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1. �¢¥¤¥­¨¥

�ãáâì D | ­¥ª®â®àë© ¢ë¯ãª«ë© ª®¬¯ ªâ ¨§ ª®­¥ç­®¬¥à­®£® ¤¥©áâ¢¨â¥«ì­®£® ¯à®áâà ­-
áâ¢  R

p , kxk | ¥¢ª«¨¤®¢  ­®à¬  í«¥¬¥­â  x 2 R
p , h(A;B) | à ááâ®ï­¨¥ � ãá¤®àä  ¬¥¦¤ã

¬­®¦¥áâ¢ ¬¨ A ¨ B ¨§ Rp , B(x; r) = fy 2 R
p : kx� yk � rg.

� ¤ çã ® ­ ¨«ãçè¥¬ ¯à¨¡«¨¦¥­¨¨ ¢ë¯ãª«®£® ª®¬¯ ªâ  D ¥¢ª«¨¤®¢ë¬ è à®¬ ¢ ¬¥âà¨ª¥
� ãá¤®àä  ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

h(D;B(x; r))! min
x2Rp; r>0

: (1.1)

�â  § ¤ ç  ¡ë«  ¯®áâ ¢«¥­  ¨ ¨áá«¥¤®¢ « áì ¢ à ¡®â¥ [1]. � ­¥©, ¢ ç áâ­®áâ¨, ¢ëïá­¨«®áì,
çâ® § ¤ ç  (1.1) ¨¬¥¥â ­¥¯®áà¥¤áâ¢¥­­®¥ ®â­®è¥­¨¥ ª ¤àã£®© § ¤ ç¥ ¯® ®æ¥­ª¥ ª®¬¯ ªâ  D.
� ¨¬¥­­®, ¡ë«® ¯®ª § ­®, çâ® è à ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï ¤«ï D ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬,
¯à¨ç¥¬ ¥£® æ¥­âà x0 á®¤¥à¦¨âáï ¢ D ¨ ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨

�(x) � R(x)� �(x)! min
x2D

; (1.2)

£¤¥ R(x) = max
y2D

kx � yk, �(x) = min
y2


kx � yk, 
 = Rp nD. �à¨ íâ®¬ à ¤¨ãá ¨áª®¬®£® è à  ¥áâì

r0 = (R(x0) + �(x0))=2 ¨

h0(D) � min
x2Rp; r�0

h(D;B(x; r)) = (R(x0)� �(x0))=2: (1.3)

� £¥®¬¥âà¨ç¥áª®© â®çª¨ §à¥­¨ï (1.2) ï¢«ï¥âáï § ¤ ç¥© ® ¯®áâà®¥­¨¨ è à®¢®£® á«®ï ­ ¨¬¥­ì-
è¥© â®«é¨­ë, á®¤¥à¦ é¥£® £à ­¨æã ¢ë¯ãª«®£® ª®¬¯ ªâ  D. � ª ®â¬¥ç «®áì ¢ [1], § ¤ ç  (1.2)
¨«¨ ¡«¨§ª¨¥ ª ­¥© à áá¬ âà¨¢ «¨áì ¢ [2]{[10]. �¡®¡é¥­¨¥ § ¤ ç¨ (1.1) ­  á¨âã æ¨î, ª®£¤  ¥¢-
ª«¨¤®¢  ­®à¬  § ¬¥­ï¥âáï ­  ¯à®¨§¢®«ì­ãî ¨ ¯à¨¡«¨¦¥­¨¥ ®áãé¥áâ¢«ï¥âáï è à®¬ íâ®© ­®à¬ë
¢ ¯®à®¦¤¥­­®© ¥î ¬¥âà¨ª¥ � ãá¤®àä  à áá¬ âà¨¢ «®áì ¢ [11], [12].

� ¤ ­­®© à ¡®â¥ ¨§ãç ¥âáï ãáâ®©ç¨¢®áâì à¥è¥­¨ï § ¤ ç¨ (1.1) ®â­®á¨â¥«ì­® ¯®£à¥è­®áâ¨
§ ¤ ­¨ï ¯à¨¡«¨¦ ¥¬®£® ª®¬¯ ªâ . �¥«ì à ¡®âë | ¯®«ãç¨âì ®æ¥­ªã ãáâ®©ç¨¢®áâ¨ æ¥­âà  è à 
­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï. �ãáâì D" | ¢ë¯ãª«ë© ª®¬¯ ªâ â ª®©, çâ®

h(D;D") � "; (1.4)

£¤¥ " > 0. � ª ¡ë«® ¯®ª § ­® ¢ [1], äã­ªæ¨ï h0(�) : Kv(Rp ) ! R
1
+ , ®¯à¥¤¥«¥­­ ï ç¥à¥§ (1.3)

­  ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ Kv(Rp) ¢á¥å ¢ë¯ãª«ëå ª®¬¯ ªâ®¢ ¨§ Rp á ¬¥âà¨ª®© � ãá¤®àä ,
ï¢«ï¥âáï «¨¯è¨æ¥¢®©:

jh0(D1)� h0(D2)j � h(D1;D2) 8D1;D2 2 Kv(Rp ):

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ £à ­â  �à¥§¨¤¥­â  �®áá¨©áª®© �¥¤¥à æ¨¨ ­  ¯®¤¤¥à¦ªã
¢¥¤ãé¨å ­ ãç­ëå èª®« (¯à®¥ªâ ��-1295.2003.1).
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�âáî¤  áà §ã á«¥¤ã¥â

jh0(D)� h0(D")j � ": (1.5)

�¥à ¢¥­áâ¢® (1.5) ¤ ¥â ®æ¥­ªã ãáâ®©ç¨¢®áâ¨ ®¯â¨¬ «ì­®£® §­ ç¥­¨ï æ¥«¥¢®© äã­ªæ¨¨.
� «¥¥ ¯®¤ intA, A, coA ¯®­¨¬ ¥¬ á®®â¢¥âáâ¢¥­­® ¢­ãâà¥­­®áâì, § ¬ëª ­¨¥, ¢ë¯ãª«ãî ®¡®-

«®çªã ¬­®¦¥áâ¢  A; hx; yi | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ í«¥¬¥­â®¢ x ¨ y ¨§ Rp , x" | æ¥­âà è à 
­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï ¤«ï D", 0p | ­ã«¥¢®© í«¥¬¥­â ¯à®áâà ­áâ¢  Rp .

2. �á¯®¬®£ â¥«ì­ë¥ ä ªâë

1. � ¯®¬­¨¬ ­¥ª®â®àë¥ á¢®©áâ¢  äã­ªæ¨© R(x) ¨ �(x). �§¢¥áâ­®, çâ® äã­ªæ¨ï à ááâ®ï­¨ï
�(x) ï¢«ï¥âáï ¢®£­ãâ®© ­  ¢ë¯ãª«®¬ ¬­®¦¥áâ¢¥ D, ¤¨ää¥à¥­æ¨àã¥¬®© ¯® «î¡®¬ã ­ ¯à ¢«¥­¨î
g 2 R

p ¢ â®çª å x 2 intD, ¯à¨ç¥¬ ¤«ï ¥¥ ¯à®¨§¢®¤­®© ¯® ­ ¯à ¢«¥­¨ï¬ á¯à ¢¥¤«¨¢  ä®à¬ã« 
(á¬. [13], á. 245)

�0(x; g) � lim
�#0

��1[�(x+ �g) � �(x)] = min
y2Q�(x)

D x� y

kx� yk ; g
E
8g 2 R

p ; (2.1)

Q�(x) = fy 2 
 : �(x) = kx� ykg:

�ç¥¢¨¤­®, äã­ªæ¨ï R(x) ï¢«ï¥âáï ¢ë¯ãª«®© ­  Rp . �á¯®«ì§ãï ¤¨ää¥à¥­æ¨ «ì­ë¥ á¢®©áâ¢ 
äã­ªæ¨© ¬ à£¨­ «ì­®£® ¢¨¤  (­ ¯à., [14], á. 82{85), ­¥âàã¤­® § ¯¨á âì ä®à¬ã«ã ¥¥ ¯à®¨§¢®¤­®©
¯® ­ ¯à ¢«¥­¨ï¬ ¢ «î¡®© â®çª¥ x 2 R

p

R0(x; g) � lim
�#0

��1[R(x+ �g) �R(x)] = max
y2QR(x)

D x� y

kx� yk ; g
E
8g 2 R

p ; (2.2)

QR(x) = fy 2 D : R(x) = kx� ykg:

2. �®§ì¬¥¬ ¯à®¨§¢®«ì­ãî ¯ àã â®ç¥ª x1 6= x2 ¨ à áá¬®âà¨¬ ­¥ª®â®àë¥ á¢®©áâ¢  ¢á¯®¬®£ -
â¥«ì­®© äã­ªæ¨¨ R0(x) = max

y2D0

kx� yk, £¤¥ D0 = B(x1; R(x1)) \B(x2; R(x2)).

�¥¬¬  1. �«ï ¬­®¦¥áâ¢  QR0(x) = fy 2 D0 : R0(x) = kx� ykg ¢ë¯®«­ï¥âáï

QR0(�x1 + (1� �)x2) = fy 2 R
p : kx1 � yk = R(x1); kx2 � yk = R(x2)g; � 2 (0; 1): (2.3)

�®ª § â¥«ìáâ¢®. � ª á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨ï ¬­®¦¥áâ¢  QR0(x), ¬­®¦¥áâ¢® QR0(�x1 +
(1� �)x2) ¯à¥¤áâ ¢«ï¥â á®¡®© á®¢®ªã¯­®áâì à¥è¥­¨© íªáâà¥¬ «ì­®© § ¤ ç¨

k�x1 + (1� �)x2 � yk ! max
y2D0

;

D0 = fy 2 R
p : kx1 � yk � R(x1); kx2 � yk � R(x2)g:

�¥á«®¦­®¥ à¥è¥­¨¥ íâ®© § ¤ ç¨ ¬¥â®¤®¬ ¬­®¦¨â¥«¥© � £à ­¦  ¯à¨¢®¤¨â ª ä®à¬ã«¥ (2.3).

�¥¬¬  2. �«ï â®ç¥ª x(�) = �x1 + (1� �)x2, � 2 [0; 1], ¢ë¯®«­ï¥âáï

R2
0(x(�)) = �R2

0(x1) + (1� �)R2
0(x2)� �(1 � �)kx1 � x2k2: (2.4)

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤­®, R0(xi) = R(xi), i = 1; 2. �®íâ®¬ã, ¥á«¨ y(�) 2 QR0(x(�)), â® ¢
á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 1

kx1 � y(�)k = R0(x1); kx2 � y(�)k = R0(x2): (2.5)
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�á¯®«ì§ãï (2.5), ¯®«ãç ¥¬

R2
0(x(�)) = kx(�) � y(�)k2 = hx(�) � x1 + x1 � y(�); x(�) � x1 + x1 � y(�)i =

= kx(�) � x1k2 + kx1 � y(�)k2 + 2hx(�) � x1; x1 � y(�)i =
= R2

0(x1) + kx(�) � x1k2 + 2(1 � �)hx2 � x1; x1 � y(�)i; (2.6)

R2
0(x2) = kx2 � y(�)k2 = hx2 � x1 + x1 � y(�); x2 � x1 + x1 � y(�)i =

= kx2 � x1k2 + kx1 � y(�)k2 + 2hx2 � x1; x1 � y(�)i =
= R2

0(x1) + kx1 � x2k2 + 2hx2 � x1; x1 � y(�)i: (2.7)

�¬¥¥¬ ¨§ (2.7) 2hx2�x1; x1� y(�)i = R2
0(x2)�R2

0(x1)�kx1�x2k2 ¨ ¯®¤áâ ¢«ïï ¢ (2.6) ¢¬¥áâ¥
á x(�) = �x1 + (1� �)x2, ¯®«ãç ¥¬ (2.4).

�¥¬¬  3. �«ï â®ç¥ª x(�) = �x1 + (1� �)x2, � 2 [0; 1], ¢ë¯®«­ï¥âáï

R0(x(�)) � �R0(x1) + (1� �)R0(x2)� �(1� �)(kx1 � x2k2 � (R0(x1)�R0(x2))2)
2(�R0(x1) + (1� �)R0(x2))

: (2.8)

�®ª § â¥«ìáâ¢®. �®§¢®¤ï ¢ ª¢ ¤à â ¯à ¢ãî ç áâì ­¥à ¢¥­áâ¢  (2.8) ¨ ¨á¯®«ì§ãï «¥¬¬ã 2,
¯®«ãç ¥¬

�2R2
0(x1) + (1� �)2R2

0(x2) +
�2(1� �)2(kx1 � x2k2 � (R0(x1)�R0(x2))2)2

4(�R0(x1) + (1� �)R0(x2))2
+

+ 2�(1 � �)R0(x1)R0(x2)� �(1� �)[kx1 � x2k2 � (R0(x1)�R0(x2))
2] =

= �R2
0(x1) + (1� �)R2

0(x2)� �(1 � �)kx1 � x2k2 +

+
�2(1� �)2(kx1 � x2k2 � (R0(x1)�R0(x2))2)2

4(�R0(x1) + (1� �)R0(x2))2
� R2

0(x(�)):

�âáî¤  á«¥¤ã¥â (2.8).

3. �®«ãç¨¬ ­¥ª®â®àë¥ ®æ¥­ª¨ ¤«ï ¯à®¨§¢®¤­®© ¯® ­ ¯à ¢«¥­¨î äã­ªæ¨¨ à ááâ®ï­¨ï.

�¥¬¬  4. �ãáâì �(x) = � > 0 ¨ â®çª  y 2 D â ª®¢ , çâ® kx� yk = R > �.

a) �á«¨ ¥¤¨­¨ç­ë© ¢¥ªâ®à g 2 R
p â ª®¢, çâ® � � h(x� y)=kx� yk; gi � ��=R, â®

�0(x; g) � ��

R
�
s
(1� �2)

�
1� �2

R2

�
: (2.9)

¡) �á«¨ ¥¤¨­¨ç­ë© ¢¥ªâ®à g 2 R
p â ª®¢, çâ® � � �=R, â®

�0(x; g) � ��

R
+

s
(1� �2)

�
1� �2

R2

�
: (2.10)

�®ª § â¥«ìáâ¢®. �ãáâì â®çª  y0 2 Q�(x) â ª®¢ , çâ® ¢ á®®â¢¥âáâ¢¨¨ á (2.1)

�0(x; g) =
D x� y0
kx� y0k ; g

E
: (2.11)

� á¨«ã ¢®£­ãâ®áâ¨ äã­ªæ¨¨ à ááâ®ï­¨ï ­  ¬­®¦¥áâ¢¥ D ¨¬¥¥¬

�(x+ �(y � x)) = �((1 � �)x+ �y) � (1� �)�(x) + ��(y) � (1� �)� 8� 2 [0; 1]:

�âáî¤  ¨ ¨§ (2.1) á«¥¤ã¥â

�� � �0(x; y � x) �
D x� y0
kx� y0k ; y � x

E
: (2.12)

27



�¡®§­ ç¨¬ z = x�y0
kx�y0k

, by = x�y
kx�yk

. �§ (2.12) á ãç¥â®¬ â®£®, çâ® kx�y0k = � ¨ kx�yk = R, ¢ëâ¥ª ¥â

hz; byi � �

R
: (2.13)

� ª¨¬ ®¡à §®¬, á®£« á­® (2.11), ¢¢¥¤¥­­ë¬ ®¡®§­ ç¥­¨ï¬ ¨ (2.13) ¯®«ãç¥­¨¥ ¢¥àå­¥© ¨ ­¨¦-
­¥© ®æ¥­®ª ¤«ï �0(x; g) ¬®¦­® á¢¥áâ¨ ª à¥è¥­¨î íªáâà¥¬ «ì­ëå § ¤ ç ¢¨¤ 

hz; gi ! extr
z2Rp

; (2.14)

hz; byi � �

R
; kzk = 1: (2.15)

�à¨ íâ®¬ á«¥¤ã¥â ãç¨âë¢ âì á®®â¢¥âáâ¢ãîé¨¥ ®£à ­¨ç¥­¨ï ­  � ¨ hby; gi = �, kbyk = kgk = 1.
�¥è¥­¨¥ § ¤ ç¨ (2.14){(2.15) ­  ¬ ªá¨¬ã¬ á ¯®¬®éìî ¬¥â®¤  ¬­®¦¨â¥«¥© � £à ­¦  ¨ ­ ©¤¥­-
­®¥ ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ æ¥«¥¢®© äã­ªæ¨¨ ¤ ¥â ¢¥àå­îî ®æ¥­ªã (2.10). � à¥è¥­¨¥ § ¤ ç¨
(2.14){(2.15) ­  ¬¨­¨¬ã¬ ¤ ¥â ­¨¦­îî ®æ¥­ªã (2.9).

4. �§¢¥áâ­® (­ ¯à., [11]), çâ® äã­ªæ¨ï R(x) ï¢«ï¥âáï «¨¯è¨æ¥¢®© ­  Rp á ª®­áâ ­â®© �¨¯è¨-
æ , à ¢­®© ¥¤¨­¨æ¥. �§ íâ®£® ä ªâ  «¥£ª® á«¥¤ã¥â ®æ¥­ª  ¤«ï ¥¥ ¯à®¨§¢®¤­®© ¯® ­ ¯à ¢«¥­¨ï¬

jR0(x; g)j � kgk 8x 2 R
p ; g 2 R

p : (2.16)

�®áª®«ìªã äã­ªæ¨¨ R(x) ¨ �(x) ¤¨ää¥à¥­æ¨àã¥¬ë ¯® ­ ¯à ¢«¥­¨ï¬ ¢ «î¡®© â®çª¥, â® ¨
äã­ªæ¨ï �(x) = R(x)� �(x) ®¡« ¤ ¥â â¥¬ ¦¥ á¢®©áâ¢®¬, ¯à¨ç¥¬

�0(x; g) = R0(x; g) � �0(x; g): (2.17)

�¡®§­ ç¨¬ g" = x"�x0
kx"�x0k

, áç¨â ï x" 6= x0.

�¥¬¬  5. �á«¨ â®çª  x0 | æ¥­âà è à  ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï ¢ § ¤ ç¥ (1:1) ¨

intD 6= ;, â®

R0(x0; g") � �
s
R(x0) + �(x0)

2R(x0)
: (2.18)

�®ª § â¥«ìáâ¢®. �®çª  x0, ï¢«ïïáì æ¥­âà®¬ è à  ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï ¤«ï D, ï¢«ï-
¥âáï [1] ®¤­®¢à¥¬¥­­® â®çª®© ¬¨­¨¬ã¬  äã­ªæ¨¨ �(x) ­  D, ¯à¨ç¥¬ x0 2 intD. �«¥¤®¢ â¥«ì­®,
¢ë¯®«­ï¥âáï

�0(x0; g) � 0 8g 2 R
p : (2.19)

�ãáâì â®çª  y" 2 QR(x0) â ª®¢ , çâ® ¢ á®®â¢¥âáâ¢¨¨ á ä®à¬ã«®© (2.2)

R0(x0; g") = max
y2QR(x0)

D x0 � y

kx0 � yk ; g"
E
=
D x0 � y"
kx0 � y"k ; g"

E
: (2.20)

�®áª®«ìªã �(x0) � R(x0), â® ¢á¥£¤  ¢ë¯®«­ï¥âáï

�(x0)
R(x0)

�
s
R(x0) + �(x0)

2R(x0)
:

� ãç¥â®¬ (2.20) íâ® ®§­ ç ¥â, çâ® ¤«ï ¤®ª § â¥«ìáâ¢  á¯à ¢¥¤«¨¢®áâ¨ ­¥à ¢¥­áâ¢  (2.18)
¤®áâ â®ç­® à áá¬®âà¥âì á«ãç ©, ª®£¤ 

�" �
D x0 � y"
kx0 � y"k ; g"

E
� � �(x0)

R(x0)
: (2.21)
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� ª ª ª y" 2 D ¨ kx0�y"k = R(x0), â®, ¨á¯®«ì§ãï (2.17), (2.19){(2.21) ¨ ãâ¢¥à¦¤¥­¨¥ a) «¥¬¬ë 4,
¨¬¥¥¬

0 � �0(x0; g") = R0(x0; g")� �0(x0; g") � �" � �"�(x0)
R(x0)

+

s
(1� �2")

�
1� �2(x0)

R2(x0)

�
:

�¥á«®¦­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ ¯®«ãç ¥¬

j�"j �
s
R(x0) + �(x0)

2R(x0)
;

®âªã¤  ¨ á«¥¤ã¥â (2.18).

�¥¬¬  6. �á«¨ intD 6= ; ¨ R0(x0; g") � �" > �(x0)=R(x0), â®

�0(x0; g") � �"

�
1� �(x0)

R(x0)

�
�
s
(1� �2")

�
1� �2(x0)

R2(x0)

�
: (2.22)

�®ª § â¥«ìáâ¢®. �ãáâì â®çª  y" 2 QR(x0) â ª®¢ , çâ® ¢ë¯®«­ï¥âáï (2.20). � ª¨¬ ®¡à §®¬,
¨¬¥¥¬

�" =
D x0 � y"
kx0 � y"k ; g"

E
; kx0 � y"k = R(x0); y" 2 D:

�à®¬¥ â®£®, �(x0) > 0, ¯®áª®«ìªã x0 2 intD. �®íâ®¬ã, ¯à¨¬¥­ïï ãâ¢¥à¦¤¥­¨¥ ¡) «¥¬¬ë 4,
¯®«ãç ¥¬

�0(x0; g") � �"
�(x0)
R(x0)

+

s
(1� �2")

�
1� �2(x0)

R2(x0)

�
: (2.23)

�¥¯¥àì ®æ¥­ª  (2.22) á«¥¤ã¥â ¨§ (2.17) ¨ (2.23).

�¥¬¬  7. �¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

j�(x0)� �(x")j � 4": (2.24)

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ ç¥à¥§

R"(x) = max
y2D"

kx� yk; �"(x) = min
y2
"

kx� yk; 
" = Rp nD": (2.25)

� á®®â¢¥âáâ¢¨¨ á (1.3) ¨ (1.5) ¨¬¥¥¬

jh0(D)� h0(D")j = j(R(x0)� �(x0))=2 � (R"(x")� �"(x"))=2j � ": (2.26)

�§ (2.26) ¤«ï äã­ªæ¨¨ �"(x) = R"(x)� �"(x) ¯®«ãç ¥¬ j�(x0)��"(x")j � 2". �âáî¤  ¢ëâ¥ª ¥â

j�(x")� �(x0)j � j�"(x")� �(x")j � 2": (2.27)

�¥âàã¤­® ¢¨¤¥âì, çâ®

j�"(x")��(x")j � jR"(x")�R(x")j+ j�"(x")� �(x")j; (2.28)

  ¨§ (1.4) á«¥¤ãîâ ®æ¥­ª¨

jR"(x")�R(x")j � "; j�"(x")� �(x")j � ": (2.29)

�¥¯¥àì ¨§ (2.27){(2.29) ¯®«ãç ¥¬ (2.24).
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3. �á­®¢­®© à¥§ã«ìâ â

�áª®¬ãî ®æ¥­ªã ãáâ®©ç¨¢®áâ¨ æ¥­âà  è à  ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï ­ ©¤¥¬ ¯à¨ ãá«®¢¨¨,
çâ® á ¬ ¯à¨¡«¨¦ ¥¬ë© ¢ë¯ãª«ë© ª®¬¯ ªâ D ®â«¨ç¥­ ®â ¥¢ª«¨¤®¢  è à . �â®, ¢ ç áâ­®áâ¨,
®§­ ç ¥â, çâ® �(x0) < R(x0).

�¥®à¥¬ . �¯à ¢¥¤«¨¢®  á¨¬¯â®â¨ç¥áª®¥ ­¥à ¢¥­áâ¢®

kx0 � x"k � 4R(x0)

s
2"(1 + o(1))
R(x0)� �(x0)

; (3.1)

£¤¥ o(1)! 0 ¯à¨ " # 0.
�®ª § â¥«ìáâ¢®. 1) � áá¬®âà¨¬ á«ãç ©, ª®£¤  intD 6= ;. �®£¤ , ª ª ¯®ª § ­® ¢ [1],

x0 2 intD; x" ! x0; " # 0: (3.2)

�«¥¤®¢ â¥«ì­®, ¯à¨ ¤®áâ â®ç­® ¬ «ëå §­ ç¥­¨ïå " > 0 ¬®¦­® áç¨â âì

x" 2 D: (3.3)

�¡®§­ ç¨¬ ç¥à¥§ D0 = B(x0; R(x0))\B(x"; R(x")), R0(x) = max
y2D0

kx� yk. �ç¥¢¨¤­®, ¤«ï äã­ªæ¨¨
R0(x) ¢ë¯®«­ï¥âáï

R0(x0) = R(x0); R0(x") = R(x"); (3.4)

  â ª¦¥, ¯®áª®«ìªã D � D0,

R(x) � R0(x) 8x 2 R
p : (3.5)

� ª ª ª x0 ï¢«ï¥âáï ®¤­®¢à¥¬¥­­® â®çª®© ¬¨­¨¬ã¬  äã­ªæ¨¨ �(x) ­  ¬­®¦¥áâ¢¥ D, â® ¢
á¨«ã ¢®£­ãâ®áâ¨ äã­ªæ¨¨ �(x) ­  D, á®®â­®è¥­¨© (3.3){(3.5) ¨ «¥¬¬ë 3 ¯®«ãç ¥¬

�(x0) � �
�
1
2
(x0 + x")

�
� R0

�
1
2
(x0 + x")

�
� �

�
1
2
(x0 � x")

�
�

� 1
2
(R0(x0)� �(x0)) +

1
2
(R0(x")� �(x"))� 1

4
kx0 � x"k2 � (R0(x0)�R0(x"))2

R0(x0) +R0(x")
=

=
1
2
�(x0) +

1
2
�(x")� 1

4
kx0 � x"k2 � (R0(x0)�R0(x"))2

R0(x0) +R0(x")
:

�âáî¤  á®£« á­® «¥¬¬¥ 7 ¨¬¥¥¬

kx0 � x"k2 � (R(x0)�R(x"))2

8(R(x0) +R(x"))
� ": (3.6)

�«ï ¢ë¯ãª«®© ª®­¥ç­®© äã­ªæ¨¨ R(x) ¬®¦­® § ¯¨á âì  á¨¬â®â¨ç¥áª®¥ ¯à¥¤áâ ¢«¥­¨¥ (­ ¯à.,
[13], á. 45{46)

R(x") = R(x0) +R0(x0; x" � x0) + o(kx" � x0k); (3.7)

£¤¥ á ãç¥â®¬ (3.2) o(kx" � x0k)=kx" � x0k ! 0 ¯à¨ " # 0.
�¡®§­ ç¨¢

g" = (x" � x0)kx" � x0k�1; �" = R0(x0; g");

 á¨¬¯â®â¨ç¥áªãî ä®à¬ã«ã (3.7) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

R(x") = R(x0) + kx" � x0k(�" + o(1)); (3.8)
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£¤¥ o(1)! 0 ¯à¨ " # 0. �®¤áâ ¢«ïï (3.8) ¢ (3.6), ¯®«ãç ¥¬
kx0 � x"k2(1� (�" + o(1))2)

16R(x0)(1 + o1(1))
� "; (3.9)

£¤¥ o1(1)! 0 ¯à¨ " # 0.
�ë¯ãª« ï ª®­¥ç­ ï ­  ¬­®¦¥áâ¢¥ D äã­ªæ¨ï �(x) ¤¨ää¥à¥­æ¨àã¥¬  ¢ â®çª¥ x0 2 intD ¯®

«î¡®¬ã ­ ¯à ¢«¥­¨î ¨ ¯à¨ íâ®¬ (á¬. [13], á. 56)

�(x")� �(x0) � �0(x0; x" � x0) = �0(x0; g")kx" � x0k:
�âáî¤  ¢ á¨«ã «¥¬¬ë 7 ¨¬¥¥¬

�0(x0; g")kx" � x0k � 4": (3.10)

�¥£ª® ã¡¥¤¨âìáï, çâ® ¥á«¨ �" > �(x0)=R(x0), â®

�" � �"

�
1� �(x0)

R(x0)

�
�
s
(1� �2")

�
1� �2(x0)

R2(x0)

�
> 0:

�®íâ®¬ã, ¯®¤áâ ¢¨¢ ®æ¥­ªã (2.22) ¢ (3.10), ¯®«ãç¨¬

kx0 � x"k � 4"
�"

8�" : �(x0)
R(x0)

< �" � 1: (3.11)

�¡®§­ ç¨¬ ç¥à¥§


 =

s
R(x0) + �(x0)

2R(x0)
; 
" =

s
"

2(R(x0)� �(x0))
:

�§ «¥¬¬ë 5 ¨ (2.16) ¢ëâ¥ª ¥â �" 2 [�
; 1].
�¥¯¥àì, ¨á¯®«ì§ãï ¤«ï ®æ¥­ª¨ kx0 � x"k ­¥à ¢¥­áâ¢® (3.9) ¯à¨ §­ ç¥­¨ïå �" 2 [�
; 
 + 
"] ¨

­¥à ¢¥­áâ¢® (3.11) ¯à¨ §­ ç¥­¨ïå �" 2 [
 + 
"; 1], ¨¬¥¥¬

kx0 � x"k � maxff1("); f2(")g; (3.12)

£¤¥ f1(") = max
�"2[�
;
+
"]

4
q

"R(x0)(1+o(1))
1��2"

, f2(") = max
�"2[
+
";1]

4"
�"
.

�«ï §­ ç¥­¨© �" � 
 ¢ë¯®«­ï¥âáï 1 � �2" � (R(x0) � �(x0))=2R(x0). �®£¤  «¥£ª® ¢¨¤¥âì, çâ®
�" � �0

" � (R(x0)� �(x0))(�" � 
)=R(x0) ¨, á«¥¤®¢ â¥«ì­®,

f2(") � f3(") � max
�"2[
+
";1]

4"
�0

"

: (3.13)

�¥âàã¤­® ã¡¥¤¨âìáï, çâ®

f1(") = 4R(x0)

s
2"(1 + o(1))
R(x0)� �(x0)

; f3(") = 4R(x0)

s
2"

R(x0)� �(x0)
; (3.14)

£¤¥ o(1)! 0 ¯à¨ " # 0. �§ (3.12) á®£« á­® (3.13){(3.14) ¯®«ãç ¥¬ (3.1).
2) �à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® intD = ;. � íâ®¬ á«ãç ¥ § ¤ ç  (1.2),   §­ ç¨â, ¨ § ¤ ç  (1.1)

íª¢¨¢ «¥­â­ë § ¤ ç¥

R(x)! min
x2D

: (3.15)

�® ¯®áª®«ìªã æ¥­âà ­ ¨¬¥­ìè¥£® ¥¢ª«¨¤®¢  è à , á®¤¥à¦ é¥£® § ¤ ­­ë© ¢ë¯ãª«ë© ª®¬¯ ªâ,
¯à¨­ ¤«¥¦¨â íâ®¬ã ª®¬¯ ªâã [5], â® § ¤ ç  (3.15) íª¢¨¢ «¥­â­  § ¤ ç¥

R(x)! min
x2Rp

: (3.16)
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�¥ à¥è¥­¨¥, â®çª  x0, ï¢«ï¥âáï ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ®¤­®¢à¥¬¥­­® æ¥­âà®¬ è à  ­ ¨«ãç-
è¥£® ¯à¨¡«¨¦¥­¨ï ª®¬¯ ªâ  D. �áâ®©ç¨¢®áâì à¥è¥­¨ï § ¤ ç¨ (3.16) à áá¬ âà¨¢ « áì ®¤­¨¬ ¨§
 ¢â®à®¢ ¤ ­­®© áâ âì¨ à ­¥¥ ¨ ¢ à¥§ã«ìâ â¥ ¯®«ãç¥­  á«¥¤ãîé ï  á¨¬¯â®â¨ç¥áª ï ®æ¥­ª  [16]:

kx0 � bx"k � 4
q
"(R(x0) + o(1)); (3.17)

£¤¥ o(1) ! 0 ¯à¨ " # 0,   bx" | à¥è¥­¨¥ § ¤ ç¨ R"(x) ! min
x2Rp

. �¤¥áì äã­ªæ¨ï R"(x), ª ª ¨ ­¨¦¥

äã­ªæ¨ï �"(x), ®¯à¥¤¥«¥­  ¢ (2.25).
�§¢¥áâ­® [5], çâ® â®çª  bx" ®¡« ¤ ¥â á¢®©áâ¢®¬bx" 2 cofy : y 2 QR"(bx")g; (3.18)

£¤¥ QR"(bx") = fy 2 D" : R"(bx") = kbx" � ykg. �®®â­®è¥­¨¥ (3.18) íª¢¨¢ «¥­â­®
0p 2 cofbx" � y : y 2 QR"(bx")g: (3.19)

� ¤àã£®© áâ®à®­ë, § ¤ ç  ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï ¢ë¯ãª«®£® ª®¬¯ ªâ D" íª¢¨¢ «¥­â­  § ¤ -
ç¥ �"(x) � R"(x)��"(x)! min

x2D"

, à¥è¥­¨¥ ª®â®à®© ®¡®§­ ç¥­® ç¥à¥§ x". �ç¥¢¨¤­®,R"(x")��"(x") �
R"(bx"). �âáî¤ , ¯®áª®«ìªã ¯à¥¤¯®«®¦¥­¨¥ intD = ; ¢«¥ç¥â �"(x) � " ¤«ï x 2 D", ¨¬¥¥¬

R"(x") � R"(bx") + ": (3.20)

�§ (3.19) á«¥¤ã¥â, çâ® ­ ©¤¥âáï â®çª  by 2 QR"(bx") â ª ï, çâ®
hby � bx"; bx" � x"i � 0: (3.21)

�á¯®«ì§ãï ­¥à ¢¥­áâ¢® (3.21) ¨ â®, çâ® by 2 D" ¨ R"(bx") = kby � bx"k, ¯®«ãç ¥¬
R2
"(x") � kby � x"k2 = kby � bx"k2 + kbx" � x"k2 + 2hby � bx"; bx" � x"i � R2

"(bx") + kbx" � x"k2: (3.22)
�§ (3.20) ¨ (3.22) ¢ëâ¥ª ¥â (R"(bx") + ")2 � R2

"(bx") + kx" � bx"k2 ¨«¨
kbx" � x"k �

q
2"R"(bx") + "2: (3.23)

� ¯®áª®«ìªã bx" ! x0 ¯à¨ " # 0 ¨ jR"(x)�R(x)j � " ¤«ï «î¡®£® x 2 R
p , â® ¨§ (3.23) á«¥¤ã¥â

kbx" � x"k �
q
2"(R(x0) + o(1)): (3.24)

�¥¯¥àì ¨§ (3.17) ¨ (3.24) ¨¬¥¥¬

kx0 � x"k � (4 +
p
2)
q
"(R(x0) + o(1)) � 4

q
2"(R(x0) + o(1)):

� ª¨¬ ®¡à §®¬, ãç¨âë¢ ï �(x0) = 0, ¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ®  á¨¬¯â®â¨ç¥áª ï ®æ¥­ª  (3.1) ¨¬¥¥â
¬¥áâ® ¨ ¢ á«ãç ¥ intD = ;.
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