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�«ï ®¤¨­­ ¤æ â¨ ª« áá®¢ ¯®çâ¨ ª®­â ªâ­ëå ¬­®£®®¡à §¨©, á­ ¡¦¥­­ëå B-¬¥âà¨ª ¬¨, à á-
á¬ âà¨¢ îâáï ãá«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ ¨å ª®­â ªâ­ëå à á¯à¥¤¥«¥­¨©.

1. �¢¥¤¥­¨¥

�­®£®®¡à §¨¥ M ­¥ç¥â­®© à §¬¥à­®áâ¨ 2n + 1 ­ §ë¢ ¥âáï ¯®çâ¨ ª®­â ªâ­ë¬, ¥á«¨ áâàãª-
âãà­ ï £àã¯¯  ª á â¥«ì­®£® à áá«®¥­¨ï ¬®¦¥â ¡ëâì à¥¤ãæ¨à®¢ ­  ¤® £àã¯¯ë I�U(n), £¤¥ U(n)
| ã­¨â à­ ï £àã¯¯ . �â® íª¢¨¢ «¥­â­® § ¤ ­¨î ('; �; �)-áâàãªâãàë ­  M [3]

�(�) = 1; '2 = �I + � 
 �; '(�) = 0; � � ' = 0:

� ª ¦¤®¬ ª á â¥«ì­®¬ ¯à®áâà ­áâ¢¥ ¬­®£®®¡à §¨ï M 1-ä®à¬  � ®¯à¥¤¥«ï¥â £¨¯¥à¯«®áª®áâì,
â ª¨ ®¡à §®¬, � ®¯à¥¤¥«ï¥â 2n-¬¥à­®¥ à á¯à¥¤¥«¥­¨¥ ­ M . �â® à á¯à¥¤¥«¥­¨¥ ­ §ë¢ ¥âáï ª®­-
â ªâ­ë¬.

�á«¨ ­  ¯®çâ¨ ª®­â ªâ­®¬ ¬­®£®®¡à §¨¨ M § ¤ ­  ¬¥âà¨ª  g (à¨¬ ­®¢  ¨«¨ ¯á¥¢¤®à¨¬ ­®-
¢ ), á®£« á®¢ ­­ ï á ('; �; �)-áâàãªâãà®© á«¥¤ãîé¨¬ ®¡à §®¬:

g('x; 'y) = �g(x; y) + �(x)�(y); (x, y «î¡ë¥);

â® â ª®¥ ¬­®£®®¡à §¨¥ ®¡®§­ ç ¥¬ (M; g; '; �; �) ¨ ­ §ë¢ ¥¬ á¯¥æ¨ «ì­ë¬ ª®­â ªâ­ë¬ ¬¥âà¨ç¥-
áª¨¬ ¬­®£®®¡à §¨¥¬. �®£¤  ­¥ ¢®§­¨ª ¥â ­¥¤®à §ã¬¥­¨©, ¤«ï ®¡®§­ ç¥­¨ï â ª®£® ¬­®£®®¡à §¨ï
¨á¯®«ì§ã¥¬ ®¤¨­ á¨¬¢®«M . �¨¬¢®«®¬ GM ®¡®§­ ç ¥¬ ¯®¤£àã¯¯ã ¢¥é¥áâ¢¥­­®£® ¯à¥¤áâ ¢«¥­¨ï
£àã¯¯ë I � U(n), á®åà ­ïîéãî ¬¥âà¨ªã g.

�®­â ªâ­ë¥ ¬¥âà¨ç¥áª¨¥ ¬­®£®®¡à §¨ï â ª®£® â¨¯  ¡ë«¨ à áá¬®âà¥­ë ¢ [2] �.�à¨éã­ ©â¥
­ ¬­®£® à ­ìè¥, ç¥¬ ¢ [1]. � [2] ®­  ¨§ãç «  £¨¯¥à¯®¢¥àå­®áâ¨ ¢ ¡¨ ää¨­­®¬ ¯à®áâà ­áâ¢¥ ¨
¤®ª § « , çâ® ­  £¨¯¥à¯®¢¥àå­®áâ¨ ¡¨ ää¨­­®£® ¯à®áâà ­áâ¢  ¢®§­¨ª ¥â ('; �; �)-áâàãªâãà  ¨
çâ® íâ  ('; �; �)-áâàãªâãà  ¨­â¥£à¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  £¨¯¥à¯®¢¥àå­®áâì ï¢«ï-
¥âáï ¡¨æ¨«¨­¤à®¬. � [1] ¢¬¥áâ® â¥à¬¨­  \¡¨æ¨«¨­¤à" ¨á¯®«ì§ã¥âáï â¥à¬¨­ \¢à¥¬¥­¨¯®¤®¡­ ï
áä¥à ".

�á«®¢¨¥ á®£« á®¢ ­­®áâ¨ ¬¥âà¨ª¨ g á ('; �; �)-áâàãªâãà®© ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

g('x; y) = g(x; 'y); (1)

çâ® ®§­ ç ¥â ç¨áâ®âã ¬¥âà¨ª¨ g ®â­®á¨â¥«ì­®  ää¨­®à  '.
� [1] ¢¢¥¤¥­® â¥­§®à­®¥ ¯®«¥

F (x; y; z) = g((rx')y; z);

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ ä®­¤  ­ ãç­ëå ¨áá«¥¤®¢ ­¨© �«®¢¤¨¢áª®£® ã­¨¢¥àá¨-

â¥â .
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£¤¥ r | à¨¬ ­®¢a á¢ï§­®áâì â¥­§®à  g. �¥­§®à­®¥ ¯®«¥ F ¨¬¥¥â á«¥¤ãîé¨¥ á¢®©áâ¢ :

F (x; y; z) = F (x; z; y);

F (x; 'y; 'z) = F (x; y; z) � �(y)F (x; �; z) � �(z)F (x; y; �); (2)

F (x; �; �) = 0:

� ¯®¬®éìî ¯®«ï F ®¯à¥¤¥«ïîâáï ®¤¨­­ ¤æ âì ª« áá®¢ ¬­®£®®¡à §¨© á«¥¤ãîé¨¬ ®¡à §®¬.
�ãáâì V | ¢¥é¥áâ¢¥­­®¥ ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢®, dimV = dimM . � áá¬®âà¨¬ ¢¥ªâ®à­®¥ ¯à®-
áâà ­áâ¢® F , á®áâ®ïé¥¥ ¨§ ¢á¥å â¥­§®à®¢ â¨¯  (0; 3), ª®â®àë¥ ¨¬¥îâ â ª¨¥ ¦¥ á¢®©áâ¢ , ª ª
â¥­§®à F . �®£¤  F ¬®¦­® à §«®¦¨âì ¢ ¯àï¬ãî áã¬¬ã ®àâ®£®­ «ì­ëå ¯®¤¯à®áâà ­áâ¢ F�, ª®â®-
àë¥ ¨­¢ à¨ ­â­ë ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯¯ëGM , ¤¥©áâ¢ãîé¥© ¢ ª ¦¤®¬ á«®¥ TM . �®¢®àïâ,
çâ® ¬­®£®®¡à §¨¥ M ¯à¨­ ¤«¥¦¨â ª« ááã F� (¨«¨ M 2 F�), ¥á«¨ F ¯à¨­ ¤«¥¦¨â ª« ááã F� ¢
ª ¦¤®© â®çª¥ p 2M .

�á®¡ãî à®«ì ¢ ®¯à¥¤¥«¥­¨¨ ª« áá®¢ F� ¨ ­¥ª®â®àëå ¤®ª § â¥«ìáâ¢ å ¨£à îâ 1-ä®à¬ë �, ��

¨ !. �á«¨ (e1; e2; : : : ; e2n+1) | ª®®à¤¨­ â­ë¥ ¢¥ªâ®à­ë¥ ¯®«ï ¤«ï ­¥ª®â®à®© «®ª «ì­®© ª®®à¤¨-
­ â­®© á¨áâ¥¬ë ­  M , â®

gij = g(ei; ej); gik � gkj = �ij

¨

�(z) = gij � F (ei; ej ; z); ��(z) = gij � F (ei; 'ej ; z); !(z) = F (�; �; z):

�®à¬  ! ¡ã¤¥â ¨á¯®«ì§®¢ ­  ¢ ¯. 4.
� à ªâ¥à¨áâ¨ç¥áª¨¥ ãá«®¢¨ï ¯à¨­ ¤«¥¦­®áâ¨ ¬­®£®®¡à §¨ï M ª« áá ¬ F� § ¤ îâáï á«¥-

¤ãîé¨¬ ®¡à §®¬: ¤«ï ¯à®¨§¢®«ì­ëå x; y; z 2 V

F1 : F (x; y; z) =
1
2n
fg(x; 'y)�('z) + g(x; 'z)�('y) � g('x; 'y)�(hz) � g('x; 'z)�(hy)g;

£¤¥ h = �'2;

F2 : F (�; y; z) = F (x; �; z) = 0;

F (x; y; 'z) + F (y; z; 'x) + F (z; x; 'y) = 0; � = 0;

F3 : F (�; y; z) = F (x; �; z) = 0;

F (x; y; z) + F (y; z; x) + F (z; x; y) = 0;

F4 : F (x; y; z) = �
�(�)
2n

f�(y)g('x; 'z) + �(z)g('x; 'y)g;

F5 : F (x; y; z) = �
��(�)
2n

f�(y)g('x; z) + �(z)g('x; y)g;

F6 : F (x; y; z) = �F ('x; 'y; z) � F ('x; y; 'z) =

= �F (y; z; x) + F (z; x; y) � 2F ('x; 'y; z);

�(�) = ��(�) = 0;

F7 : F (x; y; z) = �F ('x; 'y; z) � F ('x; y; 'z) = �F (y; z; x)� F (z; x; y);

F8 : F (x; y; z) = F ('x; 'y; z) + F ('x; y; 'z) = �F (y; z; x) + F (z; x; y) + 2F ('x; 'y; z);

F9 : F (x; y; z) = F ('x; 'y; z) + F ('x; y; 'z) = �F (y; z; x) � F (z; x; y);

F10 : F (x; y; z) = �(x)F (�; 'y; 'z);

F11 : F (x; y; z) = �(x)f�(y)!(z) + �(z)!(y)g;

F0 : F (x; y; z) = 0 ¨«¨ r' = 0:

�ç¥¢¨¤­®, ª« áá F0 «¥¦¨â ¢ ®áâ «ì­ëå ª« áá å Fa.
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�«ï â®£® çâ®¡ë ¯®çâ¨ ª®­â ªâ­®¥ ¬­®£®®¡à §¨¥ ¯à¨­ ¤«¥¦ «® ª« ááã W1 = F1 � F2 � F3,
­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë

F (�; y; z) = F (x; �; z) = F (x; y; �) = 0 (3)

(á¬. ¯à¥¤«®¦¥­¨ï 3.5 ¨ 3.6 ¢ [1]).

2. �á­®¢­®© à¥§ã«ìâ â

�®­â ªâ­ë¥ à á¯à¥¤¥«¥­¨ï ­  á¯¥æ¨ «ì­ëå ª®­â ªâ­ëå ¬¥âà¨ç¥áª¨å ¬­®£®®¡à §¨ïå, ª®â®-
àë¥ ¯à¨­ ¤«¥¦ â ª« áá ¬ F7 ¨ F8, ­¥ ï¢«ïîâáï ¨­â¥£à¨àã¥¬ë¬¨. � á¯à¥¤¥«¥­¨ï ¢® ¢á¥å ®áâ «ì-
­ëå ª« áá å ¨­â¥£à¨àã¥¬ë. �®­â ªâ­ë¥ ¬¥âà¨ç¥áª¨¥ ¬­®£®®¡à §¨ï, ¯à¨­ ¤«¥¦ é¨¥ ª« áá ¬
F1, F2, F3 ¨ F10, ï¢«ïîâáï «®ª «ì­® ¯à¨¢®¤¨¬ë¬¨ à¨¬ ­®¢ë¬¨ ¬­®£®®¡à §¨ï¬¨.

3. �¡®§­ ç¥­¨ï

�¥à¥§ x, y, z ®¡®§­ ç¨¬ ¯à®¨§¢®«ì­ë¥ ª á â¥«ì­ë¥ ¢¥ªâ®à­ë¥ ¯®«ï ¬­®£®®¡à §¨ï M . � 
(M; g; '; �; �) ¢®§­¨ª îâ ¤¢  ®àâ®£®­ «ì­ëå à á¯à¥¤¥«¥­¨ï: H = fx; �(x) = 0g ¨ V = fx;x = ��g.
�¯à¥¤¥«¥­ë ¯à®¥ªâ®àë h : TpM ! H, h = I � � 
 � = �'2, ¨ m : TpM ! V , m = � 
 �.
� áá¬ âà¨¢ ¥âáï â¥­§®à­®¥ ¯®«¥ f = h�m = �I � 2'2. � ª ª ª f 2 = I, â® ¨§ (1) á«¥¤ã¥â

g(fx; y) = g(x; fy): (4)

� ª¨¬ ®¡à §®¬, ¨¬¥¥¬ áâàãªâãàã ¯®çâ¨ ¯à®¨§¢¥¤¥­¨ï ­  (M; g; '; �; �).
�ãáâì r| à¨¬ ­®¢  á¢ï§­®áâì ¬¥âà¨ª¨ g. �¯à¥¤¥«¨¬ â¥­§®à G(x; y; z) = g((rxf)y; z). �ãáâì

N | â¥­§®à ªàãç¥­¨ï ¯®«ï f : N (x; y; z) = [fx; fy] + [x; y]� f [fx; y]� f [x; fy].

4. �®­â ªâ­ë¥ à á¯à¥¤¥«¥­¨ï

�¥¬¬  1. G(x; y; z) = �2[F (x; 'y; z) + F (x; y; 'z)].

�®ª § â¥«ìáâ¢®. � ª ª ª r'2 = r' � '+ ' � r', â® ¢ á¨«ã (1)

G(x; y; z) = g((rx(�I � 2'2))y; z) =

= �2g((rx') � 'y; z)� 2g(' � (rx')y; z) = �2[F (x; 'y; z) + F (x; y; 'z)]: �

�¥¬¬  2.

g(N(x; y); z) = 4[F ('2x; 'y; z) + F ('2x; y; 'z) � F (x; 'y; '2z) + F (x; y; 'z) �

� F ('2y; 'x; z) � F ('2y; x; 'z) + F (y; 'x; '2z)� F (y; x; 'z)]:

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ä®à¬ã«®© [x; y] = rxy � ryx, ª®â®à ï ¢¥à­  ¤«ï á¨¬¬¥-
âà¨ç¥áª®© «¨­¥©­®© á¢ï§­®áâ¨, ¨ § ¯¨è¥¬ N(x; y) ¢ íª¢¨¢ «¥­â­®© ä®à¬¥

N(x; y) = (rfxf)y � (rfyf)x+ (f � ryf)x� (f � rxf)y:

�§ (4) á«¥¤ã¥â

g(N(x; y); z) = G(fx; y; z)�G(fy; x; z)�G(y; x; fz)�G(x; y; fz):

�à¨¬¥­ïï «¥¬¬ã 1, ¯®«ãç¨¬

g(N(x; y); z) = �2[F (fx; 'y; z) + F (fx; y; 'z) � F (fy; 'x; z) + F (fy; x; 'z) +

+ F (y; 'x; fz) + F (y; x; (f � ')z) � F (x; 'y; fz)� F (x; y; (f � ')z)]:
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� ª ª ª f = �I � 2'2 ¨ '3 = �', â®

g(N(x; y); z) = �2[�F (x; 'y; z) � 2F ('2x; 'y; z) � F (x; y; 'z) � 2F ('2x; y; 'z) +

+ F (y; 'x; z) + 2F ('2y; 'x; z) + F (y; x; 'z) + 2F ('2y; x; 'z) �

� F (y; 'x; z) � 2F (y; 'x; '2z)F (y; x; 'z) � 2F (y; x; '3z) +

+ F (x; 'y; z) + 2F (x; 'y; '2z) + F (x; y; 'z) + 2F (x; y; '3z)];

çâ® ¨ ¤®ª §ë¢ ¥â «¥¬¬ã.

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨¥

Alt(x; y)[K(x; y; z; : : : )] = K(x; y; z; : : : )�K(y; x; z; : : : ):

�¥®à¥¬  1. �á«¨ ¬­®£®®¡à §¨¥ ¯à¨­ ¤«¥¦¨â ®¤­®¬ã ¨§ ª« áá®¢ F1, F2, F3, F4, F5, F10 ¨

F11, â® ª®­â ªâ­®¥ à á¯à¥¤¥«¥­¨¥ ¬­®£®®¡à §¨ï ¨­â¥£à¨àã¥¬®.

�®ª § â¥«ìáâ¢®. �ã¤¥¬ ¯®«ì§®¢ âìáï á®®â¢¥âáâ¢ãîé¥© å à ªâ¥à¨áâ¨ª®© ª« áá  Fa ¨ ¯à¨-
¬¥­ïâì «¥¬¬ã 2.

�à¨ M 2 F1 ¨¬¥¥¬

n

2
g(N(x; y); z) = Alt(x; y)[g('2x; '2y)�('z)] +

+ g('3x; '2y)�('2z) + g('2x; 'y)�('2z) + g('3x; 'y)�('3z)�

� g(x; '2y)�('3z)� g('x; '2y)�('4z) + g(x; 'y)�('2z) + g('x; 'y)�('3z)] = 0

¢ á¨«ã á¨¬¬¥âà¨¨ ¯® x, y.
�á«¨ M 2 F2, â®, ¯®áª®«ìªã F2 � W1, ä®à¬ã«ã (3) ¬®¦­® ¯à¨¬¥­¨âì ¤«ï â¥­§®à­®£® ¯®«ï

F . �à¨ íâ®¬ ­ã¦­® ¢ëç¨á«¨âì ª ¦¤ë© ç«¥­ ¢ áã¬¬¥ «¥¬¬ë 2. � ¯à¨¬¥à,

F ('2x; 'y; z) = �F (x; 'y; z) + �(x)F (�; 'y; z) = �F (x; 'y; z):

�®á«¥ íâ®£® ¢ëà ¦¥­¨¥ «¥¬¬ë 2 ¯à¨­¨¬ ¥â ¢¨¤

g(N(x; y); z) = 4Alt(x; y)[�F (x; 'y; z) � F (x; y; 'z) + F (x; 'y; z) + F (x; y; 'z)] = 0:

�«ãç © M 2 F3 ¯à®¢¥àï¥âáï â ª¨¬ ¦¥ ®¡à §®¬, ª ª ¨ ¯à¥¤ë¤ãé¨©.
�ãáâì M 2 F4. � ª ª ª � � ' = 0, ¨¬¥¥¬

n

2
g(N(x; y); z) = ��(�)Alt(x; y)[g('3x; '2y)�(z)] = 0:

�ãáâì M 2 F5. �«ãç © ¯à®¢¥àï¥âáï â ª¨¬ ¦¥ ®¡à §®¬, ª ª M 2 F4.
�ãáâìM 2 F10 � ª ª ª F (x; y; z) = �(x)F (�; 'y; 'z), â® F (x; y; �) = F (x; �; z) = 0. �®£¤  ¨§ (2)

¨¬¥¥¬ F (x; 'y; 'z) = F (x; y; z) ¨, á«¥¤®¢ â¥«ì­®, F (x; 'y; '2z) = F (x; y; 'z). �à¨¬¥­¨¬ «¥¬¬ã 2
¨ ¯®«ãç¨¬

g(N(x; y); z) = 4Alt(x; y)[F (x; y; 'z) � F (x; 'y; '2z)] = 0;

â. ª. F ('2x; u; �) = �('2x)F (�; u; �) = 0.
�á«¨ M 2 F11, â® ¨§ å à ªâ¥à¨áâ¨ç¥áª¨å à ¢¥­áâ¢ ª« áá  F11 á«¥¤ã¥â F ('2x; u; �) = 0.

�à¨¬¥­¨¬ «¥¬¬ã 2 ¨ ¯®«ãç¨¬

g(N(x; y); z) = 4Alt(x; y)[F (x; y; 'z) � F (x; 'y; '2z)] = 4Alt(x; y)[�(x)�(y)!('z)] = 0:

�«¥¤®¢ â¥«ì­®, ¤«ï ¢á¥å á«ãç ¥¢ ¨¬¥¥¬ N = 0.

�¥¬¬  3. (d�)(x; y) = F (x; 'y; �) � F (y; 'x; �).
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�®ª § â¥«ìáâ¢®. �á¯®«ì§ã¥¬ á«¥¤ãîé¨¥ à ¢¥­áâ¢ : g(�;rx�) = 0, g('2x; �) = 0, r'2 =
r' � ' + ' � r', �(x) = g(�; x),   â ª¦¥ â®¦¤¥áâ¢® x(g(y; z)) � g(rxy; z) � g(y;rxz) = 0. �®£¤ 
¨¬¥¥¬

(rx�)y = x(�(y)) � �(rxy) = x(�(y)) � g(rxy; �) = g(y;rx�): (5)

� ¤àã£®© áâ®à®­ë, ¨á¯®«ì§ãï ãá«®¢¨¥ (1), ¯®«ãç¨¬

g((rx'
2)y; �) = g((rx')'y; �) + g((rx')y; '�) = g((rx')'y; �): (6)

�®£¤  ¨§ (5) ¨ (6) ¨¬¥¥¬

F (x; 'y; �) = g((rx')'y; �) = g((rx'
2)y; �) = g(rx('

2y)� '2(rxy); �) = g(rx('
2y); �) =

= x(g('2y; �))� g('2y;rx�) = g(y � �(y)�;rx�) = g(y;rx�) = (rx�)y:

�ª®­ç â¥«ì­® ¯®«ãç¨¬

(d�)(x; y) = (rx�)y � (ry�)x = F (x; 'y; �) � F (y; 'x; �): �

�¥®à¥¬  2. (d�)(x; y) = 0, ¥á«¨ x; y 2 H ¨ ¬­®£®®¡à §¨¥ ¯à¨­ ¤«¥¦¨â å®âï ¡ë ®¤­®¬ã ¨§

ª« áá®¢ F1, F2, F3, F4, F5, F10 ¨ F11.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ã¥¬ «¥¬¬ã 3.
M 2 F1;F2;F3. �§ «¥¬¬ë 3 ¨ (3) ¨¬¥¥¬ d� = 0.
M 2 F4;F5. �§ å à ªâ¥à¨áâ¨ç¥áª¨å ãá«®¢¨© ¯®«ãç¨¬

F (x; 'y; �) =
��(�)
2n

g('x; '2y) ¨ F (y; 'x; �) =
��(�)
2n

g('y; '2x):

�§ (1) á«¥¤ã¥â d� = 0.
M 2 F10. �§ å à ªâ¥à¨áâ¨ç¥áª¨å ãà ¢­¥­¨© íâ®£® ª« áá  ¯®«ãç¨¬

(d�)(x; y) = �(x)F (�; '2y; '�)� �(y)F (�; '2x; '�) = 0:

M 2 F11. �§ å à ªâ¥à¨áâ¨ç¥áª¨å ãà ¢­¥­¨© íâ®£® ª« áá  ¯®«ãç¨¬

F (x; 'y; �) = �(x)!('y) ¨ F (y; 'x; �) = �(y)!('x):

�á«¨ x; y 2 H, â® �(x) = �(y) = 0, á«¥¤®¢ â¥«ì­®, (d�)(x; y) = 0.

�â¢¥à¦¤¥­¨¥ â¥®à¥¬ë 2 íª¢¨¢ «¥­â­® ãâ¢¥à¦¤¥­¨î â¥®à¥¬ë 1, â. ª. ¯® â¥®à¥¬¥ �à®¡¥­¨ãá 
à á¯à¥¤¥«¥­¨¥ H, § ¤ ­­®¥ ä®à¬®© �, ¨­â¥£à¨àã¥¬® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  d� ®¡à é ¥âáï
¢ ­ã«ì ­  H.

�¥®à¥¬  3. �¨¬ ­®¢ë ¬­®£®®¡à §¨ï ª« áá®¢ F1, F2, F3, F1 �F2 �F3 ¨ F10 ¯à¨¢®¤¨¬ë.

�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¤®áâ â®ç­® ¯®ª § âì, çâ® rf = 0.
�ãáâì M 2 F1 («¨¡® F2, F3, F1�F2�F3). �§ å à ªâ¥à¨áâ¨ç¥áª®£® á¢®©áâ¢  (3) á«¥¤ã¥â, çâ®

ãá«®¢¨¥ (2) ¬®¦­® § ¯¨á âì ¢ íª¢¨¢ «¥­â­®© ä®à¬¥ F (x; 'y; 'z) = F (x; y; z). �âáî¤  ¯®«ãç¨¬
F (x; '2y; 'z) = F (x; 'y; z). �®£¤  ¢ á¨«ã «¥¬¬ë 1

G(x; y; z) = g((rxf)y; z) = �2[F (x; '2y; 'z) + F (x; y; 'z)] =

= �2[�F (x; y; 'z) + �(y)F (x; �; 'z) + F (x; y; 'z)] = 0;

á«¥¤®¢ â¥«ì­®, rf = 0.
�à¨ M 2 F10 á¤¥« ¥¬ § ¬¥­ã z ! 'z ¢® ¢â®à®¬ ãà ¢­¥­¨¨ (2). �®«ãç¨¬

F (x; 'y; '2z) = F (x; y; 'z) � �(y)F (x; �; 'z);

çâ® ¬®¦­® § ¯¨á âì ¢ íª¢¨¢ «¥­â­®© ä®à¬¥

F (x; 'y; z) + F (x; y; 'z) = �(z)F (x; 'y; �) + �(y)F (x; �; 'z):
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� ¤àã£®© áâ®à®­ë, ¨§ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï ¤«ï F10 á«¥¤ã¥â F (x; y; �) = F (x; �; y) = 0.
�®íâ®¬ã «¥¬¬  1 § ¯¨è¥âáï ¢ íª¢¨¢ «¥­â­®© ä®à¬¥

g((rxf)y; z) = �2[�(z)F (x; 'y; �) + �(y)F (x; �; 'z)] = 0; â. ¥. rf = 0: �

�«¥¤áâ¢¨¥. �á«¨ M 2 F1 � F2 � F3, â® «®ª «ì­® M ¡ã¤¥â ï¢«ïâìáï ¤¥ª àâ®¢ë¬ ¯à®¨§-
¢¥¤¥­¨¥¬ ¨­â¥£à «ì­®£® ¬­®£®®¡à §¨ï ­  ®¤­®¬¥à­®¥ ¬­®£®®¡à §¨¥. � ª ª ª ­  ¨­â¥£à «ì­®¬
¬­®£®®¡à §¨¨ ' ¨­¤ãæ¨àã¥â ª®¬¯«¥ªá­ãî áâàãªâãàã, â® ¨§ (1) á«¥¤ã¥â, çâ® ¨­â¥£à «ì­®¥ ¬­®-
£®®¡à §¨¥ ¡ã¤¥â B-¬­®£®®¡à §¨¥¬.

�¥¬¬  4. �á«¨ ¬­®£®®¡à §¨¥ ¯à¨­ ¤«¥¦¨â ®¤­®¬ã ¨§ ª« áá®¢ F6, F7, F8, F9, â®

g(N(x; y); z) = �4�(z)d�(x; y):

�®ª § â¥«ìáâ¢®. F (�; y; z) = 0 ¤«ï ¢á¥å á«ãç ¥¢. � ª ª ª '2 = �I + � 
 �, â®

F ('2x; yz) = �F (x; y; z):

�á¯®«ì§ãï «¥¬¬ã 2, ¨¬¥¥¬

g(N(x; y); z) = 4Alt(x; y)[�F (x; 'y; z) � F (x; y; 'z) � F (x; 'y; '2z) + F (x; y; 'z) =

= 4Alt(x; y)[�F (x; 'y; z) + F (x; 'y; z) � �(z)F (x; 'y; �)] =

= �4�(z)[F (x; 'y; �) � F (y; 'x; �)] = �4�(z)(d�)(x; y):

� ª®­æ¥ íâ®© æ¥¯¨ à ¢¥­áâ¢ ¯à¨¬¥­¥­  «¥¬¬  3.

�¥¬¬  5. �á«¨ ¬­®£®®¡à §¨¥ ¯à¨­ ¤«¥¦¨â ª« ááã F7 («¨¡® F8), â®

(d�)(x; y) = 2F (x; 'y; �):

�®ª § â¥«ìáâ¢®. �ãáâì M 2 F7. �®£¤  å à ªâ¥à¨áâ¨ç¥áª¨¬¨ ãá«®¢¨ï¬¨ ¡ã¤ãâ

i: F (x; y; z) = �F ('x; 'y; z) � F ('x; y; 'z);

ii: F (x; y; z) = �F (y; z; x) � F (z; x; y);

F (�; y; z) = 0:

�¤¥« ¥¬ § ¬¥­ã y ! 'y, z ! � ¨ x! 'y, z ! �, y ! x á®®â¢¥âáâ¢¥­­® ¢ ii ¨ i ¨ ¯®«ãç¨¬

F (x; 'y; �) = �F ('y; �; x) � F (�; x; 'y) = �F ('y; x; �);

F ('y; x; �) = �F ('2y; 'x; �) = F (y; 'x; �) � �(y)F (�; 'x; �) = F (y; 'x; �):

�®á«¥ áà ¢­¥­¨ï à¥§ã«ìâ â®¢ ¨¬¥¥¬ F (x; 'y; �) = �F (y; 'x; �). � «¥¥, ¯à¨¬¥­ïï «¥¬¬ã 3, ¯®«ã-
ç¨¬

(d�)(x; y) = F (x; 'y; �) � F (y; 'x; �) = 2F (x; 'y; �):

�ãáâì M 2 F8. �®£¤  å à ªâ¥à¨áâ¨ç¥áª¨¬¨ ãá«®¢¨ï¬¨ ¡ã¤ãâ

i: F (x; y; z) = F ('x; 'y; z) + F ('x; y; 'z);

ii: F (x; y; z) = �F (y; z; x) + F (z; x; y) + 2F ('x; 'y; z);

F (�; y; z) = 0:

�¤¥« ¥¬ § ¬¥­ã x! 'x ¨ z ! � á®®â¢¥âáâ¢¥­­® ¢ i ¨ ii. �®«ãç¨¬

F ('x; y; �) = F ('2x; 'y; �) = �F (x; 'y; �);

F ('x; y; �) = �F (y; �; 'x) + 2F ('2x; 'y; �) = �F (y; 'x; �)� 2F (x; 'y; �):

�âáî¤  F (y; 'x; �) = �F (x; 'y; �). � «¥¥ ¯à¨¬¥­¨¬ «¥¬¬ã 3: (d�)(x; y) = 2F (x; 'y; �).

�¥®à¥¬  4. �á«¨ ¬­®£®®¡à §¨¥ ¯à¨­ ¤«¥¦¨â ª« ááã F6 («¨¡® F9), â® ª®­â ªâ­®¥ à á¯à¥-

¤¥«¥­¨¥ ¨­â¥£à¨àã¥¬®.
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�®ª § â¥«ìáâ¢®. �ãáâì M 2 F6. �®£¤ 

i: F (x; y; z) = �F ('x; 'y; z) � F ('x; y; 'z);

ii: F (x; y; z) = �F (y; z; x) + F (z; x; y) � 2F ('x; 'y; z);

F (�; y; z) = 0:

�¤¥« ¢ § ¬¥­ã y ! 'y, z ! � á®®â¢¥âáâ¢¥­­® ¢ i ¨ ii, ¯®«ãç¨¬

F (x; 'y; �) = �F ('x; '2y; �) = F ('x; y; �);

F (x; 'y; �) = �F ('y; �; x) � 2F ('x; '2y; �) = �F ('y; x; �) + 2F ('x; y; �):

�®á«¥ áà ¢­¥­¨ï à¥§ã«ìâ â®¢ ¨¬¥¥¬ F ('y; x; �) = F ('x; y; �), çâ® ¬®¦­® § ¯¨á âì ¢ íª¢¨¢ «¥­â-
­®© ä®à¬¥ F (x; 'y; �) = F (y; 'x; �). � «¥¥, ¯®á«¥ ¯à¨¬¥­¥­¨ï «¥¬¬ë 3 ¯®«ãç¨¬ d� = 0.

�á«¨ M 2 F9, â®

i: F (x; y; z) = F ('x; 'y; z) + F ('x; y; 'z);

ii: F (x; y; z) = �F (y; z; x)� F (z; x; y);

F (�; y; z) = 0:

�¤¥« ¥¬ § ¬¥­ã y ! 'y ¨ z ! � á®®â¢¥âáâ¢¥­­® ¢ i ¨ ii. �®«ãç¨¬

F (x; 'y; �) = F ('x; '2y; �) = �F ('x; y; �);

F (x; 'y; �) = �F ('y; �; x) = �F ('y; x; �):

�®á«¥ áà ¢­¥­¨ï à¥§ã«ìâ â®¢ ¨¬¥¥¬ F ('x; y; �) = F ('y; x; �), çâ® ¬®¦­® § ¯¨á âì ¢ íª¢¨¢ «¥­â-
­®© ä®à¬¥ F (x; 'y; �) = F (y; 'x; �). �à¨¬¥­ïï «¥¬¬ã 3, ¯®«ãç¨¬ d� = 0.

�¥®à¥¬  5. �á«¨ ¬­®£®®¡à §¨¥ ¯à¨­ ¤«¥¦¨â ª« ááã F7 («¨¡® F8) ¨ ª®­â ªâ­®¥ à á¯à¥¤¥-

«¥­¨¥ ¨­â¥£à¨àã¥¬®, â® F = 0.

�®ª § â¥«ìáâ¢®. �§ «¥¬¬ë 5 ¨¬¥¥¬ F (x; 'y; �) = 0. �¤¥« ¥¬ § ¬¥­ã y ! 'y ¨ ¯®«ãç¨¬

F (x; y; �) = 0: (7)

� ¤àã£®© áâ®à®­ë, ¢ [1] ¤®ª § ­®, çâ® ¢¥ªâ®à­ë¥ ¯à®áâà ­áâ¢  á®®â¢¥âáâ¢ãîé¨å ª« áá®¢ F7

¨ F8 ï¢«ïîâáï ¯®¤¯à®áâà ­áâ¢ ¬¨ ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  W2, ª®â®à®¥ ¨¬¥¥â å à ªâ¥à¨áâ¨-
ç¥áª®¥ á¢®©áâ¢® W2 = fF j P2F = Fg, £¤¥

(P2F )(x; y; z) = �(y)F (hx; �; hz) + �(z)F (hx; hy; �):

�®£¤  ¨§ ãá«®¢¨ï M 2 F7 («¨¡® F8) ¢ á¨«ã (7) á«¥¤ã¥â

F (x; y; z) = �(y)F (hx; �; hz) + �(z)F (hx; hy; �) = 0 ¨«¨ r' = 0: �

�«¥¤áâ¢¨¥. �á«¨ ¯à®¥ªæ¨ï â¥­§®à  F ­  ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® F7 �F8 ®â«¨ç­  ®â ­ã«ï,
â® ª®­â ªâ­®¥ à á¯à¥¤¥«¥­¨¥ ­¥ ¡ã¤¥â ¨­â¥£à¨àã¥¬ë¬.

�à¨¬¥à. �à¥¬¥­¨¯®¤®¡­ ï áä¥à  S ¡ë«  à áá¬®âà¥­  ¢ [1] ¢ ¯à®áâà ­áâ¢¥ R
2n+2 =

fp1; : : : ; pn+1; q1; : : : ; qn+1 j pi, qi 2 Rg ª ª à¨¬ ­®¢® ¬­®£®®¡à §¨¥ ­ ¤ ¯®«¥¬ ª®¬¯«¥ªá­ëå ç¨á¥«
á ª®¬¯«¥ªá­®© áâàãªâãà®© J . �¥âà¨ª  ®¯à¥¤¥«¥­  á«¥¤ãîé¨¬ ®¡à §®¬:

g(a; a) = ��ij�
i�j + �ij�

i�j ;

£¤¥ a = �i @

@pi
+�i @

@qi
. �ë«® ¤®ª § ­®, çâ® ­  íâ®© áä¥à¥ ¢®§­¨ª ¥â ¯®çâ¨ ª®­â ªâ­ ï áâàãªâãà ,

á®£« á®¢ ­­ ï á ¬¥âà¨ª®© áä¥àë, ª ª ãª § ­® ¢ ¢¢¥¤¥­¨¨. �â  áä¥à  | ¬­®£®®¡à §¨¥ â¨¯ 
F4 �F5.

� R
4 à áá¬®âà¨¬ âà¥å¬¥à­ãî áä¥àã á à ¤¨ãá-¢¥ªâ®à®¬

Z = (ch u � cos �; chu � sin �; shu � cosw; shu � sin�):
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�®£¤ 
� = JZ = (� shu � cosw; � shu � sin �; ch u � cos �; chu � sin �)

ï¢«ï¥âáï áâàãªâãà­ë¬ ¢¥ªâ®à­ë¬ ¯®«¥¬ ­  áä¥à¥ S. �¥ªâ®à­ë¥ ¯®«ï

V1 =
@Z

@u
= (shu � cos �; shu � sin �; ch u � cosw; chu � sinw);

V2 =
@Z

@�
= (� ch u � sin�; chu � cos �; 0; 0);

V3 =
@Z

@w
= (0; 0; � shu � sinw; shu � cosw)

«¨­¥©­® ­¥§ ¢¨á¨¬ë ­  S ¨

g(V1; JZ) = ch(2u) �cos(��w); g(V2; JZ) = �
1
2
sh(2u) �sin(��w); g(V3; JZ) =

1
2
sh(2u) �sin(��w):

�ãáâì A = V2+V3 ¨ B = th(2u)V1+ctg(��w)(V2�V3). �«ï A ¨ B ¨¬¥¥¬ g(A; �) = g(B; �) = 0,
á«¥¤®¢ â¥«ì­®, A ¨ B ®¯à¥¤¥«ïîâ ¯®çâ¨ ª®­â ªâ­®¥ à á¯à¥¤¥«¥­¨¥ ­  S. � ª ª ª

[A;B] =
�
@

@�
+

@

@w

�
ctg(� � w)[V2; V3] = 0;

â® íâ® à á¯à¥¤¥«¥­¨¥ ¨­â¥£à¨àã¥¬®.
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