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� ¤ ­­®© à ¡®â¥ ®¡®¡é îâáï à¥§ã«ìâ âë ¨§ [1] ­  ¢«®¦¥­¨ï ¯à®áâëå æ¥­âà «ì­ëå  «£¥¡à
¢  «£¥¡àã ¬ âà¨æ. �.�. �¥­ª®¢ ¢ á¢®¨å à ¡®â å ¯®  à¨ä¬¥â¨ª¥ ª¢ â¥à­¨®­®¢ ¢¢¥« (¯®  ­ «®-
£¨¨ á ª®¬¯«¥ªá­ë¬¨ ç¨á« ¬¨) ¯®­ïâ¨ï ¯®¢®à®â®¢ ª¢ â¥à­¨®­®¢. � §¢¨¢ ï â¥®à¨î ¯®¢®à®â®¢,
�.�.�¨­­¨ª ¯à¨¬¥­¨« ¥¥ ª ¨áá«¥¤®¢ ­¨î ¯à¥¤áâ ¢«¥­¨© ç¨á¥« â¥à­ à­ë¬¨ ª¢ ¤à â¨ç­ë¬¨
ä®à¬ ¬¨. � ¤ «ì­¥©è¥¬ ¤àã£¨¥  ¢â®àë à §¢¨¢ «¨ â¥®à¨î ¯®¢®à®â®¢, ®¡®¡é ï ¥¥ ­  ¯®àï¤ª¨
¢  «£¥¡à å ®¡®¡é¥­­ëå ª¢ â¥à­¨®­®¢. �®¤à®¡­ãî ¡¨¡«¨®£à ä¨î ¯® íâ®© â¥¬¥ ¬®¦­® ­ ©â¨ ¢
[2]. � íâ®© ¦¥ à ¡®â¥  ¢â®àë ¯à¥¤«®¦¨«¨ ¢¬¥áâ® ¯®¢®à®â®¢ ª¢ â¥à­¨®­®¢ à áá¬ âà¨¢ âì \¯®-
¢®à®âë" ¢«®¦¥­¨© á ­¥ª®â®àë¬ \ à¨ä¬¥â¨ç¥áª¨¬" ãá«®¢¨¥¬. �â® ¯®§¢®«¨«® ®¡®¡é¨âì â¥®à¨î
¯®¢®à®â®¢ ­  ¯à®áâë¥ æ¥­âà «ì­ë¥  «£¥¡àë ­ ¤  «£¥¡à ¨ç¥áª¨¬¨ ç¨á«®¢ë¬¨ ¯®«ï¬¨.

�ãáâì A | ¯à®áâ ï æ¥­âà «ì­ ï  «£¥¡à  ­ ¤ ¯®«¥¬ à æ¨®­ «ì­ëå ç¨á¥« Q à §¬¥à­®áâ¨ n.
� ª ®¡ëç­®, ¡ãª¢®© A ¢­¨§ã ¡ã¤ãâ ®¡®§­ ç âìáï  ¤¥«ì­ë¥ ®¡ê¥ªâë, á®®â¢¥âáâ¢ãîé¨¥ £«®¡ «ì-
­ë¬: AA | ª®«ìæ®  ¤¥«¥©  «£¥¡àë A, QA | ª®«ìæ®  ¤¥«¥© ¯®«ï Q ¨ â. ¤. �¥à¥§ A�A, Q

�

A , O
�

A

¨ â. ¤. ¡ã¤ãâ ®¡®§­ ç âìáï ¨¤¥«¨ (â. ¥. ®¡à â¨¬ë¥  ¤¥«¨) á®®â¢¥âáâ¢ãîé¨å ª®«¥æ  ¤¥«¥©. �á«¨
�A 2 A

�

A, â® �A = (: : : ; �p; : : : ), £¤¥ �p ®§­ ç ¥â p-ª®¬¯®­¥­âã ¨ k�pkp = 1 ¤«ï ¯®çâ¨ ¢á¥å p, ¯à®-
¡¥£ îé¨å ¯à®áâë¥ ç¨á«  ¢ Z ¨ 1. �®«¥¥ ¯®¤à®¡­®¥ ®¯¨á ­¨¥ ¨ ®¡®§­ ç¥­¨¥  ¤¥«ì­ëå ®¡ê¥ªâ®¢
¬®¦­® ­ ©â¨ ¢ ([3], á. 271).

�ãáâì Mn(Q) |  «£¥¡à  ¬ âà¨æ à §¬¥à  n � n ­ ¤ ¯®«¥¬ Q à æ¨®­ «ì­ëå ç¨á¥«. �á¥ ¢«®-
¦¥­¨ï  «£¥¡àë A ¢ Mn(Q) ¯® â¥®à¥¬¥ �ª®«¥¬ {��¥â¥à á®¯àï¦¥­ë ¨, á«¥¤®¢ â¥«ì­®, á  «£¥¡à ¨-
ç¥áª®© â®çª¨ §à¥­¨ï ­¥à §«¨ç¨¬ë. � áá¬®âà¨¬ â¥¯¥àì íâ¨ ¢«®¦¥­¨ï á  à¨ä¬¥â¨ç¥áª®© â®çª¨
§à¥­¨ï. �ãáâì O| ¯®àï¤®ª ¢  «£¥¡à¥ A. � áá¬®âà¨¬ ¬­®¦¥áâ¢® ¢«®¦¥­¨© �  «£¥¡àë A ¢Mn(Q)
á  à¨ä¬¥â¨ç¥áª¨¬ ãá«®¢¨¥¬

�(O) = �(A) \Mn(Z): (1)

�á«¨ V | ¯à®¨§¢®«ì­ ï ¬ âà¨æ  ¨§ GLn(Q), â® ¤«ï V �1�V ­¥®¡ï§ â¥«ì­® ¤®«¦­® ¢ë¯®«­ïâìáï
ãá«®¢¨¥ (1). � â® ¦¥ ¢à¥¬ï, ¥á«¨ V 2 GLn(Z) (â. ¥. V æ¥« ï ¨ det V = �1), â® ãá«®¢¨¥ (1) ¤®«¦­®
¢ë¯®«­ïâìáï ¤«ï � ¨ V �1�V ®¤­®¢à¥¬¥­­®.

�¯à¥¤¥«¥­¨¥ 1. �¢  ¢«®¦¥­¨ï �1 ¨ �2  «£¥¡àë A ¢ Mn(Q) ­ §ë¢ îâáï íª¢¨¢ «¥­â­ë¬¨,
¥á«¨ áãé¥áâ¢ã¥â â ª ï ¬ âà¨æ  V ¨§ GLn(Z), çâ® �2 = V �1�1V .

�ãáâì â¥¯¥àì I | ­¥ª®â®àë© ¨¤¥ « ¢  «£¥¡à¥ A, OI | ¥£® «¥¢ë© ¯®àï¤®ª. � ä¨ªá¨àã¥¬ ¢ I
¡ §¨á !1; : : : ; !n ¨ ¯®áâà®¨¬ á«¥¤ãîé¥¥ ¢«®¦¥­¨¥ �I  «£¥¡àë A ¢ Mn(Q):

�i(�)
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CA :

�¥£ª® ¯à®¢¥à¨âì, çâ®
�I(OI) = �I(A) \Mn(Z):

�ã¤¥¬ £®¢®à¨âì, çâ® ¢«®¦¥­¨¥ �I á¢ï§ ­® á ¨¤¥ «®¬ I.
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�¥¬¬  1. �î¡®¥ ¢«®¦¥­¨¥ �  «£¥¡àë A ¢ MN(Q) ¯®«ãç ¥âáï ®¯¨á ­­ë¬ ¢ëè¥ ®¡à §®¬ ¤«ï

­¥ª®â®à®£® ¨¤¥ «  J .

�®ª § â¥«ìáâ¢®. �ãáâì ¤ ­® ¯à®¨§¢®«ì­®¥ ¢«®¦¥­¨¥  «£¥¡àë A ¢ Mn(Q). �®áâà®¨¬ ¤«ï
­¥ª®â®à®£® ¨¤¥ «  I ¢  «£¥¡à¥ A ¨ ¥£® ¡ §¨á  !1; : : : ; !n á®®â¢¥âáâ¢ãîé¥¥ ¢«®¦¥­¨¥ �I . �® â¥®-
à¥¬¥ �ª®«¥¬ {��¥â¥à � ¨ �I á®¯àï¦¥­ë. �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â â ª ï ¬ âà¨æ  A 2 GLn(Q),
çâ® � = A�1�IA. �«ï «î¡®£® � ¨§ A ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ à ¢¥­áâ¢ :
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CA ; �(�)A�1

0
B@
!1

...
!n

1
CA = A�1�I(�)AA�1

0
B@
!1

...
!n

1
CA = �A�1

0
B@
!1

...
!n

1
CA :

�ãáâì
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!n
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. �®£¤  �(�)

 �1

...
�n

!
= �

 �1

...
�n

!
. �á«¨ J | ¨¤¥ « á ¡ §¨á®¬ �1; : : : ; �n, â®

� = �J | ¢«®¦¥­¨¥, á¢ï§ ­­®¥ á ¨¤¥ «®¬ J .

�¢¥¤¥¬ ¡®«¥¥ è¨à®ª®¥ ¯®­ïâ¨¥ íª¢¨¢ «¥­â­®áâ¨, ç¥¬ ¢ ®¯à¥¤¥«¥­¨¨ 1. �ãáâì Zp | ª®«ìæ®
æ¥«ëå p- ¤¨ç¥áª¨å ç¨á¥«.

�¯à¥¤¥«¥­¨¥ 2 (áp. [4], [5]). �¢  ¢«®¦¥­¨ï �1 ¨ �2  «£¥¡àë A ¢Mn(Q) ­ §ë¢ îâáï ¯®¢®à®â-
­® íª¢¨¢ «¥­â­ë¬¨, ¥á«¨ ¤«ï «î¡®£® ¯à®áâ®£® ç¨á«  p áãé¥áâ¢ã¥â â ª ï ¬ âà¨æ  Vp 2 GLn(Zp),
çâ® �2 = V �1

p �1Vp.

�¥¬¬  2. �ãáâì k | ­¥ª®â®à®¥ ¯®«¥, A | ¯à®áâ ï æ¥­âà «ì­ ï  «£¥¡à  ­ ¤ k à §¬¥à­®-

áâ¨ n ¨ � | ¢«®¦¥­¨¥ A ¢ Mn(k), ¯®à®¦¤ ¥¬®¥ ¡ §¨á ¬¨  «£¥¡àë A : !1; : : : ; !n ¨ �1; : : : ; �n,

â. ¥. ¤«ï «î¡®£® � 2 A
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(2)

�®£¤  áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â � 2 A�, çâ®0
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�®ª § â¥«ìáâ¢®. � ª ª ª !1; : : : ; !n ¨ �1; : : : ; �n | ¡ §¨áë  «£¥¡àë A, â® áãé¥áâ¢ã¥â â ª ï
¬ âà¨æ  U 2 GLn(k), çâ®

U
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�§ à ¢¥­áâ¢  (2) ¯®«ãç ¥¬
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�âáî¤  (â. ª. !1; : : : ; !n | ¡ §¨á) U�(�) = �(�)U ¤«ï «î¡®£® �. �® â¥®à¥¬¥ ¨§ ([6], á. 128) áãé¥-
áâ¢ã¥â â ª®¥ � ¨§ A�, çâ® 0

B@
�1
...
�n

1
CA = U

0
B@
!1
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!n

1
CA =

0
B@
!1

...
!n

1
CA�: �

�¥®à¥¬ .�ãáâì ¢«®¦¥­¨¥ �I á¢ï§ ­® á ¨¤¥ «®¬ I,   ¢«®¦¥­¨¥ �J | á ¨¤¥ «®¬ J . �«®¦¥­¨ï

�I ¨ �J ¯®¢®à®â­® íª¢¨¢ «¥­â­ë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

1) OI = OJ ;
2) áãé¥áâ¢ã¥â â ª®© ¨¤¥«ì �A = (: : : ; �p; : : : ) ¨§ A�A, çâ® I = J�A

(«¥¢ë¥ ¯®àï¤ª¨ ¨¤¥ «®¢ I ¨ J á®¢¯ ¤ îâ,   ¯à ¢ë¥ à®¤áâ¢¥­­ë, â. ¥. «®ª «ì­® á®¯àï¦¥­ë).

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì �I ¨ �J ¯®¢®à®â­® íª¢¨¢ «¥­â­ë. �®£¤  ¤«ï «î-
¡®£® ¯à®áâ®£® p áãé¥áâ¢ã¥â â ª ï ¬ âà¨æ  Ep 2 GLn(Zp), çâ® �J = E�1

p �IEp. �ãáâì ¡ §¨áë
¨¤¥ «®¢ I ¨ J , á¢ï§ ­­ëå á ¢«®¦¥­¨ï¬¨ �I ¨ �J , ¡ã¤ãâ á®®â¢¥âáâ¢¥­­® !1; : : : ; !n ¨ �1; : : : ; �n.
�®£¤  ¤«ï «î¡®£® � ¨§ A
Q Qp ¡ã¤¥¬ ¨¬¥âì
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�§ (3) ¨ (4) ¯® «¥¬¬¥ 2 á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â �A = (: : : ; �p; : : : ) ¨§ A�A, çâ® ¤«ï
«î¡®£® p 0

B@
!1
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!n

1
CA = Ep

0
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1
CA�p: (5)

� «¥¥

�J(OI) =
\
p

(E�1

p �(OI)Ep) =
\
p

(E�1

p (�I(A) \Mn(Z))Ep) =

=
\
p

E�1

p �I(A)Ep \Mn(Z) = �J(A) \Mn(Z) = �J(OJ):

�âáî¤  á«¥¤ã¥â

OI = OJ : (6)

�§ à ¢¥­áâ¢ (5) ¨ (6) ¢ëâ¥ª ¥â ­¥®¡å®¤¨¬®áâì ãá«®¢¨© â¥®à¥¬ë.

�®áâ â®ç­®áâì. �ãáâì OI = OJ ¨ ¤«ï ­¥ª®â®à®£® ¨¤¥«ï �A = (: : : ; �p; : : : ) ¨§ A�A ¨¬¥¥â
¬¥áâ® I = J�A. �ãáâì !1; : : : ; !n ¨ �1; : : : ; �n | ¡ §¨áë ¨¤¥ «®¢ I ¨ J , § ¤ îé¨å ¢«®¦¥­¨ï �I ¨
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�J á®®â¢¥âáâ¢¥­­®. �«ï «î¡®£® ¯à®áâ®£® p ¨¬¥¥¬ Ip = Jp�p. �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â â ª ï
¬ âà¨æ  Ep 2 GLn(Zp), çâ® 0
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�âáî¤  á«¥¤ã¥â, çâ® ¤«ï «î¡®£® � ¨§ A
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�«¥¤®¢ â¥«ì­®, ¤«ï «î¡®£® � ¨ «î¡®£® ¯à®áâ®£® p

�I(�) = Ep�J(�)E�1

p ; Ep 2 GLn(Zp);

çâ® ®§­ ç ¥â ¯®¢®à®â­ãî íª¢¨¢ «¥­â­®áâì �I ¨ �J . �

�á«¨ ®¯à¥¤¥«¨âì ¤¥©áâ¢¨¥ «®ª «ì­®-£« ¢­ëå ¨¤¥ «®¢ ­  ¢«®¦¥­¨ïå (á¬. [1], [7]), â® ¬®¦­®
­  ®á­®¢ ­¨¨ íâ®© â¥®à¥¬ë § ª«îç¨âì, çâ® ¢á¥ ¢«®¦¥­¨ï á ãá«®¢¨¥¬ (1), ¤«ï ª®â®àëå O |
¬ ªá¨¬ «ì­ë© ¯®àï¤®ª, ®¡à §ãîâ ®¤­ã ®à¡¨âã (áà. [2], ¯. 5).
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