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� ­ áâ®ïé¥¥ ¢à¥¬ï  ªâ¨¢­® ¨§ãç îâáï ¯ã áá®­®¢ë ¬­®£®®¡à §¨ï [1]{[5], ¢ ç áâ­®áâ¨, ¨áá«¥-
¤ãîâáï à §«¨ç­ë¥ ¯à®æ¥¤ãàë ª¢ ­â®¢ ­¨ï £¥®¬¥âà¨ç¥áª¨å ®¡ê¥ªâ®¢ ­  ¯ã áá®­®¢ëå ¬­®£®®¡à -
§¨ïå [6], [7]. � [8] ¡ë« ¯à¥¤«®¦¥­ ®¤¨­ ¨§ á¯®á®¡®¢ ¤¥ä®à¬ æ¨®­­®£® ª¢ ­â®¢ ­¨ï ¯ã áá®­®¢ëå
¬­®£®®¡à §¨©: ¯®áâà®¥­ë (¯®«¨­®¬¨ «ì­ë¥) ª¢ ­â®¢ë¥ ª®£®¬®«®£¨¨ ¤¥ � ¬  ¯ã áá®­®¢  ¬­®£®-
®¡à §¨ï,   â ª¦¥ ¯®ª § ­®, çâ® ª¢ ­â®¢ë¥ ª®£®¬®«®£¨¨ ¤¥ � ¬  á¨¬¯«¥ªâ¨ç¥áª®£® ¬­®£®®¡à §¨ï
¯®«ãç îâáï ¤¥ä®à¬ æ¨®­­ë¬ ª¢ ­â®¢ ­¨¥¬ ¥£® ª®£®¬®«®£¨© ¤¥ � ¬ . � ¤ ­­®© à ¡®â¥ ¯®ª -
§ë¢ ¥âáï, çâ® ª¢ ­â®¢ë¥ ª®£®¬®«®£¨¨ ¤¥ � ¬  ¯à®¨§¢®«ì­®£® ¯ã áá®­®¢  ¬­®£®®¡à §¨ï â ª¦¥
¯®«ãç îâáï ¤¥ä®à¬ æ¨®­­ë¬ ª¢ ­â®¢ ­¨¥¬ ¥£® ª®£®¬®«®£¨© ¤¥ � ¬ .

1. �ãáâì M | £« ¤ª®¥ ¬­®£®®¡à §¨¥. �ã¤¥¬ ®¡®§­ ç âì  «£¥¡àã £« ¤ª¨å äã­ªæ¨© ­  M

ç¥à¥§ C1(M), ª®«ìæ® ¤¨ää¥à¥­æ¨ «ì­ëå ä®à¬ ­  M ç¥à¥§ 
�(M) ¨ ¯à®áâà ­áâ¢® ª®á®á¨¬¬¥-
âà¨ç¥áª¨å ª®­âà ¢ à¨ ­â­ëå â¥­§®à­ëå ¯®«¥© ­  M ç¥à¥§ V�(M).

�ª®¡ª®© �ã áá®­  ­  £« ¤ª®¬ ¬­®£®®¡à §¨¨ M ­ §ë¢ ¥âáï ¡¨«¨­¥©­®¥ ª®á®á¨¬¬¥âà¨ç­®¥
®â®¡à ¦¥­¨¥ f ; g : C1(M)� C1(M)! C1(M), ã¤®¢«¥â¢®àïîé¥¥ ¯à ¢¨«ã �¥©¡­¨æ 

ff; ghg = ff; ggh + gff; hg

¨ â®¦¤¥áâ¢ã �ª®¡¨
fff; gg; hg + ffg; hg; fg + ffh; fg; gg = 0:

�­®£®®¡à §¨¥, ­ ¤¥«¥­­®¥ áª®¡ª®© �ã áá®­ , ­ §ë¢ ¥âáï ¯ã áá®­®¢ë¬ ¬­®£®®¡à §¨¥¬. �ª®¡-
ª  �ã áá®­  ­  £« ¤ª®¬ ¬­®£®®¡à §¨¨ M ®¤­®§­ ç­® ®¯à¥¤¥«ï¥â ª®­âà ¢ à¨ ­â­ë© ª®á®á¨¬-
¬¥âà¨ç¥áª¨© â¥­§®à w 2 V2(M) â ª®©, çâ®

ff; gg = i(w)(df ^ dg) (1)

¤«ï ¢á¥å f; g 2 C1(M), £¤¥ i(w) : 
p(M) ! 
p�2(M) ®§­ ç ¥â ¢­ãâà¥­­¥¥ ã¬­®¦¥­¨¥ ­  w; ¢
«®ª «ì­ëå ª®®à¤¨­ â å (i(w)�)i1 :::ip�2

= wjk�jki1 :::ip�2
. �â®â â¥­§®à ®¡ëç­® ­ §ë¢ îâ â¥­§®à®¬

�ã áá®­ . �§¢¥áâ­®, çâ® áª®¡ª  (1) ­  C1(M), ¯®áâà®¥­­ ï ¯® â ª®¬ã â¥­§®àã, ã¤®¢«¥â¢®àï¥â
â®¦¤¥áâ¢ã �ª®¡¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  [w;w] = 0, £¤¥ [ ; ] | áª®¡ª  �å®ãâ¥­ {�¥©¥­å¥©á 
­  V�(M) ([3], [5]). � ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ®¡®§­ ç âì ¯ã áá®­®¢® ¬­®£®®¡à §¨¥ á«¥¤ãîé¨¬ ®¡à -
§®¬: (M;w). �á«¨ à ­£ â¥­§®à  w ¯®áâ®ï­¥­, â® ¯ã áá®­®¢® ¬­®£®®¡à §¨¥ (M;w) ­ §ë¢ ¥âáï à¥-
£ã«ïà­ë¬. �à¨¬¥à ¬¨ à¥£ã«ïà­ëå ¯ã áá®­®¢ëå ¬­®£®®¡à §¨© ï¢«ïîâáï á¨¬¯«¥ªâ¨ç¥áª¨¥ ¬­®-
£®®¡à §¨ï.

2. � à ¡®â¥ [9] ¢¢¥¤¥­ ª®¤¨ää¥à¥­æ¨ « � : 
p(M)! 
p�1(M) ­  ¯ã áá®­®¢®¬ ¬­®£®®¡à §¨¨
(M;!), ®¯à¥¤¥«ï¥¬ë© á®®â­®è¥­¨¥¬

� = [i(w); d] = i(w) � d� d � i(w);

£¤¥ d : 
p(M) ! 
p+1(M) | ¢­¥è­¨© ¤¨ää¥à¥­æ¨ «,   â ª¦¥ ¯®ª § ­®, çâ® �2 = 0 ¨
d � � + � � d = 0.
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�à¥¤«®¦¥­¨¥ 2.1. �ãáâì (M;w) | ¯ã áá®­®¢® ¬­®£®®¡à §¨¥. �®£¤  ¤«ï «î¡®£® ­ âãà «ì-

­®£® ç¨á«  k ¨¬¥¥â ¬¥áâ® â®¦¤¥áâ¢®

i(w) � d � ik(w) =
k

k + 1
d � ik+1(w) +

1
k + 1

ik+1(w) � d; (2)

£¤¥ ip(w) = i(w) � � � � � i(w)| {z }
p à §

.

�®ª § â¥«ìáâ¢®. �«ï áª®¡ª¨ �å®ãâ¥­ {�¥©¥­å¥©á  ¢ë¯®«­ï¥âáï â®¦¤¥áâ¢® [[i(u); d]; i(v)] =
i(�[v; u]) ¤«ï «î¡ëå u; v 2 V�(M) (­ ¯à., [10]). �®¤áâ ¢«ïï ¢ íâ® â®¦¤¥áâ¢® u = v = w ¨ ãç¨-
âë¢ ï, çâ® [w;w] = 0, ¯®«ãç ¥¬ [[i(w); d]; i(w)] = 0. � áªàë¢ ï áª®¡ª¨ ¢ ¯®á«¥¤­¥¬ à ¢¥­áâ¢¥,
¯à¨å®¤¨¬ ª â®¦¤¥áâ¢ã

i(w) � d � i(w) =
1
2
d � i2(w) +

1
2
i2(w) � d: (3)

�ãáâì â¥¯¥àì k � 2. �á¯®«ì§ãï (3), ¯®«ãç ¥¬ á¨áâ¥¬ã

i(w) � d � ik(w) =
1
2
d � ik+1(w) +

1
2
i2(w) � d � ik�1(w);

i2(w) � d � ik�1(w) =
1
2
i(w) � d � ik(w) +

1
2
i3(w) � d � ik�2(w);

: : :

ik�1(w) � d � i2(w) =
1
2
ik(w) � d � i(w) +

1
2
ik�2(w) � d � i3(w);

ik(w) � d � i(w) =
1
2
ik+1(w) � d+

1
2
ik�1(w) � d � i2(w):

�¥è ï íâã á¨áâ¥¬ã ãà ¢­¥­¨© ®â­®á¨â¥«ì­® ip(w) � d � ik�p+1(w), p = 0; 1; : : : ; k + 1, ­ å®¤¨¬
(2).

�«¥¤áâ¢¨¥ 2.1. �«ï «î¡®£® ­ âãà «ì­®£® ç¨á«  k ¨¬¥¥â ¬¥áâ® â®¦¤¥áâ¢®

1
k
ik(w) � d�

1
k
d � ik(w) = � � ik�1(w): (4)

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, � � ik�1(w) = i(w) � d � ik�1(!)� d � ik(w) = k�1
k
d � ik(w) +

1
k
ik(w) � d� d � ik(w) = 1

k
ik(w) � d� 1

k
d � ik(w).

�ãáâì 
0(M) = �
k�0


2k(M), 
1(M) = �
k�0


2k+1(M). �®£¤  
�(M) = 
0(M) � 
1(M) ¨ ­ 


�(M) ¢¢¥¤¥­  á«¥¤ãîé ï Z2-£à ¤ã¨à®¢ª : ¢á¥ í«¥¬¥­âë 
0(M) ­ §®¢¥¬ ç¥â­ë¬¨ (áâ¥¯¥­¨ 0),
  ¢á¥ í«¥¬¥­âë 
1(M) | ­¥ç¥â­ë¬¨ (áâ¥¯¥­¨ 1). � ¬¥â¨¬, çâ® ®¯¥à â®àë d : 
�(M) ! 
�(M)
¨ D := d + � : 
�(M) ! 
�(M) ï¢«ïîâáï ­¥ç¥â­ë¬¨, â. ¥. ®â®¡à ¦ îâ ç¥â­ë¥ í«¥¬¥­âë ¢
­¥ç¥â­ë¥, ¨ ­ ®¡®à®â.

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ®¡®§­ ç âì i(w) ç¥à¥§ i, ¨ i(!)� ç¥à¥§ i�. �®¬®¬®àä¨§¬ ' : 
�(M) !

�(M), ®¯à¥¤¥«¥­­ë© ä®à¬ã«®©

'(�) :=
X
k�0

1
k!
ik� = �+ i�+

1
2
i2�+

1
6
i3�+ � � � ;

¯¥à¥¢®¤¨â ¯à®áâà ­áâ¢  
0(M) ¨ 
1(M) ¢ á¥¡ï, â. ¥. á®åà ­ï¥â Z2-£à ¤ã¨à®¢ªã ­  
�(M).
�®ª ¦¥¬, çâ® ®¯¥à â®à ' ®áãé¥áâ¢«ï¥â ¨§®¬®àä¨§¬ ¬¥¦¤ã Z2-£à ¤ã¨à®¢ ­­ë¬¨ ¤¨ää¥-

à¥­æ¨ «ì­ë¬¨ £àã¯¯ ¬¨ (
�(M); d) ¨ (
�(M);D).
�­ ç «  ¯®ª ¦¥¬, çâ® ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

' � d = D � '; (5)
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â. ¥. çâ® ' : (
�(M); d)! (
�(M);D) | £®¬®¬®àä¨§¬ ¤¨ää¥à¥­æ¨ «ì­ëå £àã¯¯.
�ãáâì �k 2 
k(M) | ª®¬¯®­¥­â  ä®à¬ë � 2 
�(M) ®â­®á¨â¥«ì­® à §«®¦¥­¨ï 
�(M) =

n

�
k=0


k(M). �¨á«® k ­ §®¢¥¬ áâ¥¯¥­ìî ª®¬¯®­¥­âë �k ¨ ®¡®§­ ç¨¬ j�kj.

�«ï ¤®ª § â¥«ìáâ¢  (5) ¤®áâ â®ç­® ¯à®¢¥à¨âì, çâ® ¤«ï «î¡®© � = �p 2 
p(M), p = 0; 1; : : : ; n,
¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® ª®¬¯®­¥­â ('d�)k = (D'�)k, k = 0; : : : ; n.

�ãáâì á­ ç «  j�j = 2m. �®£¤  ('d�)2m+1 = d� = (D'�)2m+1. �«ï ª®¬¯®­¥­â áâ¥¯¥­¨ 2m� 1
¨¬¥¥¬

('d�)2m�1 = id� = di�+ �� = (D'�)2m�1;

çâ® á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  �.
�«ï ª®¬¯®­¥­â «î¡®© ¤àã£®© áâ¥¯¥­¨ k = 1; 3; : : : ; 2m� 3 ¨¬¥¥¬

('d�)k =
1
k!
ikd� =

1
k!
dik�+

1
(k � 1)!

�ik�1� = (D'�)k;

çâ® ¢ëâ¥ª ¥â ¨§ ä®à¬ã«ë (4). �áâ «ì­ë¥ ª®¬¯®­¥­âë ä®à¬ 'd�, D'� à ¢­ë ­ã«î.
�á«¨ j�j = 2m+ 1, â® à ¢¥­áâ¢  ('d�)k = (D'�)k ¤«ï áâ¥¯¥­¥© k = 2; 4; : : : ; 2m+ 2 ¯à®¢¥àï-

îâáï â®ç­® â ª ¦¥,   ¤«ï ª®¬¯®­¥­â áâ¥¯¥­¨ 0 ¨¬¥¥¬

('d�)0 =
1

(m+ 1)!
im+1d� =

1
m!

�im� = (D'�)0;

çâ® â ª¦¥ á«¥¤ã¥â ¨§ ä®à¬ã«ë (4) á ãç¥â®¬ â®£®, çâ® im+1� = 0. �á¥ ®áâ «ì­ë¥ ª®¬¯®­¥­âë
ä®à¬ 'd�, D'� à ¢­ë ­ã«î.

�à¥¤«®¦¥­¨¥ 2.2. �®¬®¬®àä¨§¬ ' : (
�(M); d) ! (
�(M);D) ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬

Z2-£à ¤ã¨à®¢ ­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå £àã¯¯.

�®ª § â¥«ìáâ¢®. � ª ª ª ®â®¡à ¦¥­¨¥ ' á®åà ­ï¥â Z2-£à ¤ã¨à®¢ªã ¨ ï¢«ï¥âáï £®¬®¬®à-
ä¨§¬®¬ ¤¨ää¥à¥­æ¨ «ì­ëå £àã¯¯, ¤®áâ â®ç­® ¯®ª § âì, çâ® ®­® ¡¨¥ªâ¨¢­®.

�¡®á­ã¥¬ ¡¨¥ªâ¨¢­®áâì 'j
0(M) : 
0(M)! 
0(M).
�«ï íâ®£® ¤®ª ¦¥¬, çâ® 'j
0(M) | í¯¨¬®àä¨§¬ ¨ ¬®­®¬®àä¨§¬. � áá¬®âà¨¬ «î¡®© í«¥¬¥­â

c = �0+�2+ � � �+�2m 2 
0(M), £¤¥ j�kj = k, k = 0; 2; : : : ; 2m. �«¥¬¥­â c1 = c�'(�2m) ¨¬¥¥â ¢¨¤
c1 = �0+�2+ � � �+�2m�2, £¤¥ �2m�2 = �2m�2�i�2m, �2m�4 = �2m�4�

1
2
i2�2m; : : : , �0 = �0�

1
m!
im�2m.

�¥¯¥àì à áá¬®âà¨¬ í«¥¬¥­â c2 = c1�'(�2m�2) = c�'(�2m+�2m�2) (â. ¥. c = c2+'(�2m+�2m�2))
¨ â ª ¤ «¥¥. �  (m+ 1)-¬ è £¥ ¯®«ãç¨¬ cm+1 = 0, ®âªã¤  c = '(�2m + �2m�2 + : : : ) 2 im'j
0(M).

�á«®¢¨¥ '(c) = 0, £¤¥ c = �0 + �2 + � � � + �2m 2 
0(M), à ¢­®á¨«ì­® á¨áâ¥¬¥

�2m = 0;

�2m�2 + i�2m = 0;

�2m�4 + i�2m�2 +
1
2
i2�2m = 0;

: : :

�0 + i�2 + � � �+
1
m!

im�2m = 0;

®âªã¤  ¯à¨ ¤¢¨¦¥­¨¨ á¢¥àåã ¢­¨§ ¯®«ãç¨¬, çâ® ¢á¥ �k, k = 0; 2; : : : ; 2m, à ¢­ë ­ã«î. � ª¨¬
®¡à §®¬, c = 0 ¨ ' | ¬®­®¬®àä¨§¬.

�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® 'j
1(M) : 
1(M)! 
1(M) ¥áâì ¡¨¥ªæ¨ï.

�®ª § ­­®¥ ¯à¥¤«®¦¥­¨¥ ¯®§¢®«ï¥â ¢ëç¨á«¨âì ª®£®¬®«®£¨¨ ¤¨ää¥à¥­æ¨ «ì­®© £àã¯¯ë
(
�(M);D). � ª ª ª 
�(M) = 
0(M) �
1(M) ¨ ®¯¥à â®à D ï¢«ï¥âáï ­¥ç¥â­ë¬, ¯®«ãç ¥¬

H(
�(M);D) = H0(
�(M);D) �H1(
�(M);D);
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£¤¥

H0(

�(M);D) :=

kerD : 
0(M)! 
1(M)
imD : 
1(M)! 
0(M)

; H1(

�(M);D) :=

kerD : 
1(M)! 
0(M)
imD : 
0(M)! 
1(M)

:

�­ «®£¨ç­®
H(
�(M); d) = H0(
�(M); d) �H1(
�(M); d);

£¤¥

H0(

�(M); d) :=

ker d : 
0(M)! 
1(M)
im d : 
1(M)! 
0(M)

�= �
k�0

H2k
dR(M);

H1(
�(M); d) :=
ker d : 
1(M)! 
0(M)
im d : 
0(M)! 
1(M)

�= �
k�0

H2k+1
dR (M):

� ª ª ª ' : (
�(M); d) ! (
�(M);D) ¥áâì ¨§®¬®àä¨§¬ Z2-£à ¤ã¨à®¢ ­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
£àã¯¯, ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 2.2. �àã¯¯  H0(
�(M);D) ¨§®¬®àä­  ¯àï¬®© áã¬¬¥ ç¥â­®¬¥à­ëå ª®£®¬®«®£¨©
¤¥ � ¬  �

k�0
H2k
dR(M) ¬­®£®®¡à §¨ï M . �àã¯¯  H1(
�(M);D) ¨§®¬®àä­  ¯àï¬®© áã¬¬¥ ­¥ç¥â­®-

¬¥à­ëå ª®£®¬®«®£¨© ¤¥ � ¬  �
k�0

H2k+1
dR (M) ¬­®£®®¡à §¨ï M .

3. �à¨¬¥­¨¬ á«¥¤áâ¢¨¥ 2.2 ¤«ï ¢ëç¨á«¥­¨ï ª®£®¬®«®£¨© ¤¢®©­®£® ª®¬¯«¥ªá  C = (Cp;q ; �; d0 =
(�1)pd), £¤¥ Cp;q = 
q�p(M), p; q 2 Z, ¢¢¥¤¥­­®£® ¢ [1] (dimM = n).

d0 "

0 �
�! 
n(M) �

�! � � �
d0 " d0 "

0 �
�! 
n(M) �

�! 
n�1(M) �
�! � � �

d0 " d0 " d0 "

� � �
�
�! 
n(M) �

�! 
n�1(M) �
�! 
n�2(M) �

�! � � �
d0 " d0 " d0 "
...

...
...

d0 " d0 " d0 "

� � �
�
�! 
2(M) �

�! 
1(M) �
�! 
0(M) �

�! � � �
d0 " d0 " d0 "

� � �
�
�! 
1(M) �

�! 
0(M) �
�! 0

d0 " "

� � �
�
�! 
0(M) �

�! 0
"
0

(6)

�â®â ª®¬¯«¥ªá ¡ã¤¥¬ ­ §ë¢ âì ¤¢®©­ë¬ ª®¬¯«¥ªá®¬ �àë«¨­áª®£® ¯ã áá®­®¢  ¬­®£®®¡à §¨ï

(M;w). �¨ £®­ «ì­ë© ª®¬¯«¥ªá ¤¢®©­®£® ª®¬¯«¥ªá  (6) ¨¬¥¥â ¢¨¤ A = (Ap; eDp), p 2 Z, £¤¥
A2k = 
0(M), A2k+1 = 
1(M), k 2 Z,   eDp = � + (�1)pd0. �® (�1)pd0 = d, á«¥¤®¢ â¥«ì­®, eD = D.
� ª¨¬ ®¡à §®¬, íâ®â ¤¨ £®­ «ì­ë© ª®¬¯«¥ªá ¨¬¥¥â ¢¨¤

� � �
D
�! A2k�1 = 
1(M) D

�! A2k = 
0(M) D
�! A2k+1 = 
1(M) D

�! A2k+2 = 
0(M) D
�! � � �

�®£®¬®«®£¨ï¬¨ ¤¢®©­®£® ª®¬¯«¥ªá  �àë«¨­áª®£® H�
Br(M;w) ¡ã¤¥¬ ­ §ë¢ âì ª®£®¬®«®£¨¨ íâ®£®

¤¨ £®­ «ì­®£® ª®¬¯«¥ªá .
�§ c«¥¤áâ¢¨ï 2.2 ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â
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�¥®à¥¬  3.1. �«ï «î¡®£® ¯ã áá®­®¢  ¬­®£®®¡à §¨ï (M;w) ¨¬¥îâ ¬¥áâ® ¨§®¬®àä¨§¬ë

H
2p
Br(M;w) �= �

k�0
H2k
dR(M); H

2p+1
Br (M;w) �= �

k�0
H2k+1
dR (M); p 2 Z:

4. �ëç¨á«¨¬ ª¢ ­â®¢ë¥ ª®£®¬®«®£¨¨ ¤¥ � ¬  ¯ã áá®­®¢ëå ¬­®£®®¡à §¨© [8]. � ¯®¬­¨¬ ¨å
¯®áâà®¥­¨¥.

�ãáâì V | ª®­¥ç­®¬¥à­®¥ ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® ­ ¤ R á ¡ §¨á®¬ fe1; : : : ; eng. �¡®§­ ç¨¬
á¨¬¢®«®¬ T �(V )  «£¥¡àã ª®¢ à¨ ­â­ëå â¥­§®à®¢ ­  V . �«ï � 2 T k(V ) ®¡®§­ ç¨¬

(� a v)(v1; : : : ; vk�1) := �(v1; : : : ; vk�1; v);

(v ` �)(v1; : : : ; vk�1) := �(v; v1; : : : ; vk�1);

£¤¥ v; v1; : : : ; vk�1 2 V . �¡®§­ ç¨¬  «£¥¡àã ª®á®á¨¬¬¥âà¨ç¥áª¨å ª®­âà ¢ à¨ ­â­ëå â¥­§®à®¢ ­ 
¯à®áâà ­áâ¢¥ V ç¥à¥§ ��(V ),    «£¥¡àã ¯®«¨­®¬®¢ ®â h á ª®íää¨æ¨¥­â ¬¨ ¢ ��(V ) | ç¥à¥§
��(V )[h]. �ë¡¥à¥¬ ¯à®¨§¢®«ì­ë© â¥­§®à w = wijei ^ ej 2 �2(V ). �¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ ^h =
^h;w : ��(V )
 ��(V )! ��(V )[h] á«¥¤ãîé¨¬ ®¡à §®¬:

� ^h � =
X
n�0

hn

n!
wi1j1 : : : winjn(� a ei1 a � � � a ein) ^ (ejn ` � � � ` ej1 ` �);

£¤¥ �; � 2 ��(V ). �® «¨­¥©­®áâ¨ ^h ¯à®¤®«¦ ¥âáï ¤® ª¢ ­â®¢®£® ¢­¥è­¥£® ¯à®¨§¢¥¤¥­¨ï

^h = ^h;w : ��(V )[h] 
 ��(V )[h]! ��(V )[h]:

� [8] ¯®ª § ­®, çâ® íâ® ®¯à¥¤¥«¥­¨¥ ­¥ § ¢¨á¨â ®â ¢ë¡®à  ¡ §¨á  fe1; : : : ; eng,   â ª¦¥ (â¥®à¥¬ 
1.1) çâ® ª¢ ­â®¢®¥ ¢­¥è­¥¥ ¯à®¨§¢¥¤¥­¨¥ áã¯¥àª®¬¬ãâ â¨¢­® ¨  áá®æ¨ â¨¢­®.

�ãáâì (M;w) | ¯ã áá®­®¢® ¬­®£®®¡à §¨¥ (dimM = n). �¯¥à æ¨ï ª¢ ­â®¢®£® ¢­¥è­¥£® ¯à®-
¨§¢¥¤¥­¨ï ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ à á¯à®áâà ­ï¥âáï ­  ª®«ìæ® 
�(M)[h] ¯®«¨­®¬®¢ ®â h á ª®íä-
ä¨æ¨¥­â ¬¨ ¢ 
�(M). � áá¬®âà¨¬ ®¯¥à â®à

dh := d� h� : 
�(M)[h]! 
�(M)[h]:

� ([8], â¥®à¥¬  2.2) ¯®ª § ­®, çâ® ®­ ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨ï¬ dh � dh = 0 ¨

dh(� ^h �) = (dh�) ^h � + (�1)j�j� ^h (dh�);

£¤¥ �; � 2 
�(M)[h].
�­ «®£¨ç­® ®¯à¥¤¥«ï¥âáï ª¢ ­â®¢®¥ ¢­¥è­¥¥ ¯à®¨§¢¥¤¥­¨¥ ^h ¨ ª¢ ­â®¢ë© ¢­¥è­¨© ¤¨ä-

ä¥à¥­æ¨ « dh ­   «£¥¡àe 
�(M)[h; h�1] ¬­®£®ç«¥­®¢ ®â h ¨ h�1 ¨ ­   «£¥¡à å 
�(M)[[h]] ¨

�(M)[[h; h�1]] àï¤®¢ �¥©«®à  ¨ �®à ­  ®â h á®®â¢¥âáâ¢¥­­®.

� [8] ¡ë«¨ ®¯à¥¤¥«¥­ë (¯®«¨­®¬¨ «ì­ë¥) ª¢ ­â®¢ë¥ ª®£®¬®«®£¨¨ ¤¥ � ¬  QhH
�
dR(M) ¨

Qh;h�1H�
dR(M) ¯ã áá®­®¢  ¬­®£®®¡à §¨ï (M;w) ª ª ª®£®¬®«®£¨¨ ¤¨ää¥à¥­æ¨ «ì­ëå £àã¯¯

(
�(M)[h]; dh) ¨ (
�(M)[h; h�1]; dh) á®®â¢¥âáâ¢¥­­®. �®  ­ «®£¨¨ ®¯à¥¤¥«¨¬ â¥©«®à®¢áª¨¥ ¨ «®-
à ­®¢áª¨¥ ª¢ ­â®¢ë¥ ª®£®¬®«®£¨¨ ¤¥ � ¬  TQhH

�
dR(M) ¨ LQh;h�1H�

dR(M) ª ª ª®£®¬®«®£¨¨ ¤¨ä-
ä¥à¥­æ¨ «ì­ëå £àã¯¯ (
�(M)[[h]]; dh) ¨ (
�(M)[[h; h�1]]; dh) á®®â¢¥âáâ¢¥­­®.

�  ¤¨ää¥à¥­æ¨ «ì­®© £àã¯¯¥ (
�(M)[h]; dh) ¬®¦­® ¢¢¥áâ¨ áâàãªâãàã ¤¢®©­®£® ª®¬¯«¥ªá 
(Cp;q;�h�; d0 = (�1)pd), £¤¥ Cp;q = hp
q�p(M), p � 0. �­ «®£¨ç­® ­  ¤¨ää¥à¥­æ¨ «ì­®© £àã¯-
¯¥ (
�(M)[h; h�1]; dh) ¬®¦­® ¢¢¥áâ¨ áâàãªâãàã ¤¢®©­®£® ª®¬¯«¥ªá  ( eCp;q;�h�; d0 = (�1)pd) (á¬.
(7)), £¤¥ eCp;q = hp
q�p(M), p; q 2 Z. �® ª®¬¯«¥ªáã Cp;q áâà®¨âáï á¯¥ªâà «ì­ ï ¯®á«¥¤®¢ â¥«ì-
­®áâì E, áå®¤ïé ïáï ª H(
�(M)[h]; dh) = QhH

�
dR(M), á ¯¥à¢ë¬ ç«¥­®¬ Ep;q

1 = hpHq(Cp;�; d) =

79



hpHq�p
dR (M), p � 0. �® ª®¬¯«¥ªáã eCp;q áâà®¨âáï á¯¥ªâà «ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì eE, áå®¤ïé ïáï

ª Qh;h�1H�
dR(M), á ¯¥à¢ë¬ ç«¥­®¬ eEp;q

1 = hpH
q�p
dR (M), p; q 2 Z.

d0 "

0 �h�
��! h2
n(M) �h�

��! � � �
d0 " d0 "

0 �h�
��! h
n(M) �h�

��! h2
n�1(M) �h�
��! � � �

d0 " d0 " d0 "

� � �
�h�
��! 
n(M) �h�

��! h
n�1(M) �h�
��! h2
n�2(M) �h�

��! � � �
d0 " d0 " d0 "
...

...
...

d0 " d0 " d0 "

� � �
�h�
��! 
2(M) �h�

��! h
1(M) �h�
��! h2
0(M) �h�

��! � � �
d0 " d0 " d0 "

� � �
�h�
��! 
1(M) �h�

��! h
0(M) �h�
��! 0

d0 " "

� � �
�h�
��! 
0(M) �h�

��! 0
"
0

(7)

�á«¨ á¯¥ªâà «ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì E ¢ëà®¦¤ ¥âáï ¢ ¯¥à¢®¬ ç«¥­¥, â®, ª ª ¯®ª § ­® ¢
([8], â¥®à¥¬  3.2), ª¢ ­â®¢ë¥ ª®£®¬®«®£¨¨ ¤¥ � ¬  ¯®«ãç îâáï ¤¥ä®à¬ æ¨®­­ë¬ ª¢ ­â®¢ ­¨¥¬
\®¡ëç­ëå" ª®£®¬®«®£¨© ¤¥ � ¬ . �¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥ QhH

�
dR(M) �= E1 = �p;qE

p;q
1 =

�p;qh
pHq�p

dR (M) = H�
dR(M)[h].

� ¬ ¦¥ ¤®ª § ­ 

�¥®à¥¬  4.1 ([8]). �á«¨ (M;w) | ª®¬¯ ªâ­®¥ á¨¬¯«¥ªâ¨ç¥áª®¥ ¬­®£®®¡à §¨¥ ¡¥§ £à ­¨æë,

â® á¯¥ªâà «ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì eE ¢ëà®¦¤ ¥âáï ¢ ¯¥à¢®¬ ç«¥­¥, â. ¥.

Qh;h�1H�
dR(M) �= H�

dR(M)[h; h�1]:

�®ª ¦¥¬, çâ® íâ®â à¥§ã«ìâ â ¢¥à¥­ ¤«ï «î¡®£® (­¥ ®¡ï§ â¥«ì­® à¥£ã«ïà­®£®) ¯ã áá®­®¢ 
¬­®£®®¡à §¨ï.

�¥®à¥¬  4.2. �¢ ­â®¢ë¥ ª®£®¬®«®£¨¨ ¤¥ � ¬  «î¡®£® ¯ã áá®­®¢  ¬­®£®®¡à §¨ï (M;w) ¯®-
«ãç îâáï ¤¥ä®à¬ æ¨®­­ë¬ ª¢ ­â®¢ ­¨¥¬ ¥£® ®¡ëç­ëå ª®£®¬®«®£¨© ¤¥ � ¬ , â. ¥.

QhH
�
dR(M) �= H�

dR(M)[h]; Qh;h�1H�
dR(M) �= H�

dR(M)[h; h�1];

TQhH
�
dR(M) �= H�

dR(M)[[h]]; LQh;h�1H�
dR(M) �= H�

dR(M)[[h; h�1]]:

�®ª § â¥«ìáâ¢®. O£à ­¨ç¨¬áï á«ãç ¥¬ â¥©«®à®¢áª¨å ª¢ ­â®¢ëå ª®£®¬®«®£¨©, ®áâ «ì­ë¥
á«ãç ¨ à áá¬ âà¨¢ îâáï  ­ «®£¨ç­®.

� áá¬®âà¨¬ £®¬®¬®àä¨§¬ 'h : (
�(M)[[h]]; d) ! (
�(M)[[h]]; dh) ¤¨ää¥à¥­æ¨ «ì­ëå £àã¯¯

'h(�) =
X
k�0

(�1)k
1
k!
hkik�:

�®¦¤¥áâ¢® 'h � d = dh � 'h ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®. �à®¢¥àª  í¯¨¬®àä­®áâ¨ ¨ ¬®­®-
¬®àä­®áâ¨ 'h  ­ «®£¨ç­  ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 3.1.

�§®¬®àä¨§¬ 'h ¨­¤ãæ¨àã¥â ¨§®¬®àä¨§¬ £àã¯¯ ª®£®¬®«®£¨©

TQhH
�
dR(M) �= H(
�(M)[[h]]; d) �= H�

dR(M)[[h]]: �
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� ª«îç¥­¨¥. � ª¨¬ ®¡à §®¬, ª®£®¬®«®£¨¨ �àë«¨­áª®£® ¨ ª¢ ­â®¢ë¥ ª®£®¬®«®£¨¨ ¤¥ � ¬ 
¯ã áá®­®¢  ¬­®£®®¡à §¨ï ­¥ § ¢¨áïâ ®â ¯ã áá®­®¢®© áâàãªâãàë ­  ¬­®£®®¡à §¨¨ (å®âï ¨ ®¯à¥-
¤¥«ïîâáï á ¥¥ ¯®¬®éìî),   § ¢¨áïâ «¨èì ®â â®¯®«®£¨ç¥áª®© áâàãªâãàë ¬­®£®®¡à §¨ï.

�¢â®à ¢ëà ¦ ¥â ¡« £®¤ à­®áâì �.�.� « å «ìæ¥¢ã §  ¯®áâ ­®¢ªã § ¤ ç¨, àï¤ æ¥­­ëå á®¢¥-
â®¢ ¨ § ¬¥ç ­¨© ¨ �.�.�®á¨ªã, çì¨ § ¬¥ç ­¨ï ¨ à¥ª®¬¥­¤ æ¨¨ á¯®á®¡áâ¢®¢ «¨ áãé¥áâ¢¥­­®¬ã
ã«ãçè¥­¨î áâàãªâãàë ¢á¥© à ¡®âë ¨ ã¯à®é¥­¨î ¤®ª § â¥«ìáâ¢.
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