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�áá«¥¤®¢   à §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ ¤¨äà ªæ¨¨ ¢®«   ¯®«ã¯«®áª®áâ¨, á®¤¥à¦ é¥©
ª®¥ç®¥ ¢ª«îç¥¨¥. �¥â®¤®¬ ®¡®¡é¥ëå ¯®â¥æ¨ «®¢ ¯®«ãç¥® ¨â¥£à «ì®¥ ãà ¢¥¨¥ ¢â®-
à®£® à®¤ , ¤®ª § ®, çâ® ãà ¢¥¨¥ äà¥¤£®«ì¬®¢® ¨ íª¢¨¢ «¥â® ¨áå®¤®© ªà ¥¢®© § ¤ ç¥. � 
®á®¢¥ ¯à¨¡«¨¦¥¨ï á¯« © ¬¨ à¥è¥¨ï ¨â¥£à «ì®£® ãà ¢¥¨ï ¯®áâà®¥  ¢ëç¨á«¨â¥«ì ï
áå¥¬  à¥è¥¨ï ªà ¥¢®© § ¤ ç¨. � ® â¥®à¥â¨ç¥áª®¥ ®¡®á®¢ ¨¥  «£®à¨â¬  ¯à¨¡«¨¦¥®£® à¥-
è¥¨ï.

�¢¥¤¥¨¥

�¥à¬¨ \¥à®¢ ï" £à ¨æ  ¥ ¨¬¥¥â ®¡é¥¯à¨ïâ®£® ä®à¬ «ì®£® ®¯à¥¤¥«¥¨ï. �®¦ «ã©,
¢¯¥à¢ë¥ íâ®â â¥à¬¨ ¡ë« ã¯®âà¥¡«¥ ¢ à ¡®â å [1], [2], å®âï ¥é¥ �í«¥© à áá¬ âà¨¢ « § ¤ ç¨  
¯®¢¥àå®áâïå, ª®â®àë¥ ¬®¦® ®â¥áâ¨ ª ¥à®¢ë¬ (á¬. [3]). �¡« áâ¨ á ¥à®¢ë¬¨ £à ¨æ ¬¨
¥áâ¥áâ¢¥® ¢®§¨ª îâ ¯à¨ ¨áá«¥¤®¢ ¨¨ § ¤ ç à áá¥ï¨ï  ªãáâ¨ç¥áª¨å ¨ í«¥ªâà®¬ £¨âëå
¢®« à¥ «ìë¬¨ ¯®¢¥àå®áâï¬¨ ( ¯à., [1]{[8] ¨ ¡¨¡«¨®£à ä¨î ¢ ¨å). � à ¡®â¥ [5] ¨áá«¥¤®¢ ë
§ ¤ ç¨ à á¯à®áâ ¥¨ï ¢®«   áâ â¨áâ¨ç¥áª¨ ¥à®¢ëå ®¡« áâïå. � à ¡®â¥ [6] ¯à¥¤«®¦¥  ¢ë-
ç¨á«¨â¥«ì ï áå¥¬  à¥è¥¨ï § ¤ ç ¤¨äà ªæ¨¨   áâàãªâãà å á ¥à®¢®áâï¬¨, ®á®¢  ï  
¬¥â®¤¥   «¨â¨ç¥áª®© à¥£ã«ïà¨§ æ¨¨. � [9] ¤«ï á¢¥¤¥¨ï § ¤ ç¨ ¤¨äà ªæ¨¨   ¬¥â ««¨ç¥áª®¬
íªà ¥ á ¥à®¢®áâìî ª ¨â¥£à «ì®¬ã ãà ¢¥¨î ¯à¨¬¥¥ ¬¥â®¤ ¯à¥®¡à §®¢ ¨ï �ãàì¥. �à -
¥¢ ï § ¤ ç  ¤«ï ãà ¢¥¨ï �¥«ì¬£®«ìæ  á ãá«®¢¨¥¬ �¥©¬     ¥à®¢®© £à ¨æ¥ ¨áá«¥¤®¢  
¢ à ¡®â¥ [10].

� ¤ ®© à ¡®â¥ â¥à¬¨ \¥à®¢ ï" £à ¨æ  ¨á¯®«ì§ã¥âáï ¢ á¯¥æ¨ «ì®¬ á«ãç ¥. �à¥¤¯®« -
£ ¥âáï, çâ® £à ¨æ  ®¡« áâ¨ á®¢¯ ¤ ¥â á ¯àï¬®©, §  ¨áª«îç¥¨¥¬ ãç áâª  ª®¥ç®© ¤«¨ë. �â®â
ãç áâ®ª  §ë¢ ¥âáï ¥à®¢ë¬, ¨ ¥£® £¥®¬¥âà¨ï ¢ ®¯à¥¤¥«¥®¬ á¬ëá«¥ ¯à®¨§¢®«ì , âà¥¡ã¥âáï
«¨èì ¯à¨ ¤«¥¦®áâì ¯ à ¬¥âà¨§ãîé¥© äãªæ¨¨ ª« ááã, ª®â®àë© ®¡¥á¯¥ç¨¢ ¥â ¯à¨¬¥¨¬®áâì
ä®à¬ã« �à¨  ¨ ¢ë¯®«¥¨¥ ®á®¢ëå á¢®©áâ¢ ¯®â¥æ¨ «®¢ ¯à®áâ®£® ¨ ¤¢®©®£® á«®¥¢ ( ¯à.,
[11], [12]).

�®ª § â¥«ìáâ¢® ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ ®¯¨à ¥âáï   â¥å¨ªã ä®à¬ã« �à¨-
 , ¯à¨¬¥¥ëå ¢ ®£à ¨ç¥ëå ®¡« áâïå,  ¯¯à®ªá¨¬¨àãîé¨å ¨áå®¤ãî ®¡« áâì. � â¥¬ á
¯®¬®éìî ®¡®¡é¥ëå ¯®â¥æ¨ «®¢ ¯à®¨§¢®¤¨âáï á¢¥¤¥¨¥ § ¤ ç¨ ª ®¤®§ ç® à §à¥è¨¬®¬ã
ãà ¢¥¨î �à¥¤£®«ì¬  ¢â®à®£® à®¤ , ¯®á«¥ ç¥£® ¤®ª §ë¢ ¥âáï íª¢¨¢ «¥â®áâì ¯®«ãç¥®£®
¨â¥£à «ì®£® ãà ¢¥¨ï ¨ ªà ¥¢®© § ¤ ç¨. �«£®à¨â¬ë ç¨á«¥®£® à¥è¥¨ï ªà ¥¢ëå § ¤ ç
áâà®ïâáï   ®á®¢¥ ¯à¨¡«¨¦¥¨ï á¯« © ¬¨ à¥è¥¨ï ¨â¥£à «ì®£® ãà ¢¥¨ï. �¥®à¥â¨ç¥áª®¥
®¡®á®¢ ¨¥ ¯à¨¡«¨¦¥®£®  «£®à¨â¬  ¢ë¯®«¥® á ¯®¬®éìî ¢ à¨ â  ®¡é¥© â¥®à¨¨ ¯à¨¡«¨-
¦¥ëå ¬¥â®¤®¢ (á¬. [13]).

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 03-01-96184.
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1. �®áâ ®¢ª  § ¤ ç¨

�ã¤¥¬ à áá¬ âà¨¢ âì á¯¥æ¨ «ìë© á«ãç © ®¡« áâ¥© ¢ R2 , ª®â®àë¥ â®«ìª®   ª®¥ç®¬ ãç áâ-
ª¥ £à ¨æë ®â«¨ç îâáï ®â ¯®«ã¯«®áª®áâ¨. �®á«¥ ¯®¤å®¤ïé¥£® ¢ë¡®à  ª®®à¤¨ â ¬®¦¥¬ áç¨-
â âì, çâ® ®¡« áâì S § ¤ ¥âáï ¢ ¢¨¤¥

S = f(x; 0) : x 2 R n [�d; d]g [ f(x; y) : y > �(x); x 2 [�d; d]g ;

  £à ¨æ  ®¡« áâ¨ § ¯¨áë¢ ¥âáï ª ª @S =  [ �, £¤¥

 = f(x; 0) : x 2 R n [�d; d]g ; � = f(x;�(x)) : x 2 [�d; d]g :

�¨á«® d > 0 ä¨ªá¨à®¢ ® ¨ § ¤ ¥â £à ¨æë ¥à®¢®áâ¨. �ãªæ¨ï �(x) ®¯à¥¤¥«ï¥â ¥à®¢ë©
ãç áâ®ª � ¨ ®â®á¨â¥«ì® ¥¥ ¯à¥¤¯®« £ ¥¬, çâ® �(�d) = �(d) = 0 ¨ �(x) 2 C(1;�)[�d; d],
0 < � � 1.

� áá¬®âà¨¬ á«¥¤ãîéãî ªà ¥¢ãî § ¤ çã. � ©â¨ äãªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ¢ ®¡« -

áâ¨ S ãà ¢¥¨î �¥«ì¬£®«ìæ 

4u(x; y) + k2 u(x; y) = 0; (x; y) 2 S; (1)

£à ¨ç®¬ã ãá«®¢¨î �¨à¨å«¥

u (x; y) = f (x; y) ; (x; y) 2 @S; (2)

ãá«®¢¨î   à¥¡à¥ ¢ â®çª å (�d; 0) ¨ (d; 0) ( ¯à., [14], á: 33),   â ª¦¥ ãá«®¢¨î ¨§«ãç¥¨ï  

¡¥áª®¥ç®áâ¨

u� = eikrO

�
1p
r

�
;

@u�

@r
� iku� = eikro

�
1p
r

�
; r !1; (3)

Imk � 0; u�(x; y) = u(x; y)� eu(x; y);
£¤¥ f 2 C(1;�) (@S), 0 < � � 1,   ç¥à¥§ eu ®¡®§ ç¥® à¥è¥¨¥ ¢á¯®¬®£ â¥«ì®© ªà ¥¢®© § ¤ ç¨  

¯®«ã¯«®áª®áâ¨ (á¬.,  ¯à., [8], [15]).

�¯à¥¤¥«¥¨¥. �¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (1){(3) ¢ ®¡« áâ¨ S ¡ã¤¥¬  §ë¢ ¥âì ª« áá¨ç¥áª¨¬,
¥á«¨ ®® ¯à¨ ¤«¥¦¨â ª« ááã C2(S) \C

�
S n ��

�
.

�¤¥áì ç¥à¥§ �� ®¡®§ ç¥® ®¡ê¥¤¨¥¨¥ �-®ªà¥áâ®áâ¥© â®ç¥ª (�d; 0) ¨ (d; 0).
� áá¬ âà¨¢ ¥¬ ï ªà ¥¢ ï § ¤ ç  ï¢«ï¥âáï ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«ìî § ¤ ç¨ ¤¨äà ªæ¨¨

¯«®áª®© TE-¯®«ïà¨§®¢ ®© í«¥ªâà®¬ £¨â®© ¢®«ë eik(�x��y)e�i!t, ¯ ¤ îé¥© ¨§ ¯®«ã¯«®á-
ª®áâ¨ y > 0   à¥è¥âªã, £¥®¬¥âà¨ï ª®â®à®© ®¯à¥¤¥«ï¥âáï äãªæ¨¥© �(x). � ¤ îé ï ¢®« 
å à ªâ¥à¨§ã¥âáï ª®¬¯«¥ªáë¬ ¢®«®¢ë¬ ç¨á«®¬ k ¨ ã£«®¬ ¯ ¤¥¨ï �,   á®áâ ¢«ïîé¨¥ ¢®«®-
¢®£® ¢¥ªâ®à  ¨¬¥îâ ¢¨¤ � = k sin �, � = k cos �. �¥è¥¨¥ ¢á¯®¬®£ â¥«ì®© ªà ¥¢®© § ¤ ç¨ ¨¬¥¥â
¢¨¤ eu(x; y)e�i!t, eu(x; y) = �eik(�x+�y) (¯®¤à®¡®áâ¨ á¬.,  ¯à., ¢ [8], [14], [16]).

2. �ãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì à¥è¥¨ï

�¡®§ ç¨¬ ç¥à¥§ � = �(x; y) ¥¤¨¨çë© ¢¥ªâ®à ®à¬ «¨ ª @S ¢ â®çª¥ (x; y),   ç¥à¥§ @� = @�(x;y)
| ¯à ¢¨«ìãî ®à¬ «ìãî ¯à®¨§¢®¤ãî ( ¯à., [12], á. 140). �â®¡ë § ä¨ªá¨à®¢ âì  ¯à ¢«¥¨¥
®à¬ «¨, ¡ã¤¥¬ áç¨â âì, çâ® ¢¥ªâ®à � à á¯®«®¦¥ ¢ ®¡« áâ¨ S.

�¥®à¥¬  1. �á«¨ Im k > 0 ¨«¨ Im k = 0, Re k � 0, â® ªà ¥¢ ï § ¤ ç  (1){(3) ¨¬¥¥â ¥ ¡®«¥¥

®¤®£® ª« áá¨ç¥áª®£® à¥è¥¨ï.
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�®ª § â¥«ìáâ¢®. �«ï ¢¥é¥áâ¢¥®£® R > d à áá¬®âà¨¬ ®¡« áâì

SR =
�
(x; y) 2 S : x2 + y2 < R2

	
:

�ãáâì u| à¥è¥¨¥ ®¤®à®¤®© ªà ¥¢®© § ¤ ç¨. �à¨¬¥¨¬ ¢ ®¡« áâ¨ SR ¢â®àãî ä®à¬ã«ã �à¨ 
ª äãªæ¨ï¬ u ¨ u: ZZ

SR

(u4u� u4u) d� =
Z
@SR

�
u@�(P )u� u@�(P )u

�
dsP :

�ç¨âë¢ ï ãá«®¢¨ï ¨§«ãç¥¨ï   ¡¥áª®¥ç®áâ¨ ¨ ãá«®¢¨¥   à¥¡à¥ ¢ â®çª å (�d; 0) ¨ (d; 0), ¢
¯à¥¤¥«¥ ¯à¨ R!1 ¨¬¥¥¬

i (2Re k Imk)
ZZ

SR

juj2 d� + i (Re k)
Z
�+
R

juj2 ds! 0;

£¤¥ �+
R = f(x; y) : x2 + y2 = R2; y > 0g.

�à¨ Imk > 0, Re k 6= 0 ®¡  á« £ ¥¬ëå ¨¬¥îâ ®¤¨ ª®¢ë¥ § ª¨ ¨, á«¥¤®¢ â¥«ì®, áâà¥¬ïâáï
ª ã«î, çâ® ®§ ç ¥â u � 0.

�à¨ Im k = 0, Re k > 0 ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë á«¥¤ã¥â ¨§ «¥¬¬ë �¥««¨å  ([11], á. 88).
�à¨ Im k � 0, Re k = 0 ãà ¢¥¨¥ (1) ¯à¨¨¬ ¥â ¢¨¤

�u� �2u = 0; (4)

£¤¥ � = Im k.
� áá¬®âà¨¬ ãà ¢¥¨¥ (4) ¢ ®¡« áâ¨ SR, R > d. �«ï íâ®£® ãà ¢¥¨ï á¯à ¢¥¤«¨¢ ¯à¨æ¨¯

¬ ªá¨¬ã¬ , á®£« á® ª®â®à®¬ã juj ¥ ¬®¦¥â ¤®áâ¨£ âì ¬ ªá¨¬ «ì®£® § ç¥¨ï ¢® ¢ãâà¥¨å
â®çª å ®¡« áâ¨ SR (á¬.,  ¯à., [17], á. 492). �®áª®«ìªã à áá¬ âà¨¢ ¥âáï ®¤®à®¤ ï § ¤ ç , â®
  ãç áâª¥ £à ¨æë @S \ @SR äãªæ¨ï u à ¢  ã«î. �áâ «ì®© ãç áâ®ª £à ¨æë @SR à ¢¥
�+
R ¨   íâ®¬ ãç áâª¥ ¢ á¨«ã ãá«®¢¨© ¨§«ãç¥¨ï ¨¬¥¥¬ u = O

�
1=
p
R
�
e��R, R!1. �§ ¯à¨æ¨¯ 

¬ ªá¨¬ã¬  § ª«îç ¥¬, çâ® ¤«ï ¢á¥å â®ç¥ª ®¡« áâ¨ SR á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® juj < c 1p
R
. �

¯à¥¤¥«¥ ¯à¨ R!1 ¯®«ãç ¥¬ u(P ) = 0, P 2 S.
�«¥¤®¢ â¥«ì®, ¢ ãá«®¢¨ïå â¥®à¥¬ë ®¤®à®¤ ï ªà ¥¢ ï § ¤ ç  ¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥è¥-

¨¥.

�®«®¦¨¬

G(k;M;P ) =
�i

2
fH(1)

0 (kr)�H(1)
0 (kr�)g; (5)

£¤¥ H(1)
0 (z) | äãªæ¨ï � ª¥«ï ¯¥à¢®£® à®¤ , M = (x; y), P = (�; �) ¨

r =
q
(x� �)2 + (y � �)2; r� =

q
(x� �)2 + (y + �)2:

�ãªæ¨ï G(k;M;P ) ¨¬¥¥â «®£ à¨ä¬¨ç¥áªãî ®á®¡¥®áâì ¯à¨ M = P ( ¯à., [17], á. 647).
�¢¥¤¥¬ ¯®â¥æ¨ « ¤¢®©®£® á«®ï

(W (k) ) (x; y) =
Z
�
@�(P )G(k;M;P ) (�) dsP ; M =2 �; (6)

á ¯«®â®áâìî  2 _C[�d; d] (â. ¥. äãªæ¨ï  ¥¯à¥àë¢  ¨ supp � [�d; d]). � ¬¥â¨¬, çâ® ¢ (6)
¨â¥£à¨à®¢ ¨¥ ¯à®¨§¢®¤¨âáï ¯® ãç áâªã £à ¨æë (¢ [18], á. 39; [19] â ª¨¥ ¯®â¥æ¨ «ë  §¢ ë
®¡®¡é¥ë¬¨).

�â¬¥â¨¬, çâ®   ãç áâª¥ £à ¨æë  = @S n � äãªæ¨ï W (k) ¨¬¥¥â ã«¥¢®¥ § ç¥¨¥.
�¥à®¢ë© ãç áâ®ª � £à ¨æë @S ï¢«ï¥âáï ç áâìî ª®âãà  � = @SR ¤«ï «î¡®£® R > d.

�®áª®«ìªã supp � [�d; d], ¨â¥£à « ¢ (6) ¬®¦® à áá¬ âà¨¢ âì ª ª ¨â¥£à « ¯® § ¬ªãâ®¬ã
ª®âãàã �. � ª¨¬ ®¡à §®¬, W (k) ¬®¦® à áá¬ âà¨¢ âì ª ª ª« áá¨ç¥áª¨© ¯®â¥æ¨ « ¤¢®©®£®
á«®ï, ®¯à¥¤¥«¥ë© ¢ ®¡« áâ¨ SR. �ãªæ¨ï W (k) ¥¯à¥àë¢  ¢® ¢á¥å â®çª å ®¡« áâ¨ SR, § 

45



¨áª«îç¥¨¥¬ ãç áâª  �. �«¥¤®¢ â¥«ì®, ®¡®¡é¥ë© ¯®â¥æ¨ « (6) ®¡« ¤ ¥â â¥¬¨ ¦¥ á¢®©áâ¢ -
¬¨, çâ® ¨ ª« áá¨ç¥áª¨© ¯®â¥æ¨ « ¤¢®©®£® á«®ï, ¢ ç áâ®áâ¨, á¯à ¢¥¤«¨¢  ä®à¬ã«  ® áª çª¥
§ ç¥¨© ¯®â¥æ¨ «    � ( ¯à., [11], á. 59; [12], á. 141).

� áá¬®âà¨¬ ¢ ®¡« áâ¨ SR äãªæ¨î

u(x; y) = eu(x; y) + (W (k) ) (x; y); (7)

£¤¥, ª ª ¨ à ¥¥, ç¥à¥§ eu ®¡®§ ç¥® à¥è¥¨¥ ¢á¯®¬®£ â¥«ì®© ªà ¥¢®© § ¤ ç¨   ¯®«ã¯«®áª®áâ¨.
�§ ªà ¥¢®£® ãá«®¢¨ï (2) ¨ ä®à¬ã«ë ® áª çª¥ § ç¥¨© ¯®â¥æ¨ «  ¤¢®©®£® á«®ï   £à ¨æ¥

¯®«ãç ¥¬ ¨â¥£à «ì®¥ ãà ¢¥¨¥

K � (�I � T ) = �; (8)

£¤¥ I | â®¦¤¥áâ¢¥ë© ®¯¥à â®à,

(T ) (x) = [W (k) ] (x;�(x)) ; x 2 [�d; d]; (9)

| ¯àï¬®¥ § ç¥¨¥ ¯®â¥æ¨ «  ¤¢®©®£® á«®ï ¨

�(x) = �f (x;�(x)) + eu (x;�(x)) ; x 2 [�d; d]: (10)

�¥¬¬  1. � ãá«®¢¨ïå â¥®à¥¬ë 1 ®¤®à®¤®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥, á®®â¢¥âáâ¢ãîé¥¥

ãà ¢¥¨î (8), ¨¬¥¥â â®«ìª® âà¨¢¨ «ì®¥ à¥è¥¨¥.

�®ª § â¥«ìáâ¢®. �ãáâì  | à¥è¥¨¥ ®¤®à®¤®£® ¨â¥£à «ì®£® ãà ¢¥¨ï

K � (�I � T ) = 0; (11)

£¤¥ ®¯¥à â®à T ®¯à¥¤¥«¥ á®®â®è¥¨¥¬ (9). �á¯®«ì§ãï äãªæ¨î  ¢ ª ç¥áâ¢¥ ¯«®â®áâ¨, ¯®-
áâà®¨¬ ¯® ä®à¬ã«¥ (6) ®¡®¡é¥ë© ¯®â¥æ¨ « v =W (k) .

� áá¬®âà¨¬ ®¡« áâì

S� = f(x; y) : (x;�y) 2 Sg \ �R2 n S�
¨ ¥á«¨ M = (x; y) 2 S�, â® ç¥à¥§ fM ®¡®§ ç¨¬ â®çªã ¨§ S á ª®®à¤¨ â ¬¨ (x;�y).

�á«¨ P 2 �, â® á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï rMP = r�eMP
, r�MP = r eMP

,M 2 S� ¨, á«¥¤®¢ â¥«ì®,

@�(P )G(k;M;P ) = �@�(P )G(k; fM;P ); M 2 S�: (12)

�®®â®è¥¨¥ (12) ¯®§¢®«ï¥â ¯à®¤®«¦¨âì äãªæ¨î v ¢ ®¡« áâì S�:

v(M) = � (W (k) ) (fM ); M 2 S�: (13)

� ª ã¦¥ ¡ë«® ¯®ª § ®, (W (k) )j = 0. �§ á®®â®è¥¨ï (11) á«¥¤ã¥â, çâ® (W (k) )j� = 0,
¯®íâ®¬ã (W (k) )j@S = 0.

�«¥¤®¢ â¥«ì®, äãªæ¨ï v ï¢«ï¥âáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ ¤«ï ãà ¢¥¨ï (1) á ®¤®-
à®¤ë¬ ãá«®¢¨¥¬ �¨à¨å«¥   @S ¨ ãá«®¢¨¥¬ ¨§«ãç¥¨ï   ¡¥áª®¥ç®áâ¨. �®£« á® â¥®à¥¬¥ 1
¯à¨å®¤¨¬ ª § ª«îç¥¨î, çâ® v � 0 ¢ ®¡« áâ¨ S. �§ (13) ¯®«ãç ¥¬ v = 0 ¢ â®çª å ®¡« áâ¨ S�.

� áá¬®âà¨¬ ¢ ®¡« áâ¨ S� ¯à®¨§¢®«ìë© ª®âãà � ¨ ®¡« áâì D, ®£à ¨ç¥ãî íâ¨¬ ª®âãà®¬.
�ãªæ¨ï v, ®¯à¥¤¥«¥ ï á®®â®è¥¨¥¬ (13), ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ ¢¥è¥© ªà ¥¢®© § ¤ ç¨
¤«ï ãà ¢¥¨ï �¥«ì¬£®«ìæ  á ®¤®à®¤ë¬ ãá«®¢¨¥¬ �¨à¨å«¥   � ¨ ãá«®¢¨¥¬ ¨§«ãç¥¨ï  
¡¥áª®¥ç®áâ¨. �¥èïï ªà ¥¢ ï § ¤ ç  ¤«ï ®£à ¨ç¥ëå ®¡« áâ¥© ®¤®§ ç® à §à¥è¨¬ 
( ¯à., [11], á. 95), ¯®íâ®¬ã v � 0 ¢ R2 nD. �®áª®«ìªã � | ¯à®¨§¢®«ìë© ª®âãà ¢ S�, ¯à¨å®¤¨¬
ª ¢ë¢®¤ã, çâ® (W (k) ) (M) = 0; M 2 R

2 ¨, á«¥¤®¢ â¥«ì®,  � 0.

�¥¬¬  2. �á«¨ �(x) 2 C2[�d; d], â® ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 ¨â¥£à «ì®¥ ãà ¢¥¨¥ (8)
äà¥¤£®«ì¬®¢®.
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�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥ á«¥¤ã¥â ¨§ á¢®©áâ¢ äãªæ¨© � ª¥«ï ( ¯à., [20], á. 180),
ç¥à¥§ ª®â®àë¥ ¯à¨ M 6= P ¢ëà ¦ ¥âáï ï¤à® ¨â¥£à «ì®£® ãà ¢¥¨ï (8). �à¨ á®¢¯ ¤¥¨¨
 à£ã¬¥â®¢M ¨ P á®£« á® á¢®©áâ¢ ¬ «®£ à¨ä¬¨ç¥áª®£® ¯®â¥æ¨ «  ï¤à® ãà ¢¥¨ï (8) ¬®¦®
¤®®¯à¥¤¥«¨âì ¤® ¥¯à¥àë¢®© äãªæ¨¨, ¯®«®¦¨¢ à ¢ë¬ ¯®«®¢¨¥ ªà¨¢¨§ë £à ¨ç®© ªà¨¢®©
(á¬.,  ¯à., [17], á. 350).

�¥®à¥¬  2. �á«¨ �(x) 2 C2[�d; d] ¨ ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 1, â® áãé¥áâ¢ã¥â ª« á-

á¨ç¥áª®¥ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (1){(3).

�®ª § â¥«ìáâ¢®. �®£« á®  «ìâ¥à â¨¢¥ �à¥¤£®«ì¬ , ¨§ «¥¬¬ 1 ¨ 2 á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥
¥âà¨¢¨ «ì®£® à¥è¥¨ï ¨â¥£à «ì®£® ãà ¢¥¨ï (8), ¯à¨ ¤«¥¦ é¥¥ ª« ááã L2(�d; d).

�à ¢ ï ç áâì ¨â¥£à «ì®£® ãà ¢¥¨ï (8) ï¢«ï¥âáï ¥¯à¥àë¢®© äãªæ¨¥©. �®£« á® ¨§-
¢¥áâë¬ à¥§ã«ìâ â ¬ ®¡ ¨â¥£à «ìëå ãà ¢¥¨ïå �à¥¤£®«ì¬  ¢â®à®£® à®¤  á ¥¯à¥àë¢®©
¯à ¢®© ç áâìî ( ¯à., [12], á. 142), § ª«îç ¥¬, çâ®  2 _C[�d; d].

� áá¬®âà¨¬ ¢ ®¡« áâ¨ S äãªæ¨î

u(M) = eu(M) + (W (k) ) (M); (14)

£¤¥  (x) | à¥è¥¨¥ ¨â¥£à «ì®£® ãà ¢¥¨ï (8),   äãªæ¨ï eu | à¥è¥¨¥ ¢á¯®¬®£ â¥«ì®©
ªà ¥¢®© § ¤ ç¨   ¯®«ã¯«®áª®áâ¨.

�â  äãªæ¨ï ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î �¥«ì¬£®«ìæ  ¨ ãá«®¢¨ï¬ ¨§«ãç¥¨ï (3). �§ ä®à¬ã«ë
® áª çª¥ § ç¥¨© ¯®â¥æ¨ «  ¤¢®©®£® á«®ï   £à ¨æ¥ ¯®«ãç ¥¬

u(M) = eu(M)� � (x) + [W (k) ] (M); M 2 �:
�®áª®«ìªã  (x) ï¢«ï¥âáï à¥è¥¨¥¬ ¨â¥£à «ì®£® ãà ¢¥¨ï (8), â® ¨§ (10) ¯®«ãç ¥¬ u(M) =
f(M), M 2 @S.

�à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® äãªæ¨ï u(M), ¯®áâà®¥ ï ¯® ä®à¬ã«¥ (14), ï¢«ï¥âáï à¥è¥¨¥¬
ªà ¥¢®© § ¤ ç¨ (1){(3).

�§ ä®à¬ã« (5), (6) ¨ á¢®©áâ¢ äãªæ¨¨ � ª¥«ï á«¥¤ã¥â, çâ® u(M) 2 C2(S). � ç¥¨¥ ¯®â¥-
æ¨ «  ¤¢®©®£® á«®ï ¬®¦® ¥¯à¥àë¢® ¯à®¤®«¦¨âì   £à ¨æã, á«¥¤®¢ â¥«ì®, u(M) 2 C(S).
�¥¬ á ¬ë¬ ¤®ª § ® áãé¥áâ¢®¢ ¨¥ ª« áá¨ç¥áª®£® à¥è¥¨ï § ¤ ç¨ (1){(3).

�¥®à¥¬  3. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¨ ¯à¨ �(x) 2 C2[�d; d] á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à-

¦¤¥¨ï. �áïª®¥ à¥è¥¨¥ u(x; y) ªà ¥¢®© § ¤ ç¨ (1){(3) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ (7), £¤¥ äãªæ¨ï

 (x) ï¢«ï¥âáï à¥è¥¨¥¬ ¨â¥£à «ì®£® ãà ¢¥¨ï (8).
�á«¨ ¦¥  (x) | à¥è¥¨¥ ãà ¢¥¨ï (8), â® äãªæ¨ï u(x; y), ¯®áâà®¥ ï ¯® ä®à¬ã«¥ (7),

á ¯«®â®áâìî  (x) ï¢«ï¥âáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (1){(3).

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ F ¬®¦¥áâ¢® ª« áá¨ç¥áª¨å à¥è¥¨© ªà ¥¢®© § ¤ ç¨ (1){
(3),   ç¥à¥§ Q | ¬®¦¥áâ¢® feu+W (k) :  | à¥è¥¨¥ ¨â¥£à «ì®£® ãà ¢¥¨ï (8)g.

�®áª®«ìªã ¯à ¢ ï ç áâì ¨â¥£à «ì®£® ãà ¢¥¨ï (8) ¥¯à¥àë¢ , ¬®¦¥¬ § ª«îç¨âì ( ¯à.,
[12], á. 142), çâ®  2 _C[�d; d].

�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ® áãé¥áâ¢®¢ ¨¨ à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ á«¥¤ã¥â, çâ® äãªæ¨ï

u(M) = eu(M) + (W (k) ) (M)

ï¢«ï¥âáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (1){(3), ®âªã¤  ¨¬¥¥¬ f0g 6= Q � F .
�§ â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® à¥è¥¨¥ ¥¤¨áâ¢¥®,   íâ® § ç¨â, çâ® jF j � 1. �«¥¤®¢ â¥«ì®,

f0g 6= Q = F . �â® ®§ ç ¥â, çâ® à¥è¥¨î  ¨â¥£à «ì®£® ãà ¢¥¨ï (8) á®®â¢¥âáâ¢ã¥â à¥è¥¨¥
ªà ¥¢®© § ¤ ç¨ (1){(3), ®¯à¥¤¥«ï¥¬®¥ ä®à¬ã«®© eu+W (k) ¨,  ®¡®à®â, â ª®© ¢¨¤ ¨¬¥¥â à¥è¥¨¥
ªà ¥¢®© § ¤ ç¨.
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3. �¥â®¤ á¯« ©-ª®««®ª æ¨¨

�§ â¥®à¥¬ë 3 á«¥¤ã¥â, çâ® ªà ¥¢ ï § ¤ ç  (1){(3) íª¢¨¢ «¥â  ¨â¥£à «ì®¬ã ãà ¢¥¨î
¢â®à®£® à®¤ , á«¥¤®¢ â¥«ì®, ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ ¬®¦® ¯®áâà®¨âì   ®á®¢¥
à¥è¥¨ï ¨â¥£à «ì®£® ãà ¢¥¨ï,  ©¤¥®£® á ¯®¬®éìî ª ª®£®-«¨¡® ¯à¨¡«¨¦¥®£® ¬¥â®¤ .
� ¤ ®© à ¡®â¥ ¨â¥£à «ìë¥ ãà ¢¥¨ï à¥è «¨áì á¯« ©®¢ë¬¨ ¬¥â®¤ ¬¨.

�  ®âà¥§ª¥ [�d; d] à áá¬®âà¨¬ ¯à®¨§¢®«ìãî á¥âªã ã§«®¢ �d < x0 < x1 < � � � < xn < d,
n = 1; 2; : : : , ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î �n = max

1�j�n
(xj � xj�1)! 0, n!1.

�à¨¡«¨¦¥®¥ à¥è¥¨¥ ¨â¥£à «ì®£® ãà ¢¥¨ï (8) ¨é¥¬ ¢ ¢¨¤¥ á¯« © 

 l
n(x) =

nX
j=0l

cjs
l
j(x); 00 = 1; (15)

ª®â®àë© ®¯à¥¤¥«¨¬ ª ª â®ç®¥ à¥è¥¨¥ ãà ¢¥¨ï

Kn 
l
n � P l

nK 
l
n = P l

n� � �n:

�¤¥áì slj(x) | äã¤ ¬¥â «ìë¥ á¯« ©ë áâ¥¯¥¨ l,   P l
n | ®¯¥à â®à á¯« ©{¨â¥à¯®«ïæ¨¨.

� áá¬®âà¨¬ ¢ëç¨á«¨â¥«ìë¥ áå¥¬ë   ®á®¢¥ á¯« ©®¢ ã«¥¢®© ¨ ¯¥à¢®© áâ¥¯¥¥©.
�ã¤ ¬¥â «ìë¥ á¯« ©ë s0j(x) ®¯à¥¤¥«ïîâáï ª ª å à ªâ¥à¨áâ¨ç¥áª¨¥ äãªæ¨¨ ¨â¥à¢ -

«®¢ (xj�1; xj ],   äã¤ ¬¥â «ìë¥ á¯« ©ë ¯¥à¢®© áâ¥¯¥¨ § ¤ îâáï ä®à¬ã« ¬¨

s1j(x) =

8>><
>>:
x� xj�1
xj � xj�1

; x 2 [xj�1; xj ];

xj+1 � x

xj+1 � xj
; x 2 [xj ; xj+1];

¨ s1j = 0 ¯à¨ x =2 [xj�1; xj+1] (j = 1; : : : ; n).
�¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë cj (j = 0l; : : : ; n; l = 0; 1) ®¯à¥¤¥«ï¥¬ á®£« á® ¬¥â®¤ã ª®««®ª -

æ¨¨ ¨§ á¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

cj +
nX

k=0l

�jkck = gj ; j = 0l; : : : ; n; (16)

£¤¥ ¢¢¥¤¥ë ®¡®§ ç¥¨ï

gj = � (xj ;�(xj)) ; j = 0l; : : : ; n;

�jk =
�
Tslk

�
(xj); j; k = 0l; : : : ; n:

�¡®á®¢ ¨¥ ¬¥â®¤®¢ ¯à¨¡«¨¦¥®£® à¥è¥¨ï ãà ¢¥¨ï (8) ¯à®¢¥¤¥® á ¯®¬®éìî â¥®à¥¬ë 7
([13], £«. I). �®£« á® íâ®© â¥®à¥¬¥, ¥á«¨ ¤«ï ãà ¢¥¨©K = � ¨Kn n = �n ¢ë¯®«¥ë ãá«®¢¨ï
i) ®¯¥à â®à K ®£à ¨ç¥® ®¡à â¨¬; ii) "n � kK �Knk ! 0 ¨ �n � k� � �nk ! 0, n ! 1, â®
¤«ï ¢á¥å n 2 N â ª¨å, çâ® qn � kK�1k "n < 1, ãà ¢¥¨ï Kn n = �n ®¤®§ ç® à §à¥è¨¬ë ¨
kK�1

n k � kK�1k =(1� qn), k�� �nk = O ("n + �n)! 0 ¯à¨ n!1.
�®áª®«ìªã ãáâ ®¢«¥  ®¤®§ ç ï à §à¥è¨¬®áâì ¨â¥£à «ì®£® ãà ¢¥¨ï (8), â® ¢ë¯®«-

¥® ãá«®¢¨¥ i) ãª § ®© â¥®à¥¬ë. �¯à ¢¥¤«¨¢®áâì ãá«®¢¨ï ii) á«¥¤ã¥â ¨§ à¥§ã«ìâ â®¢ à ¡®-
âë [21].

�¥®à¥¬  4. � ãá«®¢¨ïå â¥®à¥¬ë 3 áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì®¥ æ¥«®¥ ç¨á«® n0 â ª®¥, çâ®
¯à¨ n � n0 á¨áâ¥¬  (16) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ fc�jg ¨ ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï  l

n(x)
(l = 0; 1), ¯®áâà®¥ë¥ ¯® ä®à¬ã«¥ (15) ¯à¨ cj = c�j , áå®¤ïâáï ª â®ç®¬ã à¥è¥¨î  � ¨â¥-

£à «ì®£® ãà ¢¥¨ï (8).
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