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1. �¢¥¤¥¨¥

�ãáâì f(z) | ®¤®«¨áâ®¥, á®åà ïîé¥¥ ®à¨¥â æ¨î £ à¬®¨ç¥áª®¥ ®â®¡à ¦¥¨¥ ¥¤¨¨ç-
®£® ªàã£  U = fz : jzj < 1g   ¢ë¯ãª«ãî ®¡« áâì �. �®£¤  f(z) ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥

f =
1X
n=0

cnz
n +

�1X
n=�1

cnz
�n: (1)

� [1] ¡ë« à §¢¨â ¢ à¨ æ¨®ë© ¬¥â®¤ ¤«ï à¥è¥¨ï «¨¥©ëå íªáâà¥¬ «ìëå ¯à®¡«¥¬ ¢
ª« áá¥ £ à¬®¨ç¥áª¨å ®â®¡à ¦¥¨© f(z), ¨¬¥îé¨å ¯à¥¤áâ ¢«¥¨¥ (1), ¨ ¯®«ãç¥  â®ç ï ®æ¥ª 
¢ á«ãç ¥ � = U

jc�nj �
n+ 1
n�

sin
�

n+ 1
:

�ªáâà¥¬ «ì ï äãªæ¨ï ®â®¡à ¦ ¥â U   ¢ãâà¥®áâì ¯à ¢¨«ì®£® (n+1)-ã£®«ì¨ª , ¢¯¨á -
®£® ¢ ¥¤¨¨çãî ®ªàã¦®áâì. �¥¬ ¦¥ ¬¥â®¤®¬ ¢ [2] ¯®«ãç¥ àï¤ ¤àã£¨å ®æ¥®ª, ¢ ç áâ®áâ¨,

jcnj �
1
n
; n = 1; 2; : : : ;

Re(cn + c�n) �
4
n�

:

�ªáâà¥¬ «ì ï äãªæ¨ï ¢ ®¡®¨å á«ãç ïå ®â®¡à ¦ ¥â ªàã£   á¥¡ï. � [3]   ®á®¢¥ £¥®¬¥âà¨ç¥-
áª¨å á¢®©áâ¢ £ à¬®¨ç¥áª¨å ®â®¡à ¦¥¨©, ¬ ªá¨¬¨§¨àãîé¨å «¨¥©ë© äãªæ¨® «, ¯®«ãç¥ë
®æ¥ª¨ jcnj ¨ jc�nj ¨§ [1], [2],   â ª¦¥ ®æ¥ª¨ ¯ àë ª®íää¨æ¨¥â®¢.

� ¤ ®© áâ âì¥, à §¢¨¢ ï ¬¥â®¤, ¯à¥¤«®¦¥ë© ¢ [1],  å®¤¨¬ â®çãî ®æ¥ªã Re(cn+1� cn),
n = 1; 2; : : :

2. �á¯®¬®£ â¥«ìë¥ § ¬¥ç ¨ï

�ãáâì F | § ¬ëª ¨¥ á¥¬¥©áâ¢  ®¤®«¨áâëå, á®åà ïîé¨å ®à¨¥â æ¨î £ à¬®¨ç¥áª¨å
 ¢â®¬®àä¨§¬®¢ U . �®£¤  f 2 F ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥

f =
1
2�

Z 2�

0

1� jzj2

jeit � zj2
eiv(t)dt;

£¤¥ v(t) | ¥¯à¥àë¢ ï á«¥¢ , ¥ã¡ë¢ îé ï   [0; 2�) äãªæ¨ï â ª ï, çâ® v(2��0)�v(0) � 2�.
� ª ¨ ¢ [1], ¡ã¤¥¬  §ë¢ âì v(t) ªàã£®¢ë¬ ®â®¡à ¦¥¨¥¬. � ¦¤ë© ¥¯à¥àë¢ë© «¨¥©ë©
äãªæ¨® « L   F ¨¬¥¥â ¢¨¤

L(f) =
Z 2�

0

`(t)eiv(t)dt; f 2 F ; (2)

� ¡®â  ç áâ¨ç® ¯®¤¤¥à¦   £à â®¬ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© ò98-01-

00842.
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£¤¥

`(t) =
1
2�

L

�
1� jzj2

jeit � zj2

�
: (3)

�¤à® �ã áá®  ¨¬¥¥â à §«®¦¥¨¥

1
2�

�
1� jzj2

jeit � zj2

�
=

1
2�

�
1 +

1X
n=1

e�intzn +
�1X

n=�1

eintz �n
�
: (4)

�¥®à¥¬  A [1]. �ãáâì L | ¥¯à¥àë¢ë© «¨¥©ë© äãªæ¨® «   F ¨ f ¬ ªá¨¬¨§¨àã¥â

ReL. �®£¤  ªàã£®¢®¥ ®â®¡à ¦¥¨¥ v(t), ¯®à®¦¤ îé¥¥ f , ¨¬¥¥â á¢®©áâ¢ 

a) v ¯®áâ®ï    «î¡®¬ ¨â¥à¢ «¥, £¤¥ Im(`(t)eiv(t)) ¨¬¥¥â ¯®áâ®ïë© § ª;
b) ¥á«¨ t1, t2 | â®çª¨ à §àë¢  v(t), â®Z t2

t1

Im(`(t)eiv(t))dt = 0:

3. �æ¥ª  Re (cn+1 � cn)

�à¨¬¥¨¬ â¥®à¥¬ã A ¤«ï â®ç®© ®æ¥ª¨ Re(cn+1 � cn) ¢ ª« áá¥ F .

�¥®à¥¬  1. �ãáâì f 2 F ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ (1). �®£¤  ¨¬¥îâ ¬¥áâ® ®æ¥ª¨

Re(cn+1 � cn) �
2
�
sin
�

2�
2n+ 1

�
; n = 2k + 1; k = 1; 2; 3; : : : ;

Re(cn+1 � cn) �
4
�
sin
�

�

2n+ 1

�
; n = 2k; k = 1; 2; 3; : : :

� ®¡®¨å á«ãç ïå íªáâà¥¬ «ì ï äãªæ¨ï ®â®¡à ¦ ¥â ¥¤¨¨çë© ªàã£   á¥¡ï ¨ ¯®à®¦¤ -

¥âáï á«¥¤ãîé¨¬¨ ªàã£®¢ë¬¨ ®â®¡à ¦¥¨ï¬¨:

v(t) =

8>><
>>:
0; t 2 [0; �);
2n+1
2
(t� �); t 2 [�; � + 4�

2n+1
); n = 2k + 1;

2�; t 2 [� + 4�
2n+1

; 2�);

v(t) =

8>><
>>:
0; t 2 [0; � � 2�

2n+1
);

2n+1
2

t� 2n�1
2

�; t 2 [� � 2�
2n+1

; � + 2�
2n+1

); n = 2k;

2�; t 2 [� + 2�
2n+1

; 2�):

�®ª § â¥«ìáâ¢®. �§ (2){(4) ¯®«ãç ¥¬

cn+1 � cn =
1
2�

Z 2�

0

[e�i(n+1)t � e�int]eiv(t)dt = �
i

�

Z 2�

0

e�i((n+1=2)t�v(t)) sin(t=2)dt:

� ªá¨¬¨§¨àã¥¬

Re(cn+1 � cn) = �
1
�

Z 2�

0

sin([n+ 1=2]t � v(t)) sin(t=2)dt: (5)

�«ï ¯à¨¬¥¥¨ï ¥®¡å®¤¨¬ëå ãá«®¢¨© â¥®à¥¬ë § ¬¥â¨¬, çâ®

Im(`(t)eiv(t)) = �
1
�
cos([n+ 1=2]t� v(t)) sin(t=2)

®¡à é ¥âáï ¢ ã«ì   ¯àï¬ëå

v = (n+ 1=2)t � (k + 1=2)�; k = 0;�1;�2; : : : ;
t = 2k�; k = 0;�1;�2; : : :

(6)

43



�  ¯àï¬ëå (6) sin([n+1=2]t�v(t)) = �1. � ª ¨ ¢ [1],  §®¢¥¬ â¥ «¨¨¨,   ª®â®àëå sin([n+1=2]t�
v(t)) = �1, ¯®«®¦¨â¥«ìë¬¨,   «¨¨¨,   ª®â®àëå sin([n+1=2]t� v(t)) = 1, | ®âà¨æ â¥«ìë¬¨.

�ãáâì v(t) | ªàã£®¢®¥ ®â®¡à ¦¥¨¥, ¬ ªá¨¬¨§¨àãîé¥¥ (5). �¥®à¥¬  A ãâ¢¥à¦¤ ¥â, çâ® v(t)
¤®«¦  ¡ëâì ¯®áâ®ï®© ¢ «î¡®© ¯®«®á¥ ¬¥¦¤ã á®á¥¤¨¬¨ «¨¨ï¬¨ (6). �®íâ®¬ã v(t) ¬®¦¥â
¢®§à áâ âì â®«ìª® ¢¤®«ì «¨¨© ¨«¨ áª çª®¬. �®«¥¥ â®£®, v(t) ¬®¦¥â ¢®§à áâ âì «¨èì ¢¤®«ì ¯®«®-
¦¨â¥«ìëå «¨¨© ¨«¨ áª çª®¬, â. ª. ¢®§à áâ ¨¥ ¢¤®«ì ®âà¨æ â¥«ì®© «¨¨¨ ¢¥¤¥â ª ã¡ë¢ ¨î
¨â¥£à «  (5).

�®ª ¦¥¬, çâ® v(t) | ¥¯à¥àë¢ ï äãªæ¨ï. �ãáâì v(t) ¢ t0 ¨¬¥¥â à §àë¢. �á«¨ ®âà¥§®ª I,
á®¥¤¨ïîé¨© â®çª¨ (t0; v(t0 � 0)) ¨ (t0; v(t0 + 0)), ¯¥à¥á¥ª ¥â ¯®«®¦¨â¥«ìãî «¨¨î

v = (n+ 1=2)t � (k0 + 1=2)�; (7)

â® £à ä¨ª v(t) ¯¥à¥á¥ç¥â (7) ¢ â®çª¥ t2, t2 > t0. �ãáâì t1 | ¯¥à¢ ï â®çª  ¯¥à¥á¥ç¥¨ï v(t) á
¯àï¬®© (7). �®£¤ 

v� =

(
v(t); t =2 [t1; t2];

(n+ 1=2)t � (k0 + 1=2)�; t 2 (t1; t2);

¤®áâ ¢«ï¥â (5) § ç¥¨¥ ¡®«ìè¥¥, ç¥¬ v(t), çâ® ¯à®â¨¢®à¥ç¨â íªáâà¥¬ «ì®áâ¨ v(t). � «®£¨çë-
¬¨ à ááã¦¤¥¨ï¬¨ ¯®ª §ë¢ ¥¬, çâ® â®çª  (t0; v(t� 0)) ¥ ¬®¦¥â ¯à¨ ¤«¥¦ âì ¯®«®¦¨â¥«ì®©
«¨¨¨.

�ãáâì â¥¯¥àì ®âà¥§®ª I ¯¥à¥á¥ª ¥â ®âà¨æ â¥«ìãî «¨¨î

v = (n+ 1=2)t � (k1 + 1=2)�:

� íâ®¬ á«ãç ¥

v� =

(
v(t); t =2 [t1; t2];

v = (n+ 1=2)t � (k1 � 1=2); t 2 (t1; t2);

£¤¥ t1 = supft : v(t) = v(t0 � 0)g, t2 = infft : v(t) = v(t0 + 0)g, ¤®áâ ¢«ï¥â ¡®«ìè¥¥, ç¥¬ v(t),
§ ç¥¨¥ ¨â¥£à «ã (5), çâ® ¯à®â¨¢®à¥ç¨â íªáâà¥¬ «ì®áâ¨ v(t). � «®£¨ç®, â®çª  (t0; v(t�0))
¥ ¬®¦¥â ¯à¨ ¤«¥¦ âì ®âà¨æ â¥«ì®© ¯àï¬®©. �«¥¤®¢ â¥«ì®, v(t) | ¥¯à¥àë¢ ï ªãá®ç®-
«¨¥© ï äãªæ¨ï, ¢®§à áâ îé ï ¢¤®«ì ¯®«®¦¨â¥«ìëå «¨¨©. �â¥à¢ «ë ¯®áâ®ïáâ¢  ¨¬¥îâ
®¡éãî ¤«¨ã 2�(2n � 1)=(2n + 1).

�ãáâì D | ®¡ê¥¤¨¥¨¥ ¨â¥à¢ «®¢ à®áâ  v(t). �®£¤ 

Re(cn+1 � cn) =
1
�

Z
D
sin(t=2)dt:

�ãáâì n = 2k + 1 (k = 1; 2; 3; : : : ). �®£¤  ¯àï¬ ï v = (n+ 1=2)(t � �) ¯®«®¦¨â¥«ì . �® â¥®à¥¬¥
® áà¥¤¥¬ ¬ ªá¨¬ã¬ (5) ¡ã¤¥â ¤®áâ¨£ âìáï, ¥á«¨ D = (�; � + 4�=(2n + 1)) ¨

v(t) =

8>><
>>:
0; t 2 [0; �);

(n+ 1=2)(t � �); t 2 [�; � + 4�
2n+1

); n = 2k + 1;

2�; t 2 [� + 4�
2n+1

; 2�):

� íâ®¬ á«ãç ¥

Re(cn+1 � cn) =
2
�
sin

2�
2n+ 1

:

� á«ãç ¥, ª®£¤  n = 2k (k = 1; 2; 3; : : : ), ¯®«®¦¨â¥«ì®© ¡ã¤¥â ¯àï¬ ï v = (n+1=2)t� (n�1=2)�.
�® â¥®à¥¬¥ ® áà¥¤¥¬ ¬ ªá¨¬ã¬ ¤®áâ¨£ ¥âáï, ¥á«¨ D = (� � 2�=(2n + 1); � + 2�=(2n + 1)),

v(t) =

8>><
>>:
0; t 2 [0; � � 2�

2n+1
);

(n+ 1=2)t � (n� 1=2)�; t 2 [� � 2�
2n+1

; � + 2�
2n+1

); n = 2k;

2�; t 2 [� + 2�
2n+1

; 2�);
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¨ â®£¤ 

Re(cn+1 � cn) =
4
�
sin

�

2n+ 1
: �

�¨â¥à âãà 
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