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� ­­ ï à ¡®â  ¯à®¤®«¦ ¥â ¨áá«¥¤®¢ ­¨¥ ª« áá®¢ ®àâ®§ ¬ª­ãâëå ¨ à áé¥¯«ïîé¨å ¯®¤¯à®-
áâà ­áâ¢ ã­¨â à­ëå ¯à®áâà ­áâ¢, ¯à¨á®¥¤¨­¥­­ëå ª  «£¥¡à¥ ä®­ �¥©¬ ­ , ­ ç â®¥ ¢ [1] ¨ [2].

1. �¯à¥¤¥«¥­¨ï

�ãáâì M |  «£¥¡à  ä®­ �¥©¬ ­ , ¤¥©áâ¢ãîé ï ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ H, «¨­¥ « S
¯«®â¥­ ¢ H ¨ ¯à¨á®¥¤¨­¥­ ª M (S�M), â. ¥. S ¨­¢ à¨ ­â¥­ ®â­®á¨â¥«ì­® «î¡®£® ®¯¥à â®à  ¨§
M0 | ª®¬¬ãâ ­â   «£¥¡àë M. �ã¤¥¬ à áá¬ âà¨¢ âì á«¥¤ãîé¨¥ ª« ááë ¯®¤¯à®áâà ­áâ¢ ¯à®-
áâà ­áâ¢  S: LM(S) | ª« áá ¢á¥å § ¬ª­ãâëå ¯®¤¯à®áâà ­áâ¢ ¯à®áâà ­áâ¢  S, ¯à¨á®¥¤¨­¥­­ëå ª
M; FM(S) | ª« áá ¢á¥å ®àâ®§ ¬ª­ãâëå ¯®¤¯à®áâà ­áâ¢ ¯à®áâà ­áâ¢  S, ¯à¨á®¥¤¨­¥­­ëå ªM,
â. ¥. FM(S) = fX � S j X = X??;X�Mg; EM(S) | ª« áá ¢á¥å à áé¥¯«ïîé¨å ¯®¤¯à®áâà ­áâ¢
¯à®áâà ­áâ¢  S, ¯à¨á®¥¤¨­¥­­ëå ª M, â. ¥. EM(S) = fX � S j X �X? = S;X�Mg. �â¬¥â¨¬,
çâ® ¨¬¥¥â ¬¥áâ® æ¥¯®çª  ¢ª«îç¥­¨©

EM(S) � FM(S) � LM(S): (1)

� ¤ «ì­¥©è¥¬ ç¥à¥§Mpr ¡ã¤¥¬ ®¡®§­ ç âì ª« áá ¢á¥å ®àâ®¯à®¥ªâ®à®¢  «£¥¡àë ä®­ �¥©¬ ­ 
M,   ¤«ï X � S á¨¬¢®«®¬ X ¡ã¤¥¬ ®¡®§­ ç âì § ¬ëª ­¨¥ ¬­®¦¥áâ¢  X ¢ S,   á¨¬¢®«®¬ [X]
| § ¬ëª ­¨¥ íâ®£® ¬­®¦¥áâ¢  ¢ H. �à¨¢¥¤¥¬ ®¯¨á ­¨¥ ãª § ­­ëå ¢ëè¥ ª« áá®¢ ¢ â¥à¬¨­ å
®àâ®¯à®¥ªâ®à®¢.

�à¥¤«®¦¥­¨¥ 1 ([1]). (i) LM(S) = fR(p) \ S j p 2Mprg.
(ii) FM(S) = fR(p) \ S j p 2Mpr; [R(p) \ S] = R(p), [R(1� p) \ S] = R(1� p)g.
(iii) EM(S) = fR(p) \ S j p 2Mpr, R(p) \ S = pSg.

2. �à®áâà ­áâ¢® ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë ä®­ �¥©¬ ­ ,
 áá®æ¨¨à®¢ ­­®¥ á ¢¥á®¬

�ãáâì ' | â®ç­ë© ­®à¬ «ì­ë© ¯®«ãª®­¥ç­ë© ¢¥á ­  ¯®«ãª®­¥ç­®©  «£¥¡à¥ ä®­ �¥©¬ -
­  M. �¡®§­ ç¨¬ ç¥à¥§ H £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, ï¢«ïîé¥¥áï ¯®¯®«­¥­¨¥¬ n' = fx 2 M j
'(x�x) < +1g ¯® áª «ïà­®¬ã ¯à®¨§¢¥¤¥­¨î hex; eyi � '(y�x) (x; y 2 n'). (�¤¥áì ex | ®¡à § x ¯à¨
â®¦¤¥áâ¢¥­­®¬ ¢«®¦¥­¨¨ n' ¢ H.) �®£¤  ®â®¡à ¦¥­¨¥ �' :M! B(H), ®¯à¥¤¥«¥­­®¥ à ¢¥­áâ¢®¬
�'(x)ey � fxy (x 2M, y 2 n'), § ¤ ¥â �-¯à¥¤áâ ¢«¥­¨¥  «£¥¡àë M ¢  «£¥¡àã B(H).

�ãáâìM = �'(M) | ®¡à §M ¯à¨ ª ­®­¨ç¥áª®¬ ¯à¥¤áâ ¢«¥­¨¨,  áá®æ¨¨à®¢ ­­®¬ á '. �®£¤ 
�' ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬  «£¥¡àë ä®­ �¥©¬ ­ M ­   «£¥¡àã ä®­ �¥©¬ ­ M. �ãáâì, ªà®¬¥
â®£®, '� | ¢¥á, ¯®«ãç¥­­ë© ¯¥à¥­®á®¬ ¢¥á  ' ­   «£¥¡àã �'(M): '�(�'(x)) � '(x) (x 2 M+).
�¥à¥§ D'� ®¡®§­ ç¨¬ «¨­¥ « ¢¥á  '� [3].

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ 05-01-00799).
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� á®®â¢¥âáâ¢¨¨ á ®¡é¥© â¥®à¨¥© £¨«ì¡¥àâ®¢ëå  «£¥¡à á  «£¥¡à®© ä®­ �¥©¬ ­  M á¢ï§ ­ 
«¥¢ ï £¨«ì¡¥àâ®¢   «£¥¡à  [4], [5] A = fex j x 2 n' \ n�'g. � áá¬®âà¨¬

A
0
0 = ff 2 H j ®â®¡à ¦¥­¨¥ ex! �'(x)f (x 2 n') ­¥¯à¥àë¢­®g

| ¬­®¦¥áâ¢® ®£à ­¨ç¥­­ëå á¯à ¢  í«¥¬¥­â®¢ ®â­®á¨â¥«ì­® «¥¢®© £¨«ì¡¥àâ®¢®©  «£¥¡àë A.
�§¢¥áâ­®, çâ® A00 = D'� . �¨­¥ « D'� ¯à¨á®¥¤¨­¥­ ª M ¨ ¯«®â¥­ ¢ H. �®«®¦¨¬ S � D'� .

�â¬¥â¨¬, çâ® ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¨¥© �®¬¨âë{� ª¥á ª¨ ®¯à¥¤¥«¥­   ­â¨«¨­¥©­ ï ¨§®¬¥-
âà¨ï j ¢ H â ª ï, çâ® jMj =M0 | ª®¬¬ãâ ­â  «£¥¡àë M.

�â ª, à áá¬®âà¨¬ á«¥¤ãîéãî á¨âã æ¨î: ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ H ¤¥©áâ¢ã¥â  «£¥¡à 
ä®­ �¥©¬ ­  M. �ãáâì S � D'� | ¯«®â­ë© ¢ H «¨­¥ «, ¯à¨á®¥¤¨­¥­­ë© ª M. �®¢¯ ¤ îâ «¨
ª« ááë § ¬ª­ãâëå, ®àâ®§ ¬ª­ãâëå ¨ à áé¥¯«ïîé¨å ¯®¤¯à®áâà ­áâ¢ S, ¯à¨á®¥¤¨­¥­­ëå ª M?

�¥®à¥¬  1. �á«¨ ¢ à ¬ª å ®¯¨á ­­®© ª®­áâàãªæ¨¨ ' | á«¥¤, â® EM(S) = FM(S) = LM(S).

�®ª § â¥«ìáâ¢®. �â¬¥â¨¬ ¤«ï ­ ç « , çâ® «î¡®© ®àâ®¯à®¥ªâ®à ¨§ M ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥
�'(p), £¤¥ p 2Mpr. �®áª®«ìªã ' | á«¥¤, ¬­®¦¥áâ¢® n' ï¢«ï¥âáï ¤¢ãáâ®à®­­¨¬ ¨¤¥ «®¬. �®ª -
¦¥¬, çâ® �'(p)S � S ¤«ï «î¡®£® p 2Mpr. �ãáâì f 2 S, â. ¥. ®â®¡à ¦¥­¨¥ ex! �'(x)f ­¥¯à¥àë¢­®
(x 2 n'). � ç áâ­®áâ¨, ­¥¯à¥àë¢­® ®â®¡à ¦¥­¨¥ fxp! �'(xp)f (â. ª. n' | ¤¢ãáâ®à®­­¨© ¨¤¥ «).
�®áª®«ìªã

kfxpk2 = hfxp;fxpi = '(px�xp) = (' | á«¥¤) = '(xpx�) � '(xx�) = kexk2;
â® ®â®¡à ¦¥­¨¥ ex ! fxp ­¥¯à¥àë¢­®, fxp ! �'(xp)f ­¥¯à¥àë¢­®, á«¥¤®¢ â¥«ì­®, ­¥¯à¥àë¢­®
®â®¡à ¦¥­¨¥ ex! �'(x)�'(p)f(= �'(xp)f).

� ª¨¬ ®¡à §®¬, �'(p)f 2 S ¤«ï f 2 S. �âáî¤  á«¥¤ã¥â, çâ® «î¡®¥ ¯®¤¯à®áâà ­áâ¢® S,
¯à¨á®¥¤¨­¥­­®¥ ªM, ï¢«ï¥âáï à áé¥¯«ïîé¨¬. � á¨«ã ¢ª«îç¥­¨ï (1) íâ® ®§­ ç ¥â, çâ® EM(S) =
FM(S) = LM(S).

� ¬¥ç ­¨¥ 1. �á«¨ ¢ ª ç¥áâ¢¥  «£¥¡àë ä®­ �¥©¬ ­  à áá¬®âà¥âì  «£¥¡àã ¢á¥å ®£à ­¨ç¥­-
­ëå ®¯¥à â®à®¢ B(H),   ¢ ª ç¥áâ¢¥ á«¥¤  | áâ ­¤ àâ­ë© á«¥¤ ­  B(H)��0, â® n�0 = fx 2 B(H) j
�0(x�x) < +1g á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ ®¯¥à â®à®¢ �¨«ì¡¥àâ {�¬¨¤â , ¤¥©áâ¢ãîé¨å ¢ H.
� ª ¨§¢¥áâ­®, ¬­®¦¥áâ¢® ®¯¥à â®à®¢ �¨«ì¡¥àâ {�¬¨¤â , á­ ¡¦¥­­®¥ áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨-
¥¬ hex; eyi � �0(y�x) (x; y 2 n�0), ï¢«ï¥âáï £¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬, â. ¥. ¢ à ¬ª å à áá¬ âà¨-
¢ ¥¬®© ª®­áâàãªæ¨¨ ã­¨â à­®¥ ¯à®áâà ­áâ¢® S ¯®«­®, á«¥¤®¢ â¥«ì­®, EM(S) = FM(S) = LM(S).

3. �«£¥¡à  B(H) ¢ ¯à®áâà ­áâ¢¥ ¯à¥¤áâ ¢«¥­¨ï,
 áá®æ¨¨à®¢ ­­®£® á â®ç­ë¬ ­®à¬ «ì­ë¬ ¯®«ãª®­¥ç­ë¬ ¢¥á®¬

� áá¬®âà¨¬ ¯®¤à®¡­¥¥ ¨§«®¦¥­­ãî ¢ëè¥ ª®­áâàãªæ¨î ¯à¨¬¥­¨â¥«ì­® ª  «£¥¡à¥ B(H) ¢á¥å
®£à ­¨ç¥­­ëå «¨­¥©­ëå ®¯¥à â®à®¢ ¢ á¥¯ à ¡¥«ì­®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ H.

�ãáâì ' | â®ç­ë© ­®à¬ «ì­ë© ¯®«ãª®­¥ç­ë© ¢¥á ­   «£¥¡à¥ ä®­ �¥©¬ ­  B(H) ¢á¥å ®£à -
­¨ç¥­­ëå «¨­¥©­ëå ®¯¥à â®à®¢ ¢ á¥¯ à ¡¥«ì­®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ H. �ãáâì ¤ «¥¥
k � 0 | á ¬®á®¯àï¦¥­­ë© ®¯¥à â®à, ¯à¨á®¥¤¨­¥­­ë© ª B(H), ®¯à¥¤¥«¥­­ë© à ¢¥­áâ¢®¬

'(x) = �0(kx): (2)

�¤¥áì �0 | áâ ­¤ àâ­ë© á«¥¤ ­  B(H).
�®«®¦¨¬ n' = fx 2 B(H) j '(x�x) < +1g = fx 2 B(H) j �0(kx�x) < +1g.

�¥¬¬  1 ([6]). �ãáâì fhig | ­¥ã¡ë¢ îé ï á¥âì ¯®«®¦¨â¥«ì­ëå ®£à ­¨ç¥­­ëå ®¯¥à â®-

à®¢ ¢ H. �®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:
(i) áãé¥áâ¢ã¥â á ¬®á®¯àï¦¥­­ë© ¯®«®¦¨â¥«ì­ë© ®¯¥à â®à h, ¤¥©áâ¢ãîé¨© ¢ H, â ª®©,

çâ® hi % h;
(ii) ¬­®¦¥áâ¢® D = f� 2 H j lim

i
hhi�j�i < +1g ¯«®â­® ¢ H. �¯¥à â®à h ¥¤¨­áâ¢¥­¥­ ¨

D = D(h1=2).
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�à¥¤«®¦¥­¨¥ 2. �ãáâì ' | â®ç­ë© ­®à¬ «ì­ë© ¯®«ãª®­¥ç­ë© ¢¥á ­   «£¥¡à¥ B(H) ¨
k | ­¥®âà¨æ â¥«ì­ë© á ¬®á®¯àï¦¥­­ë© ®¯¥à â®à, ®¯à¥¤¥«¥­­ë© à ¢¥­áâ¢®¬ (2). �¯¥à â®à
x ¯à¨­ ¤«¥¦¨â n' â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  k1=2x� 2 C2(H). (�¤¥áì C2(H) | ¬­®¦¥áâ¢®

®¯¥à â®à®¢ �¨«ì¡¥àâ {�¬¨¤â , ¤¥©áâ¢ãîé¨å ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ H:)

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì x 2 n'. �®ª ¦¥¬ á­ ç « , çâ® D(k1=2x�) = H.
�ãáâì f2H ¯à®¨§¢®«¥­. �¬¥¥¬ hk"x�f; x�fi=hxk"x�f; fi�kfk2�0(xk"x�). �®£¤  sup"hk"x

�f; x�fi �
kfk2 sup" �0(k"x

�x) = kfk2'(x�x) < +1. � á¨«ã «¥¬¬ë 1 x�f 2 D(k1=2),   §­ ç¨â, f 2 D(k1=2x�).
�â ª, D(k1=2x�) = H. � ª ª ª k1=2 § ¬ª­ãâ, â® k1=2x� â ª¦¥ § ¬ª­ãâ. �® § ¬ª­ãâë© ®¯¥à â®à,
§ ¤ ­­ë© ­  ¢á¥¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥, ®£à ­¨ç¥­.

�ãáâì (ei) | ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ H. �®£¤  ¤«ï «î¡®£® n 2 N

nX
i=1

hk1=2x�ei; k
1=2xeii = lim

"#0

nX
i=1

kk1=2" x�eik
2 � lim

"#0

+1X
i=1

kk1=2" x�eik
2 = lim

"#0
�0(xk"x

�) = '(x�x) < +1:

�§ ¯à®¨§¢®«ì­®áâ¨ n á«¥¤ã¥â, çâ®
+1P
i=1
kk1=2x�eik

2 < +1,   §­ ç¨â, k1=2x� | ®¯¥à â®à �¨«ì¡¥àâ {

�¬¨¤â .

�®áâ â®ç­®áâì. �ãáâì k1=2x� { ®¯¥à â®à �¨«ì¡¥àâ {�¬¨¤â . �®áª®«ìªã

�0(kx
�x) = lim

"#0
�0(k"x

�x) = lim
"#0

�0(xk"x
�) = lim

"#0

+1X
i=1

kk1=2" x�eik
2 =

+1X
i=1

kk1=2x�eik
2 < +1;

â® '(x�x) = �0(kx�x) < +1, â. ¥. x 2 n'. �

�¥®à¥¬  2. �â®¡à ¦¥­¨¥ x ! xk1=2 (x 2 n') ®¯à¥¤¥«ï¥â ¨§®¬¥âà¨ç¥áª¨© ¨§®¬®àä¨§¬

¬¥¦¤ã £¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬ H ¨ £¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬ C2 ®¯¥à â®à®¢ �¨«ì-

¡¥àâ {�¬¨¤â  ¢ ¨áå®¤­®¬ ¯à®áâà ­áâ¢¥ H.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã xk1=2 = (k1=2x�)�, ¨§ ¯à¥¤«®¦¥­¨ï 2 á«¥¤ã¥â, çâ® xk1=2 2 C2.
� á¨«ã ®¯à¥¤¥«¥­¨ï áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï ¢ ¯à®áâà ­áâ¢ å C2 ¨ H ¨ ¯®«­®âë íâ¨å ¯à®-
áâà ­áâ¢ ¤®áâ â®ç­® ¯®ª § âì, çâ® ¬­®¦¥áâ¢® N = fxk1=2 j x 2 n'g ¯«®â­® ¢ C2. �®áª®«ìªã
«î¡®© ®¯¥à â®à �¨«ì¡¥àâ {�¬¨¤â  ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ z =

P
j
�jh�; �ji�j , £¤¥ (�j) | ¯®¤å®¤ïé ï

®àâ®­®à¬¨à®¢ ­­ ï á¨áâ¥¬  ¢ H,  
P
j
�2j < +1, â® ª íâ®¬ã ®¯¥à â®àã ¬®¦­® ¯à¨¡«¨§¨âìáï ¯®

­®à¬¥ �¨«ì¡¥àâ {�¬¨¤â  ®¯¥à â®à ¬¨ ¢¨¤  zn =
nP
j=1

�jh�; �ji�j . � ª¨¬ ®¡à §®¬, ¤®áâ â®ç­® ¯®-

ª § âì, çâ® ®¯¥à â®à ¢¨¤  h�; �i� (� 2 H, k�k = 1)  ¯¯à®ªá¨¬¨àã¥âáï ¯® ­®à¬¥ ¯à®áâà ­áâ¢  C2
®¯¥à â®à ¬¨ ¨§ N.

�®áª®«ìªã R(k1=2) ¯«®â­® ¢ H, â® áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì (�n) � D(k1=2) â ª ï, çâ®
k1=2�n ! � (n! +1).

�®«®¦¨¬ x�n = h�; �i�n. �®£¤  kxnk1=2 � h�; �i�k22 = kk1=2x�n � h�; �i�k
2
2 = kh�; �i(k1=2�n � �)k22 =

kk1=2�n � �k2 ! 0. �

�¥¬¬  2. �ãáâì h, k | á ¬®á®¯àï¦¥­­ë¥ ®¯¥à â®àë, ¤¥©áâ¢ãîé¨¥ ¢ £¨«ì¡¥àâ®¢®¬ ¯à®-

áâà ­áâ¢¥ H, ¯à¨ç¥¬ 0 � h � k ¨ h 2 B(H). �®£¤  áãé¥áâ¢ã¥â x 2 B(H) â ª®©, çâ®

h1=2 = xk1=2.

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¤«ï á ¬®á®¯àï¦¥­­ëå ®¯¥à â®à®¢ h ¨ k ­¥à ¢¥­áâ¢® h � k
®§­ ç ¥â ¯® ®¯à¥¤¥«¥­¨î

(i) D(k1=2) � D(h1=2),
(ii) kh1=2fk2 � kk1=2fk2 (f 2 D(k1=2)).
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� ª®­â¥ªáâ¥ ãá«®¢¨© «¥¬¬ë D(h1=2) = H. � áá¬®âà¨¬ ®¯¥à â®à x, ®¯à¥¤¥«¥­­ë© á«¥¤ãîé¨¬
®¡à §®¬:

xk1=2f = h1=2; ¥á«¨ f 2 D(k1=2);

xf = �; ¥á«¨ f 2 Ker k:

�¯¥à â®à x ª®àà¥ªâ­® ®¯à¥¤¥«¥­ ¨ ®£à ­¨ç¥­. �¥©áâ¢¨â¥«ì­®, x ¯«®â­® § ¤ ­ ¨ ®¯à¥¤¥«¥­ ®¤-
­®§­ ç­® ­  ¯«®â­®¬ ¢ H «¨­¥ «¥ R(k1=2)�Ker k. �à¨ íâ®¬ ¤«ï í«¥¬¥­â  k1=2f + g â ª®£®, çâ®
kk1=2f + gk = 1 (§¤¥áì f 2 D(k1=2), g 2 Ker k),

kx(k1=2f + g)k2 = kh1=2fk2 � kk1=2fk2 � kk1=2fk2 + kgk2 = kk1=2f + gk2:

� íâ®¬ á«ãç ¥ x ¯à®¤®«¦ ¥âáï ¯® ­¥¯à¥àë¢­®áâ¨ ¤® ®£à ­¨ç¥­­®£® ¢áî¤ã ­  H ®¯à¥¤¥«¥­-
­®£® ®¯¥à â®à , ª®â®àë© ¡ã¤¥¬ ®¡®§­ ç âì â®© ¦¥ ¡ãª¢®© x. �à¨ íâ®¬ xk1=2jD(k1=2) = h1=2jD(k1=2),
â ª çâ® h1=2 = xk1=2.

�¥®à¥¬  3. D'� = fn'�.
�®ª § â¥«ìáâ¢®. �ãáâì a 2 fn'�, a = k1=2y�. �á«¨ x � 0, x =2 m+

' , â® h�'(x)a; ai =
h�'(x)k1=2y�; k1=2y�i < +1 = '(x) = '�(�'(x)). �á«¨ x 2 m+

' , â® x
1=2 2 n' ¨

h�'(x)a; ai = hxk1=2y�; k1=2y�i = �0(yk
1=2xk1=2y�) =

= �0(k
1=2xk1=2y�y) = �0((k

1=2x1=2)�y�yk1=2x1=2) �

� kyk2�0((k
1=2x1=2)�k1=2x1=2) = kyk2'(x) = kyk2'�(�'(x)):

� ª¨¬ ®¡à §®¬, fn'� � D'� .
�®ª ¦¥¬ ®¡à â­®¥ ¢ª«îç¥­¨¥. �ãáâì a 2 D'� . �®£¤  áãé¥áâ¢ã¥â � > 0 â ª®¥, çâ®

h�'(x)a; ai � �'�(�'(x)) = �'(x) (x 2 B(H)+): (3)

�ã¤¥¬ ¡à âì ¢ ª ç¥áâ¢¥ x ®¤­®¬¥à­ë¥ ®àâ®¯à®¥ªâ®àë ¢¨¤  pg = h�; gig (g 2 D(k1=2), kgk = 1).
�®£¤  h�'(x)a; ai = �0(a�pga) = ka�gk2 (g 2 D(k1=2)). � ¤àã£®© áâ®à®­ë,

'(pg) = �0(kpg) = kk1=2gk2�0

 D
�;

k1=2g

kk1=2gk

E k1=2g

kk1=2gk

!
� kk1=2gk2 (g 2 D(k1=2)):

�®£¤  ¨§ (3) á«¥¤ã¥â, çâ® ka�gk2 � �kk1=2gk2 (g 2 D(k1=2)), â. ¥. (¢ á¬ëá«¥ ¯®àï¤ª  ¢ ª« áá¥ ¢á¥å
­¥®âà¨æ â¥«ì­ëå á ¬®á®¯àï¦¥­­ëå ®¯¥à â®à®¢) aa� � �k, ¨«¨ ja�j2 � �k. �§ «¥¬¬ë 2 á«¥¤ã¥â,
çâ® ­ ©¤¥âáï ®£à ­¨ç¥­­ë© ®¯¥à â®à x 2 B(H) â ª®©, çâ® ja�j = �1=2xk1=2 (= (�1=2k1=2x�)�). �á«¨
a� = vja�j | ¯®«ïà­®¥ à §«®¦¥­¨¥, â® a = �1=2k1=2x�v� 2 fn'�. � ª¨¬ ®¡à §®¬, «î¡®© í«¥¬¥­â
y 2 S ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ y = k1=2x�, £¤¥ x 2 n'.

�à¥¤«®¦¥­¨¥ 3. �î¡®© «¨­¥ « X ¢ S, ¯à¨á®¥¤¨­¥­­ë© ª M, ¨¬¥¥â ¢¨¤

X = fk1=2x� j x 2 i'g; (4)

£¤¥ i' | «¥¢ë© ¨¤¥ « ¢ B(H).

�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë 3 X ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ (4), £¤¥ i' | ­¥ª®â®àë© «¨­¥ « ¢
B(H). � ª¨¬ ®¡à §®¬, ­¥®¡å®¤¨¬® ¯®ª § âì, çâ® i' | «¥¢ë© ¨¤¥ «, â. ¥. ¤®áâ â®ç­® ¯à®¢¥à¨âì,
çâ® zx 2 i', ¥á«¨ â®«ìª® x 2 i', z 2 B(H). �àã£¨¬¨ á«®¢ ¬¨, âà¥¡ã¥âáï ¯®ª § âì, çâ® ¥á«¨
k1=2x� 2 X ¨ z 2 B(H), â® k1=2(zx)� = k1=2x�z� 2 X.

�ãáâì z 2 B(H). � áá¬®âà¨¬ z0 = j�'(z)j 2 M0. � ª ª ª «¨­¥ « X ¯à¨á®¥¤¨­¥­ ª M, â®
z0X � X. �®£¤  ¤«ï «î¡®£® x 2 i'

j�'(z)jk
1=2x� = j�'(z)xk1=2 = jzxk1=2 = (zxk1=2)� = k1=2x�z� 2 X: �

�ç¥¢¨¤­®

61



�«¥¤áâ¢¨¥ 1. �á«¨ X | «¨­¥ « ¢ S â ª®©, çâ® X ¯à¨á®¥¤¨­¥­ ª M, â® ¬­®¦¥áâ¢® J� =
fx� 2 B(H) j k1=2x� 2 Xg ï¢«ï¥âáï ¯à ¢ë¬ ¨¤¥ «®¬ ¢ B(H).

�¥¬¬  3. �ãáâì J 0 | ¯à ¢ë© ¨¤¥ « ¢ B(H). �®£¤  [
x2J0

R(x) | «¨­¥ « ¢ H.

�®ª § â¥«ìáâ¢®. �ãáâì g = xf1 + yf2, x; y 2 J 0, f1; f2 2 H. �á«¨ f1 ¨ f2 «¨­¥©­® § ¢¨á¨¬ë,
â® ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë ®ç¥¢¨¤­®.

�à¥¤¯®«®¦¨¬, çâ® f1 ¨ f2 «¨­¥©­® ­¥§ ¢¨á¨¬ë. � ¯à®áâà ­áâ¢¥, \­ âï­ãâ®¬" ­  f1 ¨ f2,
¢ë¡¥à¥¬ f 01 ¨ f 02 â ª¨¬¨, çâ® f

0
1?f1, f

0
2?f2. �ãáâì

z =
1

hf1; f 02i
xh�; f 02if1 +

1
hf2; f 01i

yh�; f 01if2:

�®áª®«ìªã J 0 |¯à ¢ë© ¨¤¥ «, z 2 J 0. �à®¬¥ â®£®, z(f1+f2) = xf1+0+0+yf2 = g. �«¥¤®¢ â¥«ì­®,
g 2 R(z).

�«ï «¨­¥ «  X � S, ¯à¨á®¥¤¨­¥­­®£® ª  «£¥¡à¥ ä®­ �¥©¬ ­  M, ¯®«®¦¨¬ �(X) =
[

x�2J�

R(x�).

�à¥¤«®¦¥­¨¥ 4. �ãáâì X | «¨­¥ « ¢ S, X ¯à¨á®¥¤¨­¥­ ª M. �®£¤ 

X(1) = fh�; �ik1=2� j � 2 H; � 2 �(X)g

| ª« áá ®¤­®¬¥à­ëå ®¯¥à â®à®¢ ¨§ X.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ á­ ç « , çâ® «î¡®© ®¤­®¬¥à­ë© ®¯¥à â®à ¨§ X ¯à¨­ ¤«¥¦¨â
ª« ááã X(1). �ãáâì z | ¯à®¨§¢®«ì­ë© ®¤­®¬¥à­ë© ®¯¥à â®à ¨§ X. �®£¤  z = h�; �ik1=2� 2 X
(�; � 2 H, k�k = 1). � ª ª ª z = k1=2 (h�; �i�) ) h�; �i� 2 J� ) rg (h�; �i�) 2 �(X), â® h�; �i� = � 2
�(X).

�¥¯¥àì ¯®ª ¦¥¬, çâ® «î¡®© í«¥¬¥­â ª« áá  X(1) ¯à¥¤áâ ¢«ï¥â á®¡®© ®¤­®¬¥à­ë© ®¯¥à â®à
¨§ X. �ãáâì � 2 �(X), â. ¥. � = x�f , x� 2 J�. �®£¤  h�; �ik1=2� = k1=2y�, £¤¥ y� = x�h�; �if 2 J�.
� ª¨¬ ®¡à §®¬, h�; �ik1=2� | ®¤­®¬¥à­ë© ®¯¥à â®à ¨§ X.

�à¥¤«®¦¥­¨¥ 5. �á«¨ X | «¨­¥ « ¢ S, X ¯à¨á®¥¤¨­¥­ ª M, â® «î¡®© ®¯¥à â®à z ¨§ X
¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

z =
X
j

h�; �jik
1=2�j ; �j 2 �(X); (5)

£¤¥ (�j) | ¯®¤å®¤ïé ï ®àâ®­®à¬¨à®¢ ­­ ï á¨áâ¥¬  ¢ H,   (k1=2�j) | ®àâ®£®­ «ì­ ï á¨áâ¥-

¬  ¢ H, ¯à¨ç¥¬
P
j
kk1=2�jk

2 < +1. �à¨ íâ®¬ ¬­®¦¥áâ¢® ª®­¥ç­®¬¥à­ëå ®¯¥à â®à®¢ ¨§ X

å à ªâ¥à¨§ã¥âáï à ¢¥­áâ¢ ¬¨ (5), ¢ ª®â®àëå áã¬¬ë ¢ ¯à ¢®© ç áâ¨ ª®­¥ç­ë.

�®ª § â¥«ìáâ¢®. �î¡®© í«¥¬¥­â z 2 X | ®¯¥à â®à �¨«ì¡¥àâ {�¬¨¤â , ¯®íâ®¬ã z =P
j
h�; �ji�j , £¤¥ �j | ®àâ®­®à¬¨à®¢ ­­ ï á¨áâ¥¬  ¢ H,   �j | ®àâ®£®­ «ì­ ï á¨áâ¥¬  ¢ H, ¯à¨ç¥¬P

j
k�jk

2 < +1. � ª ª ª z 2 X, â® z = k1=2x�, £¤¥ x� 2 J�.

�ç¥¢¨¤­®, zh�; �mi�m = h�; �mi�m | ®¤­®¬¥à­ë© ®¯¥à â®à ¨§ X, â. ª. J� | ¯à ¢ë© ¨¤¥ «.
�®£¤  ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 4 h�; �mi�m 2 X(1),   §­ ç¨â, �m = k1=2�m, â. ¥. z =

P
j
h�; �jik

1=2�j .
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4. �«ãç © ¯®«ãª®­¥ç­®£® ¢¥á  á ®£à ­¨ç¥­­®© ¯à®¨§¢®¤­®© � ¤®­ {�¨ª®¤¨¬ 

�à®¤®«¦¨¬ ¤¥â «ì­® ¨áá«¥¤®¢ âì ¨§«®¦¥­­ãî ¢ à §¤¥«¥ 3 ª®­áâàãªæ¨î ¯à®áâà ­áâ¢  ¯à¥¤-
áâ ¢«¥­¨ï  «£¥¡àë B(H),  áá®æ¨¨à®¢ ­­®£® á â®ç­ë¬ ­®à¬ «ì­ë¬ ¯®«ãª®­¥ç­ë¬ ¢¥á®¬, ¯à¥¤-
¯®« £ ï ®¯¥à â®à k ®£à ­¨ç¥­­ë¬.

�à¥¤«®¦¥­¨¥ 6. �á«¨ X 2 LM(S), â® �(X) = [�(X)], £¤¥ [�(X)] | § ¬ëª ­¨¥ �(X) ¢
H. �à¨ íâ®¬ z 2 X â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥ (5).

�®ª § â¥«ìáâ¢®. �ãáâì � 2 [�(X)]. �®£¤  áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì �n 2 �(X) â -
ª ï, çâ® �n ! � ¯à¨ n! +1. �®£¤  k1=2�n ! k1=2� (â. ª. k 2 B(H)+).

�®«®¦¨¬ x�n = h�; �i�n; k�k = 1. � ª ª ª �n 2 �(X), â® ¢ á¨«ã «¥¬¬ë 3 k1=2x�n 2 X. �®£¤ 
kk1=2x�n � h�; �ik

1=2�k22 = kh�; �ik1=2(�n � �)k22 = kk1=2(�n � �)k2 ! 0 (¥á«¨ k�k = 1, â® kh�; �i�k22 =
k�k2).

� ª ª ª X § ¬ª­ãâ®, â® h�; �ik1=2� 2 X(1). �«¥¤®¢ â¥«ì­®, � 2 �(X).

�¥®à¥¬  4. �á«¨ X 2 LM(S), â® áãé¥áâ¢ã¥â p 2 B(H)pr â ª®©, çâ®

X = Sp � fk
1=2px� j x� = px� 2 n�'g:

�®ª § â¥«ìáâ¢®. �ãáâì p � p�(X). �ç¥¢¨¤­®, X � Sp.
�«ï ¤®ª § â¥«ìáâ¢  ®¡à â­®£® ¢ª«îç¥­¨ï à áá¬®âà¨¬

z = k1=2x� = k1=2px� 2 Sp:

�«ï íâ®£® ®¯¥à â®à  ¤®¯ãáâ¨¬® ¯à¥¤áâ ¢«¥­¨¥ (5), â. ª. k1=2x� | ®¯¥à â®à �¨«ì¡¥àâ {�¬¨¤â .

�®£¤ 



z � sP

j=1
h�; �ik1=2�j




2
2
=

1P
j=s+1

kk1=2�jk
2 ! 0 (s ! +1) (¢ á¨«ã áå®¤¨¬®áâ¨ àï¤ ). �«¥-

¤®¢ â¥«ì­®, z  ¯¯à®ªá¨¬¨àã¥âáï ª®­¥ç­®¬¥à­ë¬¨ ®¯¥à â®à ¬¨ ¨§ X. �® X § ¬ª­ãâ®, §­ ç¨â,
z = k1=2x� 2 X.

�à¥¤«®¦¥­¨¥ 7. �ãáâì X;Y 2 LM(S), X = Sp, Y = Sq. �®¤¯à®áâà ­áâ¢  X ¨ Y ®àâ®£®-

­ «ì­ë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  qkp = 0 (p; q 2 B(H)pr).

�®ª § â¥«ìáâ¢®. �ãáâì X = Sp, Y = Sq 2 LM(S) ®àâ®£®­ «ì­ë. �®£¤  ¤«ï «î¡ëå z1 2
X; z2 2 Y hz1; z2i2 = 0. �â® à ¢¥­áâ¢® ¢¥à­® ¨ ¤«ï z1 = h�; �ik1=2�1, z2 = h�; �ik1=2�2, £¤¥ �1 2
�(X), �2 2 �(Y ), � 2 H, k�k = 1. �®£¤  0 = hz1; z2i2 = �0(z�2z1) = hk1=2p�1; k

1=2q�2i. � ª¨¬
®¡à §®¬, ¤«ï «î¡ëå �1 2 �(X), �2 2 �(Y ) hk1=2p�1; k

1=2q�2i = 0. �®£¤  ¤«ï «î¡ëå f; g 2 H
hk1=2pf; k1=2qgi = hk1=2p(pf); k1=2q(qg)i = 0. �àã£¨¬¨ á«®¢ ¬¨, qkpf = 0 ¤«ï «î¡®£® f 2 H,
á«¥¤®¢ â¥«ì­®, qkp = 0.

�¥¬¬  4. �«ï «î¡®£® p 2 B(H)pr áãé¥áâ¢ã¥â q 2 B(H)pr â ª®©, çâ® (Sp)? = Sq.

�¥¬¬  5. �ãáâì X = Sp 2 LM(S), Sq = (Sp)?. �®£¤  R(q) = Ker(pk).

�¥®à¥¬  5. �«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:
(i) Sp 2 FM(S),
(ii) [R(k) \R(1� p)] = R(1� p),
(iii) R(q) = Ker(pk) ¢«¥ç¥â Ker(qk) = R(p).

�®ª § â¥«ìáâ¢®. (i) ) (ii). �§ ãá«®¢¨ï (i) á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â r 2 B(H)pr â ª®©, çâ®
Sr = (Sp)?, Sp = (Sr)?. �®£¤  ¢ á¨«ã «¥¬¬ë 5 R(r) = Ker(pk), R(p) = Ker(rk). �¥®¡å®¤¨¬®
¯®ª § âì, çâ® fR(k)\R(1�p)g? = R(p). �ç¥¢¨¤­®,R(p) � fR(k)\R(1�p)g?. �«ï ¤®ª § â¥«ìáâ¢ 
®¡à â­®£® ¢ª«îç¥­¨ï ®â¬¥â¨¬, çâ® kf 2 R(k) \ R(1 � p) () f 2 Ker(pk), â ª çâ® R(r) =
Ker(pk) = ff 2 H j kf 2 R(1� p)g.

�ãáâì h 2 fR(k) \ R(1 � p)g? ¨ f 2 H ¯à®¨§¢®«¥­. �®£¤  hrkh; fi = hh; krfi = 0 (â. ª.
krf 2 R(k) \ R(1 � p) ¨ h ®àâ®£®­ «¥­ â ª®¬ã ¢¥ªâ®àã). �§ ¯à®¨§¢®«ì­®áâ¨ f á«¥¤ã¥â, çâ®
rkh = �, â. ¥. h 2 Ker(rk) = R(p).
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(ii) ) (iii). �ãáâì R(p) = fR(k) \ R(1 � p)g?. �à¥¡ã¥âáï ¤®ª § âì qkh = � ) h 2 R(p)
(§¤¥áì R(q) = Ker(pk)). �¥©áâ¢¨â¥«ì­®, qkh = � ¢«¥ç¥â kh 2 R(q)? = fKer(pk)g? = [R(kp)],  
§­ ç¨â, kh = lim

n
kpfn ¤«ï ¯®¤å®¤ïé¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ fn 2 H. �®áâ â®ç­® ãáâ ­®¢¨âì, çâ®

hh; kfi = 0 ¤«ï «î¡ëå kf 2 R(1 � p). �¬¥¥¬ hh; kfi = hkh; fi = lim
n
hkpfn; fi = lim

n
hpfn; kfi = 0,

â. ª. kf 2 R(1� p).
(iii)) (i). � á¨«ã «¥¬¬ë 4 áãé¥áâ¢ãîâ q; r 2 B(H)pr â ª¨¥, çâ® Sq = (Sp)?, Sr = (Sq)?. �®£¤ 

R(r) = Ker(qk), R(q) = Ker(pk),   ¨§ (iii) á«¥¤ã¥â, çâ® Ker(qk) = R(p). �â ª, R(r) = R(p),  
§­ ç¨â, p = r. � ª®­¥æ, (Sp)?? = (Sq)? = Sr = Sp.

�¥®à¥¬  6. �«ï Sp 2 LM(S) á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:
(i) Sp 2 EM(S),
(ii) áãé¥áâ¢ã¥â ®àâ®¯à®¥ªâ®à q 2 B(H)pr á® á¢®©áâ¢ ¬¨ pkq = 0, R(p) +R(q) = H.

�®ª § â¥«ìáâ¢®. (i) ) (ii). �ãáâì � 2 H ¯à®¨§¢®«¥­. �®£¤  h�; �ik1=2� 2 S (� 2 H, k�k = 1).
� ª ª ª S = Sp

L
Sq (Sq = (Sp)?, p; q 2 B(H)pr), â® h�; �ik1=2� = k1=2px�1 + k1=2qx�2 (x

�
1; x

�
2 2 n�').

�®£¤  k1=2� = k1=2px�1�+k1=2qx�2�, â. ¥. k
1=2(�� px�1�� qx�2�) = 0. �«¥¤®¢ â¥«ì­®, � = px�1�+ qx�2� 2

R(p) +R(q). �¬¥¥¬ H � R(p) +R(q) � H.
(ii)) (i). �ãáâì Sp 2 LM(S), pkq = 0,R(p)+R(q) = H. �¥®¡å®¤¨¬® ¯®ª § âì, çâ® Sp 2 EM(S).

�®«®¦¨¬ (Sp)? = Sq 2 LM(S). �ãáâì h�; �ik1=2� 2 S | ¯à®¨§¢®«ì­ë© ®¤­®¬¥à­ë© ®¯¥à â®à. � ª
ª ª � = pf + qh (f; h 2 H), â® h�; �ik1=2� = h�; �ik1=2pf + h�; �ik1=2qh. �®áª®«ìªã pf 2 �(X),
qh 2 �(Y ) (§¤¥áì X = Sp, Y = Sq), â® h�; �ik1=2pf 2 Sp, h�; �ik1=2qh 2 Sq, â. ¥. S(1) � Sp � Sq.

�­ «®£¨ç­®, ¤«ï
nP
i=1
h�; �iik

1=2�i 2 S(fin)

nX
i=1

h�; �iik
1=2�i =

nX
i=1

h�; �iik
1=2pfi +

nX
i=1

h�; �iik
1=2qhi 2 Sp + Sq:

�®£¤  S(fin) � Sp
L

Sq.
�ãáâì â¥¯¥àì z =

P
i
h�; �iik

1=2�i 2 S ¯à®¨§¢®«¥­. �¬¥¥¬ �i = pfi + qhi ¤«ï «î¡®£® i. �à¨

íâ®¬ kk1=2�ik
2 = kk1=2pfik

2 + kk1=2qhik
2. � ª ª ª

P
i
kk1=2�ik

2 < +1, â®
P
i
kk1=2pfik

2 < +1,P
i
kk1=2qhik

2 < +1. �®«®¦¨¬ zp =
P
i
h�; �iik

1=2pfi, zq =
P
i
h�; �iik

1=2qhi. �®£¤ 

kzpk
2
2 =

X
j

DX
i

h�j ; �iik
1=2pfi;

X
k

h�j ; �kik
1=2pfk

E
=
X
j

hk1=2pfj; k
1=2pfji =

X
i2I

kk1=2pfik
2 < +1

¨ zp 2 n'. �­ «®£¨ç­®, zq 2 n'.

�«¥¤áâ¢¨¥ 2. �ãáâì p = h�; e0ie0, ke0k = 1. �®£¤ 

X = Sp � fk
1=2px� j x� = px� 2 n�'g 2 EM(S):

5. �¥àë ­  ª« áá å ¯®¤¯à®áâà ­áâ¢

�®áª®«ìªã áãé¥áâ¢ã¥â ®¯à¥¤¥«¥­­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ¯®¤¯à®áâà ­áâ¢ ¬¨ ã­¨â à­®£®
¯à®áâà ­áâ¢ , ¯à¨á®¥¤¨­¥­­®£® ª  «£¥¡à¥ ä®­ �¥©¬ ­ , ¨ ®àâ®£®­ «ì­ë¬¨ ¯à®¥ªâ®à ¬¨ ¨§ íâ®©
 «£¥¡àë, ¢®§­¨ª ¥â § ¤ ç  ¬¥à®®¯à¥¤¥«¥­¨ï ­  ¢¢¥¤¥­­ëå ª« áá å ¯®¤¯à®áâà ­áâ¢ ¨ ¨§ãç¥­¨ï
á¢ï§¥© ¬¥¦¤ã ¬¥à ¬¨ ­  ª« áá å ¯®¤¯à®áâà ­áâ¢ ¨ ¬¥à ¬¨ ­  ®àâ®¯à®¥ªâ®à å ¨áå®¤­®©  «£¥¡àë
ä®­ �¥©¬ ­ .

� «¥¥ ç¥à¥§ KM(S) ¡ã¤¥¬ ®¡®§­ ç âì ®¤¨­ ¨§ á«¥¤ãîé¨å ª« áá®¢ fEM(S), FM(S), LM(S)g,
  ç¥à¥§

L
i2I

Xi | § ¬ëª ­¨¥ ¬­®¦¥áâ¢  linC fXi j i 2 Ig ¢ S ¤«ï ¯®¯ à­® ®àâ®£®­ «ì­ëå ¯®¤¯à®-

áâà ­áâ¢ ¨§ LM(S).
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�¯à¥¤¥«¥­¨¥ ([2]). �â®¡à ¦¥­¨¥ � : KM(S)! R
+ ­ §®¢¥¬ ¬¥à®© (á®®â¢¥âáâ¢¥­­® ª®­¥ç­®-

 ¤¤¨â¨¢­®© ¬¥à®©, ¢¯®«­¥  ¤¤¨â¨¢­®© ¬¥à®©), ¥á«¨ ¤«ï áç¥â­®£® (á®®â¢¥âáâ¢¥­­® ª®­¥ç­®£®,
¯à®¨§¢®«ì­®£®) á¥¬¥©áâ¢  ¯®¯ à­® ®àâ®£®­ «ì­ëå ¯®¤¯à®áâà ­áâ¢ Xi 2 KM(S) (i 2 I) ¨§ ãá«®-
¢¨ï

L
i2I

Xi 2 KM(S) á«¥¤ã¥â, çâ® �
� L
i2I

Xi

�
=
P
i2I

�(Xi).

� ª ¯®ª § ­® ¢ [2], ¬¥à  (á®®â¢¥âáâ¢¥­­® ª®­¥ç­®- ¤¤¨â¨¢­ ï, ¢¯®«­¥  ¤¤¨â¨¢­ ï ¬¥à ) ­ 
®àâ®£®­ «ì­ëå ¯à®¥ªâ®à å  «£¥¡àë ä®­ �¥©¬ ­  ®¯à¥¤¥«ï¥â ¬¥àã (á®®â¢¥âáâ¢¥­­® ª®­¥ç­®-
 ¤¤¨â¨¢­ãî, ¢¯®«­¥  ¤¤¨â¨¢­ãî ¬¥àã) ­  ª« áá¥ KM(S).

� ¤ ç , § ª«îç îé ïáï ¢ ¨§ãç¥­¨¨ ãá«®¢¨©, ¯à¨ ª®â®àëå ¬¥à  (ª®­¥ç­®- ¤¤¨â¨¢­ ï ¬¥-
à , ¢¯®«­¥  ¤¤¨â¨¢­ ï ¬¥à ) ­  ª« áá¥ KM(S) ¤®¯ãáª ¥â \¯®¤­ïâ¨¥" ¤® ¬¥àë (á®®â¢¥âáâ¢¥­­®
ª®­¥ç­®- ¤¤¨â¨¢­®© ¬¥àë, ¢¯®«­¥  ¤¤¨â¨¢­®© ¬¥àë) ­  ®àâ®¯à®¥ªâ®à å  «£¥¡àë M, ¯® ¢á¥©
¢¨¤¨¬®áâ¨, ­¥ ¨¬¥¥â áâ®«ì ¯à®áâ®£® ¨ ®¤­®§­ ç­®£® à¥è¥­¨ï. �«¥¤ãîé ï â¥®à¥¬  ¤ ¥â à¥è¥­¨¥
íâ®© ¯à®¡«¥¬ë ¢ à ¬ª å ª®­áâàãªæ¨¨, ¨§«®¦¥­­®© ¢ à §¤¥«¥ 4: à áá¬ âà¨¢ ¥âáï ¯à®áâà ­áâ¢®
¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë B(H),  áá®æ¨¨à®¢ ­­®£® á â®ç­ë¬ ­®à¬ «ì­ë¬ ¯®«ãª®­¥ç­ë¬ ¢¥á®¬ ',
®¡« ¤ îé¨¬ ®£à ­¨ç¥­­®© ¯à®¨§¢®¤­®© � ¤®­ {�¨ª®¤¨¬ , M = �'(B(H)) | ®¡à § B(H) ¯à¨
ãª § ­­®¬ ¯à¥¤áâ ¢«¥­¨¨.

�¥®à¥¬  7. �¥à , § ¤ ­­ ï ­  KM(S), ¤®¯ãáª ¥â \¯®¤­ïâ¨¥" ¤® ¬¥àë ­  ®àâ®¯à®¥ªâ®à å

 «£¥¡àë M.

�®ª § â¥«ìáâ¢®. �ãáâì L = R(k1=2) | ¯«®â­ë© ¢ H «¨­¥ «, L1 | ¥¤¨­¨ç­ ï áä¥à  ã­¨-
â à­®£® ¯à®áâà ­áâ¢  L. �á«¨ k1=2e 2 L1, â® ç¥à¥§ p ®¡®§­ ç¨¬ ®àâ®¯à®¥ªâ®à ­  linC feg, â. ¥.
p = 1

kek2
h�; eie.

�ãáâì â¥¯¥àì k1=2e1; k1=2e2 2 L1, ¯à¨ç¥¬ hk1=2e1; k1=2e2i = 0; ¯à¨ íâ®¬ p1, p2 | ®àâ®¯à®¥ªâ®àë,
á®®â¢¥âáâ¢ãîé¨¥ ¢¥ªâ®à ¬ e1, e2. �¡¥¤¨¬áï, çâ® p2kp1 = 0. �¥©áâ¢¨â¥«ì­®, ¤«ï «î¡®£® f 2 H

p2kp1f =
1
kek2

p2k(hf; e1ie1) =
hf; e1i

kek2
hke1; e2ie2 =

hf; e1i

kek2
hk1=2e1; k

1=2e2ie2 = 0:

� íâ®¬ á«ãç ¥ ¢ë¯®«­¥­® ãá«®¢¨¥ ®àâ®£®­ «ì­®áâ¨ ¯®¤¯à®áâà ­áâ¢ ¯à®áâà ­áâ¢  S, â. ¥. Sp1?Sp2 ;
ªà®¬¥ â®£®, Sp1 ; Sp2 2 EM(S) (á«¥¤áâ¢¨¥ 2).

�¯à¥¤¥«¨¬ ­  L1 äã­ªæ¨î ¯® á«¥¤ãîé¥¬ã ¯à ¢¨«ã: �(k1=2e) = �(Sp) (k1=2e 2 L1). �¯à¥¤¥-
«¥­¨¥ ª®àà¥ªâ­®, ¯®áª®«ìªã ¨§ à ¢¥­áâ¢  k1=2e = k1=2e� á«¥¤ã¥â k1=2(e � e�) = 0, â. ¥. e� e� = 0,
¯®áª®«ìªã Ker(k1=2) = f�g.

�ãáâì â¥¯¥àì (k1=2ei)i2I | ¯à®¨§¢®«ì­ ï ®àâ®­®à¬¨à®¢ ­­ ï á¨áâ¥¬  ¨§ L. �®£¤  ¤«ï pi =
1

keik2
h�; eiiei Spi?Spj (i 6= j); Spi 2 EM(S). � íâ®¬ á«ãç ¥

P
i2I

�(k1=2ei) =
P
i2I

�(Spi) = �(�Spi) < +1.

�à®¬¥ â®£®, ¥á«¨ K | ª®­¥ç­®¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢® ¢ H, â® �K | ®£à ­¨ç¥­¨¥ äã­ªæ¨¨ �
­  K

T
L1 | à¥¯¥à­ ï äã­ªæ¨ï ¢ K.

� ª¨¬ ®¡à §®¬, � | äã­ªæ¨ï à¥¯¥à­®£® â¨¯  ¢ H [7]. �®£¤  � | ®£à ­¨ç¥­¨¥ ­  L1 ¯®«®-
¦¨â¥«ì­®© ª¢ ¤à â¨ç­®© ä®à¬ë t(f; f), f 2 L, ®¡« ¤ îé¥© ª®­¥ç­ë¬ ¬ âà¨ç­ë¬ á«¥¤®¬. �â®
¢«¥ç¥â áãé¥áâ¢®¢ ­¨¥ ¯®«®¦¨â¥«ì­®£® ®¯¥à â®à  T , â ª®£® çâ® t(f; f) = hTf; fi, f 2 L.

�¥à  m : B(H)pr ! R
+ , § ¤ ­­ ï à ¢¥­áâ¢®¬ m(p) = Tr (Tp) (p 2 B(H)pr), ®¯à¥¤¥«ï¥â ¬¥àã

­  B(H)pr,   à ¢¥­áâ¢® m(�'(p)) = m(p) (p 2 B(H)pr) § ¤ ¥â ¬¥àã ­  Mpr.
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