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�ãáâì äãªæ¨ï f 2 CM

2� , â. ¥. ¥¯à¥àë¢    (�1;+1), ¯¥à¨®¤  2�,   ¥¥ àï¤ �ãàì¥{�¥¡¥£ 

f(x) � a0=2 +
1X
�=1

(a�(f) cos �x+ b�(f) sin �x) (1)

¨¬¥¥â ¬®®â®ë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ fa�(f)g1�=1, fb�(f)g
1

�=1 ª®íää¨æ¨¥â®¢. � «¥¥, !k(f
(r); �)

®§ ç ¥â k-© ¬®¤ã«ì ¥¯à¥àë¢®áâ¨,   Sn(f (r)) | n-î áã¬¬ã �ãàì¥ r-© ¯à®¨§¢®¤®© äãªæ¨¨ f .

�¥®à¥¬ . �ãáâì § ¤ ® k 2 N , æ¥«®¥ r � 0 ¨ ¯ãáâì ¬ ¦®à â  '(�) > 0 (0 < � � �),

'(�) # 0 (� # +0) ¨
1P
�=1

��1'(��1) < +1, ¥á«¨ ¤ ®¥ r = 0. �â®¡ë ¤«ï ª ¦¤®© äãªæ¨¨ f 2 CM

2�

¡ë«¨ à ¢®á¨«ìë O-á®®â®è¥¨ï

jan(f)j; jbn(f)j = O(n�r�1'(n�1)) (20)

¨

!k(f
(r); �) = O('(�)); (200)

¥®¡å®¤¨¬® ¨ ¤®áâ â®ç® ¢ë¯®«¥¨ï ãá«®¢¨© �.�.� à¨ [1]

1X
�=n+1

��1'(��1) = O('(n�1)) (B)

¨

nX
�=1

�k�1'(��1) = O(nk'(n�1)): (Bk)

� ¬¥ç ¨¥. �®à¥æ [2] ¤®ª § « íª¢¨¢ «¥â®áâì á®®â®è¥¨© (20), (200) ¯à¨ '(�) = �� (0 <
� < 1), k = 1, r = 0 ¬¥â®¤®¬, ¯à¨£®¤ë¬ ¨ ¯à¨ r 6= 0.

�®ª § â¥«ìáâ¢®. �®áâ â®ç®áâì. �ãáâì ¤  ï ¬ ¦®à â  '(�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬
(B), (Bk) ¨ ¢ë¯®«ï¥âáï (20). �®£¤  ¤«ï ª®íää¨æ¨¥â®¢ r à § ¯à®¤¨ää¥à¥æ¨à®¢ ®£® àï¤ 
(1) ¡ã¤¥¬ ¨¬¥âì

jnran(f)j; jn
rbn(f)j = O(n�1'(n�1)):

� ç¨â, r à § ¯à®¤¨ää¥à¥æ¨à®¢ ë© àï¤ (1) áå®¤¨âáï à ¢®¬¥à® ª f (r)(x) 2 C2�, â. ª. ¯®

ãá«®¢¨î (B) ¨¬¥¥¬, ¢ ç áâ®áâ¨, áå®¤¨¬®áâì àï¤ 
1P
�=2

��1'(��1) = O('(1)). �à¨ íâ®¬ ïá®, çâ®

jan(f
(r))j; jbn(f

(r))j = O(n�1'(n�1)); (3)
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®âªã¤ , ª ª ¥âàã¤® ¢¨¤¥âì,

kf (r) � Snf
(r)kC = O

� 1X
�=n+1

��1'(��1)
�
= O('(n�1)): (4)

�à¨ ¤®ª § â¥«ìáâ¢¥ (200) ¬®¦¥¬, ®ç¥¢¨¤®, áç¨â âì, çâ® ª®íää¨æ¨¥âë �ãàì¥ ¤«ï f (r) ¥®âà¨-
æ â¥«ìë. �à¨¬¥ïï ¤¢ ¦¤ë ¥à ¢¥áâ¢® (4) «¥¬¬ë 1 ([3], á. 69) á ç «  ª ç¥â®©,   § â¥¬ ª
¥ç¥â®© ç áâ¨ f (r), ¡ã¤¥¬ ¨¬¥âì

!k(f
(r); n�1) � n�k

nX
�=1

(a�(f
(r)) + b�(f

(r)))�k +O
�
kf (r) � Sn(f

(r))kC
�
:

�âáî¤  ¯® (3), (4) ¨ á ¯®¬®éìî ãá«®¢¨ï (Bk) ¯®«ãç ¥¬

!k(f (r); n�1) = O('(n�1)):

�®à®è® ¨§¢¥áâ® (á¬.,  ¯à., [1], á. 487), çâ® íâ® ¤ ¥â (200).
�¡à â®, ¨¬¥ï â¥¯¥àì á®®â®è¥¨¥ (200), ¤®ª ¦¥¬ (20), ¥ ¯à¨¢«¥ª ï ãá«®¢¨© (B), (Bk), â. ¥.

¯à¨ ¯®¬®é¨ ®¤®© «¨èì ¬®®â®®áâ¨ fan(f)g1n=1, fbn(f)g
1

n=1. �«ï íâ®£® ¤ «¥¥ ¡ã¤¥¬ ¯®«ì§®-
¢ âìáï ¥à ¢¥áâ¢ ¬¨ f22g{f24g «¥¬¬ë 3 ¨§ ([3], á. 72), ¯à¨¬¥ïï ¨å  ¤«¥¦ é¨¬ ®¡à §®¬ ª
äãªæ¨ï¬ ¢¨¤ 

 �(x) = (f (r)(x)� f (r)(�x))=2;

¤«ï ª®â®àëå ¨¬¥¥âáï ®ç¥¢¨¤®¥ ¥à ¢¥áâ¢®

!k( �; �) � !k(f (r); �): (5)

�á«¨ ¤ ®¥ r ç¥â®¥, â® ¢¯®«¥ ïá®, çâ®

jan( +)j = nrjan(f)j; jbn( �)j = nrjbn(f)j:

�à¨ k ç¥â®¬ ¯à¨¬¥¨¬ á ç «  f23g ª  +(x), ¯® ª®â®à®¬ã

!k( +; n
�1) � Ckn

�k

nX
�=1

�kja�( +)j = Ckn
�k

nX
�=1

�k+rja�(f)j � Ckn
�kjan(f)j

nX
�=1

�k+r

¢¢¨¤ã ¬®®â®®áâ¨ ã¡ë¢ ¨ï fjan(f)jg1n=1, á ª®áâ â®© Ck > 0, ¥ § ¢¨áïé¥© ®â n. �®íâ®¬ã
¢¢¨¤ã (5) ¨ (200)

Ckn
�kjan(f)j

nk+r+1

k + r + 1
� !k(f (r); n�1);

â ª çâ®
nr+1jan(f)j = O('(n�1)):

�â®¡ë ¯®«ãç¨âì â ª®¥ ¦¥ á®®â®è¥¨¥ ¤«ï jbn(f)j ¯à¨ k ç¥â®¬ (¯à®¤®«¦ ï áç¨â âì r ç¥âë¬),
 ¤®   «®£¨ç® ¯à¨¬¥¨âì ¥à ¢¥áâ¢® f24g ª  �(x). �à¨ k ¥ç¥â®¬ (r ç¥â®¥) âà¥¡ã¥¬®¥
á®®â®è¥¨¥ (20) ¤«ï jan(f)j ¯®«ãç ¥âáï ¨§ f24g ¨  +(x),   (20) ¤«ï jbn(f)j ¢ëâ¥ª ¥â ¨§ f23g ¨
 �(x).

�«ãç © r ¥ç¥â®£® ¯®«ãç ¥âáï â ª¦¥ ¨§ ¥à ¢¥áâ¢ f23g, f24g, ¯à¨¬¥ï¥¬ëå ª  �(x)  ¤-
«¥¦ é¨¬ ®¡à §®¬ ¨ á ãç¥â®¬   íâ®â à § á®®â®è¥¨©

jan(f
(r))j = nrjbn(f)j; jbn(f

(r))j = nrjan(f)j:

� ª, ¥á«¨ k ç¥â®¥, â® ¨§ f23g ¤«ï  +(x) ¯®«ãç¨¬ jbn(f)j = O(n�r�1'(n�1)),   ¨§ f24g ¤«ï  �(x)
¡ã¤¥¬ ¨¬¥âì (20) ¤«ï jan(f)j. � ª®¥æ, ¯à¨ k ¥ç¥â®¬ f23g, ¯à¨¬¥¥®¥ ª  �(x), ¤ ¥â (20) ¤«ï
jan(f)j,   f24g ¢¬¥áâ¥ á  +(x) ¤ ¥â (20) ¤«ï jbn(f)j.

� ª¨¬ ®¡à §®¬, â¥®à¥¬  ãáâ ®¢«¥  ¢ ç áâ¨ ¤®áâ â®ç®áâ¨, â ª çâ® \®¡®¡é¥ ï â¥®à¥¬ 
�®à¥æ " ¤®ª §  .
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�¥®¡å®¤¨¬®áâì. �ãáâì ¤  ï ¬ ¦®à â  0 < '(�) # 0 (� # +0) â ª®¢ , çâ® ¤«ï ª ¦¤®©
äãªæ¨¨ f 2 CM

2� á®®â®è¥¨ï (20) ¨ (200) íª¢¨¢ «¥âë. � â ª®¬ á«ãç ¥ ¤«ï äãªæ¨¨ ¢¨¤ 

fr(x) =
1X
�=1

��r�1'(��1)(cos �x+ sin �x)

¨¬¥¥¬ fr(x) 2 CM

2� , çâ® ®ç¥¢¨¤® ¯à¨ r 6= 0,   ¥á«¨ ¤ ®¥ r = 0, â® íâ® ¢ª«îç¥¨¥ ïá® ¨§

á¤¥« ®£® ¯à¥¤¯®«®¦¥¨ï
1P
�=1

��1'(��1) < +1. � «¥¥, äãªæ¨ï fr ¤®«¦  ã¤®¢«¥â¢®àïâì ¯®

¤®¯ãé¥¨î ¥®¡å®¤¨¬®áâ¨ O-á®®â®è¥¨î (200), ¯®áª®«ìªã (20) ¤«ï ¥¥ ¢ë¯®«ï¥âáï âà¨¢¨ «ì-
®. � ç¨â, ¯à¨ ¤ ®¬ k (= 1; : : : ) ¨ § ¤ ®¬ æ¥«®¬ r � 0 ¨¬¥¥¬

!k(f (r)r
; �) = O('(�)):

�®« £ ï â¥¯¥àì
 �(x) = (f (r)

r
(x)� f (r)

r
(�x))=2;

¬®¦¥¬ áç¨â âì, çâ® ª ¦¤ ï ¨§ íâ¨å äãªæ¨© ¨¬¥¥â ¯®á«¥¤®¢ â¥«ì®áâì ª®íää¨æ¨¥â®¢ �ãàì¥
fn�1'(n�1)g1

n=1. �à¨ íâ®¬, ª ª ¨ à ¥¥, !k( �; �) � !k(f (r)r
; �) = O('(�)). �®£¤  ¯® ¥à ¢¥áâ¢ã

f22g, ¯à¨¬¥¥®¬ã ª  +(x), ¥§ ¢¨á¨¬® ®â ç¥â®áâ¨ k ¡ã¤¥¬ ¨¬¥âì
1X

�=n+1

��1'(��1) = O(!k( +; n
�1)) = O

�
'( 1

n
)
�
;

â ª çâ® '(�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (B). � ª®¥æ, ¯® f23g «¥¬¬ë 3 [3] ¯à¨ k ç¥â®¬ ¤«ï  =  +
¨ ¤«ï  =  � ¯à¨ k ¥ç¥â®¬ ¯®«ãç ¥¬

n�k
nX
�=1

�k�1'(��1) = O(!k( ; n
�1)) = O

�
'( 1

n
)
�
;

  íâ® ®§ ç ¥â ¢ë¯®«¥¨¥ ãá«®¢¨ï (Bk) ¤«ï ¬ ¦®à âë '(�). �¥®à¥¬  ¤®ª §   â ª¦¥ ¨ ¢
ç áâ¨ ¥®¡å®¤¨¬®áâ¨.

� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® á ¯¥à¢® ç «ì®© ä®à¬®© â¥®à¥¬ë�®à¥æ  ¬®¦® ®§ ª®¬¨âìáï
â ª¦¥ ¯® ¬®®£à ä¨¨ ([4], á. 678).
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