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�ãáâì X , Y, U | £¨«ì¡¥àâ®¢ë ¯à®áâà ­áâ¢ , ®¯¥à â®àë L 2 L(X ;Y) (â. ¥. «¨­¥©­ë© ­¥-
¯à¥àë¢­ë©), M 2 Cl(X ;Y) («¨­¥©­ë© § ¬ª­ãâë©, ¯«®â­® ®¯à¥¤¥«¥­­ë© ¢ X ), B 2 L(U ;Y).
� áá¬®âà¨¬ ®¯¥à â®à­®-¤¨ää¥à¥­æ¨ «ì­®¥ ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥

L _x(t) =Mx(t) +Bu(t); 0 � t � T: (1)

�¤¥áì äã­ªæ¨ï u(�) : [0; T ]! U ®¡®§­ ç ¥â ã¯à ¢«¥­¨¥.
� à ¬ª å § ¤ ç¨ �®è¨

x(0) = x0 (2)

¤«ï ãà ¢­¥­¨ï (1) à áá¬ âà¨¢ îâáï ¬­®£¨¥ ­ ç «ì­®-ªà ¥¢ë¥ § ¤ ç¨ ¤«ï ãà ¢­¥­¨© ¨ á¨áâ¥¬
ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå [1]. �¥à¢ë¬ ­ ç « ¨§ãç âì ­ ç «ì­®-ªà ¥¢ë¥ § ¤ ç¨ ¤«ï
ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå, ­¥ à §à¥è¥­­ëå ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­®© ¯® ¢à¥¬¥­¨,
�.�. �®¡®«¥¢ [2], ¯®íâ®¬ã â ª¨¥ ãà ¢­¥­¨ï, ¢ ç áâ­®áâ¨ ãà ¢­¥­¨¥ (1), ¡ã¤¥¬ ­ §ë¢ âì \ãà ¢­¥-
­¨ï¬¨ á®¡®«¥¢áª®£® â¨¯ ".

�á«¨ ®¯¥à â®à L ­¥¯à¥àë¢­® ®¡à â¨¬, â® ãà ¢­¥­¨¥ (1) á¢®¤¨âáï ª ãà ¢­¥­¨î

_x = Sx+ L�1Bu (3)

¢ ¯à®áâà ­áâ¢¥ X . �«ï á«ãç ï, ª®£¤  ®¯¥à â®à S = L�1M 2 Cl(X ) ï¢«ï¥âáï £¥­¥à â®à®¬ C0-
­¥¯à¥àë¢­®© ¯®«ã£àã¯¯ë, ¢®¯à®á ã¯à ¢«ï¥¬®áâ¨ ãà ¢­¥­¨ï (3) ¨áá«¥¤ã¥âáï ¢ ([3], £«. 4, x 9,
c. 260{264) ¬¥â®¤ ¬¨ â¥®à¨¨ ¯®«ã£àã¯¯ ®¯¥à â®à®¢. � ¬¨ ¯®«ãç¥­ë  ­ «®£¨ç­ë¥ à¥§ã«ìâ âë
¤«ï ãà ¢­¥­¨ï (1) ¢ á«ãç ¥, ª®£¤  kerL 6= f0g,   ®¯¥à â®à M á¨«ì­® (L; p)-à ¤¨ «¥­ [4]. �à¨
íâ®¬ ¨á¯®«ì§®¢ ­  â¥®à¨ï ¯®«ã£àã¯¯ ãà ¢­¥­¨© á®¡®«¥¢áª®£® â¨¯  [1], [4].

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï:

�L(M) = f� 2 C : (�L�M)�1 2 L(Y;X )g;

¤«ï �0; : : : ; �p 2 �L(M) RL
(�;p)(M) =

pY
k=0

(�kL�M)�1L; LL
(�;p)(M) =

pY
k=0

L(�kL�M)�1;

X 0 = kerRL
(�;p)(M); Y0 = kerLL

(�;p)(M);

X 1 = imRL
(�;p)(M); Y1 = imLL

(�;p)(M)

(§ ¬ëª ­¨¥ ®¡à §  ¢ ­®à¬¥ ¯à®áâà ­áâ¢  X ¨«¨ Y á®®â¢¥âáâ¢¥­­®). �¥à¥§ Mk (Lk) ¡ã¤¥¬ ®¡®-
§­ ç âì áã¦¥­¨¥ ®¯¥à â®à  M (L) ­  domMk = X k

T
domM (Xk), k = 0; 1.

�¯¥à â®à M ­ §ë¢ ¥âáï p-à ¤¨ «ì­ë¬ ®â­®á¨â¥«ì­® ®¯¥à â®à  L (ª®à®ç¥, (L; p)-à ¤¨ «ì-
­ë¬), ¥á«¨

(i) 9a 2 R 8� > a, � 2 �L(M);

� ¡®â  ç áâ¨ç­® ¯®¤¤¥à¦ ­  £®áã¤ àáâ¢¥­­®© ­ ãç­®© áâ¨¯¥­¤¨¥© ¤«ï ¬®«®¤ëå ãç¥­ëå.
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(ii) 9K > 0 8�k > a; k = 0; p; 8n 2 N

maxfk(RL
(�;p)(M))nkL(X ); k(LL

(�;p)(M))nkL(Y)g �
K

pQ
k=0

(�k � a)n
:

�¯¥à â®à M ­ §ë¢ ¥âáï á¨«ì­® (L; p)-à ¤¨ «ì­ë¬ , ¥á«¨ áãé¥áâ¢ã¥â ¯«®â­ë© ¢ Y «¨­¥ «
�

Y
â ª®©, çâ®

kM(�L�M)�1LL
(�;p)(M)ykY �

const(y)

(�� a)
pQ

k=0
(�k � a)

8y 2
�

Y;

kRL
(�;p)(M)(�L�M)�1kL(Y;X ) �

K

(�� a)
pQ

k=0
(�k � a)

¯à¨ «î¡ëå �; �0; �1; : : : ; �p > a.

�¥®à¥¬  1 ([4]). �ãáâì ®¯¥à â®à M á¨«ì­® (L; p)-à ¤¨ «¥­. �®£¤ 

(i) X = X 0
L
X 1, Y = Y0

L
Y1;

(ii) Lk 2 L(X
k;Yk), Mk 2 Cl(X k;Yk);

(iii) áãé¥áâ¢ãîâ ®¯¥à â®àë M�1
0 2 L(Y0;X 0) ¨ L�11 2 L(Y1;X 1);

(iv) ®¯¥à â®à H =M�1
0 L0 2 L(X

0) ­¨«ì¯®â¥­â¥­ áâ¥¯¥­¨ ­¥ ¡®«ìè¥ p 2 N
S
f0g;

(v) ¨­ä¨­¨â¥§¨¬ «ì­ë¬ £¥­¥à â®à®¬ C0-­¥¯à¥àë¢­®© ¯®«ã£àã¯¯ë

�
U t
1 = s- lim

�!+1
e�

(��a)t
p+1

1X
n=0

tn

n!

�
(�� a)p+2

p+ 1
((�L1 �M1)

�1L1)
p+1

�n
: t � 0

�

ï¢«ï¥âáï ®¯¥à â®à L�11 M1 2 Cl(X 1);
(vi) cãé¥áâ¢ã¥â á¨«ì­® ­¥¯à¥àë¢­ ï ¯®«ã£àã¯¯  fU t = U t

1P 2 L(X ) : t � 0g ®¤­®à®¤­®£®

ãà ¢­¥­¨ï (1) (B = O ).

�¤¥áì ç¥à¥§ P ®¡®§­ ç¥­ ¯à®¥ªâ®à ¢¤®«ì X 0 ­  X 1. �à®¥ªâ®à ¢¤®«ì Y0 ­  Y1 ¡ã¤¥¬ ®¡®§­ ç âì
ç¥à¥§ Q.

�¥®à¥¬  2 ([4]). �ãáâì ®¯¥à â®à � á¨«ì­® (L; p)-à ¤¨ «¥­, (I � Q)Bu(t) 2 Cp+1([0; T ];Y),

L�11 QBu(t) 2 C([0; T ];domM). �®£¤  ¤«ï «î¡®£® ­ ç «ì­®£® §­ ç¥­¨ï x0 2 Pu =
n
x 2 domM :

(I�P )x = �
pP

k=0
HkM�1

0 ((I�Q)Bu)(k)(0)
o
áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x(t) 2 C1([0; T ];X )

§ ¤ ç¨ (1), (2), ¯à¨ç¥¬

x(t) = U tx0 +
Z t

0

U t�sL�11 QBu(s)ds�
pX

k=0

HkM�1
0 ((I �Q)Bu)(k)(t):

�¥à¥§ C([0; T ];domM) §¤¥áì ®¡®§­ ç¥­® ¯à®áâà ­áâ¢® äã­ªæ¨© á® §­ ç¥­¨ï¬¨ ¢® ¬­®¦¥áâ¢¥
domM , ­¥¯à¥àë¢­ëå ¯® ­®à¬¥ £à ä¨ª  ®¯¥à â®à  M .

� «¥¥ ¯à¥¤¯®«®¦¨¬, çâ® £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® U á¥¯ à ¡¥«ì­®, äã­ªæ¨ï u(�) á« ¡® ¨§-

¬¥à¨¬  ­  [0; T ] ¨
TR
0

ku(s)kds <1. �à®¬¥ â®£®, äã­ªæ¨ï ã¯à ¢«¥­¨ï u(�) ¤®«¦­  ã¤®¢«¥â¢®àïâì

ãá«®¢¨ï¬ â¥®à¥¬ë 2. �­®¦¥áâ¢® äã­ªæ¨© ã¯à ¢«¥­¨ï, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ ¤ ­­®£®  ¡-
§ æ , ®¡®§­ ç¨¬ ç¥à¥§ V (T ).

�¢¥¤¥¬ ®¯¥à â®à E(T ) : V (T )! X , £¤¥

E(T ) : u!
Z T

0

UT�sL�11 QBu(s)ds�
pX

k=0

HkM�1
0 ((I �Q)Bu)(k)(T );
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¨ ®¡®§­ ç¨¬ 
(T ) = imE(T ).
�¨áâ¥¬ , ®¯¨áë¢ ¥¬ ï ãà ¢­¥­¨¥¬ (1), ­ §ë¢ ¥âáï ã¯à ¢«ï¥¬®©, ¥á«¨ ¬­®¦¥áâ¢®

S
T>0


(T )

á®áâ®ï­¨©, ¤®áâ¨¦¨¬ëå ¨§ ­ã«ï, ¯«®â­® ¢ ¯à®áâà ­áâ¢¥ X .
�ä®à¬ã«¨àã¥¬ á«¥¤ãîé¨© ªà¨â¥à¨© ã¯à ¢«ï¥¬®áâ¨.

�¥®à¥¬  3. �ãáâì ®¯¥à â®à M á¨«ì­® (L; 0)-à ¤¨ «¥­. �®£¤  á¨áâ¥¬  (1) ã¯à ¢«ï¥¬  ¢

â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ¬­®¦¥áâ¢®
S
t>0

imU tL�11 QB ¯«®â­® ¢ X 1,   ¬­®¦¥áâ¢®

im(I �Q)B ¯«®â­® ¢ Y0.

�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ 1, 2 âà¥¡ã¥âáï ¤®ª § âì ¯«®â­®áâì ¬­®¦¥áâ¢  ¢¥ªâ®à®¢
¢¨¤  Z t

0
U t�sL�11 QBu(s)ds; t > 0;

¢ ¯à®áâà ­áâ¢¥ X 1 ¨ ¢¥ªâ®à®¢ ¢¨¤ 

M�1
0 (I �Q)Bu(t); t > 0; (4)

¢ ¯à®áâà ­áâ¢¥ X 0. �«®â­®áâì ¯¥à¢®£® ¨§ ã¯®¬ï­ãâëå ¬­®¦¥áâ¢ ¨¬¥¥â ¬¥áâ® â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ¬­®¦¥áâ¢®

S
t>0

imU tL�11 QB ¯«®â­® ¢ X 1 á®£« á­® ([3], £«. 4, x 9, c. 260). �¢¨¤ã ­¥¯à¥-

àë¢­®áâ¨ ®¯¥à â®à  M�1
0

x =M�1
0 lim

k!1
(I �Q)Buk = lim

k!1
M�1

0 (I �Q)Buk:

�âáî¤  á«¥¤ã¥â

domM0 =M�1
0 [Y0] =M�1

0 [im(I �Q)B] � imM�1
0 (I �Q)B:

� á¨«ã ¯«®â­®áâ¨ domM0 ¯®«ãç ¥¬ ¯«®â­®áâì ¬­®¦¥áâ¢  ¢¥ªâ®à®¢ ¢¨¤  (4) ¢ ¯à®áâà ­áâ¢¥ X 0.
�®ª ¦¥¬ ®¡à â­®¥ ãâ¢¥à¦¤¥­¨¥. �§ ¯«®â­®áâ¨ ¬­®¦¥áâ¢  imM�1

0 (I �Q)B á«¥¤ã¥â, çâ® «î-
¡®© í«¥¬¥­â x 2 X 0 ¯à¥¤áâ ¢�̈¬ ¢ ¢¨¤¥ x = lim

k!1
M�1

0 (I �Q)Buk. �á«¨ ¬­®¦¥áâ¢® im(I �Q)B ­¥

¯«®â­® ¢ Y0, â® áãé¥áâ¢ã¥â ¢¥ªâ®à y 2 Y0 â ª®©, çâ®

y 6= lim
k!1

(I �Q)Bwk:

�®¤¥©áâ¢ã¥¬ ­  ­¥£® ­¥¯à¥àë¢­ë¬ ®¯¥à â®à®¬ M�1
0 . � á¨«ã ¡¨¥ªâ¨¢­®áâ¨ M�1

0 ¯®«ãç ¥¬

X 0 3M�1
0 y 6=M�1

0 lim
k!1

(I �Q)Bwk = lim
k!1

M�1
0 (I �Q)Bwk:

�à®â¨¢®à¥ç¨¥ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë.

�«¥¤áâ¢¨¥ 1. �ãáâì ®¯¥à â®à M á¨«ì­® (L; 0)-à ¤¨ «¥­. �®£¤  á¨áâ¥¬  (1) ã¯à ¢«ï¥¬  ¢
â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

(i) ¥á«¨
tR
0

U sL�11 QBB�Q�L�1�1 U s�x ds = 0 ¤«ï ¢á¥å t > 0, â® x = 0;

(ii) ¬­®¦¥áâ¢® im(I �Q)B ¯«®â­® ¢ ¯à®áâà ­áâ¢¥ Y0.

�®ª § â¥«ìáâ¢®. �¥à¢®¥ ãá«®¢¨¥ íª¢¨¢ «¥­â­® ¯«®â­®áâ¨ ¢ X 1 ¬­®¦¥áâ¢ 
S
t>0

imU tL�11 QB

á®£« á­® ([3], £«. 4, x 9, á. 261). �áâ «®áì á®á« âìáï ­  â¥®à¥¬ã 3.

�¤¥áì á¨¬¢®«®¬ � ¯®¬¥ç îâáï á®¯àï¦¥­­ë¥ ¢ á¬ëá«¥ £¨«ì¡¥àâ®¢ëå ¯à®áâà ­áâ¢ ®¯¥à â®àë.

�¥®à¥¬  4. �ãáâì ®¯¥à â®àM á¨«ì­® (L; p)-à ¤¨ «¥­, p 2 N
S
f0g. �®£¤  á¨áâ¥¬  (1) ã¯à -

¢«ï¥¬ , ¥á«¨ ¬­®¦¥áâ¢®
S
t>0

imU tL�11 QB ¯«®â­® ¢ X 1,   ¬­®¦¥áâ¢® im(I �Q)B ¯«®â­® ¢ Y0.
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�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ ã¯à ¢«¥­¨¥ ¯®áâ®ï­­ë¬ u(t) = const 2 V (T ). �®£¤ 

�
pX

k=0

HkM�1
0 ((I �Q)Bu)(k)(t) = �M�1

0 (I �Q)Bu(t):

� íâo¬ á«ãç ¥ ãâ¢¥à¦¤¥­¨¥ ®¡®á­®¢ ­® ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3.

�«¥¤áâ¢¨¥ 2. �ãáâì ®¯¥à â®à M á¨«ì­® (L; p)-à ¤¨ «¥­, £¤¥ p 2 N
S
f0g. �®£¤  á¨áâ¥¬  (1)

ã¯à ¢«ï¥¬ , ¥á«¨ ¢ë¯®«­¥­®

(i) ¥á«¨
tR
0

U sL�11 QBB�Q�L�1�1 U s�x ds = 0 ¤«ï ¢á¥å t > 0, â® x = 0;

(ii) ¬­®¦¥áâ¢® im(I �Q)B ¯«®â­® ¢ ¯à®áâà ­áâ¢¥ Y0.

�¥®à¥¬  5. �á«¨ ®¯¥à â®à M á¨«ì­® (L; p)-à ¤¨ «¥­, ®¯¥à â®à M1 ®£à ­¨ç¥­, â® ¬­®¦¥-

áâ¢®
S
t>0

imU tL�11 QB ¯«®â­® ¢ X 1 ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ¬­®¦¥áâ¢®

1S
k=0

im(L�11 M1)kL
�1
1 QB ¯«®â­® ¢ X 1.

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬, çâ® ¬­®¦¥áâ¢®
1S
k=0

im(L�11 M1)kL
�1
1 QB ­¥ ¯«®â­® ¢ ¯à®áâà ­-

áâ¢¥ X 1. �®£¤  ­ ©¤¥âáï í«¥¬¥­â x â ª®©, çâ® hx; (L�11 M1)kL
�1
1 QBui = 0 ¯à¨ ¢á¥å k 2 N [ f0g,

u 2 U . �¤¥áì ç¥à¥§ h�; �i ®¡®§­ ç¥­® áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ X . �
ãá«®¢¨ïå â¥®à¥¬ë ®¯¥à â®à L�11 M1 2 L(X 1), §­ ç¨â, íªá¯®­¥­æ¨ «ì­ ï ä®à¬ã« 

U t
1z =

1P
k=0

(k!)�1(L�11 M1)ktkz ¨¬¥¥â ¬¥áâ® ¨

hx;U tL�11 QBui = 0 (5)

¤«ï ª ¦¤®£® t > 0. �®íâ®¬ã ¬­®¦¥áâ¢®
S
t>0

imU tL�11 QB ­¥ ¯«®â­® ¢ X 1.

�â®à ï ç áâì â¥®à¥¬ë ¤®ª §ë¢ ¥âáï ¢ ®¡à â­®¬ ¯®àï¤ª¥ ¯ãâ¥¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï à ¢¥­-
áâ¢  (5) ¨ ¯¥à¥å®¤  ª ¯à¥¤¥«ã ¯à¨ t! 0.

� ¬¥ç ­¨¥. �®¦­® ¯®ª § âì, çâ® ®¯¥à â®à M á¨«ì­® (L; p)-à ¤¨ «¥­,   ®¯¥à â®à M1 ¯à¨
íâ®¬ ®£à ­¨ç¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®¯¥à â®à M (L; �)-®£à ­¨ç¥­ [1],   ¡¥áª®­¥ç­®áâì
¯à¨ íâ®¬ ï¢«ï¥âáï ãáâà ­¨¬®© ®á®¡®© â®çª®© (á«ãç © p = 0) «¨¡® ¯®«îá®¬ (á«ãç © p 2 N).
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