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�âàãªâãà  ¯®¤¯à®áâà ­áâ¢ ¯¥à¥áâ ­®¢®ç­®-¨­¢ à¨ ­â­ëå (r. i.) ¯à®áâà ­áâ¢ ¨§ãç « áì ¬­®-
£¨¬¨  ¢â®à ¬¨ ([1]{[3]). �®§¬®¦­®, ¯à®áâ¥©è¨¬ ¯®¤¯à®áâà ­áâ¢®¬ ª®à §¬¥à­®áâ¨ 1 ï¢«ï¥âáï
¯®¤¯à®áâà ­áâ¢®

Q =
�
x :

Z 1

0

x(t) dt = 0
�
: (1)

� [4] ¨ [5] ¡ë«® ¤®ª § ­®, çâ® Q 1-¤®¯®«­ï¥¬® ¢ r. i. ¯à®áâà ­áâ¢¥ E â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
E = L2. �®«¥¥ ®¡é¨© à¥§ã«ìâ â ¤«ï á¥¯ à ¡¥«ì­ëå r. i. ¯à®áâà ­áâ¢ á®¤¥à¦¨âáï ¢ [4].

� ¤ ­­®© áâ âì¥ à áá¬ âà¨¢ îâáï á¢®©áâ¢  k1 + xkE , £¤¥ x 2 E \Q, ­ ©¤¥­® å à ªâ¥à¨áâ¨-
ç¥áª®¥ á¢®©áâ¢® L2 ¢ ª« áá¥ r. i. ¯à®áâà ­áâ¢, ¢¢¥¤¥­  ­®¢ ï å à ªâ¥à¨áâ¨ª 


(E) = inf k1 + xkE; (2)

£¤¥ inf ¡¥à¥âáï ¯® ¢á¥¬ x 2 E \ Q, kxkE = 1. �¥£ª® ¢ëç¨á«¨âì 
(Lp) ¤«ï p = 1; 2;1. �«ï
®áâ «ì­ëå §­ ç¥­¨© p ­ ©¤¥âáï ¤¢ãáâ®à®­­ïï ®æ¥­ª  
(Lp). �á«¨ E | à ¢­®¬¥à­® ¢ë¯ãª«®¥
¯à®áâà ­áâ¢®, â® 
(E) > 1. �¤­ ª® à ¢­®¬¥à­ ï ¢ë¯ãª«®áâì ­¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬
¤«ï â®£®, çâ®¡ë 
(E) > 1. �®ª §ë¢ ¥âáï, çâ® ¢ ª« áá¥ ¯à®áâà ­áâ¢ �®à¥­æ  
(�(')) > 1, ¥á«¨
�(') 6= L1; L1 á â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨. � ¤ ç  ®¡ ¨§ãç¥­¨¨ 
(E) á¢ï§ ­  á ª®­áâ ­â®©
�­£  [6] ¨ ç¥¡ëè¥¢áª¨¬¨ æ¥­âà ¬¨.

1. �¯à¥¤¥«¥­¨ï ¨ ¯®­ïâ¨ï

� ­ å®¢® äã­ªæ¨®­ «ì­®¥ ¯à®áâà ­áâ¢® E ­  [0; 1] á ¬¥à®© �¥¡¥£  ­ §ë¢ ¥âáï ¯¥à¥áâ ­®-
¢®ç­®-¨­¢ à¨ ­â­ë¬ (r. i.) ¨«¨ á¨¬¬¥âà¨ç­ë¬, ¥á«¨ ãá«®¢¨ï x�(t) � y�(t) ¤«ï ¢á¥å t 2 [0; 1] ¨
y 2 E ¢«¥ªãâ x 2 E ¨ kxkE � kykE , £¤¥ x�(t) ®¡®§­ ç ¥â ã¡ë¢ îéãî ¯¥à¥áâ ­®¢ªã jx(t)j. �ã¤¥¬
¯à¥¤¯®« £ âì, çâ® E á¥¯ à ¡¥«ì­® ¨«¨ ¨§®¬¥âà¨ç­® á®¯àï¦¥­­®¬ã ¯à®áâà ­áâ¢ã. �§ â¥®à¥¬ë
� «ì¤¥à®­ {�¨âï£¨­  ¢ëâ¥ª ¥â, çâ® E ¨­â¥à¯®«ïæ¨®­­® á ª®­áâ ­â®© 1 ®â­®á¨â¥«ì­® L1, L1.
� ¦¤®¥ r. i. ¯à®áâà ­áâ¢® ¨¬¥¥â â ª ­ §ë¢ ¥¬®¥ á¢®©áâ¢® � âã: ¥á«¨ 0 � x 2 E ¨ xn(t) " x(t)
¯®çâ¨ ¢¥§¤¥, â® lim

n!1
kxnkE = kxkE .

�«ï ª ¦¤®£® r. i. ¯à®áâà ­áâ¢  E

L1 � E � L1: (3)

�¥à¢ë©  ¢â®à ¡ë« ç áâ¨ç­® ¯®¤¤¥à¦ ­ �®áá¨©áª¨¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©, £à ­â

98-01-00044 ¨ ä®­¤®¬ \�­¨¢¥àá¨â¥âë �®áá¨¨", £à ­â 3667. �­ ¡« £®¤ à¨â ä ªã«ìâ¥â ¯à¨ª« ¤­®© ¬ â¥-

¬ â¨ª¨ ¨ ¨­áâ¨âãâ \�¦.� ­á®­¥" §  £®áâ¥¯à¨¨¬áâ¢® ¨ ¯®¤¤¥à¦ªã ¥£® ¢¨§¨â  ¢ ã­¨¢¥àá¨â¥â �«®à¥­æ¨¨

¢ ®ªâï¡à¥{­®ï¡à¥ 1999 £®¤ .
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�«ï ®¯à¥¤¥«¥­­®áâ¨ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® k{[0;1]kE = 1, £¤¥ ç¥à¥§ {e(t) ®¡®§­ ç¥­  å à ªâ¥-
à¨áâ¨ç¥áª ï äã­ªæ¨ï ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  e � [0; 1]. �®£¤ 

kxkL1
� kxkE � kxkL1 (4)

¤«ï ¢á¥å x 2 L1 («¥¢®¥ ­¥à ¢¥­áâ¢® á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å x 2 E).
�ã¤¥¬ à áá¬ âà¨¢ âì ¤¢®©áâ¢¥­­®¥ ¯à®áâà ­áâ¢® E0 ¢á¥å ¨§¬¥à¨¬ëå äã­ªæ¨© x(t) â ª¨å,

çâ®
Z 1

0
x(t)y(t) dt <1 ¤«ï ¢á¥å y 2 E á ­®à¬®©

kxkE0 = sup
�Z 1

0
x(t)y(t) dt : kykE � 1

�
:

�«ï ª ¦¤®£® r. i. ¯à®áâà ­áâ¢  E ¢«®¦¥­¨¥ E � E00 ¨§®¬¥âà¨ç­®. �á«¨ E á¥¯ à ¡¥«ì­®, â®
E0 = E�. �¤¥áì ¨ ¤ «¥¥ à ¢¥­áâ¢® E = F ¤¢ãå r. i. ¯à®áâà ­áâ¢ ®§­ ç ¥â, çâ® ¬­®¦¥áâ¢  E,
F á®¢¯ ¤ îâ ¨ kxkE = kxkF ¤«ï ¢á¥å x 2 E. �á«¨ ­®à¬ë E ¨ F íª¢¨¢ «¥­â­ë, ¡ã¤¥¬ ¯¨á âì
E �= F .

�ã¤¥¬ ¯¨á âì x � y, ¥á«¨ Z �

0
x�(t) dt �

Z �

0
y�(t) dt

¤«ï ¢á¥å � 2 [0; 1]. � íâ®¬ á«ãç ¥

kxkE � kykE (5)

¤«ï «î¡®£® r. i. ¯à®áâà ­áâ¢  E.
�ã­ªæ¨ï 'E(s) = k{kE, £¤¥ mes e = s, ­ §ë¢ ¥âáï äã­¤ ¬¥­â «ì­®© äã­ªæ¨¥© E.
�¯¥à â®à à áâï¦¥­¨ï

�� (t) =

(
x(t=�); ¥á«¨ 0 � t � min(1; �);

0 ¤«ï ®áâ «ì­ëå t 2 [0; 1]

¤¥©áâ¢ã¥â ¢ «î¡®¬ r. i. ¯à®áâà ­áâ¢¥ E ¨ k��kE � max(1; �) ¤«ï ¢á¥å � > 0.
� ¯®¬­¨¬ ­¥ª®â®àë¥ ª« áá¨ç¥áª¨¥ ¯à¨¬¥àë r. i. ¯à®áâà ­áâ¢. �¡®§­ ç¨¬ ç¥à¥§ 
 ¬­®¦¥áâ¢®

¢®§à áâ îé¨å ¢®£­ãâëå äã­ªæ¨© '(t) ­  [0; 1] â ª¨å, çâ® '(0) = 0. � ¦¤ ï ' 2 
 ¯®à®¦¤ ¥â
¯à®áâà ­áâ¢® �®à¥­æ  �(') á ­®à¬®©

kxk�(') =
Z 1

0
x�(t) d'(t)

¨ ¯à®áâà ­áâ¢® � àæ¨­ª¥¢¨ç  M(') á ­®à¬®©

kxkM(') = sup
0<��1

1
'(�)

Z �

0

x�(t) dt:

�«ï ¢áïª®© ' 2 
 (�('))0 = M('). �á«¨ ' ­¥¯à¥àë¢­  ¢ 0, â® �(') á¥¯¥à ¡¥«ì­® ¨ (�('))� =
M('). �à¥¤¯®«®¦¥­¨¥ k{[0;1]k�(') = 1 ®§­ ç ¥â, çâ® '(1) = 1.

� ¯®¬­¨¬, çâ® ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ �E("), 0 < " � 2, ¡ ­ å®¢  ¯à®áâà ­áâ¢  E ®¯à¥¤¥«ï-
¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

�E(") = inf
�
1� kx+ yk

2
; x; y 2 E; kxk = kyk = 1; kx� yk = "

�
:

�§¢¥áâ­®, çâ®

�E(") = inf
�
1� kx+ yk

2
; x; y 2 E; kxk � 1; kyk � 1; kx� yk � "

�
: (6)

�á«¨ �E(") > 0 ¤«ï ª ¦¤®£® " > 0, â® E ­ §ë¢ ¥âáï à ¢­®¬¥à­® ¢ë¯ãª«ë¬. �á¥ ã¯®¬ï­ãâë¥
¢ëè¥ á¢®©áâ¢  r. i. ¯à®áâà ­áâ¢ á®¤¥à¦ âáï ¢ [1]{[3].

40



2. � à ªâ¥à¨áâ¨ç¥áª®¥ á¢®©áâ¢® L2

� á¨«ã (3) ¬­®¦¥áâ¢® E \Q (Q ®¯à¥¤¥«¥­® ¢ (1)) § ¬ª­ãâ® ¢ E ¤«ï «î¡®£® r. i. ¯à®áâà ­áâ¢ 
E. �«ï ª ¦¤®£® x 2 E áãé¥áâ¢ãîâ y 2 E \ Q ¨ a 2 R

1 â ª¨¥, çâ® x = a + y. �¥©áâ¢¨â¥«ì­®,

a =
Z 1

0

x(t) dt ¨ y = x� a.

�¥®à¥¬  1. �ãáâì E | r. i. ¯à®áâà ­áâ¢®. �«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:

i) eá«¨ x 2 E \Q, â®

k1 + xk2E � 1 + kxk2E ; (7)

ii) eá«¨ x 2 E \Q, â®

k1 + xk2E � 1 + kxk2E ; (8)

iii) E = L2.

�®ª § â¥«ìáâ¢®. � ª ª ª äã­ªæ¨¨ 1 ¨ x ®àâ®£®­ «ì­ë, â® k1 + xk2L2
= 1 + kxk2L2

¤«ï ¢á¥å
x 2 L2 \Q. �®íâ®¬ã iii) ¢«¥ç¥â i) ¨ ii).

i) ! iii). �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® (7) ¢«¥ç¥â ka+ xk2E � a2 + kxk2E , £¤¥ a 2 R1 ¨ x 2 E \Q.
�âáî¤ 

ka+ xkE � kxkE : (9)

� áá¬®âà¨¬ ®¤­®¬¥à­ë© ®¯¥à â®à

Px(t) =
Z 1

0
x(s) ds{[0;1](t):

�á­®, çâ® P | ®àâ®£®­ «ì­ë© ¯à®¥ªâ®à ­  ¯à®áâà ­áâ¢® ¯®áâ®ï­­ëå äã­ªæ¨©. �¥à ¢¥­áâ¢® (9)
®§­ ç ¥â

k(I � P )ykE � kykE
¤«ï ¢á¥å y 2 E. �®íâ®¬ã kI � PkE = 1. � [5] ¡ë«® ¤®ª § ­®, çâ® íâ® à ¢¥­áâ¢® ¢«¥ç¥â E = L2.

ii) ! iii). �§ (8) ¢ëâ¥ª ¥â

ks+ xkE �
�
s2 + kxk2E

�1=2
: (10)

�ã­ªæ¨ï Fx(s) = ks + xkE ¢ë¯ãª«  ¨ Fx(0) = kxk. � á¨«ã (10) d
ds
Fx(s)js=0 = 0. �âáî¤  Fx(s) �

kxkE . �àã£¨¬¨ á«®¢ ¬¨, á¯à ¢¥¤«¨¢® (9). �ëè¥ ¡ë«® ¯®ª § ­®, çâ® (9) ¢«¥ç¥â à ¢¥­áâ¢® E =
L2.

� ¤®ª § â¥«ìáâ¢¥ ¨¬¯«¨ª æ¨¨ i) ! iii) ¢¬¥áâ® (7) ¬®¦¥¬ ¨á¯®«ì§®¢ âì ¡®«¥¥ á« ¡®¥ ­¥à -
¢¥­áâ¢® k1 + xkE � kxkE .

�«ï § ¤ ­­®£® r. i. ¯à®áâà ­áâ¢  E ®¯à¥¤¥«¨¬

�(E) = inf
�
kx+ ykE : x; y 2 E; kxkE � 1; kykE � 1; xy 2 L1;

Z 1

0

xy dt = 0
�
:

�¥®à¥¬  2. �ãáâì E | r. i. ¯à®áâà ­áâ¢®. �®£¤  �(E) > 0 á¯à ¢¥¤«¨¢® ¢ â®¬ ¨ â®«ìª®

â®¬ á«ãç ¥, ª®£¤  E �= L2.

�®ª § â¥«ìáâ¢®. �á­®, �(L2) =
p
2. �®íâ®¬ã âà¥¡ã¥âáï ¤®ª § âì, çâ® �(E) = 0 ¤«ï «î¡®£®

r. i. ¯à®áâà ­áâ¢  E, ª®â®à®¥ ­¥ á®¢¯ ¤ ¥â á L2 á â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨.
�à¥¤¯®«®¦¨¬ E � L2 ¨ E 6= L2. �«ï § ¤ ­­®£® " > 0 ¢ë¡¥à¥¬ u 2 E â ª®©, çâ® kukE = 1,

kukL2
� " ¨ suppu � (1=2; 1). �®«®¦¨¬

x(t) =
p
2kukL2

{(0; 1
2
)(t) + u(t); y(t) =

p
2kukL2

{(0; 1
2
)(t)� u(t):
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�®£¤ 

kxkE = kykE � kukE = 1;
Z 1

0

x(t)y(t) dt = 2kuk2L2

1
2
�
Z 1

1=2

u2(t) dt = 0

¨
kx+ ykE = 2

p
2kukL2

k{(0; 1
2
)kE � 2

p
2":

�â¨ ®æ¥­ª¨ ¤®ª §ë¢ îâ ­ è¥ ãâ¢¥à¦¤¥­¨¥ ¢ ¯¥à¢®¬ á«ãç ¥.
�ãáâì E | ­¥á¥¯ à ¡¥«ì­®¥ r. i. ¯à®áâà ­áâ¢®, E 6= L1. �¡®§­ ç¨¬ ç¥à¥§ E0 § ¬ëª ­¨¥ L1 ¢

E. �®£¤  E0 ¥áâì á¥¯ à ¡¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢® E. �á«¨ E0 � L2, â® ¨ E � L2. �¥©áâ¢¨â¥«ì­®,

kxkL2
� CkxkE

¤«ï ­¥ª®â®à®£® C > 0 ¨ ¢á¥å x 2 E0. �á«¨ y 2 E ¨ yn | á®®â¢¥âáâ¢ãîé ï ¯®á«¥¤®¢ â¥«ì­®áâì
áà¥§®ª, â® kynkL2

� CkynkE ¤«ï ª ¦¤®£® n = 1; 2; : : : �áâà¥¬«ïï n ª ¡¥áª®­¥ç­®áâ¨, ¢ á¨«ã
á¢®©áâ¢  � âã ¯®«ãç ¥¬

kykL2
� CkykE:

�â® ®§­ ç ¥â, çâ® E � L2.
�¥¯¥àì à áá¬®âà¨¬ á«ãç © E 6� L2. �¤¥« ­­®¥ ¢ëè¥ § ¬¥ç ­¨¥ ¯®ª §ë¢ ¥â, çâ® E0 6� L2.

�«¥¤®¢ â¥«ì­®, ¤®áâ â®ç­® ¤®ª § âì à ¢¥­áâ¢® �(E) = 0 ¯à¨ ¤®¯®«­¨â¥«ì­®¬ ¯à¥¤¯®«®¦¥­¨¨,
çâ® E á¥¯ à ¡¥«ì­®.

�ë¡¥à¥¬ y 2 E nL2, y = y�, kykE = 1. �¥¯ à ¡¥«ì­®áâì E ¢«¥ç¥â  ¡á®«îâ­ãî ­¥¯à¥àë¢­®áâì
­®à¬ë ([3], â¥®à¥¬  1.4.1). �®íâ®¬ã áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì tn # 0 â ª ï, çâ®

ky{0;tn)kE < 1=n

¤«ï ¢á¥å n = 1; 2; : : : � ª ª ª y =2 L2, â®

lim
s!0

ky{(s;tn)kL2
=1:

�á¯®«ì§ãï íâ® à ¢¥­áâ¢®, ¬®¦¥¬ ­ ©â¨ sn 2 (0; tn) â ª®¥, çâ®Z tn

sn

y2(t) dt =
Z 1

tn

y2(t) dt:

� á¨«ã á¢®©áâ¢  � âã

�n
def= ky{(sn;1)kE

áâà¥¬¨âáï ª 1. �®«®¦¨¬

xn(t) =

8>><
>>:
0; 0 � t � sn;

y(t)=�n; sn < t < tn;

�y(t)=�n; tn � t � 1:

�á­®, kxnkE = 1 ¨ Z 1

0

xn(t)y(t) dt =
1
�n

�Z tn

sn

y2(t) dt�
Z 1

tn

y2(t) dt
�
= 0

¤«ï ª ¦¤®£® n = 1; 2; : : : �âáî¤ 

�(E) � lim
n!0

kxn + ykE � lim
n!1

�
ky{(0;sn)kE + ky{(sn;tn)kE

�
1
�n

+ 1
�
+

+ ky{(tn;1)k
�
1
�n

� 1
��

� lim
n!1

�
1
n
+
1
n

�
1
�n

+ 1
�
+

1
�n

� 1
�
= 0: �

�«ï § ¤ ­­ëå r. i. ¯à®áâà ­áâ¢ E, x 2 E, à áá¬®âà¨¬ äã­ªæ¨®­ «

F (x) = inf
�
kx+ ykE : y 2 E; kykE � 1; xy 2 L1;

Z 1

0

xy dt = 0
�
:
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� â¥®à¥¬¥ 1 ¡ë«® ¤®ª § ­®, çâ® inf fF (x) : kxkE = 1g = 0, ¥á«¨ E � L2, E 6= L2. �¤­ ª® F (x) > 0
¤«ï ª ¦¤®£® x 6= 0. �à¥¤¯®« £ ï ¯à®â¨¢­®¥, ¬®¦¥¬ ­ ©â¨ ¯®á«¥¤®¢ â¥«ì­®áâì yn 2 E, kynkE�1,
â ªãî, çâ® kx + ynk ! 0 ¨

Z 1

0
xyn dt = 0. �«ï ª ¦¤®£® x 2 E äã­ªæ¨®­ « y !

Z 1

0
xy dt ­¥-

¯à¥àë¢¥­ ¨ yn áâà¥¬¨âáï ª �x. �âáî¤ 
Z 1

0
�x2 dt = 0. �®«ãç¥­­®¥ à ¢¥­áâ¢® ¯à®â¨¢®à¥ç¨â

¯à¥¤¯®«®¦¥­¨î x 6= 0. �á«¨ E 6� L2, â® E0 6� L2 ¨ F (x) = 0 ¤«ï ª ¦¤®£® x 2 E0 n L2.

3. � à ªâ¥à¨áâ¨ª , á¢ï§ ­­ ï á ®àâ®£®­ «ì­®áâìî

� íâ®¬ ¯ à £à ä¥ ¡ã¤¥â ¨§ãç¥­  å à ªâ¥à¨áâ¨ª  
(E), ®¯à¥¤¥«¥­­ ï ¢ (2).

�¥¬¬  1. �ãáâì E | r. i. ¯à®áâà ­áâ¢®, â®£¤ 


(E) = inf
x2E\Q; kxk�1

k1 + xkE :

�®ª § â¥«ìáâ¢®. �­ ç «¥ ¤®ª ¦¥¬ ­¥à ¢¥­áâ¢®


(E) � 1: (11)

�ãáâì x 2 E \ Q, kxkE = 1, � 2 (0; 1). �®£¤  áãé¥áâ¢ã¥â ¯®¤¬­®¦¥áâ¢® e � [0; 1] â ª®¥, çâ®
mes e = � ¨ Z

e

x(t) dt � 0:

�®íâ®¬ã

sup
mes g=�

Z
g

j1 + x(t)j dt �
Z
e

(1 + x(t)) dt � �:

�â® ®§­ ç ¥â j1 + xj � {[0;1]. �á¯®«ì§ãï á¢®©áâ¢® (5), ¨¬¥¥¬ k1 + xk � k{[0;1]kE = 1.
�«ï § ¤ ­­®£® x 2 E \Q, kxkE = 1, à áá¬®âà¨¬ äã­ªæ¨î

fx(s) = k1 + sxkE:
�®¢â®àïï ¨á¯®«ì§®¢ ­­ë¥ ¢ëè¥  à£ã¬¥­âë, ¢¨¤¨¬, çâ® fx(s) � 1 ¤«ï ª ¦¤®£® s 2 R1 . � ª ª ª
fx(0) = 1, â® fx(s) ã¡ë¢ ¥â ¤«ï s � 0 ¨ ¢®§à áâ ¥â ¤«ï s � 0. �«¥¤®¢ â¥«ì­®, fx(s) � fx(1) ¤«ï
ª ¦¤®£® s � 1.

�¥¯¥àì ¬®¦¥¬ ¤ âì ¯à®áâë¥ ¯à¨¬¥àë ¢ëç¨á«¥­¨ï 
(E). � ª ª ª Q ¨ 1 ®àâ®£®­ «ì­ë, â®

(L2) =

p
2.

�®«®¦¨¬ r1(t) = sign sin 2�t. � ª ª ª r1 2 L1 \Q, kr1kL1
= k1 + r1kL1

= 1, â® 
(L1) = 1.
� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨©

xn(t) = �{(0; 1
n
)(t) +

1
n� 1

{( 1
n
;1)(t); n = 2; 3; : : :

�á­®, çâ® xn 2 L1 \Q, kxnkL1 = 1 ¨

lim
n!1

k1 + xnkL1 = lim
n!1

n

n� 1
= 1:

�®íâ®¬ã 
(L1) = 1.
�®ª ¦¥¬, çâ® 
(M(')) = 1 ¤«ï ª ¦¤®© ' 2 
, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î

lim
t!0

'(t) = lim
t!1

t

'(t)
= 0:

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨©

xn(t) = n'

�
1
n

��
{(0; 1

2n
)(t)� {( 1

2n
; 1
n
)(t)

�
; n = 1; 2; : : :
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�¬¥¥¬ xn 2M(') \Q, kxnkM(') = 1 ¤«ï ª ¦¤®£® n = 1; 2; : : : ¨

lim
n!1

k1 + xnkM(') � lim
n!1

k1 + jxnj kM(') = lim
n!1

max
�
(n'( 1

n
) + 1) 1

n

'( 1
n
)

; n'

�
1
n

�
1
n
+ 1

�
=

= lim
n!1

max
�
1 +

1
n'( 1

n
)
; '

�
1
n

�
+ 1

�
= 1:

�à¨¬¥­ïï ¯®«ãç¥­­ãî ®æ¥­ªã ¨ (11), ¯®«ãç ¥¬ 
(M(')) = 1. �á«¨ '0(t) = sign t, '1(t) = t, â®
M('0) = L1 ¨ M('1) = L1. �â¨ á«ãç ¨ ¡ë«¨ à áá¬®âà¥­ë à ­¥¥.

�¥®à¥¬  3. �á«¨ r. i. ¯à®áâà ­áâ¢® E à ¢­®¬¥à­® ¢ë¯ãª«®, â® 
(E) > 1.

�®ª § â¥«ìáâ¢®. �ãáâì " > 0. �ë¡¥à¥¬ x 2 E \Q â ª®©, çâ® kxkE = 1 ¨ k1+ xk � 
(E) + ".
�®£¤  



 {[0;1]


(E) + "





 < 1;




 1 + x


(E) + "





 � 1:

� á¨«ã (11)


1 + x

2



 � 1. �âáî¤ 

1
2





 1

(E) + "

+
1 + x


(E) + "





 � 1

(E) + "

:

�á¯®«ì§ãï (6), ¯®«ãç ¥¬

�E

�
1


(E) + "

�
� 1� 1


(E) + "
:

�à¨ "! 0 ¨¬¥¥¬

�E

�
1


(E)

�
� 1� 1


(E)
:

� ª ª ª 
(E) � 2, â®


(E) � 1

1� �E
�

1

(E)

� � 1
1� �E

�
1
2

� > 1: �

� ª¨¬ ®¡à §®¬, à ¢­®¬¥à­ ï ¢ë¯ãª«®áâì r. i. ¯à®áâà ­áâ¢  E | ¤®áâ â®ç­®¥ ãá«®¢¨¥ ¤«ï

(E) > 1. �¤­ ª® ®­® ­¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬. �®ª ¦¥¬, çâ® 
(�(')) > 1 ¤«ï è¨à®ª®£®
¯®¤¬­®¦¥áâ¢  ' 2 
.

�«ï íâ®£® ­¥®¡å®¤¨¬® ãáâ ­®¢¨âì ­¥ª®â®àë¥ ¢á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï. �¡®§­ ç¨¬ ç¥-

à¥§K ª®­ãá ã¡ë¢ îé¨å äã­ªæ¨© x(t), ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î
Z 1

0

x(t) dt = 0. �«ï § ¤ ­­®£®

x 2 L1 ¯®«®¦¨¬ x+(t) = max(x(t); 0), x�(t) = max(�x(t); 0).
�ç¥¢¨¤­®, '(t) � t ¤«ï ¢á¥å t 2 [0; 1], ' 2 
. � ç áâ­®áâ¨, '(1=2) � 1=2.

�¥¬¬  2. �ãáâì ' 2 
 ¨

� = '(1=2) � 1=2 > 0:

�á«¨ x 2 �(') \K, â® Z 1

0
x(t) d'(t) � �

Z 1

0
x+(t) d'(t):

�®ª § â¥«ìáâ¢®. �ãáâì 0 < � < � < 1. � áá¬®âà¨¬ äã­ªæ¨®­ «

F (x) =
Z 1

0
x(t) d'(t)

¨ ¬­®¦¥áâ¢® äã­ªæ¨©
ya;�;�(t) = a{[0;�](t)� b{[�;1](t);

£¤¥ a; b > 0, 0 < � � � < 1 ¨ a� = b(1� �). �¡®§­ ç¨¬ ç¥à¥§ '(t) äã­ªæ¨î, ª®â®à ï á®¢¯ ¤ ¥â á
'(t) ¢ â®çª å 0, 1=2, 1 ¨ «¨­¥©­  ­  ¯à®¬¥¦ãâª å [0; 1=2], [1=2; 1]. �á­®, ' 2 
 ¨ ' � ', ya;�;� 2 K.
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� ª ª ª äã­ªæ¨ï f(t) = t
1�t ¢®§à áâ ¥â ­  [0; 1), â® f('(t)) � f('(t)). �à®áâë¥ ¢ëç¨á«¥­¨ï

¯®ª §ë¢ îâ, çâ® f('(t)) � (1 + 2�)f(t). �âáî¤  f('(t)) � (1 + 2�)f(t) ¨

'(t)
t

� (1 + 2�)
1 � '(t)
1� t

¤«ï ¢á¥å 0 < t < 1. �ã­ªæ¨ï '(t)

t
ã¡ë¢ ¥â,   äã­ªæ¨ï 1�'(t)

1�t ¢®§à áâ ¥â ­  (0; 1). �®íâ®¬ã

'(�)
�

� (1 + 2�)
1 � '(�)
1� �

¤«ï ¢á¥å 0 < � < � < 1. �âáî¤ 

F (ya;�;�) = a'(+0) + a'(�) � b(1� '(�)) � a'(+0) + a'(�) � (1� �)b'(�)
�(1 + 2�)

=

= a'(+0) + a'(�)
�
1� 1

1 + 2�

�
= a'(+0) +

2�
1 + 2�

a'(�) � � (a'(+0) + a'(�)) = �F ((ya;�;�)+) :
(12)

�ãáâì x(t) | áâã¯¥­ç â ï äã­ªæ¨ï ¨§ K. �¡®§­ ç¨¬ ç¥à¥§ � «î¡®¥ ç¨á«® ¨§ (0; 1) â ª®¥,
çâ® x(t) � 0 ¤«ï t 2 (0; �) ¨ x(t) � 0 ¤«ï t 2 (�; 1). �®£¤  áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì

�i 2 (0; �); �i 2 (�; 1), 1 � i � n, â ª ï, çâ® x 2 convfya;�i;�i ; 1 � i � ng, £¤¥ a� =
Z 1

0

x+(t) dt. �§

(12) ¢ëâ¥ª ¥â

F (x) � �

Z 1

0

x+(t) d'(t): (13)

� á¨«ã ([2], (2.2.25)) F (z) � F (z�) = kzk�(') ¤«ï ¢á¥å z 2 �('). �â® ®§­ ç ¥â, çâ® F ¥áâì
­¥¯à¥àë¢­ë© «¨­¥©­ë© äã­ªæ¨®­ « ­  �('). �­®¦¥áâ¢® áâã¯¥­ç âëå äã­ªæ¨© ¨§ K ¯«®â­® ¢
K. �®íâ®¬ã (13) á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å x 2 �(') \K.

�¥¬¬  3. �à¥¤¯®«®¦¨¬, çâ® ' 2 
, '(1=2) > 1=2, ' ­¥¯à¥àë¢­  ¢ 0, x 2 �(') \K, x(t) �
�1. �®£¤  Z 1

0

x(t) d'(t) � �'�1
�
�

2

�
;

£¤¥ � = kxk�(').
�®ª § â¥«ìáâ¢®. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦¥¬ ¯à¥¤¯®« £ âì, çâ® x(t) + 1 ã¡ë¢ ¥â ­ 

[0; 1]. � á¨«ã ([2], 2.4.1) Z �

0

x(t) dt = kx+kL1
� kx+k�(');

£¤¥ ç¨á«® � ®¯à¥¤¥«¥­® ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2. � ª ª ªZ �

0

x dt = �
Z 1

�

x dt;

â® Z 1

0
x� dt � kx+k�('):

�®£« á­® ¯à¥¤¯®«®¦¥­¨î 0 � x�(t) � 1 ¤«ï ª ¦¤®£® t 2 [0; 1]. � áá¬®âà¨¬ ¬­®¦¥áâ¢®

fz : z 2 L1; 0 � z � 1; kzkL1
� cg ;

£¤¥ 0 < c < 1. �­® á« ¡® ª®¬¯ ªâ­® ¢ �('). �®à®è® ¨§¢¥áâ­®, çâ® ¢áïª ï íªáâà¥¬ «ì­ ï â®ç-
ª  íâ®£® ¬­®¦¥áâ¢  á®¤¥à¦¨âáï ¢ ¬­®¦¥áâ¢¥ f{e; mes e � cg. �® â¥®à¥¬¥ �à¥©­ -�¨«ì¬ ­ 
kx�k�(') � '(kx+k�(')). �âáî¤ 

� = kxk�(') � kx+k�(') + kx�k�(') � kx+k�(') + '(kx+k�(')) � 2'(kx+k�('))
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¨ kx+k�(') � '�1(�=2). � á¨«ã «¥¬¬ë 2Z 1

0

x d' � �'�1
�
�

2

�
: �

�¥®à¥¬  4. �à¥¤¯®«®¦¨¬, çâ® ' 2 
, ' ­¥¯à¥àë¢­  ¢ 0, � = '(1=2) � 1=2 > 0. �®£¤ 

(�(')) > 1.

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬ x 2 �('), kxk�(') = 1,
Z 1

0
x dt = 0. �®«®¦¨¬

u(t) =

8>><
>>:
�1; ¥á«¨ x(t) � �1;
x(t); ¥á«¨ � 1 < x(t) < 0;

a; ¥á«¨ x(t) � 0;

£¤¥ a ¢ë¡à ­® â ª, çâ®
Z 1

0

u(t) dt = 0. �®«®¦¨¬

v(t) =

8>><
>>:
�1; ¥á«¨ x(t) � �2;
x(t) + 1; ¥á«¨ � 2 � x(t) < �1;
0; ¤«ï ®áâ «ì­ëå t 2 [0; 1];

w(t) = x(t)� u(t)� v(t), e = ft : �1 < x(t) < 0g.
�¡®§­ ç¨¬ kuk�(') = �. � á¨«ã «¥¬¬ë 3

k1 + xk�(') � k1 + uk�(') � 1 + �'�1(�=2): (14)

� ª ª ª jv(t)j � ju(t)j ¤«ï ª ¦¤®£® t 2 [0; 1], â® kvk�(') � kuk�(') = � ¨

kwk�(') � kxk�(') � kuk�(') � kvk�(') � 1� 2�:

�á­®, çâ® signw(t) = sign (1 + u(t) + v(t)) ¤«ï ¢á¥å t 2 [0; 1] ¨ j1 + u(t) + v(t)j � 1 ¤«ï ¢á¥å
t 2 [0; 1] n e. �âáî¤ 

k1 + xk�(') � 1 + kwk�(') � ku{ek�(') � 2� 2�� � = 2� 3�: (15)

�à ¢­¨¢ ï (14) ¨ (15), ¯®«ãç ¥¬ k1 + xk�(') � min
0���1

max(1 + �'�1(�=2); 2 � 3�). �«ï ª ¦¤®£®

� > 0 äã­ªæ¨ï G(�) = max(1 + �'�1(�=2); 2 � 3�) ­¥¯à¥àë¢­  ¨ áâà®£® ¡®«ìè¥ 1 ¤«ï ª ¦¤®£®
� 2 [0; 1]. �®íâ®¬ã


(�(')) � min
0���1

G(�) > 1: �

�ë¡¥à¥¬ ç¨á«® � 2 (0; 1) â ª, çâ®¡ë '(�) < 1=3. �¥£ª® ¯®ª § âì, çâ® min
0���1

G(�) § ¢¨á¨â

â®«ìª® ®â �, �. �«¥¤®¢ â¥«ì­®, ¥á«¨ ¯à®áâà ­áâ¢® �®à¥­æ  �(') ­¥ á®¢¯ ¤ ¥â á L1 ¨ L1 (á
â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨), â® 
(�(')) > 1.

�¥®à¥¬  5. �ãáâì 1 < p <1, p 6= 2. �®£¤ 

1 < 
(Lp) < min(2
1

p ; 2
1

p0 );

£¤¥ 1=p+ 1=p0 = 1.

�®ª § â¥«ìáâ¢®. �¥¢®¥ ­¥à ¢¥­áâ¢® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 3. �ãáâì 2 < p <1. B ¯ à £à -
ä¥ 2 ¡ë«® ®â¬¥ç¥­®, çâ® kI � PkLp > 1. �«ï § ¤ ­­®£® " > 0 ¢ë¡¥à¥¬ y 2 Lp â ª®©, çâ®



y �

Z 1

0

y ds






Lp

� (kI � PkLp � ")kykLp :
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�¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® ¯à¥¤¯®« £ âì, çâ®
Z 1

0
y ds = 1. �®£¤  kykLp > 1. �®«®¦¨¬

y � 1 = z. �®£¤ 
Z 1

0
z dt = 0 ¨

kzkLp � (kI � PkLp � ")kz + 1kLp :
�ë¡¥à¥¬ � 2 (0; 1) â ª®¥, çâ® k��zkLp = 1, ¨ ®¡®§­ ç¨¬ ��z = x. �¬¥¥¬ kxkLp = 1, suppx � [0; � ],Z 1

0

x dt = 0;

¨ kx+ {[0;� ]kLp � (kI � PkLp � ")�1kxkLp . �âáî¤ 

kx+ 1kLp �
�kx+ {[0;� ]kpLp + k{[�;1]kpLp

� 1
p � �

(kI � PkLp � ")�p + 1
� 1

p :

�§ ¯®«ãç¥­­®£® ­¥à ¢¥­áâ¢  ¢ëâ¥ª ¥â


(Lp) �
�

1
kI � PkpLp

+ 1
�1=p

< 21=p:

�ãáâì 1 < p < 2. �«ï § ¤ ­­®£® � 2 (0; 1
2
] à áá¬®âà¨¬ äã­ªæ¨î

x�(t) = a{(0;�)(t)� b{(�;1)(t);

£¤¥ a� = b(1� �) ¨ ap� + bp(1� �) = 1. �â¨ à ¢¥­áâ¢  ®§­ ç îâZ 1

0
x� dt = 0; kx�kLp = 1:

�ç¥¢¨¤­®, k1+x1=2kLp = 21�
1

p . �à®áâë¥, ­® ¤®áâ â®ç­® £à®¬®§¤ª¨¥ ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ®

d

d�
k1 + x�kLp

��
�= 1

2
�0 = 2

1

p
2� p

p
> 0:

�®íâ®¬ã k1 + x�kLp < 21�
1

p , ¥á«¨ � < 1
2
¨ 1

2
� � ¤®áâ â®ç­® ¬ «®.

�«¥¤áâ¢¨¥ 1. �ãáâì 1 < p <1, p 6= 2. �ãé¥áâ¢ã¥â í«¥¬¥­â x 2 Lp â ª®©, çâ® kxkLp = 1,

k1 + xkLp < min(21=p; 21=p
0

) (16)

¨

k1 + sxkLp � 1 (17)

¤«ï «î¡®£® s 2 R1 .

�¥©áâ¢¨â¥«ì­®, ¢ á¨«ã â¥®à¥¬ë 5 áãé¥áâ¢ã¥â í«¥¬¥­â x 2 Lp â ª®©, çâ® kxkLp = 1,
Z 1

0

x dt = 0

¨ á¯à ¢¥¤«¨¢® (16). �«ï â®£® çâ®¡ë ¤®ª § âì (17), à áá¬®âà¨¬ äã­ªæ¨î

F (s) =
Z 1

0

j1 + sx(t)jp dt:

� ª ª ª F (s) ¢ë¯ãª« , F (0) = k{[0;1]kLp = 1 ¨

d

ds
F (s)

���
s=0

= p

Z 1

0

x(t) dt = 0;

â® (17) ã¤®¢«¥â¢®àï¥âáï ¤«ï «î¡®£® s 2 R1 .
� ª¨¥ à¥§ã«ìâ âë ¯®«¥§­ë ¯à¨ ¨§ãç¥­¨¨ ç¥¡ëè¥¢áª¨å æ¥­âà®¢ ®£à ­¨ç¥­­ëå ¢ë¯ãª«ëå

¬­®¦¥áâ¢ ¢ ­®à¬¨à®¢ ­­ëå ¯à®áâà ­áâ¢ å.
�¥¯¥àì ¯®«ãç¨¬ ¢¥àå­îî ®æ¥­ªã 
(E) ¤«ï ¯à®¨§¢®«ì­®£® r. i. ¯à®áâà ­áâ¢  E.
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�¥¬¬  4. �ãé¥áâ¢ã¥â áâã¯¥­ç â ï äã­ªæ¨ï y â ª ï, çâ®

Z 1

0
y(t) dt = 0 ¨ ¤«ï «î¡®£® r. i.

¯à®áâà ­áâ¢  E kykE � 1 ¨

k1 + ykE �
p
5 + 1
2

�= 1:62: (18)

�®ª § â¥«ìáâ¢®. � á¨«ã (3), (4) ¤®áâ â®ç­® ­ ©â¨ â ªãî äã­ªæ¨î y, çâ® kykL1
= 1 ¨

k1 + ykL1 =

p
5 + 1
2

: (19)

�ãáâì y(t) = a{(0;�)(t)� b{(�;1)(t), £¤¥ 0 < a < b ¨

a� = b(1� �) = 1=2:

�®£¤  y 2 Q, kykL1
= 1 ¨ k1+ykL1 = max(a+1; j�b+1j). �ç¥¢¨¤­®, íâ®â max ¡ã¤¥â ¬¨­¨¬ «ì­ë¬,

¥á«¨ a+1 = b�1. �â ª, ¨¬¥¥¬ á¨áâ¥¬ã ¨§ âà¥å ãà ¢¥­¨© á ­¥¨§¢¥áâ­ë¬¨ a, b, �. �¥è ï ¥¥, ¯®«ãç¨¬
� =

p
5+1
4

, a =
p
5�1
2

, b =
p
5+3
2

. �âáî¤  ¨¬¥¥¬ (19).

�¥£ª® ¤®ª § âì, çâ® ª®­áâ ­â 
p
5+1
2

¢ (18) â®ç­ ï.

�«¥¤áâ¢¨¥ 2. �¥à ¢¥­áâ¢® 
(E) �
p
5+1
2

á¯à ¢¥¤«¨¢® ¤«ï ª ¦¤®£® r. i. ¯à®áâà ­áâ¢  E.

�§ á«¥¤áâ¢¨ï 2 ¨ ®ç¥¢¨¤­®£® à ¢¥­áâ¢  
(L2) =
p
2 ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â

p
2 � sup
(E) �

p
5 + 1
2

;

£¤¥ sup ¡¥à¥âáï ¯® ¬­®¦¥áâ¢ã ¢á¥å r. i. ¯à®áâà ­áâ¢. �à¥¤¯®«®¦¨¬, çâ® 
(E) � p
2 ¤«ï «î¡®£®

r. i. ¯à®áâà ­áâ¢  E. �á«¨ ¯à¥¤¯®«®¦¨âì ¤®¯®«­¨â¥«ì­®, çâ® E � L2 ¨ kxkL2
� kxkE ¤«ï ¢á¥å

x 2 E, â® 
(E) � p
2. �®ª § â¥«ìáâ¢® â®ç­® â ª®¥ ¦¥, ª ª ¨ ¢ «¥¬¬¥ 4. �¬¥¥¬ á«¥¤ãîé¨¥

ãà ¢­¥­¨ï:
a+ 1 = b� 1; a� = b(1� �); a2� + b2(1� �) = 1:

�âáî¤  a+ 1 = b� 1 =
p
2.

� à ªâ¥à¨áâ¨ª  
(E) ­¥ãáâ®©ç¨¢  ®â­®á¨â¥«ì­® íª¢¨¢ «¥­â­ëå ¯¥à¥­®à¬¨à®¢®ª. �¬¥¥â ¬¥-
áâ®

�¥®à¥¬  6. �ãáâì E | r. i. ¯à®áâà ­áâ¢® ¨ " > 0. �ãé¥áâ¢ã¥â â ª®¥ r. i. ¯à®áâà ­-

áâ¢® F , çâ® E �= F ¨ 
(F ) < 1 + ".

�®ª § â¥«ìáâ¢®. �«ï x 2 E ¯®«®¦¨¬

kxkF = (1� ")kxkL1
+ "kxkE :

� á¨«ã (3), (4) E �= F . � ­ ç «¥ íâ®£® ¯ à £à ä  ¬ë ã¯®¬¨­ «¨, çâ® kr1kE = 1, r1 2 E \ Q.
�âáî¤ 


(F ) � k1 + r1kF = (1� ")k1 + r1kL1
+ "k1 + r1kE = (1� ") + "2'E(1=2) � 1� "+ 2" = 1 + ": �

�¥®à¥¬  6 ­¨ç¥£® ­¥ £®¢®à¨â ® r. i. ¯à®áâà ­áâ¢ å á 
(E) = 1. �®®¡é¥ £®¢®àï, ¢ íâ®¬ á«ã-
ç ¥ å à ªâ¥à¨áâ¨ª  
(E) â ª¦¥ ­¥ãáâ®©ç¨¢ . � ¯à¨¬¥à, ¬®¦­® ¯®ª § âì, çâ® 
(E) =

p
2 ¤«ï

¯à®áâà ­áâ¢  L1 á íª¢¨¢ «¥­â­®© ­®à¬®©

kxkE = 2
Z 1=2

0
x�(t) dt:

� ¤àã£®© áâ®à®­ë, ¥á«¨ F �= L1 | r. i. ¯à®áâà ­áâ¢® ¨ 'F (+0) � 1
2
, â® 
(F ) = 1.
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