�), a2(s; �; �) = b2(s; �)c2(�) ¨
a12(s; �; �; �) = b12(s; �)c12(�; �), â® ¤®áâ â®ç®, çâ®¡ë äãªæ¨¨ bi ¨ ci (i = 1; 2; 12) ¡ë«¨ ¥¯à¥àë¢ë¬¨ ¢
á¢®¨å ®¡« áâïå ®¯à¥¤¥«¥¨ï.
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1. �á®¢ë¥ à¥§ã«ìâ âë

1.1. �¥®à¥¬  áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï. � á«¥¤ãîé¥© â¥®à¥¬¥ ãáâ  ¢«¨-
¢ ¥âáï áãé¥áâ¢®¢ ¨¥, ¥¤¨áâ¢¥®áâì ¨ ãáâ®©ç¨¢®áâì à¥è¥¨ï ãà ¢¥¨ï (0.1).

�¥®à¥¬  1. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï ja0(s; �)j > � = const > 0, a1(s; �; �) = a1(�; �; s),
a2(s; �; �) = a2(s; �;�), a12(s; �; �; �) = �a12(�; �; s; �).

�®£¤  ®¯¥à â®à A : L2 ! L2 ¥¯à¥àë¢® ®¡à â¨¬ ¨

kA�1k 6 ��1 <1;

  ãà ¢¥¨¥ (0:1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ '�(s; �)2L2 ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f(s; �)2L2,

ª®â®à®¥ ãáâ®©ç¨¢® ®â®á¨â¥«ì® ¬ «ëå ¢®§¬ãé¥¨© f(s; �) ¢ ¯à®áâà áâ¢¥ L2 (¨ â¥¬ ¡®«¥¥

¢ ¯à®áâà áâ¢¥ C[0; 2�]2).

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ L2 � L2[0; 2�]2 ¯à®áâà áâ¢® ª¢ ¤à â¨ç® áã¬¬¨àã¥¬ëå
¢ [0; 2�; 0; 2�] � [0; 2�]2 ¯® �¥¡¥£ã äãªæ¨© c ®¡ëçë¬¨ áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ ¨ ®à¬®©
á®®â¢¥âáâ¢¥®
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jf(s; �)j2ds d�
�1=2

(f 2 L2):

�¥à¥§ C = C[0; 2�]2 ¡ã¤¥¬ ®¡®§ ç âì ¯à®áâà áâ¢® ¥¯à¥àë¢ëå 2�-¯¥à¨®¤¨ç¥áª¨å ¯® ª ¦¤®©
¨§ ¯¥à¥¬¥ëå äãªæ¨© ®â ¤¢ãå ¯¥à¥¬¥ëå á ®¡ëç®© ®à¬®©

kgkC[0;2�]2 = max
�1<s;�<1

jg(s; �)j (g 2 C[0; 2�]2):

�®£¤  á. ¨. ã. (0.1) íª¢¨¢ «¥â® § ¤ ®¬ã ¢ L2 «¨¥©®¬ã ®¯¥à â®à®¬ã ãà ¢¥¨î

A' � S0(a0') + S1(a1') + S2(a2') + S12(a12') = f ('; f 2 L2); (1.1)

£¤¥ S0(a0') = a0(s; �)'(s; �), ¯à¨ç¥¬ A � S0a0+S1a1+S2a2+S12a12 : L2 ! L2 ¥áâì ¥¯à¥àë¢ë©
®¯¥à â®à:

kAkL2!L2 6
X

i=0;1;2;12

kSiaikL2!L2 6M = const <1:

� «¥¥ ¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® a0(s; �) > 0; á«ãç © a0(s; �) < 0 à áá¬ -
âà¨¢ ¥âáï   «®£¨ç®.

�ç¥¢¨¤®, ¤«ï «î¡®© äãªæ¨¨ ' 2 L2 ¨¬¥¥¬
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� á¨«ã ãá«®¢¨©   äãªæ¨¨ ai (i = 1; 2; 12) ¨ á¢®©áâ¢ ï¤¥à �¨«ì¡¥àâ  ¤«ï «î¡®© äãªæ¨¨ ' 2 L2

 å®¤¨¬

Ki � (Si(ai'); ') = 0 (i = 1; 2; 12): (1.3)
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¯®íâ®¬ã K1 = 0. � «®£¨ç® ¤«ï ¨â¥£à «  (0.3) ¯®«ãç ¥¬ K2 = (S2(a2'); ') = 0 ¤«ï «î¡®©
' 2 L2. � ãç¥â®¬ á¢®©áâ¢ äãªæ¨© a12 ¨ ï¤¥à �¨«ì¡¥àâ  ¤«ï ¨â¥£à «  (0.4) ¯à¨ «î¡ëå ' 2 L2

 å®¤¨¬

K12 � (S12(a12'); ') =

=
1
4�2

Z 2�

0

Z 2�

0

'(s; �)ds d�
1
4�2

Z 2�

0

Z 2�

0

a12(s; �; �; �) ctg
� � s

2
ctg

� � �

2
'(�; �)d� d� =

=
1

16�4

Z 2�

0

Z 2�

0

'(�; �)d� d�
Z 2�

0

Z 2�

0

a12(�; �; s; �) ctg
s� �

2
ctg

� � �

2
'(s; �)ds d� =

=
1

16�4

Z 2�

0

Z 2�

0

'(s; �)ds d�
Z 2�

0

Z 2�

0

[�a12(s; �; �; �)] ctg � � s

2
ctg

� � �

2
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á«¥¤®¢ â¥«ì®, K12 = 0.
�§ á®®â®è¥¨© (1.1){(1.3)  å®¤¨¬ ¥à ¢¥áâ¢®

(A';') > �k'k2; ' 2 L2: (1.4)

� «®£¨ç® ¤«ï ®¯¥à â®à  A� : L2 ! L2, á®¯àï¦¥®£® ª ®¯¥à â®àã A : L2 ! L2 ¢ ¯à®áâà áâ¢¥
L2, ¨¬¥¥¬

(A�';') = (';A') = (A';') > �k'k2; ' 2 L2: (1.5)

�§ á®®â®è¥¨© (1.4) ¨ (1.5)  å®¤¨¬ á®®â¢¥âáâ¢¥® ¥à ¢¥áâ¢ 

kA'k > �k'k; kA�'k > �k'k; ' 2 L2;

®¡¥á¯¥ç¨¢ îé¨¥ [11] áãé¥áâ¢®¢ ¨¥ «¥¢ëå ®£à ¨ç¥ëå ®¡à âëå ®¯¥à â®à®¢ A�1l ¨ (A�)�1l
á®®â¢¥âáâ¢¥®

kA�1l k 6 ��1 <1 ¨ k(A�)�1l k 6 ��1 <1:

�âáî¤ , ¢ á¢®î ®ç¥à¥¤ì, á«¥¤ã¥â [11] áãé¥áâ¢®¢ ¨¥ ¨ ®£à ¨ç¥®áâì ¤¢ãáâ®à®¥£® ®¡à â®£®
®¯¥à â®à  A�1 : L2 ! L2 ¨ á¯à ¢¥¤«¨¢®áâì ¥®¡å®¤¨¬ëå ¤«ï ¥£® ¥à ¢¥áâ¢.

�áâ «ìë¥ ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë «¥£ª® ¢ë¢®¤ïâáï ¨§ áª § ®£® ¢ëè¥.

1.2. �â¥à æ¨®ë© ¬¥â®¤. � á«¥¤ãîé¥© â¥®à¥¬¥ ãáâ  ¢«¨¢ ¥âáï ¢®§¬®¦®áâì à¥è¥¨ï
ãà ¢¥¨ï (0.1) ¨â¥à æ¨®ë¬ ¬¥â®¤®¬.

�¥®à¥¬  2. � ãá«®¢¨ïå â¥®à¥¬ë 1 à¥è¥¨¥ '� 2 L2 ãà ¢¥¨ï (0:1) ¯à¨ «î¡®© ¯à ¢®© ç áâ¨
f 2 L2 ¬®¦¥â ¡ëâì  ©¤¥® á ¯®¬®éìî «¨¥©®£® ã¨¢¥àá «ì®£® ¨â¥à æ¨®®£® ¬¥â®¤ 

'k = 'k�1 + �kAk�2(f �A'k�1); k = 1; 2; : : : ; (1.6)

¯à¨ «î¡®¬  ç «ì®¬ ¯à¨¡«¨¦¥¨¨ '0 2 L2. �®£à¥è®áâì k-£® ¯à¨¡«¨¦¥¨ï ¬®¦¥â ¡ëâì

®æ¥¥  ¢ ¯à®áâà áâ¢¥ L2 ¥à ¢¥áâ¢ ¬¨

k'� � 'kk 6 qkk'� � '0k 6 qk(1� q)�1k'1 � '0k (k = 1; 2; : : : ); (1.7)

£¤¥ q = (1 � �2kAk�2)1=2 < 1; ¥á«¨ ¦¥  ç «ì®¥ ¯à¨¡«¨¦¥¨¥ ¢ë¡¨à ¥âáï ¯® ä®à¬ã«¥ '0 =
�kAk�2f , â® ¨ ¥à ¢¥áâ¢ ¬¨

k'� � 'kk 6 qk+1(1� q)�1�kAk�2kfk; k 2 N: (1.8)

�®ª § â¥«ìáâ¢®. �à ¢¥¨¥ (0.1) íª¢¨¢ «¥â® § ¤ ®¬ã ¢ L2 «¨¥©®¬ã ®¯¥à â®à®¬ã
ãà ¢¥¨î ¢â®à®£® à®¤  ¢¨¤ 

' = (E � �A)' + �f; � =
�

kAk2 ; ' 2 L2; (1.9)

£¤¥ ®¯¥à â®à ¯¥à¥å®¤  B = E � �A ï¢«ï¥âáï á¦¨¬ îé¨¬ ®¯¥à â®à®¬ á ª®íää¨æ¨¥â®¬ á¦ -
â¨ï q = (1 � �=kAk2)1=2 < 1. � ¤àã£®© áâ®à®ë, ã¨¢¥àá «ìë© ¨â¥à æ¨®ë© ¬¥â®¤ (1.6) ¤«ï
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ãà ¢¥¨ï (0.1) ï¢«ï¥âáï ¬¥â®¤®¬ ¯à®áâ®© ¨â¥à æ¨¨ ¤«ï íª¢¨¢ «¥â®£® ¥¬ã ãà ¢¥¨ï (1.9).
�®íâ®¬ã ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë, ¢ â®¬ ç¨á«¥ ®æ¥ª¨ (1.7) ¨ (1.8), «¥£ª® ¢ë¢®¤ïâáï ¨§ ¨§¢¥áâ-
ëå à¥§ã«ìâ â®¢ ( ¯à., [11], á. 213{214; [12], áá. 104, 131) ¯® ¨â¥à æ¨®ë¬ ¬¥â®¤ ¬ à¥è¥¨ï
®¯¥à â®àëå ãà ¢¥¨© ¢â®à®£® à®¤  ¢ ¯®«ëå «¨¥©ëå ®à¬¨à®¢ ëå ¯à®áâà áâ¢ å.

1.3. �¡é¨© ¯à®¥ªæ¨®ë© ¬¥â®¤ ¨ ¥£® ç áâë¥ á«ãç ¨. �¡®§ ç¨¬ ç¥à¥§ f r =  r(s; �)g11
¯®«ãî ®àâ®®à¬ «ìãî á¨áâ¥¬ã äãªæ¨© ¢ L2,   ç¥à¥§ cr(f) = (f;  r) | ª®íää¨æ¨¥âë �ãàì¥
äãªæ¨¨ f 2 L2 ¯® ãª § ®© á¨áâ¥¬¥. �à¨¡«¨¦¥¨ï 'N = 'N(s; �) ª à¥è¥¨î '� = '�(s; �)
ãà ¢¥¨ï (0.1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ ®¡®¡é¥®£® \¯®«¨®¬ "

'N (s; �) =
NX
k=1

�k  k(s; �); N = 1; 2; : : : ; (1.10)

¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë �k = �k;N ª®â®à®£® ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ á¨áâ¥¬ë «¨¥©ëå  «£¥-
¡à ¨ç¥áª¨å ãà ¢¥¨© (����)

NX
k=1

�k cr(A k) = cr(f); r = 1; N: (1.11)

�¥®à¥¬  3. � ãá«®¢¨ïå â¥®à¥¬ë 1 ���� (1:11) ®¤®§ ç® à §à¥è¨¬  ¯à¨ «î¡ëå N =
1; 2; : : : ,   ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï (1:10) áå®¤ïâáï ª à¥è¥¨î ãà ¢¥¨ï (0:1) ¢ ¯à®áâà áâ¢¥
L2, ¯à¨ç¥¬ ¤«ï ¯®£à¥è®áâ¨ á¯à ¢¥¤«¨¢ë ¤¢ãáâ®à®¨¥ ®æ¥ª¨

EN('�) 6 k'� � 'Nk 6 ��1kAkEN ('�); N = 1; 2; : : : ; (1.12)

£¤¥ EN(g) |  ¨«ãçè¥¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨ g 2 L2 ¢á¥¢®§¬®¦ë¬¨ í«¥¬¥â ¬¨ ¢¨¤  (1:10)
¢ ¯à®áâà áâ¢¥ L2 = L2[0; 2�]2.

�®ª § â¥«ìáâ¢®. �ãáâì X = L2 = L2[0; 2�]2,   XN = f'Ng | ¥£® N -¬¥à®¥ ¯®¤¯à®áâà -
áâ¢®, á®áâ®ïé¥¥ ¨§ ¢á¥¢®§¬®¦ëå í«¥¬¥â®¢ ¢¨¤  (1.10). �®£¤  ���� (1.11) íª¢¨¢ «¥â  ®¯¥-
à â®à®¬ã ãà ¢¥¨î

AN'N � PNA'N = PNf ('N ; PNf 2 XN); (1.13)

£¤¥ ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï PN : X ! XN ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥

PN(g; s; �) =
NX
r=1

cr(g) r(s; �); g 2 L2: (1.14)

�¥âàã¤® ¢¨¤¥âì, çâ®

P 2
N = PN ; P �N = PN ; kPNkX!XN�X = 1; N 2 N: (1.15)

�®íâ®¬ã ¢ á¨«ã (1.4), (1.13) ¨ (1.14) ¤«ï «î¡ëå 'N 2 XN  å®¤¨¬

(AN'N ; 'N ) = (PNA'N ; 'N ) = (A'N ; P
�
N'N) = (A'N ; PN'N ) = (A'N ; 'N ) > �k'Nk2: (1.16)

�âáî¤  á«¥¤ã¥â ¥à ¢¥áâ¢®

kAN'Nk > �k'Nk; 'N 2 XN ; (1.17)

®¡¥á¯¥ç¨¢ îé¥¥ ( ¯à., [13], £«. I, x 2) ¤¢ãáâ®à®îî ®¡à â¨¬®áâì ®¯¥à â®à  AN : XN ! XN ¯à¨
«î¡ëå N 2 N ¨ á¯à ¢¥¤«¨¢®áâì ®æ¥ª¨

kA�1N k 6 ��1 <1; N 2 N: (1.18)
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�®íâ®¬ã ª ª ãà ¢¥¨¥ (1.13), â ª ¨ íª¢¨¢ «¥â ï ¥¬ã ���� (1.11) ®¤®§ ç® à §à¥è¨¬ë
¯à¨ «î¡ëå  âãà «ìëå N ¨ «î¡ëå ¯à ¢ëå ç áâïå, ¯à¨ç¥¬ ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ (1.10) ¢
á¨«ã (1.15){(1.18) ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ ¬

k'Nk = kA�1N PNfk 6 ��1kPNfk 6 ��1kfk; N 2 N:

�«ï à¥è¥¨© '� = A�1f ¨ 'N = A�1N PNf ãà ¢¥¨© á®®â¢¥âáâ¢¥® (1.1) ¨ (1.13) ¨§ â¥®à¥¬ë 6
([13], £«. I) á«¥¤ã¥â â®¦¤¥áâ¢®

'� � 'N = (E �A�1N PNA)('� � 'N); (1.19)

£¤¥ E | ¥¤¨¨çë© ®¯¥à â®à,   'N | ¯à®¨§¢®«ìë© í«¥¬¥â ¨§ XN . �®« £ ï 'N = PN'
�; ¨§

(1.15) ¨ (1.19)  å®¤¨¬ ¥à ¢¥áâ¢®

k'� � 'NkX 6 kE �A�1N PNAkX!XEN('�); N 2 N: (1.20)

�®áª®«ìªã ¤«ï «î¡ëå N 2 N

(E �A�1N PNA)
2 = E �A�1N PNA; (1.21)

â® á ¯®¬®éìî á®®â®è¥¨© (1.15) ¨ (1.18) ¬®¦® ¤®ª § âì

kE �A�1N PNAk = kA�1N PNAk 6 ��1kAk; N 2 N: (1.22)

�§ (1.20) ¨ (1.22) á«¥¤ãîâ ®æ¥ª¨ (1.12). � ª ª ª ¢ ãá«®¢¨ïå â¥®à¥¬ë EN (g) ! 0, N ! 1, ¤«ï
«î¡®© äãªæ¨¨ g 2 X, â® áå®¤¨¬®áâì ¬¥â®¤  ¤®ª §  .

�  ¯à ªâ¨ª¥ ¡®«ìè®¥ § ç¥¨¥ ¨¬¥¥â ¢ë¡®à ª®®à¤¨ â®© á¨áâ¥¬ë äãªæ¨© f r(s; �)g. � -
¤¨¬ ¥áª®«ìª® á¯®á®¡®¢ â ª®£® ¢ë¡®à , ª®â®àë¥ ¯à¨¢®¤ïâ ª ª®ªà¥âë¬ ¯à®¥ªæ¨®ë¬ ¬¥â®¤ ¬
à¥è¥¨ï á. ¨. ã. (0.1).

1.3.1. �¥â®¤ à¥¤ãªæ¨¨ (� «�¥àª¨ ). �ãáâì N = (2n + 1)(2m + 1), £¤¥ n ¨ m = 0; 1; : : : ,  
 r =  r(s; �) = ei(ks+j�) �  kj(s; �), r = 1; N , k = �n; n, j = �m;m, i2 = �1. �®£¤ 

'N (s; �) =
NX
r=1

�r  r(s; �) =
nX

k=�n

mX
j=�m

�kj e
i(ks+j�);

£¤¥ �r, �kj | ¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë.
�ç¥¢¨¤®, çâ® ¢ íâ®¬ á«ãç ¥ ¨¬¥¥¬ ¤¥«® á ¬¥â®¤®¬ à¥¤ãªæ¨¨ (� «�¥àª¨ ) à¥è¥¨ï á. ¨. ã.

(0.1), ���� ª®â®à®£® ¨¬¥¥â ¢¨¤

nX
k=�n

mX
j=�m

�kjcrl(A kj) = crl(f); r = �n; n; l = �m;m;

£¤¥

crl(g) =
1
4�2

Z 2�

0

Z 2�

0

g(s; �)e�i(rs+l�)ds d�; g 2 L2:

1.3.2. �¥â®¤ á¯« ©-¯®¤®¡« áâ¥©. � áá¬®âà¨¬ á«ãç ©  r =  r;N(s; �), r = 1; N , N = 1; 2; : : : ,
£¤¥ ¯®á«¥¤®¢ â¥«ì®áâì ¯®¤¯à®áâà áâ¢ XN = L(f k;NgN1 ),  âïãâëå   í«¥¬¥âë  1; : : : ;  N ,
¯à¥¤¥«ì® ¯«®â  ¢ ¯à®áâà áâ¢¥ L2. �   r =  r;N(s; �) ¢®§ì¬¥¬ å à ªâ¥à¨áâ¨ç¥áª¨¥ äãªæ¨¨
®¡« áâ¥© �r = �r;N � [0; 2�]2, r = 1; N , N = 1; 2; : : : , £¤¥ ¯«®áª ï ¬¥à  mes(�k \ �j) = 0 ¤«ï

«î¡ëå k, j = 1; N , k 6= j,
N[
r=1

�r = [0; 2�]2, ¯à¨ç¥¬

lim
N!1

max
1�j�N

mes�j;N = 0:
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� ç áâ®¬ á«ãç ¥ N = nm ¯®«®¦¨¬  r;N(s; �) =  k;n(s) j;m(�), r = 1; N , k = 1; n, j = 1;m, £¤¥
 k;n(s) ¨  j;m(�) | å à ªâ¥à¨áâ¨ç¥áª¨¥ äãªæ¨¨ ¨â¥à¢ «®¢ á®®â¢¥âáâ¢¥® (sk�1; sk], k = 1; n,
¨ (�i�1; �i], i = 1;m,  

sj =
2j�
n
; j = 0; n; �l =

2l�
m
; l = 0;m (n;m = 1; 2; : : : ): (1.23)

�ç¥¢¨¤®, çâ® ¢ íâ®¬ á«ãç ¥ ¨¬¥¥¬ ¤¥«® á ¬¥â®¤®¬ á¯« ©-¯®¤®¡« áâ¥© ã«¥¢®£® ¯®àï¤ª  à¥-
è¥¨ï ¡¨á¨£ã«ïà®£® ¨â¥£à «ì®£® ãà ¢¥¨ï (0.1).

� ¬¥â¨¬ â ª¦¥, çâ® ¢ ®¡®¨å ç áâëå á«ãç ïå áå®¤¨¬®áâì ¨ ®æ¥ª¨ ¯®£à¥è®áâ¨ ãª § ëå
ª®ªà¥âëå ¬¥â®¤®¢ á«¥¤ãîâ ¨§ ®¡é¥© â¥®à¥¬ë 3.

�¥®à¥¬  3, ¢ â®¬ ç¨á«¥ ®æ¥ª¨ (1.12), ¯®ª §ë¢ îâ, çâ® à áá¬ âà¨¢ ¥¬ë© ¢ ¥© ¬¥â®¤ ï¢«ï¥â-
áï ®¯â¨¬ «ìë¬ ¯® ¯®àï¤ªã ([13], £«. II) áà¥¤¨ ¢á¥¢®§¬®¦ëå ¯àï¬ëå ¨ ¯à®¥ªæ¨®ëå ¬¥â®¤®¢,
¯®§¢®«ïîé¨å ¯®áâà®¨âì ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ á. ¨. ã. (0.1) ¢ ¢¨¤¥ ®¡®¡é¥®£® \¯®«¨®¬ "
(1.10). �á«¨ ¦¥ ãà ¢¥¨ï (1.1) ¨ (1.13) â ª®¢ë, çâ®

kE �A�1N PNAkX!X ! 1; N !1; (1.24)

â® ¨áá«¥¤ã¥¬ë© ¬¥â®¤ ¡ã¤¥â  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬ ([13], £«. II); ¥á«¨ ¦¥

kE �A�1N PNAkX!X = 1; N 2 N; (1.25)

â® ãª § ë© ¬¥â®¤ ¡ã¤¥â ®¯â¨¬ «ìë¬ ([13], £«. II). �¤ ª® á«¥¤ã¥â ®â¬¥â¨âì, çâ® ãá«®¢¨¥
(1.25) ¢ë¯®«ï¥âáï «¨èì ¯à¨ ®ç¥ì ¦¥áâª¨å ®£à ¨ç¥¨ïå   ª®íää¨æ¨¥âë ãà ¢¥¨ï (0.1),
â. ª. ¢ á¨«ã á®®â®è¥¨ï (1.21) ¢ ®¡é¥¬ á«ãç ¥ ¨¬¥¥¬ kE � A�1N PNAk > 1 ¤«ï «î¡ëå N 2 N.
�¥¬ ¥ ¬¥¥¥ ª« áá ãà ¢¥¨© (0.1), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (1.25), ¥ ¯ãáâ ;  ¯à¨¬¥à, íâ®
ãá«®¢¨¥ ¢ë¯®«ï¥âáï ¢ «î¡®¬ ¨§ á«¥¤ãîé¨å á«ãç ¥¢:

1) ak = const (k = 0; 1; 2; 12), a0 6= 0.
2) a0 = const 6= 0, a1 = a1(s� �), a2 = a2(�� �), a12 = a12(s� �; �� �), £¤¥ a1(t); a2(�); a12(t; �)

| ¥¯à¥àë¢ë¥ 2�-¯¥à¨®¤¨ç¥áª¨¥ äãªæ¨¨ á¢®¨å  à£ã¬¥â®¢.

�á®, çâ® ¬®¦¥áâ¢® ãà ¢¥¨© ¢¨¤  (0.1), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (1.24), â¥¬ ¡®«¥¥ ¥
¯ãáâ®.

�®ïá¨¬ áª § ®¥   ¯à¨¬¥à¥ ¬¥â®¤  à¥¤ãªæ¨¨ ¨§ ¯. 1.3.1. � ç «  à áá¬®âà¨¬ á«ãç © 1).
�®áª®«ìªã §¤¥áì

AN'N � PNA'N = A'N = PNf ('N ; PNf 2 XN);

â® á¯à ¢¥¤«¨¢ë â®¦¤¥áâ¢ 

A�1N PNA('� � PN'
�) = (A�1PN � PNA

�1)f = (A�1PNA� PN )A�1f = A�1(PN �APNA
�1)f;

£¤¥ '� ¨ 'N | á®®â¢¥âáâ¢¥® â®ç®¥ ¨ ¯à¨¡«¨¦¥®¥ à¥è¥¨ï á. ¨. ã. (0.1).
�«ï «î¡®© äãªæ¨¨ g 2 L2 ¨¬¥¥¬

g(s; �) =
1X

k=�1

1X
r=�1

ckr(g)ei(ks+r�); PN (g; s; �) =
nX

k=�n

mX
r=�m

ckr(g)ei(ks+r�);

£¤¥ N = (2n+ 1)(2m+ 1). �®íâ®¬ã á. ¨. ã. (0.1) íª¢¨¢ «¥â® ãà ¢¥¨î
1X

k=�1

1X
r=�1

ckr(')Gkre
i(ks+r�) =

1X
k=�1

1X
r=�1

ckr(f)e
i(ks+r�);

£¤¥ Gkr = a0 + ia1 sgn k + ia2 sgn r � a12 sgn k sgn r, sgn� = f+1 ¯à¨ � > 0; 0 ¯à¨ � = 0; �1 ¯à¨
� < 0g. �âáî¤   å®¤¨¬ ckr(') = ckr(f)=Gkr (k = �1;1, r = �1;1). �®íâ®¬ã à¥è¥¨¥ á. ¨. ã.
(0.1) ¯à¨ «î¡®© f 2 L2 ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

'�(s; �) = A�1(f ; s; �) =
1X

k=�1

1X
r=�1

ckr(f)
Gkr

ei(ks+r�):
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�âáî¤   å®¤¨¬

PN (A�1f ; s; �) =
nX

k=�n

mX
r=�m

ckr(f)
Gkr

ei(ks+r�);

A�1(PNf ; s; �) =
1X

k=�1

1X
r=�1

ckr(PNf)
Gkr

ei(ks+r�) =
nX

k=�n

mX
r=�m

ckr(f)
Gkr

ei(ks+r�) = PN (A
�1f ; s; �);

¯à¨ ¢ë¢®¤¥ ¯®á«¥¤¥£® à ¢¥áâ¢  ãçâ¥® â ª¦¥, çâ®

ckr(PNf) =

8>>>><>>>>:
ckr(f) ¯à¨ jkj 6 n; jrj 6 m;

0 ¯à¨ jkj 6 n; jrj > m;

0 ¯à¨ jkj > n; jrj 6 m;

0 ¯à¨ jkj > n; jrj > m;

£¤¥ k = �1;1, r = �1;1, N = (2n+ 1)(2m+ 1).
�§ ¯à¨¢¥¤¥ëå á®®â®è¥¨© ¨ ä®à¬ã«ë (1.19) ¯à¨ 'N = PN'

� á«¥¤ã¥â, çâ® á®®â®è¥¨¥
(1.25) ¢ë¯®«ï¥âáï ¯à¨ «î¡ëåN 2 N, á«¥¤®¢ â¥«ì®, ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¬¥â®¤ à¥¤ãªæ¨¨
ï¢«ï¥âáï ®¯â¨¬ «ìë¬.

� ª®¥ ¦¥ ãâ¢¥à¦¤¥¨¥ á¯à ¢¥¤«¨¢® ¨ ¢ á«ãç ¥ 2). �¤¥áì áãé¥áâ¢¥® ¯®«ì§ã¥¬áï á®®â®è¥-
¨ï¬¨

S1(a1'; s; �) =
1X

k=�1

1X
r=�1

ckr(')ck1(a1)ei(ks+r�);

S2(a2'; s; �) =
1X

k=�1

1X
r=�1

ckr(')c1r(a2)ei(ks+r�);

S12(a12'; s; �) =
1X

k=�1

1X
r=�1

ckr(')ckr(a12)e
i(ks+r�);

£¤¥ '(s; �) 2 L2, i =
p�1,  

ck1(a1) =
1
2�

Z 2�

0

a1(s)e
�iksds; c1r(a2) =

1
2�

Z 2�

0

a2(�)e
�ir�d�;

ckr(a12) =
1
4�2

Z 2�

0

Z 2�

0

a12(s; �)e�i(ks+r�)ds d�:

�®íâ®¬ã á®¡áâ¢¥ë¬¨ § ç¥¨ï¬¨ ®¯¥à â®à  A ¨ á®®â¢¥âáâ¢ãîé¨¬¨ ¨¬ á®¡áâ¢¥ë¬¨ äãª-
æ¨ï¬¨ ¡ã¤ãâ

Gkr = a0 + ck1(a1) + c1r(a2) + ckr(a12);  kr(s; �) = ei(ks+r�);

£¤¥ k = �1;1, r = �1;1.
�®ª § â¥«ìáâ¢® § ¢¥àè ¥âáï   «®£¨ç® ¤®ª § â¥«ìáâ¢ã ¢ á«ãç ¥ 1).

1.4. �à®¥ªæ¨®®-¨â¥à â¨¢ë¥ ¬¥â®¤ë. �â¬¥â¨¬, çâ® ¤ ¦¥ ¯à¨ ¤®áâ â®ç® ã¤ ç®¬ ¢ë¡®à¥
ª®®à¤¨ âëå äãªæ¨© f r(s; �)g à¥è¥¨¥ ���� (1.11) ¢® ¬®£¨å á«ãç ïå ¯à¥¤áâ ¢«ï¥â § -
ç¨â¥«ìë¥ ¯à ªâ¨ç¥áª¨¥ âàã¤®áâ¨. � á¢ï§¨ á íâ¨¬ ¬®¦¥â ®ª § âìáï ¨â¥à¥áë¬ á«¥¤ãîé¨©
¯à®áâ®© á¯®á®¡ ¥¥ à¥è¥¨ï ã¨¢¥àá «ìë¬ «¨¥©ë¬ ®¤®è £®¢ë¬ ¨â¥à æ¨®ë¬ ¬¥â®¤®¬:

�kl = �k�1l + �kAk�2
�
cl(f)�

NX
r=1

�k�1r cl(A r)
�
; l = 1; N ; N; k = 1; 2; : : : ; (1.26)

£¤¥ �0
1; : : : ; �

0
N | ¯à®¨§¢®«ìë¥ ¢¥é¥áâ¢¥ë¥ ç¨á« . �¥«® ¢ â®¬, çâ® ¯à¨ k ! 1 ç¨á«®¢ ï

¯®á«¥¤®¢ â¥«ì®áâì �kl (l = 1; N ) áå®¤¨âáï ª à¥è¥¨î �l (l = 1; N) ���� (1.11) á® áª®à®-
áâìî £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨ á ãª § ë¬ ¢ëè¥ § ¬¥ â¥«¥¬ q, ¯à¨ç¥¬ ¤«ï ¯®£à¥è®áâ¥©
j�l � �kl j, l = 1; N , k = 1; 2; : : : , á¯à ¢¥¤«¨¢ë ®æ¥ª¨ â¨¯  (1.7) ¨ (1.8).

17



�§ â¥®à¥¬ 1{3, ª ª ¨ ¢ ®¤®¬¥à®¬ á«ãç ¥ [14] (á¬. â ª¦¥ [13], £«. II, x 7; [10], £«. 4, x 1),
¢ë¢®¤¨âáï

�¥®à¥¬  4. �à®¥ªæ¨®®-¨â¥à â¨¢ ï ¯®á«¥¤®¢ â¥«ì®áâì í«¥¬¥â®¢

'kN(s; �) =
NX
r=1

�kr  r(s; �); k = 1; 2; : : : ; N = 1; 2; : : : ;

áå®¤¨âáï ¢ L2 ª â®ç®¬ã ¨ ¯à¨¡«¨¦¥®¬ã à¥è¥¨ï¬ á®®â¢¥âáâ¢¥® '�(s; �) ¨ 'N (s; �)
ãà ¢¥¨ï (0:1) ¢ â®¬ á¬ëá«¥, çâ®

'� = lim
N!1

'N = lim
N!1

lim
k!1

'kN ;

¯à¨ç¥¬ áãé¥áâ¢ã¥â â ª®© ®¬¥à ¨â¥à æ¨¨ k = k0(N), çâ® ¤«ï «î¡ëå k � k0(N)

lim
N!1

'kN = '�

á® áª®à®áâìî £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨ á® § ¬¥ â¥«¥¬ q , ãª § ë¬ ¢ â¥®à¥¬¥ 2.

1.5. �¢ ¤à âãà®-ªã¡ âãàë¥ ¬¥â®¤ë. �¥§ã«ìâ âë,   «®£¨çë¥ â¥®à¥¬ ¬ 3 ¨ 4, á¯à ¢¥¤-
«¨¢ë â ª¦¥ ¤«ï à §à ¡®â ®£®  ¢â®à®¬ (á¬.,  ¯à., [4]{[8] ¨ «¨â¥à âãàã ¢ ¨å) ª¢ ¤à âãà®{
ªã¡ âãà®£® ¬¥â®¤  à¥è¥¨ï ãà ¢¥¨ï (0.1)   á¥âª¥ ã§«®¢ (1.23). �¤¥áì ¯à¨¢¥¤¥¬ «¨èì ¥ª®-
â®àë¥ à¥§ã«ìâ âë, ®á®¢ ë¥    ¯¯à®ªá¨¬ æ¨¨ âà¨£®®¬¥âà¨ç¥áª¨¬¨ ¬®£®ç«¥ ¬¨ ¨ ¯®«¨-
®¬¨ «ìë¬¨ á¯« © ¬¨ ¬¨¨¬ «ìëå áâ¥¯¥¥©.

1.5.1. �®«¨®¬¨ «ìë¥ ª¢ ¤ àâãà®-ªã¡ âãàë¥ ¬¥â®¤ë. �à¨¡«¨¦¥®¥ à¥è¥¨¥ á. ¨. ã.
(0.1) á ¥¯à¥àë¢ë¬¨ ª®íää¨æ¨¥â ¬¨ ¨ ¯à ¢®© ç áâìî ¨é¥âáï ¢ ¢¨¤¥ ¨â¥à¯®«ïæ¨®®£® ¯®-
«¨®¬ 

'nm(s; �) =
4
nm

nX
k=1

mX
i=1

�ki�n(s� sk)�m(� � �i) (n;m 2 N); (1.27)

£¤¥ �r(t) | ®¡ëç®¥ ¨«¨ ¬®¤¨ä¨æ¨à®¢ ®¥ ï¤à® �¨à¨å«¥ ¯®àï¤ª  [[r=2]] ¯à¨ r ¥ç¥â®¬ ¨
á®®â¢¥âáâ¢¥® ¯à¨ r ç¥â®¬, £¤¥ r + 1 2 N. �¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë �ki = 'nm(sk; �i) ®¯à¥-
¤¥«ïîâáï ¨§ á«¥¤ãîé¥© ���� ¯®àï¤ª  nm:

a0(sj ; �l)�jl +
1
n

nX
k=1

a1(sj ; �l; sk)�j�k(n)�kl +
1
m

mX
i=1

a2(sj ; �l;�i)�l�i(m)�ji +

+
1
nm

nX
k=1

mX
i=1

a12(sj ; �l; sk; �i)�j�k(n)�l�i(m)�ki = f(sj ; �l); j = 1; n; l = 1;m; (1.28)

£¤¥

sj = sjn =
2j�
n
; j = 1; n; �l = �lm =

2l�
m
; l = 1;m; (1.29)

�j�k(r) =

8>><>>:
tg
j � k

2r
�; ¥á«¨ j � k ç¥â®;

ctg
k � j

2r
�; ¥á«¨ j � k ¥ç¥â®;

(1.30)

¯à¨ r = 2r1 + 1 (r1 = 0; 1; : : : ),   ¯à¨ r = 2r1 (r1 = 1; 2; : : : )

�j�k(r) =

8<:0; ¥á«¨ j � k ç¥â®;

2 ctg
k � j

r
�; ¥á«¨ j � k ¥ç¥â®:

(1.31)

�«ï ¢ëç¨á«¨â¥«ì®© áå¥¬ë (0.1), (1.27){(1.31) á¯à ¢¥¤«¨¢ 
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�¥®à¥¬  5. �á«¨ f 2 C[0; 2�]2, â® ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 ¯à¨ «î¡ëå n ¨ m 2 N ���� (1:28)
¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ �jl (j = 1; n, l = 1;m). �à¨¡«¨¦¥®¥ à¥è¥¨¥ (1:27) ã¤®¢«¥â¢®-
àï¥â ¥à ¢¥áâ¢ã

k'nmkL2[0;2�]2 � ��1kfkC[0;2�]2 (n;m 2 N); (1.32)

ï¢«ï¥âáï L2-ãáâ®©ç¨¢ë¬ ®â®á¨â¥«ì® ¬ «ëå ¢®§¬ãé¥¨© ¯à ¢®© ç áâ¨ f(s; �) ¢ ¯à®áâà -
áâ¢¥ C[0; 2�]2.

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ Xnm ¬®¦¥áâ¢® ¢á¥å ¤¢®©ëå âà¨£®®¬¥âà¨ç¥áª¨å ¯®-
«¨®¬®¢ áâ¥¯¥¨ ([[n=2]]; [[m=2]]) ¢¨¤  (1.27),   ç¥à¥§ Lnm : X ! Xnm � X | ®¯¥à â®à, áâ ¢ïé¨©
¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®© äãªæ¨¨ g 2 C[0; 2�]2 ¥¥ ¤¢ã¬¥àë© âà¨£®®¬¥âà¨ç¥áª¨© ¨â¥à¯®«ïæ¨-
®ë© ¯®«¨®¬ � £à ¦  ¢¨¤ 

Lnm(g; s; �) =
4
nm

nX
j=1

mX
l=1

g(sj ; �l)�n(s� sj)�m(� � �l)

¯® ã§« ¬ (1.29). �®£¤ , ª ª ¨§¢¥áâ® [4]{[8], ���� (1.28) íª¢¨¢ «¥â  ®¯¥à â®à®¬ã ãà ¢¥¨î

Anm'nm � Lnm(a0'nm) + LnmS1L�
n(a1'nm) + LnmS2L�

m(a2'nm) +

+ LnmS12L��
nm(a12'nm) = Lnmf ('nm;Lnmf 2 Xnm); (1.33)

£¤¥ L�
ng, L�

mg ¨ L��
nmg ®§ ç îâ, çâ® ®¯¥à â®àë Ln1, L1m ¨ Lnm ¯à¨¬¥ïîâáï ª ¥¯à¥àë¢®©

äãªæ¨¨ g(s; �; �; �) ¯® ¯¥à¥¬¥ë¬ �; � ¨ (�; �) á®®â¢¥âáâ¢¥®.
� áá¬®âà¨¬ á«ãç © ¥ç¥âëå n ¨ m 2 N; ¤àã£¨¥ á«ãç ¨ ¢ á¨«ã à¥§ã«ìâ â®¢  ¢â®à  [4]{[10]

à áá¬ âà¨¢ îâáï   «®£¨ç®.
�«ï «î¡®£® ¯®«¨®¬  'nm 2 Xnm á ãç¥â®¬ á¢®©áâ¢ ®¯¥à â®à  Lnm [4], [6], [13] ¨¬¥¥¬

(Lnm(a0'nm); 'nm) =
1
4�2

Z 2�

0

Z 2�

0

Lnm(a0'nm; s; �)'nm(s; �)ds d� =

=
1
nm

nX
j=1

mX
l=1

a0(sj; �l)j'nm(sj; �l)j2ds d� > �

nm

nX
j=1

mX
l=1

j'nm(sj ; �l)j2 =

=
�

4�2

Z 2�

0

Z 2�

0
j'nm(s; �)j2ds d� = �k'nmk2 ('nm 2 Xnm): (1.34)

�«ï «î¡®£® 'nm 2 Xnm á ãç¥â®¬ á¢®©áâ¢ ¨á¯®«ì§®¢ ëå ¢ à ¡®â¥ ª¢ ¤à âãàëå ä®à¬ã«  -
å®¤¨¬

(LnmS1L�
n(a1'nm); 'nm) =

1
4�2

Z 2�

0

Z 2�

0

Lnm[S1L�
n(a1'nm); s; �]'nm(s; �)ds d� =

=
1
nm

nX
j=1

mX
l=1

S1[L�
n(a1'nm); sj ; �l]'nm(sj ; �l) =

=
1
nm

nX
j=1

mX
l=1

�jl
1
n

nX
k=1

a1(sj ; �l; sk)�j�k(n)'nm(sk; �l) =

=
1

n2m

mX
l=1

� nX
j=1

�jl

nX
k=1

a1(sj ; �l; sk)�j�k(n)�kl

�
=

1
n2m

mX
l=1

Bl;
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£¤¥ �jl = 'nm(sj ; �l), �kl = 'nm(sk; �l). � á¨«ã á¢®©áâ¢ äãªæ¨© a1(s; �; �) ¨ �j�k(n) ¢¥«¨ç¨ 

Bl =
nX
j=1

�jl

nX
k=1

a1(sj ; �l; sk)�j�k(n)�kl =
nX

k=1

�kl

nX
j=1

a1(sk; �l; sj)�k�j(n)�jl =

=
nX
j=1

�jl

nX
k=1

a1(sj ; �l; sk)[��j�k(n)]�kl = �Bl; l = 1;m:

C«¥¤®¢ â¥«ì®, Bl = 0, l = 1;m, ¯®íâ®¬ã

(Lnm[S1L�
n(a1'nm)]; 'nm) = 0; 'nm 2 Xnm: (1.35)

� «®£¨ç®, á ãç¥â®¬ á¢®©áâ¢ äãªæ¨© a2(s; �; �) ¨ �l�i(m)  å®¤¨¬

(Lnm[S2L�
m(a2'nm)]; 'nm) = 0; 'nm 2 Xnm: (1.36)

�à®¬¥ â®£®, ¢ á¨«ã á¢®©áâ¢ äãªæ¨© a12(s; �; �; �) ¨ �j�k(n), �l�i(m) ¤«ï «î¡®£® í«¥¬¥â 
'nm 2 Xnm

(LnmS12L��
nm(a12'nm); 'nm) =

1
4�2

Z 2�

0

Z 2�

0

Lnm[S12Lnm(a12'nm); s; �]'nm(s; �)ds d� =

=
1
nm

nX
j=1

mX
l=1

'nm(sj ; �l)S12[Lnm(a12'nm); sj ; �l] =

=
1
nm

nX
j=1

mX
l=1

�jl
1
nm

nX
k=1

mX
i=1

a12(sj ; �l; sk; �i)�j�k(n)�l�i(m)�ki =

=
1
nm

nX
k=1

mX
i=1

�ki
1
nm

nX
j=1

mX
l=1

a12(sk; �i; sj ; �l)�k�j(n)�i�l(m)�jl =

= � 1
nm

nX
j=1

mX
l=1

�jl
1
nm

nX
k=1

nX
i=1

a12(sj ; �l; sk; �i)�j�k(n)�l�i(m)�ki:

�®íâ®¬ã ¤«ï «î¡®£® ¯®«¨®¬  'nm 2 Xnm ¨¬¥¥¬

(LnmS12L��
nm(a12'nm); 'nm) = 0: (1.37)

�§ á®®â®è¥¨© (1.33){(1.37) á«¥¤ã¥â

(Anm'nm; 'nm) > �k'nmk2; 'nm 2 Xnm:

�âáî¤  ¤«ï «î¡®£® ¯®«¨®¬  'nm 2 Xnm ¨¬¥¥¬ ¥à ¢¥áâ¢®

kAnm'nmk > �k'nmk; 'nm 2 Xnm;

®¡¥á¯¥ç¨¢ îé¥¥ áãé¥áâ¢®¢ ¨¥ ¤¢ãáâ®à®¥ ®¡à â®£® ®¯¥à â®à  A�1nm : Xnm ! Xnm ¨ á¯à ¢¥¤-
«¨¢®áâì ¥à ¢¥áâ¢ ( ¯à., [13], £«. I, x 2)

kA�1nmk 6 ��1 <1 (n;m 2 N): (1.38)

�®íâ®¬ã ®¯¥à â®à®¥ ãà ¢¥¨¥ (1.33) ¨ íª¢¨¢ «¥â ï ¥¬ã ���� (1.28) ®¤®§ ç® à §à¥è¨¬ë
¯à¨ «î¡ëå n;m 2 N ¨ «î¡ëå ¯à ¢ëå ç áâïå, ¯à¨ç¥¬ 'nm = A�1nmLnmf . �âáî¤  ¨ ¨§ (1.38)
 å®¤¨¬ ¥à ¢¥áâ¢ 

k'nmkL2 6 kA�1nmkkLnmfk 6 1
�

�
1
4�2

Z 2�

0

Z 2�

0

jLnm(f ; s; �)j2ds d�
�1=2

=

=
1
�

�
1
nm

nX
j=1

mX
l=1

jf(sj; �l)j2
�1=2

6
1
�
kfkC :
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Oáâ «ìë¥ ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë 5 «¥£ª® ¢ë¢®¤ïâáï ¨§ ¥à ¢¥áâ¢  (1.32).

� «¥¥, ®¡®§ ç¨¬ ç¥à¥§ X = f'g ¯à®áâà áâ¢® ¢á¥å ¢¥ªâ®à®¢ ¢¨¤  ' = f�jlgl=1;m

j=1;n
, £¤¥ �jl 2 R,

j = 1; n, l = 1;m, á ®à¬®©

k'kX =
�

1
nm

nX
j=1

mX
l=1

j�jlj2
�1=2

(' 2 X)

¨ á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬

('; ) =
1
nm

nX
j=1

mX
l=1

�jl�jl ('; 2 X);

£¤¥ ' = f�jlgl=1;m

j=1;n
¨  = f�jlgl=1;m

j=1;n
. �®£¤  ���� (1.28) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ íª¢¨¢ «¥â®£®

¥© «¨¥©®£® ãà ¢¥¨ï

A' = f ('; f 2 X); (1.39)

£¤¥ f = ff(sj; �l)gl=1;m

j=1;n
,   A : X ! X | ¬ âà¨æ , ®¯à¥¤¥«ï¥¬ ï «¥¢®© ç áâìî ���� (1.28).

�§ ¢ëè¥¯à¨¢¥¤¥ëå â¥®à¥¬ 1, 2, 5 ¨ ¨§ à¥§ã«ìâ â®¢ ([13], £«. II, x 7) ¢ë¢®¤¨âáï
�¥®à¥¬  6. � ãá«®¢¨ïå â¥®à¥¬ë 5 à¥è¥¨¥ ' = f�jlgl=1;m

j=1;n
2 X ���� (1:28) ¬®¦®  ©â¨

á ¯®¬®éìî ã¨¢¥àá «ì®£® ¨â¥à æ¨®®£® ¬¥â®¤ 

'k = 'k�1 + � kAk�2(f �A'k�1); k = 1; 2; : : : ; (1.40)

¯à¨ «î¡®¬  ç «ì®¬ ¯à¨¡«¨¦¥¨¨ '0 = f�0
jlgl=1;m

j=1;n
2 X. �®£à¥è®áâì k-£® ¯à¨¡«¨¦¥¨ï 'k =

f�kjlgl=1;m

j=1;n
2 X ¬®¦¥â ¡ëâì ®æ¥¥  ¢ ¯à®áâà áâ¢¥ X ¥à ¢¥áâ¢ ¬¨

k'� 'kkX =
�

1
nm

nX
j=1

mX
l=1

j�jl � �kjlj2
�1=2

6 qk(1� q)�1k'1 � '0kX ; k = 1; 2; : : : ; (1.41)

£¤¥ q = (1 � �2kAk�2)1=2 < 1; ¥á«¨ ¦¥  ç «ì®¥ ¯à¨¡«¨¦¥¨¥ ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ '0 =
�kAk�2f 2 X, â® ¨ ¥à ¢¥áâ¢ ¬¨

k'� 'kkX � qk+1(1� q)�1�kAk�2kfkX ; k = 1; 2; : : : (1.42)

� áá¬®âà¨¬ ¥é¥ ®¤ã ¢ëç¨á«¨â¥«ìãî áå¥¬ã ¯®«¨®¬¨ «ì®£® ª¢ ¤à âãà®-ªã¡ âãà®£®
¬¥â®¤  à¥è¥¨ï ¡¨á¨£ã«ïà®£® ¨â¥£à «ì®£® ãà ¢¥¨ï (0.1). �à¨¡«¨¦¥®¥ à¥è¥¨¥ á®¢ 
¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ âà¨£®®¬¥âà¨ç¥áª®£® ¨â¥à¯®«ïæ¨®®£® ¯®«¨®¬  (1.27) ¯® ã§« ¬ (1.29),
ª®íää¨æ¨¥âë �kj = �kj(n;m) ª®â®à®£® ®¯à¥¤¥«¨¬ ¨§ ����

a0(sj ; �l)�jl +
1
n

nX
k=1

k 6=j

a1(sj ; �l; sk) ctg
(k � j)�

n
�kl +

1
m

mX
i=1

i6=l

a2(sj ; �l;�i) ctg
(i� l)�
m

�ji +

+
1
nm

nX
k=1

k 6=j

mX
i=1

i6=l

a12(sj ; �l; sk; �i) ctg
(k � j)�

n
ctg

(i� l)�
m

�ki =

= f(sj; �l); j = 1; n; l = 1;m (n;m;2 N): (1.43)

�«ï ¢ëç¨á«¨â¥«ì®© áå¥¬ë (0.1), (1.27), (1.29), (1.43) á¯à ¢¥¤«¨¢ë à¥§ã«ìâ âë,   «®£¨çë¥
â¥®à¥¬ ¬ 5 ¨ 6. � ¯à¨¬¥à, ¨¬¥¥â ¬¥áâ®
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�¥®à¥¬  7. �ãáâì a0(s; �), a1(s; �; �), a2(s; �; �), a12(s; �; �; �) ¨ f(s; �) | ¥¯à¥àë¢ë¥ 2�-
¯¥à¨®¤¨ç¥áª¨¥ äãªæ¨¨ ¯® ª ¦¤®© ¨§ ¯¥à¥¬¥ëå. �®£¤  ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 ���� (1:43)
®¤®§ ç® à §à¥è¨¬  ¯à¨ «î¡ëå n ¨ m 2 N,   ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï (1:27) ã¤®¢«¥â¢®àïîâ
¥à ¢¥áâ¢ ¬

k'nmkL2 6
1
�

�
1
nm

nX
j=1

mX
l=1

jf(sj ; �l)j2
�1=2

6
1
�
kfkC (n;m 2 N): (1.44)

�®ª § â¥«ìáâ¢®. �à¥¤áâ ¢¨¬ ���� (1.43) ¢ ®¯¥à â®à®¬ ¢¨¤¥ (1.39), £¤¥ A : X ! X
| ¬ âà¨çë© ®¯¥à â®à, ®¯à¥¤¥«ï¥¬ë© «¥¢®© ç áâìî ���� (1.43). �®£¤  ¤«ï «î¡®£® ¢¥ªâ®à 
' = f�jlgl=1;m

j=1;n
 å®¤¨¬

(A';') =
1
nm

nX
j=1

mX
l=1

�jl

�
a0(sj ; �l)�jl +

1
n

nX
k=1

k 6=j

�kla1(sj ; �l; sk) ctg
sk � sj

2
+

+
1
m

mX
i=1

i6=l

�jia2(sj ; �l;�i) ctg
si � sl
2

+

+
1
nm

nX
k=1

k 6=j

mX
i=1

i 6=l

�kia12(sj; �l; sk; �i) ctg
sk � sj

2
ctg

si � sl
2

�
>

> �
1
nm

nX
j=1

mX
l=1

j�jlj2 +M1 +M2 +M12 = �k'k2X +M1 +M2 +M12; (1.45)

£¤¥ á¬ëá« ®¡®§ ç¥¨© Mi ®ç¥¢¨¤¥. � ãç¥â®¬ á¢®©áâ¢ äãªæ¨© a1(s; �; �) ¨ ctg
��s
2

 å®¤¨¬

M1 =
1
nm

nX
j=1

mX
l=1

�jl
1
n

nX
k=1

k 6=j

�kla1(sj ; �l; sk) ctg
sk � sj

2
=

=
1

n2m

mX
l=1

� nX
j=1

�jl

nX
k=1

k 6=j

�kla1(sj ; �l; sk) ctg
sk � sj

2

�
=

=
1

n2m

mX
l=1

� nX
k=1

�kl

nX
j=1

j 6=k

�jla1(sk; �l; sj) ctg
sj � sk

2

�
=

=
1

n2m

mX
l=1

� nX
j=1

�jl

nX
k=1

k 6=j

�kla1(sj ; �l; sk)
�
� ctg

sk � sj
2

��
= �M1 = 0: (1.46)

� «®£¨ç® ¤«ï «î¡®£® ¢¥ªâ®à  ' = f�jlg 2 X  å®¤¨¬

M2 =
1
nm

nX
j=1

mX
l=1

�jl
1
m

mX
i=1

i6=l

�jia2(sj ; �l;�i) ctg
si � sl
2

= 0: (1.47)

� ãç¥â®¬ á¢®©áâ¢ äãªæ¨© h12(s; �; �; �) ¨ ctg
��s
2
, ctg ���

2
¤«ï «î¡®£® ' 2 X ¯®«ãç ¥¬

M12 =
1
nm

nX
j=1

mX
l=1

�jl
1
nm

nX
k=1

k 6=j

mX
i=1

i6=l

�kih12(sj ; �l; sk; �i) ctg
sk � sj

2
ctg

si � sl
2

= 0: (1.48)
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�§ á®®â®è¥¨© (1.45){(1.48)  å®¤¨¬ ¥à ¢¥áâ¢®

(A';') > �k'k2
X

(' 2 X): (1.49)

�§ (1.49) á«¥¤ã¥â, çâ® ®¯¥à â®à A : X ! X ¨¬¥¥â ¤¢ãáâ®à®¨© ®¡à âë© A�1 ¨

kA�1k 6 ��1 <1; A�1 : X ! X:

�®íâ®¬ã ���� (1.43) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ' = f�jlgl=1;m

j=1;m
2 X ¨ ¤«ï ¥£® á¯à ¢¥¤«¨¢ë

á®®â®è¥¨ï

k'kX =
�

1
nm

nX
j=1

mX
l=1

j�jlj2
�1=2

6
1
�

�
1
nm

nX
j=1

mX
l=1

jf(sj ; �l)j2
�1=2

� 1
�
kfkX (n;m 2 N): (1.50)

�§ á®®â®è¥¨© (1.27), (1.29) ¨ (1.50) á ¯®¬®éìî á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ [4], [6], [10]  -
å®¤¨¬ ®æ¥ª¨ (1.44).

1.5.2. �¯« ©®¢ë¥ ª¢ ¤à âãà®-ªã¡ âãàë¥ ¬¥â®¤ë. �¥¯¥àì ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ á. ¨. ã.
(0.1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ ¤¢ã¬¥à®£® á¯« ©  ã«¥¢®© áâ¥¯¥¨

'nm(s; �) =
nX

k=1

mX
i=1

�ki kn(s) im(�) (n;m 2 N); (1.51)

£¤¥  kn(s) ¨  im(�), ª ª ¨ ¢ëè¥, áãâì 2�-¯¥à¨®¤¨ç¥áª¨¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ äãªæ¨¨ ¨â¥à¢ «®¢
á®®â¢¥âáâ¢¥® [sk�1; sk) ¨ [�i�1; �i),   ã§«ë ®¯à¥¤¥«¥ë ¢ (1.23). �¥¨§¢¥áâë¥ ¯®áâ®ïë¥ �ki =
�ki(n;m) ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ ����

a0(sj ; �l)�jl +
nX

k=1

�kla1(sj ; �l; sk)k�j(n) +
mX
i=1

�jia2(sj ; �l;�i)i�l(m) +

+
nX

k=1

mX
l=1

�kia12(sj ; �l; sk; �i)k�j(n)i�l(m) = f(sj ; �l); j = 1; n; l = 1;m; (1.52)

£¤¥

sj =
(2j � 1)�

n
; �l =

(2l � 1)�
m

; (1.53)

k�j(n) =
1
2�

ln

�����sin sk�j+1=2

sin sk�j�1=2

����� ; i�l(m) =
1
2�

ln

�����sin si�l+1=2

sin si�l�1=2

����� : (1.54)

�«ï ¢ëç¨á«¨â¥«ì®© áå¥¬ë (0.1), (1.23), (1.51){(1.54) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  8. � ãá«®¢¨ïå â¥®à¥¬ë 7 ���� (1:52){(1:54) ®¤®§ ç® à §à¥è¨¬  ¯à¨ «î¡ëå n
¨ m 2 N,   ¤«ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï (1:51) á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

k'nmkL2 =
(

1
nm

nX
k=1

mX
i=1

j�kij2
)1=2

6
1
�

8<: 1
nm

nX
j=1

mX
l=1

jf(sj ; �l)j2
9=;

1=2

(n;m 2 N):

�®ª § â¥«ìáâ¢® ¬®¦® ¢¥áâ¨ ª ª ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 5, â ª ¨ ¯® áå¥¬¥ ¤®ª -
§ â¥«ìáâ¢  â¥®à¥¬ë 7; ¯à¨ íâ®¬ áãé¥áâ¢¥® ¨á¯®«ì§ãîâáï á¢®©áâ¢  äãªæ¨© ai (i = 0; 1; 2; 12),
k�j(n), i�l(m) ¨ ï¤¥à �¨«ì¡¥àâ  ctg ��s

2
, ctg ���

2
. �¢¨¤ã £à®¬®§¤ª®áâ¨   ¤¥â «ïå ®áâ  ¢«¨-

¢ âìáï ¥ ¡ã¤¥¬, â¥¬ ¡®«¥¥ ®¨ ¯®çâ¨   «®£¨çë ®¤®¬¥à®¬ã á«ãç î [14].
�¥¯¥àì ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ á. ¨. ã. (0.1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ ¤¢ã¬¥à®£® á¯« ©  ¯¥à¢®©

áâ¥¯¥¨ ¢¨¤ 

e'nm(s; �) = nX
k=1

mX
i=1

�ki kn(s) im(�) (n;m 2 N); (1.55)
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£¤¥  kn(s) ¨  im(�) áãâì ®¤®¬¥àë¥ 2�-¯¥à¨®¤¨ç¥áª¨¥ äã¤ ¬¥â «ìë¥ á¯« ©ë ¯¥à¢®© áâ¥-
¯¥¨ ¯® á¨áâ¥¬ ¬ ã§«®¢ sk = 2k�=n (k = 0; n) ¨ �i = 2i�=m (i = 0;m) á®®â¢¥âáâ¢¥®,

 kn(s) =

8>>>>>>><>>>>>>>:

0 ¯à¨ s 6 sk�1;
s� sk�1
sk � sk�1

¯à¨ sk�1 6 s 6 sk;

sk+1 � s

sk+1 � sk
¯à¨ sk 6 s 6 sk+1;

0 ¯à¨ s > sk+1;

 im(�) =

8>>>>>>><>>>>>>>:

0 ¯à¨ � 6 �i�1;
� � �i�1
�i � �i�1

¯à¨ �i�1 6 � 6 �i;

�i+1 � �

�i+1 � �i
¯à¨ �i 6 � 6 �i+1;

0 ¯à¨ � > �i+1:

�¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë �ki = �ki(n;m) ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ ����

a0(sj ; �l)�jl +
nX

k=1

�kla1(sj ; �l; sk)�k�j(n) +
mX
i=1

�jia2(sj ; �l;�i)�i�l(m) +

+
nX

k=1

mX
i=1

�kia12(sj ; �l; sk; �i)�k�j(n)�i�l(m) = f(sj; �l); j = 1; n; l = 1;m; (1.56)

£¤¥ ã§«ë ¯à¨¢¥¤¥ë ¢ (1.23),  

�k�j(n) =
1
n

Z 1

0

�
ctg

�

n
(k � j + t) + ctg

�

n
(k � j � t)

�
(1� t)dt; (1.57)

�i�l(m) =
1
m

1Z
0

�
ctg

�

m
(i� l + s) + ctg

�

m
(i� l � s)

�
(1� s)ds: (1.58)

�«ï ¢ëç¨á«¨â¥«ì®© áå¥¬ë (0.1), (1.23), (1.55){(1.58) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  9. � ãá«®¢¨ïå â¥®à¥¬ë 7 ���� (1:56){(1:58) ®¤®§ ç® à §à¥è¨¬  ¯à¨ «î¡ëå n
¨ m 2 N,   ¤«ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï (1:55) á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 
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(n;m 2 N):

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 7 á ¨á¯®«ì§®¢¨¥¬ á®®â¢¥â-
áâ¢ãîé¥£® à¥§ã«ìâ â  ¤«ï ®¤®¬¥à®£® á«ãç ï ([10], á. 152{153); ¢¢¨¤ã £à®¬®§¤ª®áâ¨   ¯®¤à®¡-
ëå ¢ëª« ¤ª å ®áâ  ¢«¨¢ âìáï ¥ ¡ã¤¥¬.

2. �¥ª®â®àë¥ § ¬¥ç ¨ï

� ¬¥ç ¨¥ 1. �¥®à¥¬ë 1{4 ®áâ îâáï ¢ á¨«¥ ¯à¨ ¢®§¬ãé¥¨¨ ®¯¥à â®à  A : L2 ! L2 á®-
®â¢¥âáâ¢ãîé¨¬ ®¯¥à â®à®¬ T :  ) ¢¯®«¥ ¥¯à¥àë¢ë¬ ¢ L2 = L2[0; 2�]2; ¡) ¬ «ë¬ ¯® ®à¬¥
®¯¥à â®à®¬ T : L2 ! L2 â ª¨¬, çâ® kTk < �, £¤¥ ¯®áâ®ï ï � ®¯à¥¤¥«¥  ¢ â¥®à¥¬¥ 1.

� ¬¥ç ¨¥ 2. �¥®à¥¬ë 5{9 ®áâ îâáï ¢ á¨«¥ ¯à¨ ¢®§¬ãé¥¨¨ ®¯¥à â®à  A : L2 ! L2 á®-
®â¢¥âáâ¢ãîé¨¬ ®¯¥à â®à®¬ T :  ) ¢¯®«¥ ¥¯à¥àë¢ë¬ ¨§ ¯à®áâà áâ¢  L2 ¢ ¯à®áâà áâ¢®
C = C[0; 2�]2; ¡) ¬ «ë¬ ¯® ®à¬¥ ¢ â®¬ á¬ëá«¥, çâ® kTk

L2!C
< �.

� ¬¥ç ¨¥ 3. �  ®á®¢¥ ¯à¨¢¥¤¥ëå ¢ëè¥ â¥®à¥¬ 1{9 ¨ à¥§ã«ìâ â®¢ [13]{[16] ¬®£ãâ ¡ëâì
¯®áâà®¥ë ¡ëáâà®áå®¤ïé¨¥áï ¢ L2[0; 2�]2 áå¥¬ë ªã¡ âãà®-¨â¥à æ¨®ëå ¬¥â®¤®¢ à¥è¥¨ï ¡¨-
á¨£ã«ïà®£® ¨â¥£à «ì®£® ãà ¢¥¨ï (0.1).

� ¬¥ç ¨¥ 4. � ä®à¬ã« å (1.6){(1.8), (1.26) ¨ á®®â¢¥âáâ¢¥® (1.40){(1.42) ®à¬ë kAk ¨
kAk ¬®£ãâ ¡ëâì § ¬¥¥ë ¯®áâ®ïë¬¨ M ¨ M á®®â¢¥âáâ¢¥®, £¤¥ kAk 6M <1, A : X ! X;
¨ kAk 6M <1, A : X ! X, ¯à¨ç¥¬M 6M;   ¯®áâ®ï ïM , ª ª ãª § ® ¢ëè¥, ®¯à¥¤¥«ï¥âáï
ç¥à¥§ äãªæ¨¨ ai (i = 0; 1; 2; 12).
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