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1. �á®¢ë¥ ®¯à¥¤¥«¥¨ï

� ¤ ®© à ¡®â¥ à áá¬®âà¥ë á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ¤®¯ãáª îé¨¥ ®¯à¥-
¤¥«¥ãî £àã¯¯ã á¨¬¬¥âà¨¨. �®à®è® ¨§¢¥áâ® (á¬.,  ¯à., [1]), çâ® á¨áâ¥¬  n ¤¨ää¥à¥æ¨ «ì-
ëå ãà ¢¥¨©   n-¬¥à®¬ ¬®£®®¡à §¨¨ ¨â¥£à¨àã¥¬  ¢ ª¢ ¤à âãà å, ¥á«¨ ®  ¤®¯ãáª ¥â
n-¬¥àãî à §à¥è¨¬ãî £àã¯¯ã á¨¬¬¥âà¨¨, âà §¨â¨¢® ¤¥©áâ¢ãîéãî   íâ®¬ ¬®£®®¡à §¨¨.
�á®¢®© à¥§ã«ìâ â ¤ ®© áâ âì¨ § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬: áãé¥áâ¢ã¥â ª« áá ¤¨ ¬¨ç¥áª¨å
á¨áâ¥¬, ª®â®àë¥, á ®¤®© áâ®à®ë, ¥ ¨â¥£à¨àãîâáï ¢ ª¢ ¤à âãà å, ® á ¤àã£®© áâ®à®ë,  -
«¨ç¨¥ ã ¨å ®¯à¥¤¥«¥®© £àã¯¯ë á¨¬¬¥âà¨¨ ¯®§¢®«ï¥â ¨áá«¥¤®¢ âì ãáâ®©ç¨¢®áâì ¨å à¥è¥¨©
(âà ¤¨æ¨®®¥ ¦¥ ¨á¯®«ì§®¢ ¨¥ à §à¥è¨¬ëå ¯®¤ «£¥¡à á¨¬¬¥âà¨¨ ¤«ï ¯®¨¦¥¨ï à §¬¥à®-
áâ¨ íâ¨å á¨áâ¥¬ ¢¥¤¥â ª ¯®â¥à¥ ¨ä®à¬ æ¨¨ ®¡ ãáâ®©ç¨¢®áâ¨). � â ª®¬ã ª« ááã á¨áâ¥¬ ¤¨ää¥-
à¥æ¨ «ìëå ãà ¢¥¨© ®â®áïâáï ãà ¢¥¨ï ¨â¥£à «ìëå âà ¥ªâ®à¨© ¥ ¢â®®¬ëå ¯à ¢®-
¨¢ à¨ âëå ¢¥ªâ®àëå ¯®«¥©   ª®¬¯ ªâëå £àã¯¯ å �¨.

�ãáâìM | ¤¨ää¥à¥æ¨àã¥¬®¥ ª« áá  C1 n-¬¥à®¥ à¨¬ ®¢® ¬®£®®¡à §¨¥ á ¬¥âà¨ª®© gij ,
d(p; q) | à ááâ®ï¨¥ ¬¥¦¤ã ¤¢ã¬ï â®çª ¬¨ p; q 2 M (¤«¨  ªà âç ©è¥© ªà¨¢®©, á®¥¤¨ïîé¥©
íâ¨ â®çª¨),  ¡®à ª àâ (U�; '�) á®áâ ¢«ï¥â  â« á  M , x�(p) | «®ª «ìë¥ ª®®à¤¨ âë â®çª¨ p
¢ ª àâ¥ (U�; '�). �á«¨ ¥ ¢ ¦®, ® ª ª®© ª àâ¥ ¨¤¥â à¥çì, ¨¤¥ªá � ã ª®®à¤¨ â ¡ã¤¥¬ ®¯ãáª âì
¨ ¯¨á âì ¯à®áâ® x(p). � ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ ¢ë¡¥à¥¬ ®à¬ã kxk1 = max

i
fjxijg.

�ãáâì   ¬®£®®¡à §¨¨ M ¤¥©áâ¢ã¥â «®ª «ì ï ®¤®¯ à ¬¥âà¨ç¥áª ï £àã¯¯  ¤¨ää¥®¬®à-
ä¨§¬®¢ ht :M !M ; t � t0; ht0 = id. �«ï íâ®© «®ª «ì®© £àã¯¯ë ¤¨ää¥®¬®àä¨§¬®¢ áãé¥áâ¢ã¥â
¢¥ªâ®à®¥ ¯®«¥ v(t)(q) 2 TqM , ª®â®à®¥ ¢ ®¡é¥¬ á«ãç ¥ ¬®¦¥â § ¢¨á¥âì ®â ¯ à ¬¥âà  t,

dht(q)
dt

= v(t)(ht(q)); ht0(q) = q: (1.1)

�¥è¥¨¥ ãà ¢¥¨ï (1.1) ¡ã¤¥¬ â ª¦¥ ®¡®§ ç âì ç¥à¥§ qt � ht(q). � «®ª «ìëå ª®®à¤¨ â å
ãà ¢¥¨¥ (1.1) ¨¬¥¥â ¢¨¤

dxit
dt

= vi(t; xt); xitjt=t0 = xi(q):

� àï¤ã á ãà ¢¥¨¥¬ (1.1) à áá¬®âà¨¬ á®®â¢¥âáâ¢ãîéãî á¨áâ¥¬ã ãà ¢¥¨© ¢ ¢ à¨ æ¨ïå

dwt
dt

= v(t)� (qt)wt; wtjt=t0 = w0: (1.2)

�¤¥áì v(t)� (qt) : TqtM ! TqtM , wt 2 TqtM . � «®ª «ìëå ª®®à¤¨ â å (x; y) ª á â¥«ì®£® à áá«®¥-
¨ï TM ãà ¢¥¨¥ (1.2) ¨¬¥¥â ¢¨¤

dyit
dt

=
@vi(t; xt)

@xjt
yjt ; yjt jt=t0 = yj(w0):
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�à¨ ä¨ªá¨à®¢ ®¬ à¥è¥¨¨ qt á¨áâ¥¬ë (1.1) ¢¥ªâ®àã w0 2 TqM ¬®¦® á®¯®áâ ¢¨âì ¢¥é¥áâ¢¥-
®¥ ç¨á«® | ¯®ª § â¥«ì íªá¯®¥æ¨ «ì®£® à®áâ  (¯®ª § â¥«ì �ï¯ã®¢ ) �(w0) � lim

t!1

1
t
ln kwtk,

£¤¥ wt | à¥è¥¨¥ «¨¥©®© § ¤ ç¨ (1.2), kwtk �
p
(wt; wt) | ®à¬  ¢¥ªâ®à  wt 2 TqtM .

�®áª®«ìªã «î¡ë¥ ¤¢  à¥è¥¨ï ãà ¢¥¨ï (1.2), ª®â®àë¥ ¨¬¥îâ à §«¨çë¥ ¯®ª § â¥«¨, «¨-
¥©® ¥§ ¢¨á¨¬ë, â® ª ¦¤®© âà ¥ªâ®à¨¨ qt á®¯®áâ ¢«ï¥âáï ¥ ¡®«¥¥ n à §«¨çëå ¯®ª § â¥«¥©
íªá¯®¥æ¨ «ì®£® à®áâ  �. � ¨¡®«¥¥ ¢ ¦ãî à®«ì ¢ â¥®à¨¨ ãáâ®©ç¨¢®áâ¨ ¨£à ¥â ¬ ªá¨¬ «ì-
ë© ¯®ª § â¥«ì (áâ àè¨© ¯®ª § â¥«ì) � � sup

w02TqM
�(w0). �®£« á® ¨§¢¥áâë¬ â¥®à¥¬ ¬ �ï¯ã-

®¢  [2]{[4] âà ¥ªâ®à¨ï qt ãáâ®©ç¨¢ , ¥á«¨ áâ àè¨© ¯®ª § â¥«ì ®âà¨æ â¥«¥ � < 0 (â®ç¥¥, ¤«ï
ãáâ®©ç¨¢®áâ¨ ¥®¡å®¤¨¬  ®âà¨æ â¥«ì®áâì £¥¥à «ì®£® ¯®ª § â¥«ï) ¨ ¥ ãáâ®©ç¨¢ , ¥á«¨ ®
¯®«®¦¨â¥«¥ � > 0. �â¬¥â¨¬, çâ® ¥á«¨ âà ¥ªâ®à¨ï qt «¥¦¨â ¢ ®£à ¨ç¥®© ®¡« áâ¨, â® ¯®«®-
¦¨â¥«ì®áâì ¯®ª § â¥«ï �ï¯ã®¢  (íªá¯®¥æ¨ «ì ï à áå®¤¨¬®áâì ¡«¨§ª¨å âà ¥ªâ®à¨©) ¬®-
¦¥â ¡ëâì ¯®«®¦¥  ¢ ®¯à¥¤¥«¥¨¥ ¤¨ ¬¨ç¥áª®£® å ®á  ([5], á. 31). � ª®© á«ãç ©, ¢ ç áâ®áâ¨,
¨¬¥¥â ¬¥áâ® ¤«ï £¥®¤¥§¨ç¥áª®£® ¯®â®ª  ¢ ª®¬¯ ªâëå ¯à®áâà áâ¢ å ®âà¨æ â¥«ì®© ªà¨¢¨§ë
([6], á. 275). �à¨ � = 0 âà ¥ªâ®à¨ï ¬®¦¥â ¡ëâì ª ª ãáâ®©ç¨¢®©, â ª ¨ ¥ ãáâ®©ç¨¢®©.

�ã¤¥¬ ¯à¥¤¯®« £ âì ¤ «¥¥, çâ® ãà ¢¥¨¥ (1.1) ¤®¯ãáª ¥â s-¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã á¨¬-
¬¥âà¨¨ G, ¯à¨ç¥¬ £àã¯¯  G ¤¥©áâ¢ã¥â   ¬®£®®¡à §¨¨ M âà §¨â¨¢®, ga | í«¥¬¥â £àã¯¯ë
G, «¥¦ é¨© ¢ ®ªà¥áâ®áâ¨ ¥¤¨¨æë £àã¯¯ë ga 2 Ve � G, a = (a1; : : : ; as) | «®ª «ìë¥ ª®®à¤¨-
 âë ¢ ®ªà¥áâ®áâ¨ Ve, gaja=0 = e. �¥©áâ¢¨¥ í«¥¬¥â  £àã¯¯ë ga   â®çªã ¬®£®®¡à §¨ï q ¡ã¤¥¬
®¡®§ ç âì ç¥à¥§ g(t)a (q) (â. ª. ¤¥©áâ¢¨¥ ¬®¦¥â § ¢¨á¥âì ®â ¯ à ¬¥âà  t, â® ¬ë ¥£® ãª §ë¢ ¥¬ ¢
ï¢®¬ ¢¨¤¥). �§ ®¯à¥¤¥«¥¨ï £àã¯¯ë á¨¬¬¥âà¨¨ á«¥¤ã¥â á®®â®è¥¨¥

g(t)a � ht = ht � g
(t0)
a : (1.3)

�¡®§ ç¨¬ ç¥à¥§ �(t)� £¥¥à â®àë £àã¯¯ë ¯à¥®¡à §®¢ ¨©

�(t)�  (q) �
@

@a�
 (g(t)a (q))ja=0;

£¤¥  (q) | ¯à®¨§¢®«ì ï ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï   ¬®£®®¡à §¨¨ M . � «®-
ª «ìëå ª®®à¤¨ â å ¨¬¥¥¬

�(t)� = �i�(t; x)@xi ; �i�(t; x) �
@

@a�
(g(t)a (x))ija=0; � = 1; : : : ; s:

�á«®¢¨¥ ®¤®à®¤®áâ¨ ¬®£®®¡à §¨ï M íª¢¨¢ «¥â® à ¢¥áâ¢ã

rank k�i�(t0; x)k = n: (1.4)

�¨ää¥à¥æ¨àãï ãà ¢¥¨¥ (1.3) ¯® ¯¥à¥¬¥®© a� ¢ â®çª¥ a = 0 ¨ ¯® ¯¥à¥¬¥®© t ¯à¨ t = t0,
¯®«ãç¨¬ ¨ä¨¨â¥§¨¬ «ìë©   «®£ íâ®£® á®®â®è¥¨ï

@�(t)�
@t

= [�(t)� ; v(t)]: (1.5)

�â® ãà ¢¥¨¥ ï¢«ï¥âáï ®¯à¥¤¥«ïîé¨¬ ¤«ï  å®¦¤¥¨ï  «£¥¡àë á¨¬¬¥âà¨¨ ãà ¢¥¨ï (1.1).

2. �®ª § â¥«¨ �ï¯ã®¢ 

�¢¥¤¥¬ ®¡®§ ç¥¨¥ qt(a) = g(t)a (ht(q)). �§ (1.3) á«¥¤ã¥â, çâ® ¥á«¨ qt | à¥è¥¨¥ ãà ¢¥¨ï
(1.1) á  ç «ìë¬ § ç¥¨¥¬ qtjt=t0 = q, â® qt(a) | â ª¦¥ à¥è¥¨¥ íâ®£® ãà ¢¥¨ï á  ç «ìë¬
ãá«®¢¨¥¬ qt(a)jt=t0 = q(a) = g(t0)a (q), â. ¥.

d

dt
qt(a) = v(t)(qt(a)); qt0(a) = g(t0)a (q): (2.1)
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�¨ää¥à¥æ¨àãï (2.1) ¯® a� ¢ â®çª¥ a = 0, ¯®«ãç¨¬

d

dt
�(t)� (qt) = v(t)� (qt)�

(t)
� (qt); (2.2)

çâ® ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â â ª¦¥ ¨ ¨§ ãà ¢¥¨ï (1.5). � ª¨¬ ®¡à §®¬, ¢¥ªâ®àë �(t)� (qt) ï¢«ï-
îâáï à¥è¥¨ï¬¨ «¨¥©®© á¨áâ¥¬ë (1.2) ¨ ¢ á¨«ã âà §¨â¨¢®áâ¨ ¤¥©áâ¢¨ï £àã¯¯ë (1.4) ¯®à®-
¦¤ îâ ¢á�¥ ª á â¥«ì®¥ ¯à®áâà áâ¢® TqtM . � ç¥ £®¢®àï, à¥è¥¨¥ ãà ¢¥¨ï (1.2) ¯à¥¤áâ ¢«ï-
¥âáï ¢ ¢¨¤¥ wt =

P
�
C��(t)� (qt), C� = const. �§ íâ®£® á®®â®è¥¨ï á«¥¤ã¥â

�¥®à¥¬  1. �¥ªâ®àë¥ ¯®«ï �(t)� (qt) | £¥¥à â®àë £àã¯¯ë á¨¬¬¥âà¨¨ ãà ¢¥¨ï (1:1) |
®¯à¥¤¥«ïîâ á¯¥ªâà ¯®ª § â¥«¥© íªá¯®¥æ¨ «ì®£® à®áâ  á¨áâ¥¬ë (1:2)

�(w0) = lim
t!1

1
t
ln kC�

0 �
(t)
� (qt)k;

¨, ¢ ç áâ®áâ¨, áâ àè¨© ¯®ª § â¥«ì ¬®¦¥â ¡ëâì ¢ëç¨á«¥ ¯® ä®à¬ã«¥

� = lim
t!1

1
t
ln
�
max
t
k�(t)� (qt)k

�
:

� áá¬®âà¨¬ ¤®áâ â®ç® à á¯à®áâà ¥ë© á«ãç ©, ª®£¤  ¨â¥à¥áãîé ï  á âà ¥ªâ®à¨ï qt
«¥¦¨â ¢ § ¬ªãâ®© ®£à ¨ç¥®© ®¡« áâ¨ D �M . � ª ï á¨âã æ¨ï å à ªâ¥à  ¤«ï á¨áâ¥¬ ãà ¢-
¥¨©, ®¯¨áë¢ îé¨å ¥«¨¥©ë¥ ª®«¥¡ ¨ï. �¥âàã¤® ¤®ª § âì á¯à ¢¥¤«¨¢®áâì á«¥¤ãîé¥£®
ãâ¢¥à¦¤¥¨ï.

�«¥¤áâ¢¨¥ 1. �á«¨ âà ¥ªâ®à¨ï qt «¥¦¨â ¢ § ¬ªãâ®© ®£à ¨ç¥®© ®¡« áâ¨ D � M , ¨ ¢
íâ®© ®¡« áâ¨ ¢¥ªâ®àë¥ ¯®«ï �(t)� (q) ®£à ¨ç¥ë ¨ § ¢¨áïâ ®â ¯ à ¬¥âà  t ¥ ¡®«¥¥, ç¥¬ íªá-
¯®¥æ¨ «ìë¬ ®¡à §®¬, â. ¥. ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï ï B" < 1, çâ®
max
�

sup
q2D; t�t0

k�(t)� (q)k � B"e
t", â® ¢á¥ ¯®ª § â¥«¨ �ï¯ã®¢  íâ®© âà ¥ªâ®à¨¨ ¥¯®«®¦¨â¥«ìë.

� ª¨¬ ®¡à §®¬, ¤«ï á¨áâ¥¬ á á¨¬¬¥âà¨ï¬¨ ¤®áâ â®ç® ¯à®¢¥à¨âì ®£à ¨ç¥®áâì ¢¥ªâ®àëå
¯®«¥© ¢ ®¡« áâ¨, £¤¥ ¯à®å®¤¨â ¨áá«¥¤ã¥¬ ï âà ¥ªâ®à¨ï, çâ®¡ë ãáâ ®¢¨âì ¥®âà¨æ â¥«ì®áâì
¯®ª § â¥«¥© �ï¯ã®¢ .

�à¨¢¥¤¥¬ ¯à¨¬¥à. � áá¬®âà¨¬ á«¥¤ãîéãî á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (M =
R3): 8>><

>>:
_x1 = x2;

_x2 = x2x3;

_x3 = (x2)2'(x1) + (x3)2=2:

(2.3)

�¨áâ¥¬  (2.3) ¤®¯ãáª ¥â  «£¥¡àã �¨ á¨¬¬¥âà¨¨ sl(2) á £¥¥à â®à ¬¨

�(t)1 = v = x2@x1 + x2x3@x2 + [(x2)2'(x1) + (x3)2=2]@x3 ;

�
(t)
2 = tx2@x1 + x2(1 + tx3)@x2 + [t((x2)2'(x1) + (x3)2=2) + x3]@x3 ;

�
(t)
3 = t2x2@x1 + tx2(tx3 + 2)@x2 + [t2((x2)2'(x1) + (x3)2=2) + 2tx3 + 2]@x3 :

�¨áâ¥¬  (2.3) ¥¨â¥£à¨àã¥¬  ¢ ª¢ ¤à âãà å. �á¯®«ì§ãï ¤¢ã¬¥àãî à §à¥è¨¬ãî ¯®¤ «£¥¡àã ¢
sl(2), ¥¥ ¬®¦® á¢¥áâ¨ ª ãà ¢¥¨î �¨ªª â¨, £¤¥ ¥«¨¥©®áâì ®¯à¥¤¥«ï¥âáï äãªæ¨¥© '(x1).
�à¨ íâ®¬ à¥¤ãæ¨à®¢ ®¥ ãà ¢¥¨¥ ¥ ¡ã¤¥â ã¦¥ ¤®¯ãáª âì ¨ª ª®© £àã¯¯ë á¨¬¬¥âà¨¨.

� á¨«ã  ¢â®®¬®áâ¨ á¨áâ¥¬ë (2.3) ¡¥§ ¯®â¥à¨ ®¡é®áâ¨ ¬®¦® ¯®«®¦¨âì t0 = 0. �à®¬¥
â®£®, det �ij(0; x) = 2(x2)2 ¨, â ª¨¬ ®¡à §®¬, £àã¯¯  sl(2) ¤¥©áâ¢ã¥â âà §¨â¨¢®   âà¥å¬¥à®¬
¯à®áâà áâ¢¥, ¨áª«îç ï ¯«®áª®áâì x2 = 0. � ¬¥â¨¬, çâ® ¢ ¤ ®¬ á«ãç ¥ ¯«®áª®áâì x2 = 0
ï¢«ï¥âáï ¨¢ à¨ âë¬ ¯®¤¬®£®®¡à §¨¥¬ ®â®á¨â¥«ì® «®ª «ì®£® ¯®â®ª  ht. �®íâ®¬ã «¨¡®
¢áï âà ¥ªâ®à¨ï xt «¥¦¨â ¢ íâ®© ¯«®áª®áâ¨, «¨¡® ¥ ¨¬¥¥â á ¥© ®¡é¨å â®ç¥ª. � ¯¥à¢®¬ á«ãç ¥
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á¨áâ¥¬  (2.3) «¥£ª® ¨â¥£à¨àã¥âáï x1t = x1, x2t = 0, x3t = x3=(1 � tx3). �® ¢â®à®¬ á«ãç ¥ £àã¯¯ 
á¨¬¬¥âà¨¨ âà §¨â¨¢ , äãªæ¨¨ j�ij(t; x)j à áâãâ ¯® ¢à¥¬¥¨ «¨èì áâ¥¯¥ë¬ ®¡à §®¬ ¨ ¥á«¨
âà ¥ªâ®à¨ï xt «¥¦¨â ¢ ®£à ¨ç¥®© ®¡« áâ¨ (íâ® á¯à ¢¥¤«¨¢®,  ¯à., ¤«ï '(x1) = sin(x1)),
â® á®£« á® á«¥¤áâ¢¨î 1 áâ àè¨© ¯®ª § â¥«ì âà ¥ªâ®à¨¨ xt ¥¯®«®¦¨â¥«¥ (çâ® íª¢¨¢ «¥â®
®âáãâáâ¢¨î ¤¨ ¬¨ç¥áª®£® å ®á  ¢ íâ®© ®¡« áâ¨).

3. �à ¢¥¨ï   ª®¬¯ ªâëå £àã¯¯ å �¨

�®¦® ¯®áâà®¨âì ª« áá ¥¨â¥£à¨àã¥¬ëå á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ®¡« ¤ î-
é¨å ¤®áâ â®ç® è¨à®ª®© £àã¯¯®© á¨¬¬¥âà¨¨, çâ®¡ë áã¤¨âì ®¡ ¨å ãáâ®©ç¨¢®áâ¨. �¬¥®, à á-
á¬®âà¨¬ á«ãç ©, ª®£¤  ¬®£®®¡à §¨¥ M = G | ª®¬¯ ªâ ï £àã¯¯  �¨. �¡®§ ç¨¬ ç¥à¥§ �i,
�j á®®â¢¥âáâ¢¥® «¥¢®- ¨ ¯à ¢®¨¢ à¨ âë¥ ¢¥ªâ®àë¥ ¯®«ï   £àã¯¯¥ G. �«ï «î¡®© ª®¬-
¯ ªâ®© £àã¯¯ë �¨ ¢ ª á â¥«ì®¬ ¯à®áâà áâ¢¥ ª ¥¤¨¨æ¥ TeG áãé¥áâ¢ã¥â Adg-¨¢ à¨ â ï
¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ ï ¡¨«¨¥© ï ä®à¬  Gij (¬¥âà¨ª  ¢ TeG). �¨¨¢ à¨ âãî à¨¬ ®-
¢ã ¬¥âà¨ªã gij(q)   £àã¯¯¥ �¨ ¬®¦® ¯®«ãç¨âì, ¤¥©áâ¢ãï «¥¢ë¬¨ á¤¢¨£ ¬¨   Gij ,

gij(q) = (Lq)�Gij : (3.1)

�ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ «¥¢®¨¢ à¨ âëå ¢¥ªâ®àëå ¯®«¥© ¢ ¬¥âà¨ª¥ (3.1) ¯®áâ®ï®, â. ¥. ¥
§ ¢¨á¨â ®â â®çª¨

(�i(q); �j(q)) = (�i(e); �j(e)) = Gij :

�ã¤¥¬ áç¨â âì, çâ® á¢ï§®áâì   ¬®£®®¡à §¨¨ G á®£« á®¢   á ¬¥âà¨ª®© (3.1).
�¢¥¤¥¬ ¥ ¢â®®¬®¥ ¯à ¢®¨¢ à¨ â®¥ ¢¥ªâ®à®¥ ¯®«¥

v(t) =
X
i

ci(t)�i; (3.2)

£¤¥ ci(t) | ¥ª®â®àë¥ ¯à®¨§¢®«ìë¥ äãªæ¨¨ ®â ¢à¥¬¥¨. � ª ª ª ª ¦¤®¥ «¥¢®¨¢ à¨ â®¥
¢¥ªâ®à®¥ ¯®«¥ �j ª®¬¬ãâ¨àã¥â á «î¡ë¬ ¯à ¢®¨¢ à¨ âë¬ ¢¥ªâ®àë¬ ¯®«¥¬ �i, â® ¢ë¯®«¥®
ãá«®¢¨¥ (1.5) [�j ; v(t)] = 0. � ª¨¬ ®¡à §®¬, á¨áâ¥¬  ãà ¢¥¨© (1.1)   ª®¬¯ ªâ®© £àã¯¯¥ �¨
G á ¢¥ªâ®àë¬ ¯®«¥¬ (3.2) ¤®¯ãáª ¥â íâã ¦¥ £àã¯¯ã á¨¬¬¥âà¨¨ G á £¥¥à â®à ¬¨ �j. �à¨ç¥¬
¤¥©áâ¢¨¥ £àã¯¯ë á¨¬¬¥âà¨¨ ï¢«ï¥âáï âà §¨â¨¢ë¬ det �ij 6= 0. �â¬¥â¨¬, çâ® ¢ á¨«ã ¯à®¨§¢®«ì-
®áâ¨ äãªæ¨© ci(t) ¢ (3.2) á¨áâ¥¬  (1.1) ¢ ®¡é¥¬ á«ãç ¥ ¥¨â¥£à¨àã¥¬ ,   ãáâ®©ç¨¢®áâì ¢á¥å
¥¥ à¥è¥¨© «¥£ª® á«¥¤ã¥â ¨§ â¥®à¥¬ë 2.

�¥®à¥¬  2. �«ï «î¡ëå ¤¢ãå ¨â¥£à «ìëå âà ¥ªâ®à¨© ht(p), ht(q) ¥ ¢â®®¬®£® ¯à ¢®-
¨¢ à¨ â®£® ¢¥ªâ®à®£® ¯®«ï (3:2)   ª®¬¯ ªâ®© £àã¯¯¥ �¨ á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

d(ht(p); ht(q)) = d(p; q):

�®ª § â¥«ìáâ¢®. �ãáâì ht | ªà¨¢ ï ¢ £àã¯¯¥ G, ¯à®å®¤ïé ï ç¥à¥§ ¥¤¨¨æã £àã¯¯ë ¨
ã¤®¢«¥â¢®àïîé ï á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

dht
dt

= v(t)(ht); ht0 = e:

� á¨«ã ¯à ¢®¨¢ à¨ â®áâ¨ ¯®«ï v(t) ¤¥©áâ¢¨¥ ht(q) ï¢«ï¥âáï «¥¢ë¬ á¤¢¨£®¬   í«¥¬¥â £àã¯-
¯ë ht: ht(q) = htq. � «®£¨ç® ¤¥©áâ¢¨¥ í«¥¬¥â  ga £àã¯¯ë á¨¬¬¥âà¨¨   â®çªã q ï¢«ï¥âáï
¯à ¢ë¬ á¤¢¨£®¬ ga(q) = qga. �®¥¤¨¨¬ ¤¢¥ ¯à®¨§¢®«ìë¥ â®çª¨ p, q ªà âç ©è¥© £¥®¤¥§¨ç¥áª®©.
�§¢¥áâ®, çâ® ¢á¥ £¥®¤¥§¨ç¥áª¨¥ ¢ ª®¬¯ ªâ®© £àã¯¯¥ �¨, ¯à®å®¤ïé¨¥ ç¥à¥§ â®çªã q, ¯®«ãç îâáï
¤¥©áâ¢¨¥¬ «¥¢®£® á¤¢¨£  Lq   ®¤®¯ à ¬¥âà¨ç¥áª¨¥ ¯®¤£àã¯¯ë q(�) = qg�, g� | ®¤®¯ à ¬¥-
âà¨ç¥áª ï £àã¯¯ , ¯®à®¦¤¥ ï «¥¢®¨¢ à¨ âë¬ ¢¥ªâ®àë¬ ¯®«¥¬ � = ai�j . �¥®¤¥§¨ç¥áª ï
g(�) ï¢«ï¥âáï ¨â¥£à «ì®© âà ¥ªâ®à¨¥© «¥¢®¨¢ à¨ â®£® ¢¥ªâ®à®£® ¯®«ï �

dq(�)
d�

= �(q(�)); q(0) = q:
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�¥ â¥àïï ®¡é®áâ¨, ¡ã¤¥¬ áç¨â âì (�; �) = 1, â. ¥. kak =
p
aiajGij = 1. � ç¥ £®¢®àï, � |

 âãà «ìë© ¯ à ¬¥âà ªà¨¢®© q(�).
�ãáâì p = g�(a) = qg� = q(�), â®£¤ 

d(p; q) = d(g�(q); q) =
Z �

0

s
gij(x�)

dxi�
d�

dxj�
d�

d� =
Z �

0

q
gij(x�)�i(x�)�j(x�) d� =

Z �

0

q
(�; �) d� = �;

£¤¥ x� | ª®®à¤¨ âë â®çª¨ q(�). � á¨«ã ¯à®¨§¢®«ì®áâ¨ â®çª¨ q ¨¬¥¥¬

d(ht(p); ht(q)) = d(ht(g�(q)); ht(q)) = d(g�(qt); qt) = �: �

�§ ãâ¢¥à¦¤¥¨ï ¨ ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ®ç¥¢¨¤ë¬ ®¡à §®¬ ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 2. �á¥ ¯®ª § â¥«¨ íªá¯®¥æ¨ «ì®£® à®áâ  ¤«ï ¨â¥£à «ìëå âà ¥ªâ®à¨© ¥-
 ¢â®®¬ëå ¯à ¢®¨¢ à¨ âëå ¢¥ªâ®àëå ¯®«¥©   ª®¬¯ ªâëå £àã¯¯ å �¨ â®¦¤¥áâ¢¥®
à ¢ë ã«î.

�«¥¤áâ¢¨¥ 3. �¥®¤¥§¨ç¥áª¨¥ ª®¬¯ ªâëå £àã¯¯ �¨ ãáâ®©ç¨¢ë ¨ ¨¬¥îâ ã«¥¢ë¥ ¯®ª § â¥«¨
�ï¯ã®¢ .

�â® ãâ¢¥à¦¤¥¨¥ á®£« áã¥âáï á å®à®è® ¨§¢¥áâë¬ ä ªâ®¬ ® ¥®âà¨æ â¥«ì®áâ¨ á¥ªæ¨®®©
ªà¨¢¨§ë ª®¬¯ ªâ®© £àã¯¯ë �¨ ¯® «î¡®¬ã ¤¢ã¬¥à®¬ã  ¯à ¢«¥¨î. � ª ç¥áâ¢¥ ¯à¨¬¥à 
à áá¬®âà¨¬ ãà ¢¥¨ï   £àã¯¯¥ SU(2). �¥¢®- ¨ ¯à ¢®¨¢ à¨ âë¥ ¢¥ªâ®àë¥ ¯®«ï   íâ®©
£àã¯¯¥ ¨¬¥îâ ¢¨¤

�1 =
cos 
cos �

@' + sin @� � tg � cos @ ;

�2 = �
sin 
cos �

@' + cos @� + tg � sin @ ;

�3 = @ ;

�1 = @';

�2 = tg � sin'@' + cos'@� �
sin'
cos �

@ ;

�3 = �tg� cos'@' + sin'@� +
cos'
cos �

@ :

�¨áâ¥¬  (1.1) á ¢¥ªâ®àë¬ ¯®«¥¬ (3.2) ¢ íâ®¬ á«ãç ¥ ¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬:

_' = c1(t) + (c2(t) sin'� c3(t) cos') tg �;

_� = c2(t) cos'+ c3(t) sin';

_ = (c3(t) cos'� c2(t) sin')= cos �:

�â  á¨áâ¥¬  ¤®¯ãáª ¥â £àã¯¯ã á¨¬¬¥âà¨¨ SU(2) á £¥¥à â®à ¬¨ �i. �®¢¥àè ï § ¬¥ã äãªæ¨©
¨ ¥§ ¢¨á¨¬®© ¯¥à¥¬¥®© c3(t) = r(t) cos �(t), c2(t) = r(t) sin�(t),

c1(t) = �(t)r(t)� _�(t); � =
Z t

0

r(t)dt; '! '� �;

¯®«ãç¨¬ íª¢¨¢ «¥âãî á¨áâ¥¬ã ãà ¢¥¨©

d'

d�
= � tg � cos'+ �(�);

d�

d�
= sin';

d 

d�
=
cos'
cos �

:
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� á¨«ã ¯à®¨§¢®«ì®áâ¨ äãªæ¨¨ �(�) íâ  á¨áâ¥¬  ¥ ¨â¥£à¨àã¥¬  ¢ ª¢ ¤à âãà å, ®¤ ª®, ª ª
á«¥¤ã¥â ¨§ â¥®à¥¬ë 2, ¢á¥ ¥¥ à¥è¥¨ï ãáâ®©ç¨¢ë ¯® �ï¯ã®¢ã.

� § ª«îç¥¨¥ íâ®£® ¯ãªâ  § ¬¥â¨¬, çâ® ¥á«¨ ¯®¬¥ïâì ¬¥áâ ¬¨ á«®¢  \¯à ¢®" ¨ \«¥¢®", â®
¢á¥ ¢ëè¥¯à¨¢¥¤¥ë¥ ãâ¢¥à¦¤¥¨ï ®áâ îâáï ¢ á¨«¥.

4. �áâ®©ç¨¢®áâì à¥è¥¨©, «¥¦ é¨å ¢ ®£à ¨ç¥®© ®¡« áâ¨

�§ ¯à¥¤ë¤ãé¨å ¯ãªâ®¢ á«¥¤ã¥â, çâ® £àã¯¯  á¨¬¬¥âà¨¨ á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢-
¥¨©, ¤¥©áâ¢ãîé ï âà §¨â¨¢®, ¢ ª ª®©-â® áâ¥¯¥¨ ®¯à¥¤¥«ï¥â ãáâ®©ç¨¢®áâì à¥è¥¨© íâ®©
á¨áâ¥¬ë. �¤ ª® ®¤®£® á¢®©áâ¢  âà §¨â¨¢®áâ¨ ¤¥©áâ¢¨ï £àã¯¯ë á¨¬¬¥âà¨¨ ¥ ¤®áâ â®ç®,
çâ®¡ë ãâ¢¥à¦¤ âì ®¡ ãáâ®©ç¨¢®áâ¨ à¥è¥¨©. � ª ç¥áâ¢¥ ¯à®áâ¥©è¥£® ª®âà¯à¨¬¥à  à áá¬®âà¨¬
ãà ¢¥¨¥   ¯®«®¦¨â¥«ì®© ¯®«ã®á¨, ¢á¥ à¥è¥¨ï ª®â®à®£® ¥ãáâ®©ç¨¢ë _xt = xt; xt > 0. �â®
ãà ¢¥¨¥ ¤®¯ãáª ¥â âà §¨â¨¢ãî £àã¯¯ã á¨¬¬¥âà¨¨ á £¥¥à â®à®¬ � = x@x.

�á«¨ ¦¥ ¨áá«¥¤ã¥¬ ï âà ¥ªâ®à¨ï ¨ ¢á¥ ¡«¨§ª¨¥ ª ¥© «¥¦ â ¢ ®£à ¨ç¥®© ®¡« áâ¨, â®
¯à¨ ¥ª®â®à®¬ ®£à ¨ç¥¨¨   £¥¥à â®àë âà §¨â¨¢®© £àã¯¯ë á¨¬¬¥âà¨¨ ¬®¦® £®¢®à¨âì ®¡
ãáâ®©ç¨¢®áâ¨ ¤ ®© âà ¥ªâ®à¨¨. �®«¥¥ â®ç®, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  3. �ãáâì á¨áâ¥¬  (1:1) ¤®¯ãáª ¥â á¢ï§ãî £àã¯¯ã á¨¬¬¥âà¨¨ G, âà §¨â¨¢®
¤¥©áâ¢ãîéãî ¢ ®âªàëâ®© ®£à ¨ç¥®© ®¡« áâ¨ D �M . �¤ãæ¨à®¢ ë¥ ¢¥ªâ®àë¥ ¯®«ï ��
¨ ¢á¥ ¨å ¯à®¨§¢®¤ë¥ ®£à ¨ç¥ë   D à ¢®¬¥à® ¯® t, â. ¥. áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï ï

B <1, çâ®

max
�;i;�;�

sup
x2'�(D\U�); t�t0

j�i(�)� (t; x)j < B: (4.1)

�®£¤  ¥á«¨ áãé¥áâ¢ã¥â è à B�1(q) â ª®©, çâ® ht(B�1(q)) � D, â® âà ¥ªâ®à¨ï ht(q) ãáâ®©ç¨¢ .

� ä®à¬ã«¥ (4.1) � = (�1; : : : ; �n) | ¬ã«ìâ¨¨¤¥ªá, ¨ ¤«ï ¯à®¨§¢®«ì®© ¡¥áª®¥ç® ¤¨ää¥-
à¥æ¨àã¥¬®© äãªæ¨¨ f   D f (�) � @�1x1 : : : @

�n
xn
f(x).

� ª ç¥áâ¢¥ ª®®à¤¨ â ¢ ®ªà¥áâ®áâ¨ ¥¤¨¨æë £àã¯¯ëG ã¤®¡® ¢§ïâì ª ®¨ç¥áª¨¥ ª®®à¤¨ -
âë ¢â®à®£® à®¤ , â. ¥. à §«®¦¨âì í«¥¬¥â £àã¯¯ë ¢ ¯à®¨§¢¥¤¥¨¥ ®¤®¯ à ¬¥âà¨ç¥áª¨å ¯®¤£àã¯¯

g(t)a = g
(t)
a1 : : : g

(t)
as ; (4.2)

g(t)a� = exp(a���) | ®¤®¯ à ¬¥âà¨ç¥áª ï ¯®¤£àã¯¯  £àã¯¯ë ¯à¥®¡à §®¢ ¨© á £¥¥à â®à®¬ ��.
�ç¥¢¨¤®, çâ® áãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«® r1, çâ® à §«®¦¥¨¥ (4.2) ¨¬¥¥â á¬ëá«
¤«ï ¢á¥å í«¥¬¥â®¢ ga, kak1 < r1, ª®â®àë¥ ®¡à §ãîâ ¥ª®â®àãî ®âªàëâãî ®ªà¥áâ®áâì ¥¤¨¨æë
£àã¯¯ë G.

�à¥¦¤¥ ç¥¬ ¯¥à¥©â¨ ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 3, ¯® ¤®¡¨âáï

�¥¬¬ . �«ï ¢á¥å kak1 < minfr1; 1=n2Bg, x 2 '(D), t � t0 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

kg(t)a (x)� xk1 <
1
n
ln

1
1� n2Bkak1

: (4.3)

�®ª § â¥«ìáâ¢®. �«ï äãªæ¨© f(x; t) = (f 1(x; t); : : : ; fn(x; t)), ®£à ¨ç¥ëå   '(D) �
[t0;1) ¨ ¯à¨¨¬ îé¨å § ç¥¨ï ¢ Rn, ®¯à¥¤¥«¨¬

kf(x; t)k � sup
x2'(D); t�t0

kf(x; t)k1:

�¢¥¤¥¬ â ª¦¥ ®¡®§ ç¥¨ï: �� = �i�(t; x)@xi | ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à ¯¥à¢®£® ¯®àï¤ª ,

� = (�1; : : : ; �s) | ¬ã«ìâ¨¨¤¥ªá, �(�) � ��11 : : : ��ss | ®¯¥à â®à ¯®àï¤ª  j�j �
sP

�=1
��. �á¯®«ì§ãï

ãá«®¢¨¥ (4.1), ¯® ¨¤ãªæ¨¨ ¥á«®¦® ¯®«ãç¨âì

max
j�j=m

k�(�)xk < Cm; Cm = nm�1Bm(m� 1) !:
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� ãç¥â®¬ íâ®£® ¥à ¢¥áâ¢  ¨¬¥¥¬

kg(t)a (x)� xk =
 X
j�j>0

a�

� !
�(�)x

 =
 X
m=1

X
j�j=m

a�

� !
�(�)x

 �
1X
m=1

kakm1
X
j�j=m

1
� !
k�(�)xk <

<
1X
m=1

kakm1Cm
X
j�j=m

1
� !

=
1
n
ln

1
1� n2Bkak1

: �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �ç¥¢¨¤®, çâ® ¤«ï «î¡ëå â®ç¥ª p, q ®£à ¨ç¥®© ®¡« áâ¨ D,
¯à¨ ¤«¥¦ é¨å ®¤®© ª àâ¥, áãé¥áâ¢ãîâ â ª¨¥ ¯®áâ®ïë¥ A�, çâ®

d(p; q) � A�kx�(p)� x�(q)k1; (4.4)

£¤¥ p; q 2 D \ U�. �¢¥¤¥¬ ®¡®§ ç¥¨¥ AD = max
�

A�. �¥à ¢¥áâ¢® (4.4) ®§ ç ¥â «¨èì, çâ®

¢ ¯à¥¤¥« å ®¤®© ª àâë äãªæ¨¨ à ááâ®ï¨ï, ¨¤ãæ¨à®¢ ë¥ à¨¬ ®¢®© ¬¥âà¨ª®© ¨ ¥¢ª«¨-
¤®¢®© ®à¬®©, íª¢¨¢ «¥âë. �«ï ¯à®¨§¢®«ì®£® " > 0 ¢¢¥¤¥¬ ç¨á«  r" = (1 � e�"n=AD)=Bn2,
r = minfr1; 1=n2B; r"g. �«ï â®çª¨ q 2 D ¨ ç¨á«  r ®¯à¥¤¥«¨¬ ®¡« áâì Vr(q) = fp 2 M j p =
g(t0)a (q); kak1 < rg. � á¨«ã âà §¨â¨¢®áâ¨ ¤¥©áâ¢¨ï £àã¯¯ë ®¡« áâì Vr(q) ï¢«ï¥âáï ®âªàëâ®©.
�®íâ®¬ã áãé¥áâ¢ã¥â ®âªàëâë© è à B�r(q) â ª®©, çâ® B�r(q) � Vr(q). �¡®§ ç¨¬ � = minf�1; �rg.
�ãáâì p | ¯à®¨§¢®«ì ï â®çª  ¨§ ®âªàëâ®£® è à  B�(q), â®£¤ 

d(ht(p); ht(q)) = d(ht(g(t0)a (q)); ht(q)) = d(g(t)a (qt); qt) � sup
q2D; t�t0

d(g(t)a (q); q):

�à¨ ¤®áâ â®ç® ¬ «ëå r â®çª¨ g(t)a (q) ¨ q «¥¦ â ¢ ®¤®© ª àâ¥ (U;'). � á¨«ã (4.3) ¨ (4.4) ¨¬¥¥¬

d(pt; qt) � AD sup
x2'(D); t�t0

kg(t)a (x)� xk1 <
AD
n

ln
1

1� n2Br
� ": �

�¨â¥à âãà 
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