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1. �¢¥¤¥¨¥. �ãáâì ' | ¥®âà¨æ â¥«ì ï, ¥ã¡ë¢ îé ï   [0; 2�] äãªæ¨ï, 0 < � < 1.
�à®áâà áâ¢®¬ �®à¥æ  �(';�)  §®¢¥¬ ¬®¦¥áâ¢® 2�-¯¥à¨®¤¨ç¥áª¨å ¨§¬¥à¨¬ëå äãªæ¨© f ,
¤«ï ª ¦¤®© ¨§ ª®â®àëå ª®¥ç  ª¢ §¨®à¬ 

kfk�(';�) =
�Z 2�

0

('(t)f�(t))�
dt

t

�1=�

;

£¤¥ f� | ¥¢®§à áâ îé ï   [0; 2�] äãªæ¨ï, à ¢®¨§¬¥à¨¬ ï á jf j.
�ã¤¥¬ à áá¬ âà¨¢ âì âà¨£®®¬¥âà¨ç¥áª¨¥ àï¤ë ¢¨¤ 

a0
2
+

1X
n=1

an cosnx (1)

¨

1X
n=1

an sinnx; (2)

ª®íää¨æ¨¥âë ª®â®àëå ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬: an ! 0 ¯à¨ n!1 ¨ �kan � 0 ¤«ï ¥ª®â®à®£®
k � 1 ¨ «î¡ëå n, £¤¥ �1an = an�an+1, �kan = �1(�k�1an) ¤«ï k � 2. �ã¤¥¬ â ª¦¥ áç¨â âì, çâ®
�0an = an.

�§¢¥áâ® ([1], á. 95), çâ® ¤«ï «î¡®£® � 2 (0; �) íâ¨ àï¤ë áå®¤ïâáï à ¢®¬¥à®   ®âà¥§ª¥
[�; 2� � �], â. ¥. áãé¥áâ¢ãîâ äãªæ¨¨ f(x) ¨ g(x) | á®®â¢¥âáâ¢¥® áã¬¬ë àï¤®¢ (1) ¨ (2).

� ¤ ®© à ¡®â¥  å®¤ïâáï ãá«®¢¨ï, ¯à¨ ª®â®àëå äãªæ¨¨ f ¨ g ¯à¨ ¤«¥¦ â ª« áá ¬
�(';�),   â ª¦¥ ãáâ  ¢«¨¢ îâáï ®æ¥ª¨ ª¢ §¨®à¬ íâ¨å äãªæ¨© ç¥à¥§ ª®íää¨æ¨¥âë àï¤®¢
(1) ¨ (2).

�§¢¥áâ  á«¥¤ãîé ï â¥®à¥¬  � à¤¨-�¨ââ«¢ã¤  ([1], á. 657).

�ãáâì an ! 0 ¯à¨ n!1 ¨ �1an � 0 ¤«ï ¢á¥å n. �®£¤  ¤«ï p 2 (1;1) á¯à ¢¥¤«¨¢ë ¥à ¢¥-

áâ¢ 

C1

� 1X
n=0

apn(n+ 1)p�2
�1=p

� kfkp � C2

� 1X
n=0

apn(n+ 1)p�2
�1=p

;

£¤¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥ Ci (i = 1; 2) ¥ § ¢¨áïâ ®â ¯®á«¥¤®¢ â¥«ì®áâ¨ fang.

� ¬¥â¨¬, çâ® ¢á¥ íâ¨ ¥à ¢¥áâ¢  (¨ ¨¦¥á«¥¤ãîé¨¥) ¯®¨¬ îâáï â ª¨¬ ®¡à §®¬: ¨§ ª®¥ç-
®áâ¨ ¯à ¢®© ç áâ¨ á«¥¤ã¥â ª®¥ç®áâì «¥¢®© ç áâ¨.

� [2] ¤®ª §  

� ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (£à â ò97-01{
00010).
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�¥®à¥¬ .  . �ãáâì an ! 0 ¯à¨ n!1 ¨ �2an � 0 ¤«ï ¢á¥å n. �®£¤  ¤«ï p 2 (0;1)

C1

�
1X
n=0

(�1an)p(n+ 1)2p�2
�1=p

�

�Z 2�

0

jf(x)jpdx
�1=p

� C2

�
1X
n=0

(�1an)p(n+ 1)2p�2
�1=p

:

¡. �ãáâì an ! 0 ¯à¨ n!1 ¨ �1an � 0 ¤«ï ¢á¥å n. �®£¤ 

C3

� 1X
n=1

apnn
p�2

�1=p

�

�Z 2�

0

jg(x)jpdx
�1=p

� C4

� 1X
n=1

apnn
p�2

�1=p

; p 2 (0;1);

£¤¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥ Ci (i = 1; 4) ¥ § ¢¨áïâ ®â ¯®á«¥¤®¢ â¥«ì®áâ¨ fang.

� ¤ ®© à ¡®â¥ ¤®ª § ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

�â¢¥à¦¤¥¨¥ 1. �ãáâì 0 < � <1, '(t) | ¥®âà¨æ â¥«ì ï, ¥¯à¥àë¢ ï, ¥ã¡ë¢ îé ï

  ®âà¥§ª¥ [0; 2�] äãªæ¨ï, à ¢ ï ã«î ¢ â®çª¥ t = 0 ¨ ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î�Z �

0

'�(t)
dt

t

�1=�

� C'(�=2) ¤«ï «î¡®£® � 2 (0; 2�);

£¤¥ ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï C ¥ § ¢¨á¨â ®â �.
 ) �ãáâì an ! 0 ¯à¨ n!1 ¨ �2an � 0 ¤«ï ¢á¥å n. �®£¤ 

kfk�(';�) � C1

� 1X
n=0

(�1an)
�(n+ 1)2��1'�

�
1

n+ 1

��1=�

: (3)

¡) �ãáâì an ! 0 ¯à¨ n!1 ¨ �1an � 0 ¤«ï ¢á¥å n. �®£¤ 

kfk�(';�) � C2

� 1X
n=0

a�n(n+ 1)��1'�

�
1

n+ 1

��1=�

; (4)

kgk�(';�) � C3

� 1X
n=1

a�nn
��1'�

�
1
n

��1=�

; (5)

£¤¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥ Ci (i = 1; 3) ¥ § ¢¨áïâ ®â ¯®á«¥¤®¢ â¥«ì®áâ¨ fang.

�â¢¥à¦¤¥¨¥ 2. �ãáâì 0 < � <1, '(t) | ¥®âà¨æ â¥«ì ï, ¥¯à¥àë¢ ï, ¥ã¡ë¢ îé ï

  ®âà¥§ª¥ [0; 2�] äãªæ¨ï, à ¢ ï ã«î ¯à¨ t = 0. �ãáâì â ª¦¥ äãªæ¨ï '(t) â ª®¢ , çâ®
'�(t)=t ¥ ¢®§à áâ ¥â ¨«¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

�Z 2�

�

('(t)=t)�
dt

t

�1=�

� C'(�)=� ¤«ï «î¡®£® � 2 (0; �); (6)

£¤¥ ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï C ¥ § ¢¨á¨â ®â �.
 ) �ãáâì an ! 0 ¯à¨ n!1 ¨ �2an � 0 ¤«ï ¢á¥å n. �®£¤ 

kfk�(';�) � C1

� 1X
n=0

(�1an)�(n+ 1)2��1'�

�
1

n+ 1

��1=�

: (7)

¡) �ãáâì an ! 0 ¯à¨ n!1 ¨ �1an � 0 ¤«ï ¢á¥å n. �®£¤ 

kgk�(';�) � C2

� 1X
n=1

a�nn
��1'�

�
1
n

��1=�

: (8)

�à®¬¥ â®£®, ¤«ï äãªæ¨© '(t), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (6),

kfk�(';�) � C3

� 1X
n=0

a�n(n+ 1)��1'�

�
1

n+ 1

��1=�

; (9)
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£¤¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥ Ci (i = 1; 3) ¥ § ¢¨áïâ ®â ¯®á«¥¤®¢ â¥«ì®áâ¨ fang.

� ¬¥ç ¨¥ 1. �á«¨ an ! 0 ¯à¨ n ! 1 ¨ �kan � 0 ¤«ï ¥ª®â®à®£® k � 2 ¨ ¢á¥å n, â® â¥¬
¡®«¥¥ á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  (3){(5), (7){(9).

� ¬¥ç ¨¥ 2. �ãªæ¨ï '(t) = t1=� (� 2 (0;1)) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬,  «®¦¥ë¬  
äãªæ¨î '(t) ¢ ãâ¢¥à¦¤¥¨ïå 1 ¨ 2. � á¨«ã íâ®£® ãâ¢¥à¦¤¥¨ï 1 ¨ 2 ï¢«ïîâáï ®¡®¡é¥¨ï¬¨
â¥®à¥¬ë, áä®à¬ã«¨à®¢ ®© ¢ëè¥, ¨§ à ¡®âë [2].

� ¬¥ç ¨¥ 3. �ãáâì 0 < � < 1, '(t) | ¥®âà¨æ â¥«ì ï, ¥¯à¥àë¢ ï, ¥ã¡ë¢ îé ï
  ®âà¥§ª¥ [0; 2�] äãªæ¨ï, à ¢ ï ã«î ¯à¨ t = 0 ¨ ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬: ¤«ï «î¡ëå
� 2 (0; 2�) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¥à ¢¥áâ¢ :

�Z �

0
'�(t)

dt

t

�1=�

� C1'(�=2);
�Z 2�

�
('(t)=t)�

dt

t

�1=�

� C2'(�)=�;

£¤¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥ C1 ¨ C2 ¥ § ¢¨áïâ ®â �.

�ãáâì an ! 0 ¯à¨ n!1 ¨ �1an � 0 ¤«ï ¢á¥å n. �®£¤ 

C3

� 1X
n=0

a�n(n+ 1)��1'�

�
1

n+ 1

��1=�

� kfk�(';�) � C4

� 1X
n=0

a�n(n+ 1)��1'�

�
1

n+ 1

��1=�

;

£¤¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥ C3 ¨ C4 ¥ § ¢¨áïâ ®â ¯®á«¥¤®¢ â¥«ì®áâ¨ fang.

2. �á¯®¬®£ â¥«ìë¥ ãâ¢¥à¦¤¥¨ï. �ãáâì

B1
0(x) =

1
2
;

B1
n(x) =

1
2
+ cosx+ � � � + cosnx ¤«ï n � 1;

Bk
n(x) =

nX
�=0

Bk�1
� (x) ¤«ï k = 2; 3; : : : ¨ n � 0;

B
1

n(x) = sinx+ � � �+ sinnx ¤«ï n � 1;

B
k

n(x) =
nX

�=1

B
k�1

� (x) ¤«ï k = 2; 3; : : : ¨ n � 1:

�¥¬¬  1 ([2]). �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì fang â ª®¢ , çâ® an ! 0 ¯à¨ n ! 1 ¨

�kan � 0 ¤«ï ¥ª®â®à®£® k � 1 ¨ «î¡®£® n. �®£¤ 
 ) äãªæ¨ï f(x) | áã¬¬  àï¤  (1) | ¬®¦¥â ¡ëâì ¯®çâ¨ ¢áî¤ã ¯à¥¤áâ ¢«¥  ¢ ¢¨¤¥

f(x) =
1X
n=0

�kanB
k
n(x);

¡) äãªæ¨ï g(x) | áã¬¬  àï¤  (2) | ¬®¦¥â ¡ëâì ¯®çâ¨ ¢áî¤ã ¯à¥¤áâ ¢«¥  ¢ ¢¨¤¥

g(x) =
1X
n=1

�kanB
k

n(x):

�¥¬¬  2 ([3]). �ãáâì an � 0, bn � 0,
1P
�=n

a� = an�n (n = 1; 2; : : : ). �®£¤  ¤«ï p 2 [1;1)

1X
k=1

ak

� kX
�=1

b�

�p

� pp
1X
�=1

a�(b���)
p:
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�¥¬¬  3. �ãáâì ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì®áâì fang â ª®¢ , çâ® an ! 0 ¯à¨ n ! 1,

�1an � 0 ¤«ï «î¡®£® n; ç¨á«  �, p, � â ª®¢ë, çâ® � 2 (0;1), p 2 (0;1), � 2 (�1;1);
¥¢®§à áâ îé ï ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì®áâì f'(1=n)g ã¤®¢«¥â¢®àï¥â ãá«®¢¨î : ¤«ï «î¡®£®

n = 1; 2; : : : � 1X
�=n

'�(2��)
�1=�

� C1'(2
�(n+1)); (10)

£¤¥ ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï C1 ¥ § ¢¨á¨â ®â n.
�®£¤ 

1X
n=0

1
n+ 1

'�

�
1

n+ 1

�� nX
�=0

a�(� + 1)�
�p

� C2

1X
n=0

1
n+ 1

'�

�
1

n+ 1

�
[an(n+ 1)�+1]p;

£¤¥ ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï C2 ¥ § ¢¨á¨â ®â ¯®á«¥¤®¢ â¥«ì®áâ¨ fang.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï ¬®®â®®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ fang, ¥à ¢¥áâ¢  (10),� 1X
n=0

an

�p

�
1X
n=0

apn ¯à¨ p 2 (0; 1) (11)

¨ «¥¬¬ã 2 ¯à¨ p 2 [1;1), ¨¬¥¥¬
1X
n=0

1
n+ 1

'�

�
1

n+ 1

�� nX
�=0

a�(� + 1)�
�p

=

= ap0'
�(1) +

1X
m=0

2m+1
�1X

n=2m

1
n+ 1

'�

�
1

n+ 1

�� nX
�=0

a�(� + 1)�
�p

�

� ap0'
�(1) + C3

1X
m=0

'�(2�m)
� mX

�=0

2�+1
�1X

�=2�

a�(� + 1)�
�p

�

� ap0'
�(1) + C4

1X
m=0

'�(2�m)
� mX

�=0

a2�2
�(�+1)

�p

�

� ap0'
�(1) + C5

1X
�=0

'�(2��)ap2�2
�p(�+1) �

� C6

�
ap0'

�(1) +
1X
�=1

2��1X
�=2��1

ap��
�1'�

�
1
�

�
�p(�+1)

�
�

� C7

1X
�=0

ap�(� + 1)p(�+1)
1

� + 1
'�

�
1

� + 1

�
: �

�¥¬¬  4 ([4], c. 93). �ãáâì f ¨ g | ¯®çâ¨ ¢¥§¤¥ ª®¥çë¥ ¨§¬¥à¨¬ë¥   [0; 2�] äãªæ¨¨.
�®£¤  á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

(f + g)�(t1 + t2) � f�(t1) + g�(t2);

(f � g)�(t1 + t2) � f�(t1) � g�(t2):

�¥¬¬  5 ([4], c. 88). �á«¨ jf1(t)j � f2(t), â®

f�1 (t) � f�2 (t):

�¥¬¬  6 ([4], c. 89). �ãáâì f(x) | ¨§¬¥à¨¬ ï   [0; 2�] äãªæ¨ï. �®£¤  ¯à¨ «î¡®¬ x 2
(0; 2�] Z x

0

jf(t)jdt �
Z x

0

f�(t)dt:
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�¥¬¬  7 ([4], c. 100). �ãáâì ¤«ï ¥®âà¨æ â¥«ìëå áã¬¬¨àã¥¬ëå   [0; 2�] äãªæ¨© x(t) ¨
y(t) ¤«ï «î¡ëå t 2 (0; 2�] ¢ë¯®«¥® ¥à ¢¥áâ¢®Z t

0

x(s)ds �
Z t

0

y(s)ds;

b(t) | ¥¢®§à áâ îé ï ¥®âà¨æ â¥«ì ï   (0; 2�] äãªæ¨ï. �®£¤ Z 2�

0

x(s)b(s)ds �
Z 2�

0

y(s)b(s)ds:

�¥¬¬  8 ([5]). �ãáâì f(x)| ¨§¬¥à¨¬ ï   ®âà¥§ª¥ [0; 2�] äãªæ¨ï ¨ �| ¯®«®¦¨â¥«ì®¥

ç¨á«®. �®£¤  ¤«ï «î¡®£® t 2 (0; 2�] ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

f��(t) = jf j��(t):

�¥¬¬  9. �ãáâì 0 < � < 1, '(t) | ¥®âà¨æ â¥«ì ï, ¥¯à¥àë¢ ï, ¥ã¡ë¢ îé ï  

®âà¥§ª¥ [0; 2�] äãªæ¨ï, à ¢ ï ã«î ¯à¨ t = 0. �ãáâì â ª¦¥ '�(t)=t ¥ ¢®§à áâ ¥â. �®£¤ Z 2�

0

('(t)jf(t)j)�
dt

t
�

Z 2�

0

('(t)f�(t))�
dt

t
:

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ ¯®á«¥¤®¢ â¥«ì®£® ¯à¨¬¥¥¨ï «¥¬¬ 6, 8 ¨ 7.

�¥¬¬  10 ([3]). �ãáâì an � 0, bn � 0,
nP

�=1
a� = an�n (n = 1; 2; : : : ). �®£¤  ¤«ï p 2 [1;1)

1X
n=1

an

� 1X
�=n

b�

�p

� pp
1X
n=1

an(bn�n)
p:

�¥¬¬  11. �ãáâì 0 < � < 1, '(t) | ¥®âà¨æ â¥«ì ï, ¥¯à¥àë¢ ï, ¥ã¡ë¢ îé ï  

®âà¥§ª¥ [0; 2�] äãªæ¨ï, à ¢ ï ã«î ¯à¨ t = 0. �ãáâì â ª¦¥ äãªæ¨ï '(t) ¤«ï «î¡®£® � 2 (0; �]
ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã (6). �®£¤ 

C1

�Z 2�

0

�
'(t)

1
t

Z t

0

f�(x)dx
��

dt

t

�1=�

�

�Z 2�

0

('(t)f�(t))�
dt

t

�1=�

�

�

�Z 2�

0

�
'(t)

1
t

Z t

0

f�(x)dx
��

dt

t

�1=�

; (12)

£¤¥ ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï C1 ¥ § ¢¨á¨â ®â äãªæ¨¨ f .

�®ª § â¥«ìáâ¢®. �¥¢ ï ç áâì ¥à ¢¥áâ¢  (12) á¯à ¢¥¤«¨¢  ¢ á¨«ã ¥¢®§à áâ ¨ï äãªæ¨¨
f�(t). �®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì ¯à ¢®© ç áâ¨ ¥à ¢¥áâ¢  (12). �á¯®«ì§ãï ¬®®â®®áâì äãª-
æ¨© f�(t) ¨ '(t) ¨ ¥à ¢¥áâ¢® (11) ¯à¨ � 2 (0; 1],   ¯à¨ � 2 (1;1) | ¥à ¢¥áâ¢® (6) ¨ «¥¬¬ã
10, ¡ã¤¥¬ ¨¬¥âìZ 2�

0

�
'(t)

1
t

Z t

0

f�(x)dx
��

dt

t
�

� C2

1X
�=0

('(2��)2�)�
�Z 2��

0

f�(x)dx
��

+
Z 2�

0

�
'(t)

1
t

Z t

0

f�(x)dx
��

dt

t
�

� C3

1X
�=0

('(2��)2�)�
� 1X

n=�

f�(2�(n+1))2�n
��

�

� C4

1X
n=0

(f�(2�(n+1))'(2�n))� � C5

Z 2�

0

('(t)f�(t))�
dt

t
: �
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3. �®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï 1. �® «¥¬¬¥ 1 ¯®çâ¨ ¢áî¤ã á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

F (x) =
1X
n=0

�lan eBl
n(x);

£¤¥ ¢ á«ãç ¥  ) l = 2, F (x) = f(x), eBl
n = B2

n(x), ¢ á«ãç ¥ ¡) l = 1, F (x) = g(x), eBl
n = B

1

n(x) ¨«¨
F (x) = f(x), eBl

n = B1
n(x) (n � 1, �1a0 = 0).

�æ¥¨¬ kF (x)k�(';�). �à¨¬¥ïï «¥¬¬ë 4 ¨ 5, ¨á¯®«ì§ãï á¢®©áâ¢  äãªæ¨¨ '(t) ¨ ãç¨âë¢ ï
ç¥â®áâì f(x) ¨ ¥ç¥â®áâì g(x), ¯®«ãç¨¬

I = kF (x)k��(';�) =
Z 2�

0
('(t)F �(t))�

dt

t
�

� C

Z �

0
('(t)(F (x)�(0;�](x))

�(t))�
dt

t
=

= C
1X

m=0

Z �

m+1

�

m+2

�
'(t)

� 1X
n=0

�lan eBl
n(x)�(0;�](x)

��
(t)
��

dt

t
�

� C1

� 1X
m=0

Z �

2(m+1)

�

2(m+2)

�
'(t)

� mX
n=0

�lanj eBl
n(x)j�(0;�](x)

��
(t)
��

dt

t
+

+
1X

m=0

Z �

2(m+1)

�

2(m+2)

�
'(t)

� 1X
n=m+1

�lanj eBl
n(x)j�(0;�](x)

��
(t)
��

dt

t

�
= C1(I1 + I2):

� ª ª ª j eBl
n(x)j � C2(n+ 1)l, £¤¥ ¯®áâ®ï ï C2 ¥ § ¢¨á¨â ®â n, â®

I1 � C3

1X
m=0

Z �

2(m+1)

�

2(m+2)

�
'(t)

� mX
n=0

�lan(n+ 1)l
��
(t)
��

dt

t
=

= C3

1X
m=0

Z �

2(m+1)

�

2(m+2)

�
'(t)

mX
n=0

�lan(n+ 1)l
��

dt

t
�

� C4

1X
m=0

1
m+ 1

'�

�
1

m+ 1

�� mX
n=0

�lan(n+ 1)l
��

:

�®áª®«ìªã

�lan = �l�1an ��l�1an+1 ¨ �l�1an+1 � 0;

â®

mX
n=0

�lan(n+ 1)l
mX
n=0

�l�1an(n+ 1)l �
m+1X
n=1

�l�1ann
l =

=
mX
n=0

�l�1an[(n+ 1)l � nl]��l�1am+1(m+ 1)l � C5

mX
n=0

�l�1an(n+ 1)l�1;

£¤¥ ¯®áâ®ï ï C5 § ¢¨á¨â «¨èì ®â l. �à¨¬¥¨¬ íâã ®æ¥ªã,   § â¥¬ «¥¬¬ã 3. �®£¤ 

I1 � C6

1X
m=0

1
m+ 1

'�

�
1

m+ 1

�� mX
n=0

�l�1an(n+ 1)l�1
��

�

� C7

1X
m=0

(�l�1am+1)�(m+ 1)l��1'�

�
1

m+ 1

�
:

64



�æ¥¨¬ â¥¯¥àì á¢¥àåã I2. � ª ª ª x 2 (0; �), j eBl
n(x)j � C8=x

l (l = 1; 2), £¤¥ ¯®áâ®ï ï C8 ¥
§ ¢¨á¨â ®â n, â®

I2 � C9

1X
m=0

Z �

2(m+1)

�

2(m+2)

�
'(t)

� 1X
n=m+1

�lan
1
xl

��
(t)
��

dt

t
�

� C9

1X
m=0

Z �

2(m+1)

�

2(m+2)

�
'(t)(x�l)�

�
t

2

���
dt

t

� 1X
n=m+1

�lan

��

�

� C10

1X
m=0

Z �

4(m+1)

�

4(m+2)

('(t)t�l)�
dt

t

� 1X
n=m+1

�lan

��

�

� C11

1X
m=0

'�

�
1

m+ 1

�
(m+ 1)l��1(�l�1am)�:

�¡ê¥¤¨ïï ®æ¥ª¨ ¤«ï I1 ¨ I2, ¯®«ãç ¥¬ ®æ¥ªã

I � C12

1X
m=0

'�

�
1

m+ 1

�
(m+ 1)l��1(�l�1am)

�: �

4. �®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï 2. � ç «  à áá¬®âà¨¬ á«ãç ©  ). �§ «¥¬¬ë 1 ¯®çâ¨ ¢áî¤ã
¨¬¥¥¬

f(x) =
1X
�=0

�2a�B
2
�(x) =

1X
�=0

�1b�B
2
�(x);

£¤¥

B2
�(x) =

1
2

�
sin

�
�+1
2
x
�

sin x
2

�2

; b� = �1a� :

�á«¨ äãªæ¨ï '�(t)=t ¥ ¢®§à áâ ¥â, â®, ¯à¨¬¥ïï «¥¬¬ã 9, ¡ã¤¥¬ ¨¬¥âì

kf(x)k��(';�) �
Z �

0
('(t)jf(t)j)�

dt

t
�

1
�

1X
n=0

'�(� � 2��)2�
Z �=2�

�=2�+1

jf(t)j�dt:

�á«¨ ¦¥ äãªæ¨ï '(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (6), â®, ¯à¨¬¥ïï «¥¬¬ë 11, 6 ¨ ¨á¯®«ì§ãï á¢®©-
áâ¢  äãªæ¨¨ '(t), ¯®«ãç¨¬

kf(x)k��(';�) � C

Z 2�

0

�
'(t)
t

Z t

0
jf(x)jdx

��
dt

t
�

� C1

�Z �

0

�
'(t)
t

Z t

0

jf(x)jdx
��

dt

t
+
'(�)
�

�Z �

0

jf(x)jdx
���

�

� C2

1X
�=0

�
'(2��)2�

Z �=2�

�=2�+1

jf(x)jdx
��

:

� à ¡®â¥ [2] ¤«ï p 2 (0;+1) ¤®ª § ®, çâ®

Z �=2�

�=2�+1

jf(x)jpdx � C32�(2p�1)b
p
2��1;
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£¤¥ ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï C3 ¥ § ¢¨á¨â ®â �. �à¨¬¥ïï íâã ®æ¥ªã ¢ ¯¥à¢®¬ á«ãç ¥ ¯à¨
p = 2,   ¢® ¢â®à®¬ | ¯à¨ p = 1, ¡ã¤¥¬ ¨¬¥âì

kf(x)k��(';�) � C4

1X
�=0

'�(2��)22��b�2��1 �

� C5

1X
n=0

b�n(n+ 1)2��1'�

�
1

n+ 1

�
=

= C6

1X
n=0

(�1an)
�(n+ 1)2��1'�

�
1

n+ 1

�
:

� ª¨¬ ®¡à §®¬, ®æ¥ª  (7) ¢ ¯.  ) ¤®ª §  .
�æ¥ª  (9) ¢ ¯. ¡) ¤«ï äãªæ¨¨ f(x), ª®£¤  äãªæ¨ï '(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (6), à á-

á¬ âà¨¢ ¥âáï   «®£¨ç®, â®«ìª® ¯à¨ íâ®¬ ¨á¯®«ì§ã¥âáï ¯à¥¤áâ ¢«¥¨¥

f(x) =
1X
�=0

�1a�B�(x):

�®ª ¦¥¬ â¥¯¥àì ¯. ¡) ¤«ï äãªæ¨¨ g(x). � ª á«¥¤ã¥â ¨§ à ¡®âë [2],

 (x) =
1X
n=1

�1bn
sin2 nx
sinx

;

£¤¥

 (x) =
g(x) + g(x� �)

2
=

1X
n=1

a2n�1 sin(2n� 1)x =
1X
n=1

bn sin(2n� 1)x; bn = a2n�1:

�®áª®«ìªã k (x)k�(';�) � Ckg(x)k�(';�), â® ®æ¥¨¬ á¨§ã

k (x)k��(';�) �
Z �

0

('(t) �(t))�
dt

t
:

�à¨¬¥ïï â¥ ¦¥ à ááã¦¤¥¨ï, ª®â®àë¥ ¨á¯®«ì§®¢ «¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ®æ¥ª¨ á¨§ã ¤«ï f(x)
¢ ¯.  ), ¯®«ãç¨¬ ¢ á«ãç ¥, ª®£¤  '�(t)=t ¥ ¢®§à áâ ¥â,

k (x)k��(';�) �
1
�

1X
�=0

'�(�=2�)
Z �=2�

�=2�+1

j (t)j�dt;

  ¢ á«ãç ¥, ª®£¤  äãªæ¨ï '(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (6),

k (x)k��(';�) � C7

1X
�=0

�
'(�=2�)2�

Z �=2�

�=2�+1

j (x)jdx
��

:

� à ¡®â¥ [2] ¤«ï p 2 (0;+1) ¤®ª § ®, çâ®Z �=2�

�=2�+1

j (x)jpdx � C82
�(p�1)bp2��1 ;

£¤¥ ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï C8 ¥ § ¢¨á¨â ®â �. �à¨¬¥ïï íâã ®æ¥ªã ¢ ¯¥à¢®¬ á«ãç ¥ ¯à¨
p = �,   ¢® ¢â®à®¬ | ¯à¨ p = 1, ¡ã¤¥¬ ¨¬¥âì

k (x)k��(';�) � C9

1X
�=0

'�(2��)2��b�2��1 �

� C10

1X
n=1

b�nn
��1'�

�
1
n

�
=

= C10

1X
n=1

a�2n�1n
��1'�

�
1
n

�
� C11

1X
n=1

a�nn
��1'�

�
1
n

�
:
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