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� ¡®â  ¯®á¢ïé¥  ¨áá«¥¤®¢ ¨î ®¡à â®© § ¤ ç¨ ¤¨ ¬¨ª¨ ® ¢®ááâ ®¢«¥¨¨  ¯à¨®à¨ ¥-
¨§¢¥áâëå ã¯à ¢«¥¨© ¨ ¯ à ¬¥âà®¢ ¤¨ ¬¨ç¥áª¨å á¨áâ¥¬ ¢ ãá«®¢¨ïå ¥¯®«®© ¨ä®à¬ æ¨¨
® â¥ªãé¨å ä §®¢ëå ¯®«®¦¥¨ïå á¨áâ¥¬ë ¯®  ¡«î¤¥¨î §  ¨ä®à¬ æ¨®ë¬¨ ¬®¦¥áâ¢ ¬¨,
á®¤¥à¦ é¨¬¨  ¯à¨®à¨ ¥¨§¢¥áâë¥ â¥ªãé¨¥ ä §®¢ë¥ á®áâ®ï¨ï á¨áâ¥¬ë. �®à®è® ¨§¢¥áâ®, çâ®
íâ  § ¤ ç  ï¢«ï¥âáï ¥ª®àà¥ªâ®©. �à¥¤« £ îâáï ¤¨ ¬¨ç¥áª¨¥ ¯®§¨æ¨®ë¥ à¥£ã«ïà¨§¨àãî-
é¨¥  «£®à¨â¬ë à¥è¥¨ï § ¤ ç¨, ®¡« ¤ îé¨¥ á¢®©áâ¢®¬ ä¨§¨ç¥áª®© ®áãé¥áâ¢¨¬®áâ¨ ¨ á¯®á®¡-
ë¥ à ¡®â âì ¢ à¥¦¨¬¥ à¥ «ì®£® ¢à¥¬¥¨. � ®á®¢¥ ¯®áâà®¥¨© «¥¦ â à¥§ã«ìâ âë à ¡®â [1]{[3],
®¯¨à îé¨¥áï   ¬¥â®¤ë â¥®à¨¨ ¯®§¨æ¨®®£® ã¯à ¢«¥¨ï [4]{[8] ¨ ¬¥â®¤ë â¥®à¨¨ ¥ª®àà¥ªâëå
§ ¤ ç [9]{[12].

1. �®áâ ®¢ª  § ¤ ç¨

� áá¬®âà¨¬ ã¯à ¢«ï¥¬ãî ¤¨ ¬¨ç¥áªãî á¨áâ¥¬ã, â¥ªãé¨¥ á®áâ®ï¨ï ª®â®à®© ®¯¨áë¢ îâáï
ä §®¢ë¬ ¢¥ªâ®à®¬ x = x(t) 2 Rn, ¨§¬¥ïîé¨¬áï ¢® ¢à¥¬¥¨ t ¢ á®®â¢¥âáâ¢¨¨ á ¤¨ää¥à¥æ¨-
 «ìë¬ ãà ¢¥¨¥¬

_x = f(t; x; u); t0 � t � #; x(t0) = x0: (1.1)

�¤¥áì f(t; x; u) | § ¤  ï ¢¥ªâ®à-äãªæ¨ï, ®âà ¦ îé ï ¤¨ ¬¨ç¥áª¨¥ á¢®©áâ¢  á¨áâ¥¬ë; u
| ¢¥ªâ®à ã¯à ¢«ïîé¨å ¢®§¤¥©áâ¢¨©   á¨áâ¥¬ã (ª®à®ç¥ | ã¯à ¢«¥¨¥, ¯ à ¬¥âà), ¤®¯ãáâ¨¬ë¥
â¥ªãé¨¥ ¢ ¬®¬¥â ¢à¥¬¥¨ t § ç¥¨ï u = u(t) ª®â®à®£® ¯®¤ç¨¥ë § ¤ ë¬ £¥®¬¥âà¨ç¥áª¨¬
®£à ¨ç¥¨ï¬

u(t) 2 P � Rm; (1.2)

®âà ¦ îé¨¬ ¢®§¬®¦®áâ¨ ã¯à ¢«¥¨ï ¨«¨ å à ªâ¥à¨§ãîé¨¬ ¨§¢¥áâë¥ ®æ¥ª¨ ¤®¯ãáâ¨¬®£®
¨§¬¥¥¨ï ¯ à ¬¥âà .

� á®¤¥à¦ â¥«ì®© â®çª¨ §à¥¨ï ¨§ãç ¥¬ ï § ¤ ç  á®áâ®¨â ¢ á«¥¤ãîé¥¬. �®¯ãáâ¨¬, çâ® § 
ã¯à ¢«ï¥¬®© ¤¨ ¬¨ç¥áª®© á¨áâ¥¬®© (1.1) ®áãé¥áâ¢«ï¥âáï  ¡«î¤¥¨¥   ¯à®¬¥¦ãâª¥ ¢à¥¬¥¨
T = [t0; #] (�1 < t0 < # < +1). �à¨  ¡«î¤¥¨¨ §  ¤¢¨¦¥¨¥¬ á¨áâ¥¬ë  ¡«î¤ â¥«ì ¯®-
«ãç ¥â ¥ª®â®àãî ¨ä®à¬ æ¨î, ª®â®à ï ¯®§¢®«ï¥â ¥¬ã â®«ìª® ®æ¥¨¢ âì (¢®®¡é¥ £®¢®àï, ¥
¬ «ë¥) ®¡« áâ¨ G(t) ¢ ä §®¢®¬ ¯à®áâà áâ¢¥ Rn, á®¤¥à¦ é¨¥ â¥ªãé¨¥ § ç¥¨ï x(t) ä §®¢®£®
¢¥ªâ®à  x á¨áâ¥¬ë, ® íâ  ¨ä®à¬ æ¨ï ¥¤®áâ â®ç  ¨ ¤«ï â®ç®£® ¢ëç¨á«¥¨ï § ç¥¨ï x(t),
¨ ¤«ï ¥£® ã¤®¢«¥â¢®à¨â¥«ì®£® áâ â¨áâ¨ç¥áª®£® ®¯¨á ¨ï ¢ ¯à¥¤¥« å íâ®© ¨ä®à¬ æ¨®®©
®¡« áâ¨ G(t). �®¯à®á ® â®¬, ª ª ä®à¬¨àãîâáï ®¡« áâ¨ G(t)   ®á®¢¥ â®£® ¨«¨ ¨®£® á¯®á®¡ 
 ¡«î¤¥¨ï §  á¨áâ¥¬®© (1.1), ®áâ ¢¨¬ ¢ áâ®à®¥. �à¨¬¥¬ ¯à®áâ®, çâ® ¨ä®à¬ æ¨ï, ¯®áâã¯ -
îé ï  ¡«î¤ â¥«î ª ¬®¬¥âã ¢à¥¬¥¨ t 2 T , ¯®§¢®«ï¥â ¥¬ã ¯à¨ ¯®¬®é¨ ª ª¨å-â® ®¯¥à æ¨©
®¯à¥¤¥«¨âì ®¡« áâì G(t), ¯à¨ç¥¬ ã ¥£® ¥â ¢®§¬®¦®áâ¨ ãâ®ç¨âì íâ¨ ¤ ë¥ ¢ ¬®¬¥â t â ª,

� ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (£à âë 96-01-
00846, 97-01-01060).
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çâ®¡ë  ©â¨ ¬¥ìèãî ¯®¤®¡« áâì ®¡« áâ¨ G(t). �¥ª®â®àë¥ ¨§ á¯®á®¡®¢ ¯®áâà®¥¨ï â ª¨å ®¯¥-
à æ¨©  ¡«î¤¥¨ï ®¯¨á ë,  ¯à¨¬¥à, ¢ [4], [5], [8]. � ¤ ç  ¢®ááâ ®¢«¥¨ï á®áâ®¨â ¢ â®¬, çâ®¡ë
 ©â¨ âã à¥ «¨§ æ¨î u = u(t), t 2 T , ã¯à ¢«ïîé¥£® ¢®§¤¥©áâ¢¨ï (¯ à ¬¥âà ), ª®â®à ï ®â¢¥ç ¥â
 ¡«î¤¥¨î §  ¤¢¨¦¥¨¥¬ á¨áâ¥¬ë (1.1), ¨¬¥ï ¢ ª ç¥áâ¢¥ ¨áå®¤®© ¨ä®à¬ æ¨¨ ¤«ï à¥è¥¨ï
§ ¤ ç¨ ¬®¦¥áâ¢  G(t), t 2 T . �à¥¤¯®« £ ¥âáï, çâ®  ¡«î¤ â¥«î, áâà¥¬ïé¥¬ãáï ª à¥è¥¨î
§ ¤ ç¨ ¢®ááâ ®¢«¥¨ï, ¨§¢¥áâë â ª¦¥ äãªæ¨ï f ¨ ¬®¦¥áâ¢® P .

�ã¤¥¬ áâà¥¬¨âìáï ª â ª®¬ã ¬¥â®¤ã à¥è¥¨ï § ¤ ç¨, ª®â®àë© ®áãé¥áâ¢«ï« ¡ë ¢®ááâ ®¢«¥-
¨¥ ¨áª®¬®£® ã¯à ¢«ïîé¥£® ¢®§¤¥©áâ¢¨ï ¢ ¤¨ ¬¨ª¥ (á¨åà®® á à §¢¨â¨¥¬ ¯à®æ¥áá  ¢® ¢à¥-
¬¥¨ ¨«¨, ª ª ¥é¥ £®¢®àïâ, ¢ â¥¬¯¥ à¥ «ì®£® ¢à¥¬¥¨). �à¨ ¢®ááâ ®¢«¥¨¨ ¨áª®¬®© ¢¥«¨ç¨ë
¬®¦¥â ãç¨âë¢ âìáï â®«ìª® â  ¨ä®à¬ æ¨ï ®¡ ®¡ê¥ªâ¥, ª®â®à ï ¯®áâã¯¨«  ¯® å®¤ã ¯à®æ¥áá 
¢ á®®â¢¥âáâ¢ãîé¨© â¥ªãé¨© ¬®¬¥â ¢à¥¬¥¨. � ¬ ¯à®æ¥áá ¢®ááâ ®¢«¥¨ï ¤®«¦¥ ¡ëâì ®¤®-
à §®¢ë¬ ¨ ¥£® ¥¢®§¬®¦® ¡ë«® ¡ë ¯®¢â®à¨âì, ¥ ¢¥àã¢è¨áì ¢® ¢à¥¬¥¨  § ¤. �â®¡ë â ª®¥
¤¨ ¬¨ç¥áª®¥ à¥è¥¨¥ § ¤ ç¨ ¢®ááâ ®¢«¥¨ï ¨¬¥«® ¯à ªâ¨ç¥áªãî æ¥®áâì, ¯à¥¤áâ ¢«ï¥âáï
¥áâ¥áâ¢¥ë¬ áâà®¨âì á®®â¢¥âáâ¢ãîé¨¥ à §à¥è îé¨¥ ®¯¥à æ¨¨ (®¯¥à â®àë) ¢ ª« áá¥ ®¯¥à -
æ¨© (®¯¥à â®à®¢), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î ä¨§¨ç¥áª®© ®áãé¥áâ¢¨¬®áâ¨, ª®â®à®¥ ¨®£¤  ¥é¥
 §ë¢ îâ ãá«®¢¨¥¬  á«¥¤áâ¢¥®áâ¨ ¨«¨ ãá«®¢¨¥¬ ¯à¨ç¨®áâ¨ [6], [7], [13]. �ãâì íâ®£® ãá«®-
¢¨ï á®áâ®¨â ¢ â®¬, çâ® à¥§ã«ìâ âë ®¯¥à æ¨© (¢ëå®¤ë) á®¢¯ ¤ îâ ¢® ¢à¥¬¥¨ ¤® â¥å ¯®à, ¯®ª 
á®¢¯ ¤ îâ ¢® ¢à¥¬¥¨  à£ã¬¥âë (¢å®¤ë). �®®â¢¥âáâ¢ãîé¨¥ ¬®â¨¢¨à®¢ª¨ ¨ à §«¨çë¥ ¯à¨¬¥-
àë á®¤¥à¦ â¥«ìëå § ¤ ç, ¢ ª®â®àëå ¢ ¦® ¯®«ãç¨âì ¤¨ ¬¨ç¥áª®¥ à¥è¥¨¥ ®¡à â®© § ¤ ç¨
¢®ááâ ®¢«¥¨ï ¨«¨ à¥ª®áâàãªæ¨¨ ã¯à ¢«¥¨© (¯ à ¬¥âà®¢), ¯à¨¢¥¤¥ë,  ¯à¨¬¥à, ¢ [1]{[3],
[14].

�â¬¥â¨¬ ¥é¥ ®¤ã ¢ ¦ãî ®á®¡¥®áâì à áá¬ âà¨¢ ¥¬®© § ¤ ç¨. �â  ®á®¡¥®áâì á®áâ®¨â ¢
â®¬, çâ® § ¤ ç  ï¢«ï¥âáï, ¢®®¡é¥ £®¢®àï, ¥ª®àà¥ªâ®© ¯® ®â®è¥¨î ª ¬ «ë¬ ¯®£à¥è®áâï¬ ¢
®¯à¥¤¥«¥¨¨ (¨§¬¥à¥¨¨) ¨ä®à¬ æ¨®ëå ®¡« áâ¥© G(t). �â® ®¡áâ®ïâ¥«ìáâ¢® § áâ ¢«ï¥â à á-
á¬ âà¨¢ âì § ¤ çã ¯®¤ ã£«®¬ §à¥¨ï â¥®à¨¨ ¥ª®àà¥ªâëå § ¤ ç ¨ ¯à¨ ¯®áâà®¥¨¨ à¥è¥¨ï
¨á¯®«ì§®¢ âì  ¯¯ à â à¥£ã«ïà¨§¨àãîé¨å ®¯¥à â®à®¢ [9]{[12]. �à®¬¥ â®£®, ¢ à áç¥â¥   ¢®§¬®¦-
®áâì ¯à ªâ¨ç¥áª®£® à¥è¥¨ï § ¤ ç¨ á ¯®¬®éìî ���, ¡ã¤¥¬ áâà¥¬¨âìáï ª à¥è¥¨î § ¤ ç¨ ¢
¤¨áªà¥â®© ¯® ¢à¥¬¥¨ áå¥¬¥.

�£®¢®à¨¬ å à ªâ¥à ¨§¬¥¥¨ï ¬®¦¥áâ¢ G(t) á® ¢à¥¬¥¥¬. �à¨¬¥¬, çâ® ª ª®¢ë ¡ë ¨ ¡ë«¨
¬®¬¥âë ¢à¥¬¥¨ t1; t2 2 T , t1 � t2,  ©¤¥âáï ¥ª®â®à ï ¤®¯ãáâ¨¬ ï à¥ «¨§ æ¨ï ã¯à ¢«ïîé¥£®
¢®§¤¥©áâ¢¨ï u = u(t), t1 � t � t2, ¯®¤ ¤¥©áâ¢¨¥¬ ª®â®à®© ã¯à ¢«ï¥¬ ï á¨áâ¥¬  ¯¥à¥å®¤¨â ¨§
â®ç¥ª ¬®¦¥áâ¢  G(t1), ª ª ¨§  ç «ìëå ¤«ï ¬®¬¥â  ¢à¥¬¥¨ t1,   â®çª¨ ¬®¦¥áâ¢  G(t2)
¢ ¬®¬¥â ¢à¥¬¥¨ t2 á®£« á® § ª®ã (1.1). �à¨ â ª®¬ å à ªâ¥à¥ ¤¥ä®à¬ æ¨© ¨ä®à¬ æ¨®ëå
¬®¦¥áâ¢ ¨áå®¤ãî § ¤ çã ¬®¦® ¡ë«® ¡ë à áá¬ âà¨¢ âì â ª ¦¥, ª ª § ¤ çã ¤¨ ¬¨ç¥áª®£®
®¯à¥¤¥«¥¨ï â®© à¥ «¨§ æ¨¨ ã¯à ¢«ïîé¥£® ¢®§¤¥©áâ¢¨ï, ª®â®à ï ¯®à®¦¤ ¥â  ¡«î¤ ¥¬®¥ ¤¢¨-
¦¥¨¥ á¥ç¥¨© G(t), t 2 T , ¯ãçª  ( á ¬¡«ï) âà ¥ªâ®à¨© ã¯à ¢«ï¥¬®© ¤¨ ¬¨ç¥áª®© á¨áâ¥¬ë
(1.1), ¢ëè¥¤è¥£® ¢ ¬®¬¥â ¢à¥¬¥¨ t0 ¨§  ç «ì®£® ¬®¦¥áâ¢  G(t0). �â¬¥â¨¬, çâ®  å®¦¤¥¨¥
ã¯à ¢«ïîé¥£® ¢®§¤¥©áâ¢¨ï, ¯®à®¦¤ îé¥£®  ¡«î¤ ¥¬®¥ ¤¢¨¦¥¨¥ ¯ãçª  âà ¥ªâ®à¨© á¨áâ¥¬ë
(1.1), íâ® ¥çâ® ¡®«ìè¥¥, ç¥¬  å®¦¤¥¨¥ ã¯à ¢«¥¨ï, ¯®à®¦¤ îé¥£® ¨¤¨¢¨¤ã «ìãî âà ¥ª-
â®à¨î x� = x�(t), t 2 T , á¨áâ¥¬ë (1.1), ¤«ï ª®â®à®© x�(t) 2 G(t), t 2 T . �¥«® ¢ â®¬, çâ® ¢ ¯¥à¢®¬
á«ãç ¥ à¥çì ¨¤¥â ® ¯®áâà®¥¨¨ ã¯à ¢«¥¨ï, ã¨¢¥àá «ì®£® ¯®  ç «ìë¬ á®áâ®ï¨ï¬ á¨áâ¥-
¬ë (1.1): ¯®áâà®¥®¥ ã¯à ¢«¥¨¥ ®ª ¦¥âáï â ª®¢ë¬, çâ® âà ¥ªâ®à¨ï x = x(t), t 2 T , á¨áâ¥¬ë
(1.1), ¢ëå®¤ïé ï ¯®¤ ¤¥©áâ¢¨¥¬ íâ®£® ã¯à ¢«¥¨ï ¨§ «î¡®£®  ç «ì®£® á®áâ®ï¨ï x(t0) 2 G(t0),
¡ã¤¥â ã¤®¢«¥â¢®àïâì ãá«®¢¨î x(t) 2 G(t), t 2 T .

�â®ç¨¬ â¥¯¥àì á®¤¥à¦ â¥«ìãî ¯®áâ ®¢ªã § ¤ ç¨. �¢¥¤¥¬ ¯à¥¤¢ à¨â¥«ì® ¥ª®â®àë¥ ®¡®-
§ ç¥¨ï. �ãáâì U ®¡®§ ç ¥â ¬®¦¥áâ¢® ¢á¥å ¢®§¬®¦ëå ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨© á¨áâ¥¬ë
(1.1)

U = fu(�) 2 L2(T ;Rm) : u(t) 2 P ¯. ¢. t 2 Tg;

x(�) = x(�; t0; x0; u) |  ¡á®«îâ® ¥¯à¥àë¢®¥ à¥è¥¨¥   T ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï
(1.1) (¤¢¨¦¥¨¥ á¨áâ¥¬ë, âà ¥ªâ®à¨ï), á®®â¢¥âáâ¢ãîé¥¥  ç «ì®¬ã ãá«®¢¨î x(t0) = x0 2 X0
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¨ ã¯à ¢«¥¨î u 2 U , X0 | ¥ª®â®à®¥ ¬®¦¥áâ¢®  ç «ìëå á®áâ®ï¨©. �ãé¥áâ¢®¢ ¨¥  ¡á®-
«îâ® ¥¯à¥àë¢ëå à¥è¥¨©   T ®¡¥á¯¥ç¨¢ îâ, ª ¯à¨¬¥àã, ¨§¢¥áâë¥ ãá«®¢¨ï ¥¯à¥àë¢®áâ¨,
«®ª «ì®© «¨¯è¨æ¥¢®áâ¨ ¨ ¯®¤«¨¥©®£® à®áâ  äãªæ¨¨ f [6], [7], [13]. �ãáâì X(�; t0;X0; u) |
¬®£®§ ç®¥ ®â®¡à ¦¥¨¥ T 3 t! X(t) 2 sub(Rn), £¤¥

X(t) = X(t; t0;X0; u) = fx(t; t0; x0; u) : x0 2 X0g;

sub(Rn) | ¬®¦¥áâ¢® ¢á¥å ¥¯ãáâëå ¯®¤¬®¦¥áâ¢ ¨§ Rn;

X(�; t0;X0; U) = fX(�; t0; x0; u) : u 2 Ug;

¤«ï ¬®£®§ ç®£® ®â®¡à ¦¥¨ï X(�) 2 X(�; t0;X0; U) ¯ãáâì U [X(�)] ®¡®§ ç ¥â ¬®¦¥áâ¢® ¢á¥å
ã¯à ¢«¥¨© u 2 U , ¤«ï ª®â®àëå X(�) = X(�; t0;X0; u), â. ¥.

U [X(�)] = fu 2 U : X(�; t0;X0; u) = X(�)g;

U�[X(�)] | ¯®¤¬®¦¥áâ¢® ¬®¦¥áâ¢  U [X(�)], á®áâ®ïé¥¥ ¨§ í«¥¬¥â®¢, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ
¥ª®â®à®¬ã ªà¨â¥à¨î ®â¡®à  ã¯à ¢«¥¨©, § ¤ ¢ ¥¬®¬ã äãªæ¨® «®¬ ! : U ! R,

U�[X(�)] = fu 2 U [X(�)] : !(u) � !�g;

Z[h;X(�)] | ¬®¦¥áâ¢® ¢á¥å ¬®£®§ çëå ®â®¡à ¦¥¨© Z(�) : T ! sub(Rn), § ç¥¨ï ª®â®àëå
¯à¨ ª ¦¤®¬ t 2 T ®â«¨ç îâáï ®â § ç¥¨ïX(t)   § ¤ ãî ¢¥«¨ç¨ã, ¥ ¯à¥¢®áå®¤ïéãî ç¨á« 
h > 0, á®£« á® ¥ª®â®à®¬ã ªà¨â¥à¨î  ¯¯à®ªá¨¬ æ¨¨ � : sub(Rn)� sub(Rn)! R,

Z[h;X(�)] = fZ(�) 2 (T ! sub(Rn)) : �(Z(t);X(t)) � h; t 2 Tg:

�ãáâì � : U � U ! R ®¡®§ ç ¥â ¥ª®â®àë© ªà¨â¥à¨© ¡«¨§®áâ¨ ã¯à ¢«¥¨©; M | ¥ª®â®à®¥
¯®¤¬®¦¥áâ¢® ¬®¦¥áâ¢  sub(Rn), ¨§ ª®â®à®£® ¬®£ãâ ¡à âìáï  ç «ìë¥ á®áâ®ï¨ï ¤«ï ¯ãçª®¢
¤¢¨¦¥¨©. �ä®à¬ æ¨®ë¥ ®¡« áâ¨ G(t) = X(t), t 2 T , ¡ã¤¥¬  §ë¢ âì \¨¤¥ «ìë¬¨"  ¡«î-
¤¥¨ï¬¨,   ¬®¦¥áâ¢  Z(t), t 2 T , ¡ã¤¥¬  §ë¢ âì h-¢®§¬ãé¥¨ï¬¨ \¨¤¥ «ìëå"  ¡«î¤¥¨©.

� ¤ çã ¢®ááâ ®¢«¥¨ï â¥¯¥àì ¬®¦® áä®à¬ã«¨à®¢ âì â ª.

� ¤ ç  1.1. �à¥¡ã¥âáï ¯®áâà®¨âì ®¯¥à â®à ¢®ááâ ®¢«¥¨ï D : (0;1) � (T ! sub(Rn))! U
á® á¢®©áâ¢ ¬¨

1) ¤«ï «î¡ëå ä¨ªá¨à®¢ ëå X0 2M , X(�) 2 X(�; t0;X0; U) ¨¬¥¥â ¬¥áâ® áå®¤¨¬®áâì

supf�(D(h;Z(�)); U� [X(�)]) : Z(�) 2 Z[h;X(�)]g ! 0; h! 0

(á¢®©áâ¢® ãáâ®©ç¨¢®áâ¨ ¨«¨ à¥£ã«ïà¨§¨àã¥¬®áâ¨ ®¯¥à â®à  D);
2) u1(t) = u2(t), t0 � t � � , ¥á«¨ â®«ìª® u1 = D(h;Z1(�)), u2 = D(h;Z2(�)), Z1(�) = Z2(�),

t0 � t � � , t0 � � � #, h > 0 (á¢®©áâ¢® ä¨§¨ç¥áª®© ®áãé¥áâ¢¨¬®áâ¨ ®¯¥à â®à  D).

�¯¥à â®à D, à¥è îé¨© § ¤ çã 1.1, ¨®£¤  ¡ã¤¥¬ â ª¦¥  §ë¢ âì ¬¥â®¤®¬ ¨«¨  «£®à¨â¬®¬
à¥ª®áâàãªæ¨¨ ¨áª®¬®£® ã¯à ¢«¥¨ï. �«¥¬¥â uh = D(h;Z(�)) ¬®¦¥â ¡ëâì ¯à¨ïâ ¢ ª ç¥áâ¢¥
¡«¨§ª®£® ª  ¯à¨®à¨ ¥¨§¢¥áâ®¬ã ¬®¦¥áâ¢ã ã¯à ¢«¥¨© U�[X(�)], í«¥¬¥âë u ª®â®à®£®, á ®¤-
®© áâ®à®ë, ¯®à®¦¤ îâ ¯ãç®ª ¤¢¨¦¥¨© X(�; t0; #;X0; u) = fx(�; t0; x0; u) : x0 2 X0g, á¥ç¥¨ï
X(t; t0; #;X0; u) = fx(t; t0; x0; u) : x0 2 X0g ª®â®à®£® ¢ ¬®¬¥âë ¢à¥¬¥¨ t 2 T á®¢¯ ¤ îâ á  ¡«î-
¤ ¥¬ë¬¨ ¬®¦¥áâ¢ ¬¨X(t), á ¤àã£®© áâ®à®ë, ®¨ ã¤®¢«¥â¢®àïîâ ªà¨â¥à¨î ®â¡®à  ã¯à ¢«¥¨©
!(u) � !�. � ¥ª®â®àëå á«ãç ïå ¬®¦¥áâ¢® U�[X(�)] ¬®¦¥â á®áâ®ïâì ¨§ ®¤®£® í«¥¬¥â  u� 2 U ,
â®£¤  ¢ â ª¨å á«ãç ïå �(uh; u�)! 0, h! 0. �«£®à¨â¬ à¥ª®áâàãªæ¨¨D ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ ¯®¤-
å®¤ïé¥© áâà â¥£¨¨ V ã¯à ¢«¥¨ï ¥ª®â®à®© ¢á¯®¬®£ â¥«ì®© á¨áâ¥¬®©-¬®¤¥«ìî ¢ á®®â¢¥âáâ¢¨¨
á â¥¬ á¯®á®¡®¬, ª®â®àë© ªà âª® ®¯¨è¥¬ ¨¦¥.
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2. �¥â®¤ à¥è¥¨ï § ¤ ç¨

�¯¨è¥¬ ¥ä®à¬ «ì® ¬¥â®¤ à¥è¥¨ï § ¤ ç¨. �ã¤¥¬ á«¥¤®¢ âì â®¬ã á¯®á®¡ã à¥è¥¨ï à á-
á¬ âà¨¢ ¥¬®© ¯à®¡«¥¬ë, ª®â®àë© á¢®¤¨â ¥¥ ª § ¤ ç¥ ¯®§¨æ¨®®£® ã¯à ¢«¥¨ï ¯®¤å®¤ïé¥©
¢á¯®¬®£ â¥«ì®© ã¯à ¢«ï¥¬®© á¨áâ¥¬®©-¬®¤¥«ìî. � ¨¤¥©®¬ ¯« ¥ íâ®â á¯®á®¡ ¢®áå®¤¨â ª à -
¡®â ¬ [1]{[3]. � ç «  áâà®¨âáï ¥ª®â®à ï ¯®¤å®¤ïé ï ã¯à ¢«ï¥¬ ï á¨áâ¥¬ -¬®¤¥«ì

_y = g(t; y; v); t 2 T; y(t0) = y0; (2.1)

â¥ªãé¥¥ á®áâ®ï¨¥ ª®â®à®© ¢ ¬®¬¥â ¢à¥¬¥¨ t 2 T ®¯¨áë¢ ¥âáï ä §®¢ë¬ ¢¥ªâ®à®¬ y = y(t) 2
Rn, ¢¥ªâ®à ã¯à ¢«ïîé¨å ¢®§¤¥©áâ¢¨© v ¢ â¥ªãé¨¥ ¬®¬¥âë ¢à¥¬¥¨ t 2 T áâ¥á¥ ®£à ¨ç¥-
¨¥¬ v(t) 2 P . � â¥¬ áâà®¨âáï ¥ª®â®àë© ¯®¤å®¤ïé¨© § ª® ã¯à ¢«¥¨ï V á¨áâ¥¬®©-¬®¤¥«ìî
(¯®§¨æ¨® ï áâà â¥£¨ï ¨«¨ ¯à®æ¥¤ãà  ã¯à ¢«¥¨ï á ¯®¢®¤ëà¥¬ [6], [7]), ª®â®àë© ¡ã¤¥¬ ®â®-
¦¤¥áâ¢«ïâì á äãªæ¨¥© V = V (t;X; Y ), áâ¥á¥®© ¢ á®®â¢¥âáâ¢¨¨ á ãá«®¢¨¥¬ (1.2) â®«ìª®
¢ª«îç¥¨¥¬ V (t;X; Y ) 2 P ¯à¨ ¢á¥å ¢®§¬®¦ëå § ç¥¨ïå  à£ã¬¥â®¢ t 2 T , X 2 sub(Rn),
Y 2 sub(Rn). � ä¨ªá¨àã¥¬ ª ª®¥-«¨¡® à §¡¨¥¨¥ � ®âà¥§ª  T â®çª ¬¨ ti, t0 < t1 < � � � < tm = #.
�âà â¥£¨ï V ¯®à®¦¤ ¥â   ®âà¥§ª¥ T ¯ãç®ª ¤¢¨¦¥¨© Y�(�; t0; #; Y0; V ) á¨áâ¥¬ë (2.1), ¢ëå®¤ï-
é¨© ¢ ¬®¬¥â ¢à¥¬¥¨ t0 ¨§ ¥ª®â®à®£® ¬®¦¥áâ¢  Y0, á®®â¢¥âáâ¢ãîé¨© à §¡¨¥¨î � ®âà¥§ª 
T ¨ á®áâ®ïé¨© ¨§ âà ¥ªâ®à¨© y�(�) = y�(�; t0; #; y0; V ):

_y�(t) = g(t; y�(t); vi); ti � t < ti+1; i = 0; : : : ;m� 1;

y�(t0) = y0 2 Y0; y�(ti) = y�(ti � 0); i = 1; : : : ;m� 1:

�®áâ®ï®¥   ¯à®¬¥¦ãâª¥ ti � t < ti+1 ã¯à ¢«ïîé¥¥ ¢®§¤¥©áâ¢¨¥ vi = V (ti; Z(ti); Y (ti)) ¢ë-
à ¡ âë¢ ¥âáï ¢ ¬®¬¥â ¢à¥¬¥¨ ti   ®á®¢ ¨¨ ¯®áâã¯¨¢è¨å ª íâ®¬ã ¬®¬¥âã ¤ ëå Z(ti) ®
á¨áâ¥¬¥ (1.1) ¨ ¯®áâã¯¨¢è¨å ª íâ®¬ã ¬®¬¥âã ¤ ëå Y (ti) ® á¨áâ¥¬¥-¬®¤¥«¨ (2.1). �¤¥áì Y (ti)
| á¥ç¥¨¥ ¯ãçª  ¤¢¨¦¥¨© Y�(�; t0; ti; Y0; V ) ¢ ¬®¬¥â ¢à¥¬¥¨ ti:

Y (ti) = fy�(ti) : y�(�) 2 Y�(�; t0; ti; Y0; V )g:

�â¬¥â¨¬, çâ® ¯ãç®ª ¤¢¨¦¥¨© Y�(�; t0; ti; Y0; V ) á®¢¯ ¤ ¥â á áã¦¥¨¥¬ ¯ãçª  ¤¢¨¦¥¨©
Y�(�; t0; #; Y0; V )   ¯à®¬¥¦ãâ®ª t0 � t � ti.

�ª §ë¢ ¥âáï, çâ® ¤«ï ¤®áâ â®ç® è¨à®ª®£® ªàã£  § ¤ ç á¨áâ¥¬ã-¬®¤¥«ì ¨ § ª® ã¯à ¢«¥¨ï
¥î ¬®¦® ¢ë¡à âì â ª, çâ® à¥ «¨§ æ¨ï áâà â¥£¨¨ ã¯à ¢«¥¨ï

v�(�) : v�(t) = vi; ti � t < ti+1; i = 0; : : : ;m� 1; v�(#) = vm�1;

¡ã¤¥â ¢ ®¯à¥¤¥«¥®¬ á¬ëá«¥ ¡«¨§ª  ª ¨áª®¬ë¬ ¥¨§¢¥áâë¬ ã¯à ¢«¥¨ï¬ á¨áâ¥¬ë (1.1), ¥á«¨
â®«ìª® ¯®£à¥è®áâ¨ ¢ ¨áå®¤ëå ¤ ëå ¨ ¤¨ ¬¥âà à §¡¨¥¨ï � ¤®áâ â®ç® ¬ «ë ¨ á®£« á®¢ ë
®¯à¥¤¥«¥ë¬ ®¡à §®¬. � §¡¨¥¨¥ � ®âà¥§ª  T ¡ã¤¥¬ ¯®¤ç¨ïâì ¢¥«¨ç¨¥ ¯®£à¥è®áâ¨ h,  
ª®â®àãî ¨¤¥ «ìë¥ ¨ä®à¬ æ¨®ë¥ ¬®¦¥áâ¢  G(t) = X(t) ®â«¨ç îâáï ®â ¯à ªâ¨ç¥áª¨  ©-
¤¥ëå ¬®¦¥áâ¢ Z(t). �®£¤   «£®à¨â¬ ¯®áâà®¥¨ï à¥ «¨§ æ¨¨ v�(�) ¨ á®®â¢¥âáâ¢ãîé¨© ¥¬ã
®¯¥à â®à

D : (0;1) � (T ! sub(Rn)) 3 (h;Z(�))! v�(�) 2 U

¡ã¤¥â ¨áª®¬ë¬, ¯®áª®«ìªã ¡ã¤¥â ã¤®¢«¥â¢®àïâì â¥¬ ãá«®¢¨ï¬, ® ª®â®àëå £®¢®à¨«®áì ¢ëè¥ ¢
ãá«®¢¨¨ § ¤ ç¨. �â¬¥â¨¬, çâ® ¯¥à¥¬¥ ï á®áâ®ï¨ï ¢á¯®¬®£ â¥«ì®© á¨áâ¥¬ë-¬®¤¥«¨ ¬®¦¥â
à áá¬ âà¨¢ âìáï ª ª ¢ãâà¥ïï ¯¥à¥¬¥ ï  «£®à¨â¬  D, ª®â®à ï ä¨§¨ç¥áª¨ ¢¯®«¥ ¬®¦¥â
¡ëâì  ¢â®®¬® à¥ «¨§®¢     ���. � ª ç¥áâ¢¥ á¨áâ¥¬ë-¬®¤¥«¨ ç áâ® ¬®¦® ¯à¨ïâì ª®¯¨î
¨áå®¤®© á¨áâ¥¬ë, ¢®§¬®¦ë ¨ ¤àã£¨¥ ¢ à¨ âë ¢ë¡®à  á¨áâ¥¬ë-¬®¤¥«¨, ¢ ª ¦¤®¬ ª®ªà¥â-
®¬ á«ãç ¥ íâ®â ¢®¯à®á à¥è ¥âáï ¨¤¨¢¨¤ã «ì®. �âà â¥£¨ï V áâà®¨âáï ¨§ â¥å á®®¡à ¦¥¨©,
çâ®¡ë ¯ãç®ª ¤¢¨¦¥¨© á¨áâ¥¬ë (2.1), ¢ëå®¤ïé¨© ¢ ¬®¬¥â ¢à¥¬¥¨ t0 ¨§ ¬®¦¥áâ¢  Z(t0) ¯®¤
¤¥©áâ¢¨¥¬ íâ®© áâà â¥£¨¨, ¢ ®¯à¥¤¥«¥®¬ á¬ëá«¥ ®âá«¥¦¨¢ « ¤¨ ¬¨ªã  ¡«î¤ ¥¬ëå ¬®-
¦¥áâ¢ G(t), t 2 T . �¤¥ï ¯®áâà®¥¨ï â ª®£® § ª®  ã¯à ¢«¥¨ï á¨áâ¥¬®©-¬®¤¥«ìî § «®¦¥  ¢
¨§¢¥áâ®¬ á¯®á®¡¥ íªáâà¥¬ «ì®£® á¤¢¨£  ¨§ â¥®à¨¨ ¯®§¨æ¨®®£® ã¯à ¢«¥¨ï [5]{[7], ª®â®àë©
«®ª «ì® à¥£ã«ïà¨§¨àã¥âáï ®¤¨¬ ¨§ ¨§¢¥áâëå ¬¥â®¤®¢ à¥£ã«ïà¨§ æ¨¨ [9]{[12].
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� áá¬®âà¨¬ ¤ «¥¥ ¤¢¥ ª®ªà¥â¨§ æ¨¨ áä®à¬ã«¨à®¢ ®© § ¤ ç¨ ¢®ááâ ®¢«¥¨ï. �¥à¢ ï ¨§
¨å ®áãé¥áâ¢«ï¥âáï ¤«ï «¨¥©ëå ¤¨ ¬¨ç¥áª¨å á¨áâ¥¬ á ¢ë¯ãª«ë¬¨ £¥®¬¥âà¨ç¥áª¨¬¨ ®£à ¨-
ç¥¨ï¬¨   ã¯à ¢«¥¨ï ¨ ¢ë¯ãª«ë¬¨ ¨ä®à¬ æ¨®ë¬¨ ¬®¦¥áâ¢ ¬¨. �¥â «ì ï ¬ â¥¬ â¨-
ç¥áª ï ä®à¬ «¨§ æ¨ï § ¤ ç¨ ¢ íâ®¬ á«ãç ¥ ®á®¢ë¢ ¥âáï   ¢§ ¨¬®®¤®§ ç®¬ á®®â¢¥âáâ¢¨¨
¬¥¦¤ã ¢ë¯ãª«ë¬¨ ª®¬¯ ªâ ¬¨ ¢ Rn ¨ ¨å ®¯®àë¬¨ äãªæ¨ï¬¨ ¨ ¤®áâ¨£ ¥âáï ¯ãâ¥¬ ¯®£àã-
¦¥¨ï ¨áå®¤®© § ¤ ç¨ ¢ ¡®«¥¥ ®¡éãî § ¤ çã ¢®ááâ ®¢«¥¨ï ¢ ¯®¤å®¤ïé¥¬ äãªæ¨® «ì®¬
¯à®áâà áâ¢¥. �â®à ï ¨§ ª®ªà¥â¨§ æ¨© ®áãé¥áâ¢«ï¥âáï ¤«ï ¥ª®â®à®£® ª« áá  ¥«¨¥©ëå ¤¨-
 ¬¨ç¥áª¨å á¨áâ¥¬ á ¨ä®à¬ æ¨®ë¬¨ ¬®¦¥áâ¢ ¬¨, á®áâ®ïé¨¬¨ ¨§ ã¯®àï¤®ç¥®£®  ¡®à 
ª®¥ç®£® ç¨á«  â®ç¥ª ä §®¢®£® ¯à®áâà áâ¢ . � á®¤¥à¦ â¥«ì®© â®çª¨ §à¥¨ï â ª ï á¨âã æ¨ï
¬®¦¥â ¯à¥¤áâ ¢¨âìáï ¯à¨  ¡«î¤¥¨¨ ¥áª®«ìª¨¬¨  ¡«î¤ â¥«ï¬¨ §  ®¤¨¬ ¨«¨ ¥áª®«ìª¨¬¨
®¡ê¥ªâ ¬¨. �á®¢ ï ¨¤¥ï, ª®â®à ï ¨á¯®«ì§ã¥âáï ¯à¨ à¥è¥¨¨ § ¤ ç¨ ¢ íâ®¬ á«ãç ¥, á®áâ®¨â ¢
¢ë¡®à¥ ¢á¯®¬®£ â¥«ì®© á¨áâ¥¬ë-¬®¤¥«¨ ¢ ¢¨¤¥ ¤¥ª àâ®¢  ¯à®¨§¢¥¤¥¨ï ®¯à¥¤¥«¥®£® ç¨á« 
íª§¥¬¯«ïà®¢ ¨áå®¤®© á¨áâ¥¬ë.

3. �¨¥© ï ¬®¤¥«ì

�ãáâì ã¯à ¢«ï¥¬ ï á¨áâ¥¬  (1.1) ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤

_x = f(t; x; u) = A(t)x+B(t)u+ F (t); t0 � t � #; x(t0) = x0; (3.1)

£¤¥ A(t), B(t), F (t) | ¥¯à¥àë¢ë¥   T ¬ âà¨æë à §¬¥à®áâ¥© n�n, n�m, n�1 á®®â¢¥âáâ¢¥®.
�ãáâì ¬®¦¥áâ¢® P ï¢«ï¥âáï ¢ë¯ãª«ë¬ ª®¬¯ ªâ®¬ ¢ Rm. �®¦¥áâ¢® ¢á¥å ¥¯ãáâëå ¢ë¯ãª«ëå
ª®¬¯ ªâ®¢ ¢ Rk ¤ «¥¥ ¡ã¤¥¬ ®¡®§ ç âì á¨¬¢®«®¬ cc(Rk). �à¨ X0 2 cc(Rn) ¤¨ ¬¨ª  ¢ë¯ãª«ëå
ª®¬¯ ªâ®¢ X(t) = X(t; t0;X0; u) á ¯®¬®éìî ®¯®àëå äãªæ¨© ¬®¦¥â ¡ëâì ®¯¨á   à ¢¥áâ¢®¬

'(l;K(#; t)X(t)) = '(l;K(#; t0)X(t0)) +
Z t

t0

hK(#; �)[B(�)u(�) + F (�)]; lid�;

£¤¥ K(�; �) | ¬ âà¨æ  �®è¨ «¨¥©®© á¨áâ¥¬ë (3.1)

@K(t; �)=@t = A(t)K(t; �); K(�; �) = E;

'(l;N) = supfhl; xi : x 2 Ng | ®¯®à ï äãªæ¨ï ¬®¦¥áâ¢  N � Rn, l 2 S = fl 2 Rn : klk �
1g | § ¬ªãâë© ¥¤¨¨çë© è à ¢ Rn, h�; �i ¨ k � k | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¨ ®à¬  ¢ Rn

á®®â¢¥âáâ¢¥®. �ãáâì ¤ «¥¥ ªà¨â¥à¨© ¡«¨§®áâ¨ ã¯à ¢«¥¨© � ï¢«ï¥âáï ¬¥âà¨ª®© ¯à®áâà áâ¢ 
Lp(T ;Rm), 1 � p <1; ªà¨â¥à¨© ®â¡®à  ã¯à ¢«¥¨© ! ï¢«ï¥âáï ®à¬®© ¯à®áâà áâ¢  L2(T ;Rm)
¨ !� = inff!(u) : u 2 U [X(�)]g; M = cc(Rn); ªà¨â¥à¨©  ¯¯à®ªá¨¬ æ¨¨ ¬®¦¥áâ¢ � ®¯à¥¤¥«ï¥âáï
à ¢¥áâ¢®¬

�(N1; N2) = k'(�;N1)� '(�;N2)k�;

£¤¥ k �k
�
| ®à¬  ¢ ¯à®áâà áâ¢¥ L2(S;R) (áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ íâ®¬ ¯à®áâà áâ¢¥ ®¡®§ -

ç¨¬ á¨¬¢®«®¬ hh�; �ii). �â¬¥â¨¬, çâ® ¬¥âà¨ª  �   cc(Rn) á« ¡¥¥ ¬¥âà¨ª¨ � ãá¤®àä . � ª ç¥áâ¢¥
á¨áâ¥¬ë-¬®¤¥«¨ ¢ë¡¥à¥¬ ª®¯¨î á¨áâ¥¬ë (3.1): g = f .

�¥à¥©¤¥¬ â¥¯¥àì ª ®¯¨á ¨î  «£®à¨â¬  D. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ìë¥ í«¥¬¥âë X0 2
cc(Rn), X(�) 2 X(�; t0;X0; U), h > 0, Z(�) 2 Z[h;X(�)], à §¡¨¥¨¥ � ®âà¥§ª  T â®çª ¬¨ ti,
t0 < t1 < � � � < tm = #, § ¢¨á¨¬®áâì m = m(h) ¨ ª®áâ âã C > 0 â ª¨¥, çâ®

d(h) = maxfti+1 � ti : i = 0; : : : ;m� 1g � C h: (3.2)

� áá¬®âà¨¬ ã¯à ¢«¥¨¥ uh 2 U , áä®à¬¨à®¢ ®¥ ¯® ¯à ¢¨«ã

uh(t) = vi; ti � t < ti+1; i = 0; : : : ;m� 1; uh(#) = vm�1; (3.3)

£¤¥ vi = V (ti; Z(ti); Y (ti)) | í«¥¬¥â ¬®¦¥áâ¢  P , ¤®áâ ¢«ïîé¨© ¬¨¨¬ã¬ ª¢ ¤à â¨ç®¬ã
äãªæ¨® «ã

Hi(v) = 2hh'(l;K(#; ti)Z(ti))� '(l;K(#; ti)Y (ti)); hK(#; �)B(�)v; li ii + �(h)kvk2m
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(¬¨¨¬¨§¨àãîé¨© í«¥¬¥â áãé¥áâ¢ã¥â ¨ ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬),

'(l;K(#; ti)Y (ti)) = '(l;K(#; ti�1)Y (ti�1)) +

+
Z ti

ti�1

hK(#; �)[B(�)vi�1 + F (�)]; li d�; Y (t0) = Z(t0):

�¤¥áì k � km | ®à¬  ¢ Rm, �(�) | ¯®«®¦¨â¥«ì ï äãªæ¨ï   (0;1) (� = �(h) | ¯ à ¬¥âà
à¥£ã«ïà¨§ æ¨¨), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î

�(h)! 0; h=�(h)! 0; h! 0; (3.4)

Y (ti) | á¥ç¥¨¥ ¢ ¬®¬¥â ¢à¥¬¥¨ ti ¯ãçª  ¤¢¨¦¥¨©, ¢ëè¥¤è¥£® ¢ ¬®¬¥â ¢à¥¬¥¨ ti�1 ¨§
¬®¦¥áâ¢  á®áâ®ï¨© Y (ti�1) ¯®¤ ¤¥©áâ¢¨¥¬ ã¯à ¢«¥¨ï v = vi�1 ¢ á¨«ã ¢á¯®¬®£ â¥«ì®© ¤¨ -
¬¨ç¥áª®© á¨áâ¥¬ë-¬®¤¥«¨

_y = A(t)y +B(t)v + F (t); ti�1 � t � ti; y(ti�1) 2 Y (ti�1):

�¯à¥¤¥«¨¬ â¥¯¥àì  «£®à¨â¬ (®¯¥à â®à) D ¯® ¯à ¢¨«ã

D(h;Z(�)) = uh: (3.5)

�¥®à¥¬  3.1. �«£®à¨â¬ (3.1){(3.5) à¥è ¥â § ¤ çã 1.1.

�®ª § â¥«ìáâ¢®. �¢®©áâ¢® ä¨§¨ç¥áª®© ®áãé¥áâ¢¨¬®áâ¨  «£®à¨â¬  ¢ëâ¥ª ¥â ¨§ ¯®§¨æ¨®-
®áâ¨ áâà â¥£¨¨ V . �«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¤®áâ â®ç® â¥¯¥àì ¯®ª § âì, çâ® ª ª®¢ë ¡ë ¨
¡ë«¨ í«¥¬¥âë X0 2 cc(Rn), X(�) 2 X(�; t0;X0; U) ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ fhkg � (0;1) (hk ! 0),
fZk(�)g (Zk(�) 2 Z[hk; X(�)] ) ¤«ï ã¯à ¢«¥¨© uk = D(hk; Zk(�)) ¡ã¤¥â ¨¬¥âì ¬¥áâ® áå®¤¨¬®áâì
�(uk; u�) ! 0, k ! 1, £¤¥ u� | â®â ¥¤¨áâ¢¥ë© í«¥¬¥â, ¨§ ª®â®à®£® á®áâ®¨â ¬®¦¥áâ¢®
U�[X(�)]. �à¨¨¬ ï ¢® ¢¨¬ ¨¥ ¯à ¢¨«® ä®à¬¨à®¢ ¨ï ã¯à ¢«¥¨ï uk, ¬®¦® ¯®«ãç¨âì á«¥-
¤ãîéãî ®æ¥ªã ¤«ï äãªæ¨® «  �k:

maxf�k(t) : t 2 Tg � hk; (3.6)

£¤¥  > 0 | ¥ª®â®à ï ª®áâ â , ª®â®à ï ¥ § ¢¨á¨â ®â ®¬¥à  k ¨ ®¯à¥¤¥«ï¥âáï ¯®  ¯à¨®à¨
¨§¢¥áâë¬ ¤ ë¬ ® § ¤ ç¥,

�k(t) = k'(�;K(#; t)X(t)) � '(�;K(#; t)Yk(t))k
2
�
+ �(hk)

Z t

t0

[kuk(�)k
2
m � ku�(�)k

2
m]d�:

�§ ¯®«ãç¥®© ®æ¥ª¨ äãªæ¨® «  �k á«¥¤ã¥â

maxfk'(�;K(#; t)X(t)) � '(�;K(#; t)Yk(t))k
2
�
: t 2 Tg � hk + 2�(hk)b(#� t0);

b = supfkwk2 : w 2 Pg; !(uk)2 � !(u�)2 + hk=�(hk):

�§ ¯®á«¥¤¨å ®æ¥®ª ¢ëâ¥ª ¥â

!(uk)! !(u�); uk ! u� á« ¡® ¢ L2(T ;Rm):

�®íâ®¬ã uk ! u� á¨«ì® ¢ L2(T ;Rm),   ¢ á¨«ã ®£à ¨ç¥®áâ¨ ¬®¦¥áâ¢  U ¢ L1(T ;Rm) ¨¬¥¥¬
â ª¦¥ áå®¤¨¬®áâì uk ! u� á¨«ìãî ¢ Lp(T ;Rm), 1 � p <1.
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4. �¥«¨¥© ï ¬®¤¥«ì

�ãáâì ã¯à ¢«ï¥¬ ï á¨áâ¥¬  (1.1) ¨¬¥¥â ¢¨¤

_x = f(t; x; u) = f1(t; x) + f2(t; x)u; t0 � t � #; x(t0) = x0; (4.1)

£¤¥ f1 | «¨¯è¨æ¥¢  äãªæ¨ï T � Rn ! Rn, f2 | ¬ âà¨æ  à §¬¥à®áâ¨ n�m á «¨¯è¨æ¥¢ë¬¨
í«¥¬¥â ¬¨-äãªæ¨ï¬¨ T �Rn ! R. �ãáâì ®£à ¨ç¥¨ï   ¤®¯ãáª ¥¬ë¥ ã¯à ¢«¥¨ï, ªà¨â¥à¨©
¡«¨§®áâ¨ ã¯à ¢«¥¨©, ªà¨â¥à¨© ®â¡®à  ã¯à ¢«¥¨© ï¢«ïîâáï â ª¨¬¨ ¦¥, ª ª ¢ ¯à¥¤ë¤ãé¥¬
¯ à £à ä¥. �à¨¬¥¬, çâ® ¨ä®à¬ æ¨®®¥ ¬®¦¥áâ¢® á®áâ®ï¨ï á¨áâ¥¬ë (4.1) ¯à¥¤áâ ¢«ï¥â á®-
¡®© ã¯®àï¤®ç¥ë©  ¡®à ¨§ l â®ç¥ª ¯à®áâà áâ¢  Rn, ª®â®àë© ¡ã¤¥¬ âà ªâ®¢ âì ª ª í«¥¬¥â
¯à®áâà áâ¢  (Rn)l = Rn� � � � (l à §) � � � �Rn. �ãáâì ªà¨â¥à¨©  ¯¯à®ªá¨¬ æ¨¨ ¨ä®à¬ æ¨®ëå
¬®¦¥áâ¢ ®¯à¥¤¥«ï¥âáï ¬¥âà¨ª®© ¯à®áâà áâ¢  (Rn)l ¨ M = (Rn)l. � ª ç¥áâ¢¥ á¨áâ¥¬ë-¬®¤¥«¨
¯à¨¬¥¬ ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥¨¥ ¨§ l íª§¥¬¯«ïà®¢ á¨áâ¥¬ë (4.1): g = f = f � � � � (l à §) � � � � f .
�âà â¥£¨î V ®â®¦¤¥áâ¢¨¬ á ®â®¡à ¦¥¨¥¬ T � (Rn)l � (Rn)l ! P .

�¥à¥©¤¥¬ ª ®¯¨á ¨î  «£®à¨â¬  D. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ìë¥ h > 0, X0 2 (Rn)l, X(�) 2
X(�; t0;X0; U), Z(�) 2 Z[h;X(�)], à §¡¨¥¨¥ � ®âà¥§ª  T , ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (3.2). � á-
á¬®âà¨¬ ã¯à ¢«¥¨¥ uh, áä®à¬¨à®¢ ®¥ ¯® ¯à ¢¨«ã

uh(t) = vi; ti � t < ti+1; i = 0; : : : ;m� 1; uh(#) = vm�1; (4.2)

£¤¥ vi = V (ti; Z(ti); Y (ti)) | í«¥¬¥â ¬®¦¥áâ¢  P , ¤®áâ ¢«ïîé¨© ¬¨¨¬ã¬ ª¢ ¤à â¨ç®¬ã
äãªæ¨® «ã

Hi(v) = 2hhZ(ti)� Y (ti); f 2(ti; Z(ti))vii0 + �(h)kvk2m

(¬¨¨¬¨§¨àãîé¨© í«¥¬¥â áãé¥áâ¢ã¥â ¨ ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬), §¤¥áì hh�; �ii0 | áª «ïà®¥
¯à®¨§¢¥¤¥¨¥ ¢ (Rn)l (k�k0 | ®à¬  ¢ íâ®¬ ¯à®áâà áâ¢¥); � = �(h) | ¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨,
ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î (3.4);

f2(t; Z(t))v = (f2(t; z1(t))v; : : : ; f2(t; zl(t))v);

Z(t) = (z1(t); : : : ; zl(t)); Y (t) = (y1(t); : : : ; yl(t));

yj(ti) = yj(ti�1) +
Z ti

ti�1

f(�; yj(�); vi�1)d�;

yj(t0) = zj(t0); 1 � j � l:

�à¥¤¯®á«¥¤¥¥ à ¢¥áâ¢® ¬®¦® § ¬¥¨âì è £®¬ �©«¥à 

yj(ti) = yj(ti�1) + (ti � ti�1)f(ti�1; yj(ti�1); vi�1):

�¯à¥¤¥«¨¬ â¥¯¥àì  «£®à¨â¬ D, ª ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥, à ¢¥áâ¢®¬

D(h;Z(�)) = uh: (4.3)

�¥®à¥¬  4.1. �«£®à¨â¬ (4.1){(4.3) à¥è ¥â § ¤ çã 1.1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4.1   «®£¨ç® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 3.1. � ª ç¥áâ¢¥ ®æ¥®ç®£®
äãªæ¨® «  �k á«¥¤ã¥â â®«ìª® ¢ë¡à âì äãªæ¨® «

�k(t) = kX(t)� Yk(t)k
2
0 + �(hk)

Z t

t0

[kuk(�)k
2
m � ku�(�)k

2
m]d�;

¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢  ®æ¥ª  ¢¨¤  (3.6).
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5. � à¨ â § ¤ ç¨ á ãâ®ç¥¨¥¬ ¨ä®à¬ æ¨¨

�®«ãç¥ë¥ à¥§ã«ìâ âë ¬®¦® à á¯à®áâà ¨âì ¨   â®â á«ãç ©, ª®£¤   ¡«î¤ â¥«ì ¨¬¥¥â
¢®§¬®¦®áâì ãâ®çïâì ¯® å®¤ã ¯à®æ¥áá  ¨ä®à¬ æ¨®ãî ®¡« áâì G(t), à á¯®« £ ï ¢ ¬®¬¥â
¢à¥¬¥¨ t2 > t1 ¨ä®à¬ æ¨®®© ®¡« áâìî G(t2), ï¢«ïîé¥©áï ¥ª®â®àë¬ ¯®¤¬®¦¥áâ¢®¬ á¥ç¥-
¨ï ¢ ¬®¬¥â ¢à¥¬¥¨ t2 ¯ãçª  ¤¢¨¦¥¨© á¨áâ¥¬ë, ¢ëè¥¤è¥£® ¢ ¬®¬¥â ¢à¥¬¥¨ t1 ¨§ ¬®¦¥áâ¢ 
G(t1) ¯®¤ ¤¥©áâ¢¨¥¬ ¥ª®â®à®£® ¤®¯ãáâ¨¬®£® ã¯à ¢«¥¨ï. �à¨ ¯®¤®¡®¬ å à ªâ¥à¥ ãâ®ç¥¨ï
¨ä®à¬ æ¨¨ ¬®¦® áç¨â âì, çâ® ¨ä®à¬ æ¨® ï ®¡« áâì G(t) ¯à¥¤áâ ¢«ï¥â á®¡®© á¥ç¥¨¥ ¢
¬®¬¥â ¢à¥¬¥¨ t ¥ª®â®à®£® ¯ãçª  ¤¢¨¦¥¨© á¨áâ¥¬ë, ¢ëè¥¤è¥£® ¢ ¬®¬¥â ¢à¥¬¥¨ t0 ¨§
¥ª®â®à®£® ¬®¦¥áâ¢  G�(t) � G(t0) ¯®¤ ¤¥©áâ¢¨¥¬ ¥ª®â®à®£® ¯®¤å®¤ïé¥£® ¤®¯ãáâ¨¬®£® ã¯à -
¢«¥¨ï. �á®, çâ® G�(t0) = G(t0) ¨ ¯à¨ t2 � t1 ¤®«¦® ¢ë¯®«ïâìáï ¢ª«îç¥¨¥ G�(t2) � G�(t1).
�ãáâì � = �(t; �;N), � 2 T , t 2 [�; #], N 2 sub(Rn), ®¡®§ ç ¥â § ª®, á®£« á® ª®â®à®¬ã á® ¢à¥-
¬¥¥¬ ®áãé¥áâ¢«ï¥âáï ãâ®ç¥¨¥ ¬®¦¥áâ¢   ç «ìëå á®áâ®ï¨© N ¯à¨ ¯¥à¥å®¤¥ ®â ¬®¬¥â 
¢à¥¬¥¨ � ª ¬®¬¥âã ¢à¥¬¥¨ t. � ª ç¥áâ¢¥ ®á®¢ëå ¨ ¥áâ¥áâ¢¥ëå âà¥¡®¢ ¨©   § ª® �, ¯à¨
ª®â®àëå ®áâ îâáï á¯à ¢¥¤«¨¢ë¬¨ à¥§ã«ìâ âë ¤ ®© à ¡®âë, ¬®¦® ¯à¥¤«®¦¨âì á«¥¤ãîé¨¥
âà¥¡®¢ ¨ï: 1) �(t; t;N) = N ; 2) �(t2; �;N) � �(t1; �;N) ¯à¨ t2 � t1; 3) áãé¥áâ¢ã¥â â ª®¥ ç¨á«®
C > 0, çâ® ¤«ï «î¡ëå � 2 T , t 2 [�; #], N1 2M , N2 2M ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

�(�(t; �;N1);�(t; �;N2)) � C �(N1; N2):

�®¤¥à¦ â¥«ìë© á¬ëá« ¯®á«¥¤¥£® ãá«®¢¨ï á®áâ®¨â ¢ â®¬, çâ® ¯à¨ ãâ®ç¥¨¨ ¨ä®à¬ æ¨¨ ®
¤¢¨¦¥¨¨ á¨áâ¥¬ë á®®â¢¥âáâ¢ãîé¥¥ ãâ®ç¥¨¥ ¬®¦¥áâ¢  ç «ìëå á®áâ®ï¨© ¤®«¦® ¡ëâì
â ª¨¬, çâ®¡ë ®® ¥   ¬®£® ¯à¥¢®áå®¤¨«® ¯® ªà¨â¥à¨î � â®£® à áá®£« á®¢ ¨ï, ª®â®à®¥ ¡ë-
«® ¢ ¨áå®¤ë© ¬®¬¥â ¢à¥¬¥¨. �â¬¥â¨¬, çâ® ¤«ï ª®ªà¥â¨§ æ¨¨ § ¤ ç¨ ¨§ x 4 íâ® ãá«®¢¨¥
¢ë¯®«ï¥âáï § ¢¥¤®¬®, ¯®áª®«ìªã ç¨á«® â®ç¥ª ¢ ã¯®àï¤®ç¥®¬  ¡®à¥ ¡ã¤¥â ã¬¥ìè âìáï.

�«ï ¤ ®£® ¢ à¨ â  § ¤ ç¨ ¢á¥ ª®áâàãªæ¨¨ ¨§ ¯à¥¤ë¤ãé¨å ¯ à £à ä®¢ á®åà ïîâáï ¯®«-
®áâìî, á«¥¤ã¥â â®«ìª® ¨¬¥âì ¢ ¢¨¤ã, çâ® â¥¯¥àì ¯¥à¥å®¤ ¢ ¬®¤¥«¨ ®â ¬®¦¥áâ¢  Y (ti) ª ¬®¦¥-
áâ¢ã Y (ti+1) ¤®«¦¥ ®áãé¥áâ¢«ïâìáï á ãç¥â®¬ ãâ®ç¥¨ï: Y (ti+1) ¥áâì á¥ç¥¨¥ ¢ ¬®¬¥â ¢à¥¬¥¨
ti+1 ¯ãçª  ¤¢¨¦¥¨© ¬®¤¥«¨, ¢ëè¥¤è¥£® ¢ ¬®¬¥â ¢à¥¬¥¨ ti ¨§ ¬®¦¥áâ¢  �(ti+1; ti; Y (ti)) ¯®¤
¤¥©áâ¢¨¥¬ ã¯à ¢«¥¨ï

v = vi = V (ti; Z(ti); Y (ti)); i = 0; : : : ;m� 1:

�¨â¥à âãà 
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