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�.�.�������������

������������ � ������ ����������� ������ �
���������{�������. ���������� ������ p0 =1

� [1] ¨ [2] ¡ë«® ¯®ª § ­®, çâ® ¨­â¥à¯®«¨àãï ¯ àã ¯à®áâà ­áâ¢ �¥á®¢  (Bs0
p0
(Rn); Bs1

p1
(Rn))�;q,

0 < pi <1, s0 6= s1, p0 6= p1, ¯®«ãç¨¬ ¯à®áâà ­áâ¢  â¨¯  BLs;k
p;q. �à®áâà ­áâ¢  íâ®£® â¨¯  ¯®«ãç -

îâáï â ª¦¥ ¯à¨ ¨­â¥à¯®«ïæ¨¨ ¯à®áâà ­áâ¢ �¨§®àª¨­ {�à¨¡¥«ï (F s0
p0;q0

; F s1
p1;q1

)�;q, 0 < pi <1. �
¤ ­­®© à ¡®â¥ íâ¨ à¥§ã«ìâ âë à á¯à®áâà ­ïîâáï ­  á«ãç © p0 =1. �ï¤ ¨§¢¥áâ­ëå ¯à®áâà ­áâ¢
®â®¦¤¥áâ¢«ï¥âáï á F s

1;q(Rn) ¨«¨ Bs
1(Rn), ­ ¯à¨¬¥à, ¯à®áâà ­áâ¢  ��¥«ì¤¥à {�¨£¬ã­¤  Gs = Bs

1,
bmo = F s

1;2 ¨ Lp = F 0
p;2. �¤¥áì ¯®«ãç¥­ë ¨­â¥à¯®«ïæ¨®­­ë¥ â¥®à¥¬ë ¤«ï ¯ à ¯à®áâà ­áâ¢ ¢¨¤ 

(G;F ), (G;B), (bmo; F ), (G;Lp).

1. �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ®¡®§­ ç¥­¨ï

�ãáâì S0 | ¬­®¦¥áâ¢® ¢á¥å ª®¬¯«¥ªá­®§­ ç­ëå ã¬¥à¥­­ëå à á¯à¥¤¥«¥­¨© ­  Rn,   Ff
| ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ à á¯à¥¤¥«¥­¨ï f 2 S0. � áá¬®âà¨¬ äã­ªæ¨®­ «ì­ë¥ ¯à®áâà ­áâ¢ 
­¥áª®«ìª¨å â¨¯®¢.

(i) �à®áâà ­áâ¢  �¥¡¥£  á ¢¥á®¬ Lp(!). �ãáâì 0 < p � 1, ! 6= 0 | ¯. ¢.-¢¥á®¢ ï äã­ªæ¨ï.
�®£¤  kf jLp(!)k = kf(x)!(x)jLpk.

(ii) �à®áâà ­áâ¢  �®à¥­æ  á ¢¥á®¬ Lp;q(!; ��). �ãáâì 0 < p; q � 1, !(x) ¨ �(x) | ¨§¬¥à¨¬ë¥
äã­ªæ¨¨, � | ¬¥à , ¨ �� | ¬¥à , ª®â®à ï ®¯à¥¤¥«¥­  à ¢¥­áâ¢®¬ ��(E) :=

R
E

�(x)d�(x). �®£¤ 

kf jLp;q(!; ��)k :=
�Z 1

0
(t1=p(f(x)!(x))�(��))q

dt

t

�1=q

; q <1;

kf jLp;1(!; ��)k := sup
t2R+

(t1=p(f(x)!(x))�(��));

§¤¥áì (g(x))�(��) | ­¥¢®§à áâ îé ï à ¢­®¨§¬¥à¨¬ ï ®â­®á¨â¥«ì­® ¬¥àë �� ¯¥à¥áâ ­®¢ª  äã­ª-
æ¨¨ g(x), § ¢¨áïé ï ®â  à£ã¬¥­â  t 2 (0;1).

(iii) �à®áâà ­áâ¢  ��¥«ì¤¥à {�¨£¬ã­¤  Gs(Rn). �«ï ¢¥é¥áâ¢¥­­®£® s > 0 ¯®«®¦¨¬ s = [s] +
fsg, £¤¥ [s] æ¥«®¥ ¨ 0 � fsg < 1. �ãáâì

Gs(Rn) =
�
f j f 2 C [s](Rn) : kf jGsk = kf jC [s]k+

X
j�j=[s]

sup
x6=y

jD�f(x)�D�f(y)j
jx� yjfsg

<1; x 2 Rn; y 2 Rn

�

¯à¨ ­¥ æ¥«®¬ s. � «¥¥, ¥á«¨ f(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ­  Rn ¨ h 2 Rn, â® ¤«ï æ¥«®£® s > 0
¯®«®¦¨¬

Gs(Rn) =
n
f j f 2 Cs�1 : kf jGsk = kf jCs�1k+

X
j�j=s�1

sup
06=h2Rn

jhj�1k�2
hD

�f jC(Rn)k <1
o
:

(iv) �à®áâà ­áâ¢  �¥á®¢  Bs
p ¨ �¨§®àª¨­ {�à¨¡¥«ï F s

p;q. �á«¨ 0 < p < 1, �1 < s < 1,
0 < q � 1, â®

F s
p;q(Rn) = ff j f 2 S0(Rn) : kf jF

s
p;qk = k2sjF�1�jFf jLp[`q]k <1g;
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£¤¥ j = 0; 1; 2; : : : , f�jg1j=0 2 �, �| á¯¥æ¨ «ì­ë© ª« áá ¯®á«¥¤®¢ â¥«ì­®áâ¥© äã­ªæ¨© ([3], á. 57);
¯®«®¦¨¬ F s

1;q(Rn) := (F�s
1;q0(Rn))0 ¯à¨ 1 < q � 1, Bs

p(Rn) := F s
p;p(Rn) ¯à¨ 0 < p � 1.

(v) �à®áâà ­áâ¢  Ls;k
p;q(Z+ � Rn). �ãáâì �1 < s <1, �1 < k <1, 0 < p <1, 0 < q � 1,

Z+ = f0; 1; 2; : : : g. �®£¤ 

Ls;k
p;q := f(f)1j=0jfj 2 S0 : k(fj)jL

s;k
p;qk = k(fj)jLp;q(2

j(s�k=p); 2jk� �mn)k <1g;

£¤¥ � | ¬¥à  ­  Z+ â ª ï, çâ® �(n) = 1.
(vi) �à®áâà ­áâ¢  BLs;k

p;q(Rn). �ãáâì �1 < s < 1, �1 < k < 1, 0 < p < 1, 0 < q � 1.
�®£¤ 

BLs;k
p;q = ff j f 2 S0(Rn) : kf jBL

s;k
p;qk = kF�1�jFf jL

s;k
p;qk <1g:

(vii) �à®áâà ­áâ¢® bmo(Rn) (­¥®¤­®à®¤­®¥ BMO). �á«¨ f 2 Lloc
1 (Rn), Q | ªã¡ ¢ Rn ¨ jQj |

®¡ê¥¬ Q, â®

fQ =
1
jQj

Z
Q
f(x)dx

¨

bmo(Rn) =
�
f j f 2 Lloc

1 : kf jbmo(Rn)k = sup
jQj�1

1
jQj

Z
Q
jf(x)� fQjdx+ sup

jQj>1

1
jQj

Z
Q

jf(x)jdx <1

�
:

2. �­â¥à¯®«ïæ¨ï ¢ ª« áá å ¯à®áâà ­áâ¢ �¨§®àª¨­ -�à¨¡¥«ï ¨ �¥á®¢  ¢
á«ãç ¥ p0 =1

� [1] ¤®ª § ­®, çâ®

(Bs0
p0
(Rn); B

s1
p1
(Rn))�;q = BLs;k

p;q(Rn) (1)

¯à¨ �1 < s0; s1; k <1, 0 < p0; p1 <1, 0 < q � 1, p0 6= p1, s0 6= s1, 0 < � < 1, s = (1� �)s0 + �s1,
1=p = (1 � �)=p0 + �=p1, k | ã£«®¢®© ª®íää¨æ¨¥­â ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çª¨ (1=pi; si),
i = 0; 1. �à®¬¥ â®£®,

(F s0
p0;q0

(Rn); F
s1
p1;q1

(Rn))�;q = BLs;k
p;q(Rn) (2)

¯à¨ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨ïå 1 < p0; p1 <1; 1 � q � 1.
�á­®¢­ ï æ¥«ì íâ®£® ¯ à £à ä | ¤®ª § âì, çâ® ä®à¬ã«  (1) c¯à ¢¥¤«¨¢  ¯à¨ 0 < p0; p1 � 1,

  ä®à¬ã«  (2) | ¯à¨ 1 � p0; p1 <1, 1 � q � 1.

�¥¬¬ . �à¨ k 6= 0 ¨ q 2 [1;1] á¯à ¢¥¤«¨¢ë ¢«®¦¥­¨ï

BLs;k
1;1 � F s

1;q � BLs;k
1;1:

�«¥¤áâ¢¨¥. �ãáâì �1 < s0; s1; k < 1, 0 � q0; q1; q � 1, 0 < p1 < 1, s0 6= s1, 0 < � < 1,
s = (1 � �)s0 + �s1, 1=p = (1 � �) + �=p1, k | ã£«®¢®© ª®íää¨æ¨¥­â ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§
â®çª¨ A(1; s0) ¨ B(1=p1; s1). �®£¤ 

(F s0
1;q0

(Rn); F s1
p1;q1

(Rn))�;q = BLs;k
p;q(Rn):

�¥¯¥àì ¬®¦­® áä®à¬ã«¨à®¢ âì ¨­â¥à¯®«ïæ¨®­­ãî â¥®à¥¬ã ¤«ï ¯à®áâà ­áâ¢ Bs
p(Rn) ¨ F s

p;q(Rn)
¢ ¯à¥¤¥«ì­®¬ á«ãç ¥ p0 =1.

�¥®à¥¬  1. �ãáâì �1 < s0; s1 < 1, 0 < p1 < 1, 0 < � < 1, 1 � q1 � 1, 1 < q0 � 1,

0 < q � 1, s0 6= s1, k = p1(s1 � s0) | ã£«®¢®© ª®íää¨æ¨¥­â ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çª¨

(0; s0) ¨ (1=p1; s1). �®£¤ 
(Bs0

1(Rn); Bs1
p1
(Rn))�;q = BLs;k

p;q(Rn):

�á«¨, ªà®¬¥ â®£®, 1 � p1 <1, â®

(F s0
1;q0

(Rn); F s1
p1;q1

(Rn))�;q = BLs;k
p;q(Rn):
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3. �­â¥à¯®«ïæ¨®­­ë¥ â¥®à¥¬ë ¤«ï ¯à®áâà ­áâ¢ ��¥«ì¤¥à {�¨£¬ã­¤ , bmo,
�¥¡¥£ 

� ª á«¥¤áâ¢¨ï ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢ ¬®¦­® áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  2. �ãáâì a) s0 > 0, s0 6= s1, 0 < p1 <1, 0 < q � 1, 0 < � < 1, s = (1� �)s0 + �s1,
1=p = �=p1, k = p1(s1 � s0), â®£¤ 

(Gs0(Rn); B
s1
p1
(Rn))�;q = BLs;k

p;q(Rn);

¡) (Gs0(Rn); F s1
p1;q1

(Rn))�;q = BLs;k
p;q(Rn) ¯à¨ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨ïå 1 � p1 <1, 1 � q1 � 1.

�¥®à¥¬  3. �á«¨ �1 < s1 < 1, s1 6= 0, 1 � p1 < 1, 1 � q1 � 1, 0 < q � 1, 0 < � < 1,
s = �s1, 1=p = �=p1, k = p1s1, â®

(bmo(Rn); F s0
p1;q1

(Rn))�;q = BLs;k
p;q(Rn):

�¥®à¥¬  4. �á«¨ 0 < s0, 1 < p1 < 1, 0 < q � 1, 0 < � < 1, s = (1 � �)s0, 1=p = �=p1,
k = �p1s0, â®

(Gs0(Rn); Lp1(Rn))�;q = BLs;k
p;q(Rn):

�¨â¥à âãà 
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