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� à ¡®â¥ ¯à¥¤« £ îâáï ¨ ¨áá«¥¤ãîâáï íª®­®¬¨ç­ë¥ ¨â¥à æ¨®­­ë¥ ¬¥â®¤ë à¥è¥­¨ï áâ æ¨®-
­ à­ëå § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ á ¨á¯®«ì§®¢ ­¨¥¬ ¬¥â®¤  � «�¥àª¨­  [1], [2]. � [2] ¡ë« ¢¯¥à-
¢ë¥ ¯à¥¤«®¦¥­ ¬¥â®¤ à áé¥¯«¥­¨ï ¢ á®ç¥â ­¨¨ á ¬¥â®¤®¬ ª®­¥ç­ëå í«¥¬¥­â®¢ ¤«ï ¤¢ãå¬¥à­ëå
¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© ª®­¢¥ªæ¨¨-¤¨ääã§¨¨. �â  ¨¤¥ï ¯®«ãç¨«  ¤ «ì­¥©è¥¥ à §¢¨â¨¥ ¯à¨
à §à ¡®âª¥ ¬¥â®¤®¢ à¥è¥­¨ï ¡®«¥¥ è¨à®ª®£® ª« áá  ­¥áâ æ¨®­ à­ëå § ¤ ç [3]{[5]. �«¥¤ã¥â ®¤-
­ ª® ®â¬¥â¨âì, çâ® ¯®áâà®¥­¨¥ íª®­®¬¨ç­ëå à §­®áâ­ëå áå¥¬ ­  ®á­®¢¥ ¬¥â®¤  áã¬¬ à­®©  ¯-
¯à®ªá¨¬ æ¨¨ (¯®ª®¬¯®­¥­â­®£® à áé¥¯«¥­¨ï) [2], [3], ª®£¤  ¨áå®¤­ë© ®¯¥à â®à à §¡¨¢ ¥âáï ­ 
ç¥âëà¥ ®¤­®¬¥à­ëå ­¥®âà¨æ â¥«ì­ëå ®¯¥à â®à , ¯à¨¢®¤¨â ª ®£à ­¨ç¥­¨ï¬ ­  ª®íää¨æ¨¥­âë
¨áå®¤­®£® ãà ¢­¥­¨ï ¡®«¥¥ ¦¥áâª¨¬, ç¥¬ ãá«®¢¨¥ í««¨¯â¨ç­®áâ¨. �à®¬¥ â®£®, ¯à¨ ¨á¯®«ì§®¢ -
­¨¨ íâ®£® ¬¥â®¤  ¢®§­¨ª îâ, ­  ­ è ¢§£«ï¤, áãé¥áâ¢¥­­ë¥ âàã¤­®áâ¨, á¢ï§ ­­ë¥, ¢®-¯¥à¢ëå, á
®£à ­¨ç¥­¨ï¬¨ ­  ¢ë¡®à è £®¢ á¥âª¨ ¤«ï ®¡¥á¯¥ç¥­¨ï ãáâ®©ç¨¢®áâ¨  «£®à¨â¬ , ¨, ¢®-¢â®àëå, á
­ «¨ç¨¥¬ ¤®¯®«­¨â¥«ì­ëå âà¥¡®¢ ­¨© ­  ª®­ä¨£ãà æ¨î ª®­¥ç­®£® í«¥¬¥­â .

� à §¢¨â¨¥ à ¡®â [6], [7] ¢ [8]{[10] ¡ë« ¯à¥¤«®¦¥­ ¬­®£®ª®¬¯®­¥­â­ë© ¢ à¨ ­â ¬¥â®¤  ¯¥à¥-
¬¥­­ëå ­ ¯à ¢«¥­¨©, ª®â®àë© ®¡« ¤ ¥â  ¡á®«îâ­®© ãáâ®©ç¨¢®áâìî ¯à¨ à §¡¨¥­¨¨ ®¯¥à â®à 
­  ¯à®¨§¢®«ì­®¥ ç¨á«®, ¢®®¡é¥ £®¢®àï, ­¥ª®¬¬ãâ¨àã¥¬ëå ®¯¥à â®à®¢ ¨ ®â­®á¨âáï ª ¬¥â®¤ ¬
à áé¥¯«¥­¨ï ¯®«­®©  ¯¯à®ªá¨¬ æ¨¨. � [11], [12] ­  ®á­®¢¥ ¤ ­­®£® ¬¥â®¤  ¯®áâà®¥­ë íª®­®¬¨ç-
­ë¥  «£®à¨â¬ë à¥è¥­¨ï ª®­¥ç­®-í«¥¬¥­â­ëå à §­®áâ­ëå áå¥¬ (ª®«¨ç¥áâ¢® à §¡¨¥­¨© ç¥âëà¥
¨ è¥áâì), ¯à¨ íâ®¬ ­¥¥áâ¥áâ¢¥­­ë¥ ®£à ­¨ç¥­¨ï, ¢®§­¨ª îé¨¥ ¯à¨ ¨á¯®«ì§®¢ ­¨¨ ¬¥â®¤  à á-
é¥¯«¥­¨ï, ¢ íâ¨å à ¡®â å á­ïâë.

�â¬¥â¨¬, çâ® ¯à¨ à¥è¥­¨¨ áâ æ¨®­ à­ëå § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ âàã¤­®áâ¨, ¢®§­¨ª -
îé¨¥ ¯à¨ à §à ¡®âª¥ íª®­®¬¨ç­ëå ¨â¥à æ¨®­­ëå ¬¥â®¤®¢, §­ ç¨â¥«ì­® ¢®§à áâ îâ. � ç áâ­®-
áâ¨, ã¯®¬ï­ãâë© ¬¥â®¤ áã¬¬ à­®©  ¯¯à®ªá¨¬ æ¨¨ ¯à ªâ¨ç¥áª¨ ­¥¯à¨¬¥­¨¬ ª ª ¨â¥à æ¨®­­ë©
¬¥â®¤ ãáâ ­®¢«¥­¨ï, ¯®áª®«ìªã âà¥¡ã¥â áãé¥áâ¢¥­­®£® ã¬¥­ìè¥­¨ï ¨â¥à æ¨®­­®£® ¯ à ¬¥âà 
¤«ï ¤®áâ¨¦¥­¨ï § ¤ ­­®© â®ç­®áâ¨. � «¨ç¨¥ ¢ ¨áå®¤­®¬ ¤¨ää¥à¥­æ¨ «ì­®¬ ®¯¥à â®à¥ á¬¥-
è ­­ëå ¯à®¨§¢®¤­ëå ­¥ ¯®§¢®«ï¥â â ª¦¥ íää¥ªâ¨¢­® ¨á¯®«ì§®¢ âì ¨ ª« áá¨ç¥áª¨© ¬¥â®¤ ¯¥-
à¥¬¥­­ëå ­ ¯à ¢«¥­¨©, âà¥¡ãîé¨© ª®¬¬ãâ¨àã¥¬®áâì ®¯¥à â®à®¢ à §¡¨¥­¨ï. � ¤ ­­®© áâ âì¥
ª®­áâàã¨àãîâáï ¨ ¨§ãç îâáï ¨â¥à æ¨®­­ë¥ áå¥¬ë ¬­®£®ª®¬¯®­¥­â­®£® ¬¥â®¤  ¯¥à¥¬¥­­ëå ­ -
¯à ¢«¥­¨© ¢ á®ç¥â ­¨¨ á ¬¥â®¤®¬ ª®­¥ç­ëå í«¥¬¥­â®¢ ¤«ï à¥è¥­¨ï áâ æ¨®­ à­ëå ãà ¢­¥­¨©
â¨¯  ª®­¢¥ªæ¨¨-¤¨ääã§¨¨. �¥§ã«ìâ âë, ¯®«ãç¥­­ë¥ ¢ à ¡®â¥, ¯®§¢®«ïîâ áãé¥áâ¢¥­­® à áè¨-
à¨âì ®¡« áâì ¯à¨¬¥­¥­¨ï ãª § ­­®£® ª« áá  ¬¥â®¤®¢, à ­¥¥ ¨á¯®«ì§ã¥¬ëå «¨èì ¢ ª ç¥áâ¢¥
ª®­¥ç­®-à §­®áâ­ëå ¨â¥à æ¨®­­ëå áå¥¬ ¤«ï í««¨¯â¨ç¥áª¨å ªà ¥¢ëå § ¤ ç [13]{[15].

� ®¡« áâ¨ G á £à ­¨æ¥© �, G � R2 | ®£à ­¨ç¥­­ ï ®¤­®á¢ï§­ ï ®¡« áâì, � 2 C2, à áá¬®âà¨¬
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í««¨¯â¨ç¥áªãî ªà ¥¢ãî § ¤ çã ¢â®à®£® ¯®àï¤ª  á® á¬¥è ­­ë¬¨ ¯à®¨§¢®¤­ë¬¨

Lu � �
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B(x; y)
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Y (x; y)

@u

@y
�

@

@y
Z(x; y)

@u

@x
= F (x; y); (x; y) 2 G; (1)

u(x; y) = 0; x 2 �: (2)

�à¥®¡à §ã¥¬ § ¤ çã (1), (2). � §¤¥«¨¢ ¢ (1) á¨¬¬¥âà¨ç­ãî ¨ ª®á®á¨¬¬¥âà¨ç­ãî ç áâ¨ ®¯¥à â®à 
L á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï C = (Y � Z)=2, D = (Y + Z)=2 [2], ¯®«ãç¨¬ ãà ¢­¥­¨¥
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�

@

@y
D
@u

@x
�
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+

@
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= F: (3)

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ª®íää¨æ¨¥­âë ¨ ¯à ¢ ï ç áâì ãà ¢­¥­¨ï (3) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

A;B;C;D 2 C2(G); F 2 C1(G); jCj � 
0;


1(�21 + �22) � A�21 +B�22 + 2D�1�2 � 
1(�21 + �22); (�1; �2) 2 R2;

£¤¥ 
0; 
1; 
2 = const > 0.
�ä®à¬ã«¨àã¥¬ ®¡®¡é¥­­ãî ¯®áâ ­®¢ªã § ¤ ç¨ (1), (2): âà¥¡ã¥âáï ­ ©â¨ äã­ªæ¨î u =

u(x; y) 2
�

W 1
2(G), ã¤®¢«¥â¢®àïîéãî à ¢¥­áâ¢ã

I(u; v) = (F; v); (4)

I(u; v) =
Z
G
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+D
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+D
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@u
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� C

@u

@x
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@y

�
dx dy;

(F; v) =
R
G

Fv dx dy, v = v(x; y) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¨§
�

W
1

2(G). �à¨ á¤¥« ­­ëå ®£à ­¨ç¥­¨ïå

§ ¤ ç  (4) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u(x; y) 2
�

W
1

2(G).
�«ï ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï (4) ¨á¯®«ì§ã¥¬ ¬¥â®¤ ª®­¥ç­ëå í«¥¬¥­â®¢. � áá¬®âà¨¬ ¯àï-

¬®ã£®«ì­¨ª � = [a; b]� [c; d] â ª®©, çâ® G � �. � §®¡ì¥¬ � ­  ¯®¤®¡« áâ¨ ¯àï¬ë¬¨ xi = a+ ihx,
i = 0; : : : ; Nx, yj = b + jhy, j = 0; : : : ; Ny, Nx, Ny | ¯®«®¦¨â¥«ì­ë¥ æ¥«ë¥ ç¨á« . � -
¦¤ë© ¨§ ®¡à §®¢ ¢è¨åáï ¯àï¬®ã£®«ì­¨ª®¢ à §¤¥«¨¬ ¤¨ £®­ «ìî ­  ¤¢  âà¥ã£®«ì­¨ª , â. ¥.
®áãé¥áâ¢¨¬ âà¨ ­£ã«ïæ¨î ®¡« áâ¨ G. �­®¦¥áâ¢® ¯®«ãç¥­­ëå âà¥ã£®«ì­¨ª®¢ ®¡®§­ ç¨¬ ç¥à¥§
� = fTg (®â¬¥â¨¬, çâ® ¯à¨ à §¡¨¥­¨¨ ­  âà¥ã£®«ì­¨ª¨ ¬ë ­¥ ãâ®ç­ï¥¬ ®à¨¥­â æ¨î ¤¨ £®­ -
«¥©). �ãáâì e� = fT 2 � : T � Gg, e� | £à ­¨æ  eG =

S
T2e�T , eRh = f(i; j) : (xi; yj) 2 eG n e�g,

eSh = f(i; j) : (xi; yj) 2 e�g. � ¦¤®¬ã ã§«ã (xi; yj), (i; j) 2 eRh, ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ äã­ªæ¨î
'ij(x; y) : eG! R á ª®¬¯ ªâ­ë¬ ­®á¨â¥«¥¬ Kij , «¨­¥©­ãî ¢ ª ¦¤®¬ âà¥ã£®«ì­¨ª¥ T 2 e�:

'ij(xm; yn) =

(
1; (xi; yj) = (xm; yn);

0; (xi; yj) 6= (xm; yn);
(i; j); (m;n) 2 eRh:

�ãáâì u = uij , i = 0; : : : ; Nx, j = 0; : : : ; Ny, | á¥â®ç­ ï äã­ªæ¨ï, ®¯à¥¤¥«¥­­ ï ¢ ã§« å
(xi; yj). �®áâà®¨¬ «¨­¥©­ãî ª®¬¡¨­ æ¨î

uh(x; y) =
X

(i;j)2eRh uij'ij(x; y): (5)

�¡®§­ ç¨¬ «¨­¥©­ãî ®¡®«®çªã äã­ªæ¨© (5) ç¥à¥§
�

Mh �
�

W 1;h
2 ,

�

M
h

�
�

W 1
2(G). �®£¤ , ãç¨âë¢ ï,

çâ® ¬­®¦¥áâ¢® äã­ªæ¨© f'ij : (i; j) 2 eRhg ï¢«ï¥âáï ¡ §¨á®¬ ¢ ¯à®áâà ­áâ¢¥
�

Mh, à¥è¥­¨¥ uh ¯®
¬¥â®¤ã � «�¥àª¨­  ­ å®¤¨¬ ¨§ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

I(uh; 'ij) = (F;'ij);
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ª®â®àãî ¬®¦­® § ¯¨á âì ¢ ®¯¥à â®à­®¬ ¢¨¤¥

�u = f; (6)

£¤¥ u = fuijg 2
�

Qh,
�

Qh = fuij : (i; j) 2 eRh [ eSh; uij = 0; (i; j) 2 eShg, fij = W�1
ij

R
G

F'ij dx dy,

Wij =
R
G

'ij dx dy, (i; j) 2 eRh. �¯¥à â®à � ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬: �u = Ahu + Bhu +

Dhu+ Chu,

(Ahu)ij =
1X

k=�1

A
(ij)
i+k;jui+k;j ; (Bhu)ij =

1X
k=�1

B
(ij)
i;j+kui;j+k;

(Dhu)ij =
2X

�=1

(
�

Dhu)ij ; (
�

Dhu)ij =
1X

k;l=�1

�

D
(ij)
i+k;j+lui+k;j+l;

(Chu)ij =
2X

�=1

(
�

Chu)ij ; (
1

Chu)ij = C
(ij)
i+1;jui+1;j + C

(ij)
i�1;jui�1;j ; (

2

Chu)ij = C
(ij)
i;j+1ui;j+1 +C

(ij)
i;j�1ui;j�1;

(
3

Chu)ij = C
(ij)
i+1;j+1ui+1;j+1 + C

(ij)
i�1;j�1ui�1;j�1; (

4

Chu)ij = C
(ij)
i�1;j+1ui�1;j+1 + C

(ij)
i+1;j�1ui+1;j�1;

A(ij)
mn =W�1

ij

Z



A
@'mn
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@'ij
@x

dx dy; B(ij)
mn =W�1

ij

Z



B
@'mn

@y

@'ij
@y

dx dy;

1

D(ij)
mn =W�1

ij

Z



D
@'mn

@y

@'ij
@x

dx dy;
2

D(ij)
mn =W�1

ij

Z



D
@'mn

@x

@'ij
@y

dx dy;

C(ij)
mn =W�1

ij

Z


C

�
@'mn

@y

@'ij
@x

�
@'mn

@x

@'ij
@y

�
dx dy; 
 = Kij \Kmn \G:

�«ï à¥è¥­¨ï § ¤ ç¨ (6) ¨á¯®«ì§ã¥¬ ¨â¥à æ¨®­­ë© ¯à®æ¥áá ¬­®£®ª®¬¯®­¥­â­®£® ¬¥â®¤  ¯¥-
à¥¬¥­­ëå ­ ¯à ¢«¥­¨©

s+1
u� �

s

~u
�

+ ���

�s+1
u (�) �

s
u(�)

�
+

6X
�=1

��
s
u(�) = f; � = 1; : : : ; 6; (7)

u(�) = u�; � = 1; 3; 5; 6; u(2) = (u1; u2); u(4) = (u3; u4); u� 2
�

Qh; � = 1; : : : ; 6;

(�1u
(1))ij = 0; 5

�
(Ahu1)ij + (

1

Chu1)ij
�
; (�2u

(2))ij = 0; 5
�
(Bhu2)ij + (

2

Chu2)ij
�
+ (

2

Dhu1)ij ;

(�3u
(3))ij = 0; 5

�
(Bhu3)ij + (

2

Chu3)ij
�
; (�4u

(4))ij = 0; 5
�
(Ahu4)ij + (

1

Chu4)ij
�
+ (

1

Dhu3)ij ;

(�5u
(5))ij = (

3

Chu5)ij ; (�6u
(6))ij = (

4

Chu6)ij ;
s

~u =
1
6

6X
�=1

s
u�:

�àã¯¯ë ª®¬¯®­¥­â ¬¥â®¤  (
s+1
u1;

s+1
u2), (

s+1
u3;

s+1
u4), (

s+1
u5;

s+1
u6) ­  ª ¦¤®© ¨â¥à æ¨¨ ¢ëç¨á«ïîâáï ­¥-

§ ¢¨á¨¬® ¤àã£ ®â ¤àã£  á ¯®¬®éìî áª «ïà­ëå ¯à®£®­®ª ¨ ¯®íâ®¬ã ¬¥â®¤ (7) ¬®¦­® ­ §¢ âì
¡«®ç­® à á¯ à ««¥«¥­­ë¬.

�áá«¥¤ã¥¬ áå®¤¨¬®áâì ¨â¥à æ¨®­­®£® ¯à®æ¥áá  (7) ¯à¨ � = �0 = 6. �¢¥¤¥¬ ¢ ¯à®áâà ­áâ¢¥
�

Qh

áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¨ ­®à¬ã (u; y) =
P

(i;j)2eRh uijyijhxhy, kuk =
p
(u; u). �¬­®¦¨¬ (7) áª «ïà­®

5



­  ���
s+1
u

(�)
t = ��

s+1
u (�) � ��

s
u(�) ¨ ¯à®áã¬¬¨àã¥¬ ¯® � = 1; : : : ; 6:

6X
�=1

�s+1
u� �

s

~u;��
s+1
u (�)
t

�
+ �0�

2
6X

�=1



��
s+1
u (�)
t



2 �
� 0; 5� 2





 6X
�=1

��
s+1
u

(�)
t





2 + 0; 5kr(s+ 1)k2 = 0; 5kr(s)k2; (8)

£¤¥ r(s) =
6P

�=1
��

s
u(�) � f . �à¥®¡à §ã¥¬ ¢ëà ¦¥­¨¥ ¢ «¥¢®© ç áâ¨ à ¢¥­áâ¢  (8). �¢¥¤¥¬ ®¡®§­ -

ç¥­¨¥
s
v(�;�) =

s
u� �

s
u�. �®£¤  ­¥âàã¤­® ¯®ª § âì, çâ® á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

6X
�=1

�s+1
u� �

s

~u;��
s+1
u

(�)
t

�
= �

6X
�=1

�
��

s+1
u

(�)
t ;

s+1
u�t

�
+

1
�0

6X
�;�=1
�>�

�s
v(�;�);��

s+1
u

(�)
t � ��

s+1
u

(�)
t

�
;

ª®â®à®¥ á ãç¥â®¬ á®®â­®è¥­¨ï ��
s+1
u

(�)
t � ��

s+1
u

(�)
t = ���10 ��2

s+1
v (�;�) ¯à¨­¨¬ ¥â ¢¨¤

1
�0

6X
�;�=1
�>�

�s
v(�;�);��

s+1
u

(�)
t � ��

s+1
u

(�)
t

�
= �

1
�0
��2

6X
�;�=1
�>�

�s
v(�;�);

s+1
v (�;�)

�
=

= 0; 5��20 ��2
�
� 2k

s+1
vt


2
III
� k

s+1
v


2
III
� k

s
v


2
III

�
;

£¤¥ k
s
v


2
III
=

6P
�;�=1
�>�

�s
v(�;�);

s
v(�;�)

�
. �§ à ¢¥­áâ¢ 

0; 5�0� 2
6X

�=1



��
s+1
u (�)
t



2�0; 5� 2



 6X
�=1

��
s+1
u (�)
t





2 = 0; 5� 2
6X

�;�=1
�>�



��
s+1
u (�)
t ���

s+1
u (�)
t



2 = 0; 5��20 ��2k
s+1
v


2
III

¢ëâ¥ª ¥â ®æ¥­ª 

�0�
2

6X
�=1



��
s+1
u

(�)
t



2 � 0; 5� 2




 6X
�=1

��
s+1
u

(�)
t





2 � ��20 ��2k
s+1
v


2
III
:

�â«¨ç¨â¥«ì­®© ®á®¡¥­­®áâìî ¨§« £ ¥¬®© §¤¥áì ¬¥â®¤¨ª¨ ¤®ª § â¥«ìáâ¢  áå®¤¨¬®áâ¨  ¤¤¨-
â¨¢­®£® ¨â¥à æ¨®­­®£® ¯à®æ¥áá  (7) ï¢«ï¥âáï â®â ä ªâ, çâ® ­¥ª®â®àë¥ ¨§ ®¯¥à â®à®¢ à §¡¨¥­¨ï
�� ¬®£ãâ ¡ëâì ­¥®âà¨æ â¥«ì­ë¬¨, â. ¥. ¤®¯ãáª ¥âáï ¨å ¢ëà®¦¤¥­¨¥. � ­ è¥¬ á«ãç ¥ �� > 0,
� = 1; : : : ; 4,   �5;�6 � 0. �ãáâì ��0 � c0 > 0, £¤¥ ¢ ª ç¥áâ¢¥ �0 ¬®¦­® ¢§ïâì ®¤­® ¨§ §­ ç¥­¨© �,
¤«ï ª®â®à®£® ®¯¥à â®à �� ï¢«ï¥âáï ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­ë¬. �®£¤  á ãç¥â®¬ ¯à®¢¥¤¥­­ëå
¢ëè¥ ¯à¥®¡à §®¢ ­¨© ¨§ (8) ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

�
�
��0

s+1
ut

(�0);
s+1
u�0t

�
+ 0; 5��20 ��2k

s+1
v


2
III
+ 0; 5��20 k

s+1
vt


2
III
+ 0; 5kr(s + 1)k2 �

� 0; 5��20 ��2k
s
v


2
III
+ 0; 5kr(s)k2: (9)

�®áª®«ìªã y2�0 = y2� � 2y�(y� � y�0) + (y� � y�0)
2, â®, áã¬¬¨àãï íâ® à ¢¥­áâ¢® ¯® � = 1; : : : ; 6 ¨

¯à¨¬¥­ïï "-­¥à ¢¥­áâ¢®, ¯®«ãç¨¬ ®æ¥­ªã

�
�
��0

s+1
ut

(�0);
s+1
u�0t

�
� c0�

�1
0 �

�
(1� ")

6X
�=1

k
s+1
u�tk

2 +
�
1� 1

"

� 6X
�=1

k
s+1
vt
(�;�0)k2

�
; 0 < " < 1: (10)
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� ãç¥â®¬ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¨§ (9) ¨¬¥¥¬

c1�
6X

�=1

k
s+1
u�tk

2 + 0; 5��20 ��2k
s+1
v


2
III
+
�
0; 5��20 + c0�

�1
0 (1� 1=")�

�
k
s+1
vt


2
III
+

+ 0; 5kr(s+ 1)k2 � 0; 5��20 ��2k
s
v


2
III
+ 0; 5kr(s)k2; (11)

£¤¥ c1 = c0�
�1
0 (1� "). �à®áã¬¬¨àã¥¬ ãà ¢­¥­¨¥ (7) ¯® � = 1; : : : ; 6 (� = �0)

s+1

~u �
s

~u
�

+
6X

�=1

��
s+1
u (�) = f: (12)

� á¨«ã à ¢¥­áâ¢ 
6P

�=1
k
s+1
u�tk

2 = �0k
s+1

~utk2+ ��10 k
s+1
vt


2
III
¨ ¢ëâ¥ª îé¥£® ¨§ (12) ®ç¥¢¨¤­®£® á¢®©áâ¢ 

s+1

~ut = (
s+1

~u �
s

~u)=� = �r(s+ 1) ¤«ï ¯¥à¢®£® á« £ ¥¬®£® (11) ¯®«ãç¨¬ ¢ëà ¦¥­¨¥

c1�
6X

�=1

k
s+1
u�tk

2 = c1�
�
�0kr(s+ 1)k2 + ��10 k

s+1
vt


2
III

�
: (13)

�à¥¤áâ ¢¨¬ ª®­áâ ­âã c1 ¢ ¢¨¤¥ áã¬¬ë c1 = �0 + �1, �0; �1 = const > 0. �®£¤  á ãç¥â®¬ (13)
¨§ (11) ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

0; 5(1 + 2�0�0�)kr(s+ 1)k2 + �1�
6X

�=1

k
s+1
u�tk

2 +
�
0; 5��20 + c0�

�1
0 (1� 1=")� + �0�

�1
0 �

�
k
s+1
vt


2
III
+

+ 0; 5��20 ��2k
s+1
v


2
III
� 0; 5kr(s)k2 + 0; 5��20 ��2k

s
v


2
III
: (14)

�«ï ®æ¥­ª¨ ¢¥«¨ç¨­ë
6P

�=1
k
s+1
u�tk

2 ¢®á¯®«ì§ã¥¬áï â®¦¤¥áâ¢®¬

s+1
u�t = �

�
��10 ��1

6X
�=1

(
s
u� �

s
u�) + �0���

s+1
u (�)
t + r(s)

�
;

ª®â®à®¥ á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ (7). �®§¢®¤ï ¯®á«¥¤­¥¥ à ¢¥­áâ¢® áª «ïà­® ¢ ª¢ ¤à â ¨
áã¬¬¨àãï ¯® � = 1; : : : ; 6, ¯®«ãç¨¬ á«¥¤ãîé¥¥ á®®â­®è¥­¨¥:

6X
�=1

k
s+1
u�tk

2 = ��20 ��2
6X

�=1





 6X
�=1

� s
u� �

s
u�
�



2 + �20�

2
6X

�=1



��
s+1
u

(�)
t



2 + 2�0�
6X

�=1

�
��

s+1
u

(�)
t ; r(s)

�
+

+ �0kr(s)k2 � 2
6X

�;�=1
�>�

�s
v(�;�);��

s+1
u

(�)
t � ��

s+1
u

(�)
t

�
+ 2��10 ��1

6X
�=1

� 6X
�=1

� s
u� �

s
u�
�
; r(s)

�
: (15)
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� ª ª ª

�20�
2

6X
�=1



��
s+1
u

(�)
t



2 + 2�0�
6X

�=1

�
��

s+1
u

(�)
t ; r(s)

�
+ �0kr(s)k

2 = �20�
2

6X
�=1



��
s+1
u

(�)
t



2 �
��0�

2





 6X
�=1

��
s+1
u

(�)
t





2 + �0kr(s+ 1)k2 = ��10 ��2k
s+1
v


2
III
+ �0kr(s+ 1)k2;

�2
6X

�;�=1
�>�

�s
v(�;�);��

s+1
u (�)
t � ��

s+1
u (�)
t

�
= 2��10 ��2

6X
�;�=1
�>�

�s
v(�;�);

s+1
v (�;�)

�
=

= ��10 ��2
�
k
s+1
v


2
III
+ k

s
v


2
III
� � 2k

s+1
vt


2
III

�
; 2��10 ��1

6X
�=1

� 6X
�=1

� s
u� �

s
u�
�
; r(s)

�
= 0;

â® ¨§ à ¢¥­áâ¢  (15) ¯®«ãç¨¬

6X
�=1

k
s+1
u�tk

2 = 2��10 ��2k
s+1
v


2
III
+ ��10 ��2k

s
v


2
III
+ ��20 ��2

6X
�=1





 6X
�=1

s
v(�;�)





2 � ��10 k
s+1
vt


2
III
+ �0kr(s+ 1)k2:

�ª®­ç â¥«ì­® ¨§ (14) ¨¬¥¥¬ ®æ¥­ªã

(1 + 2c1�0�)kr(s+ 1)k2 + ��20 ��2(1 + 4�1�0�)k
s+1
v


2
III
+

+ ��20
�
1 + 2�0

�
�0 � �1 + c0(1� 1=")

�
�
�
k
s+1
vt


2
III
� kr(s)k2 + ��20 ��2k

s
v


2
III
: (16)

�âáî¤  ¢¨¤­®, çâ® ¤«ï ­¥®âà¨æ â¥«ì­®áâ¨ ¯®á«¥¤­¥£® á« £ ¥¬®£® ¢ «¥¢®© ç áâ¨ (16) ­¥®¡å®¤¨¬®
¢ë¯®«­¥­¨¥ ãá«®¢¨ï 0; 5c0

�
��10 (1 � ") + 1=" � 1

�
� �0 < c0. �â® ­¥à ¢¥­áâ¢® ¢á¥£¤  ¨¬¥¥â ¬¥áâ®

¯à¨ 0; 35 � " < 1. � ç áâ­®áâ¨, ¥á«¨ " = 1=2, â® ¬®¦­® ¯®«®¦¨âì �0 = (13=24)c0 , �1 = (11=24)c0 .
� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  1. �à¨ � = �0 ¤«ï  ¤¤¨â¨¢­®£® ¨â¥à æ¨®­­®£® ¬¥â®¤  (7) á¯à ¢¥¤«¨¢  ®æ¥­ª 

s

Q2 �

�
1
q

�s
�

Q2; (17)

£¤¥
s

Q2 = kr(s)k2 + ��20 ��2k
s+1
v


2
III
, q = minf1 + 2c1�0�; 1 + 4�1�0�g, c1, �1 | ¯®«®¦¨â¥«ì­ë¥

¯®áâ®ï­­ë¥.

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¨§ â¥®à¥¬ë, ¢®®¡é¥ £®¢®àï, ­¥ á«¥¤ã¥â áå®¤¨¬®áâì ¨â¥à æ¨®­­®£® ¯à®-

æ¥áá  (7). �æ¥­ª  (17) «¨èì £ à ­â¨àã¥â áâà¥¬«¥­¨¥ ª ­ã«î ­¥¢ï§ª¨ ¬¥â®¤  r(s) =
6P

�=1
��

s
u(�)�f

¨ áå®¤¨¬®áâì ª®¬¯®­¥­â ¤àã£ ª ¤àã£ã, â. ¥. ¢ë¯®«­¥­¨¥ ãá«®¢¨© kr(s)k ! 0 ¨ k
s
v



III
! 0 ¯à¨

s ! 1. �¤­ ª® ¬ «®áâì r(s) ­¥ ®¡¥á¯¥ç¨¢ ¥â ¬ «®áâ¨ ¥áâ¥áâ¢¥­­®© ­¥¢ï§ª¨ �
s

~u � f ¢ á¨«ã

à áá®£« á®¢ ­­®áâ¨ ®â¤¥«ì­ëå ª®¬¯®­¥­â à¥è¥­¨ï
s

~u.

�«ï ¯®«ãç¥­¨ï ®æ¥­ª¨ áå®¤¨¬®áâ¨ ¢¢¥¤¥¬ á¥â®ç­ãî äã­ªæ¨î ¯®£à¥è­®áâ¨
s
� =

s

~u�u. �®£¤ ,
¨á¯®«ì§ãï â®¦¤¥áâ¢®

s
u� =

s

~u+
1
�0

6X
�=1

� s
u� �

s
u�
�
=

s

~u+
1
�0

6X
�=1

s
v(�;�)

¨ ¢ëà ¦¥­¨¥ ¤«ï r(s), ¨¬¥¥¬

�
s
� = �

6X
�=1

��

�
1
�0

6X
�=1

s
v(�;�)

�
+ r(s): (18)
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�¬­®¦¨¬ (18) áª «ïà­® ­ 
s
� ¨ ®æ¥­¨¬ ¯à ¢ãî ç áâì ¯®«ãç¥­­®£® à ¢¥­áâ¢  á ¯®¬®éìî áâ ­-

¤ àâ­ëå â¥®à¥¬ ¢«®¦¥­¨ï

k
s
�k� �

� 6X
�=1

�0�




 1�0

6X
�=1

s
v(�;�)





2�1=2

+ ��1=2kr(s)k;

£¤¥ � > �, � = max
�

��, �� < ��, � = 1; : : : ; 6. �§ ¯®á«¥¤­¥£® á®®â­®è¥­¨ï ¨ ®æ¥­®ª

kr(s)k2 �
�
1
q

�s
�

Q2; k
s
v


2
III
� �20�

2

�
1
q

�s
�

Q2;

®ç¥¢¨¤­ë¬ ®¡à §®¬ ¢ëâ¥ª îé¨å ¨§ (17), á«¥¤ã¥â ­¥à ¢¥­áâ¢®

k
s
�k� �

�
��1=2 + (�0�)1=2�

�� 1
qs

�1=2
�

Q; (19)

ª®â®à®¥ ¯®§¢®«ï¥â áä®à¬ã«¨à®¢ âì â¥®à¥¬ã áå®¤¨¬®áâ¨ ¬¥â®¤  (7).

�¥®à¥¬  2. �à¨ � = �0 ¨â¥à æ¨®­­ë© ¯à®æ¥áá (7) áå®¤¨âáï ¨ ¤«ï ¥£® áª®à®áâ¨ áå®¤¨¬®áâ¨

á¯à ¢¥¤«¨¢  ®æ¥­ª  (19).

�§ â¥®à¥¬ë 2 á«¥¤ã¥â, çâ® ¢ á®®â¢¥âáâ¢¨¨ á ®æ¥­ª®© (19), ¢ ¯à ¢ãî ç áâì ª®â®à®© ¢å®¤¨â ¢ë-
à ¦¥­¨¥ �1=20 �1=2� , áª®à®áâì áå®¤¨¬®áâ¨ ¬¥â®¤  (7) à¥£ã«¨àã¥âáï á®®â­®è¥­¨¥¬ ¬¥¦¤ã ¨â¥à æ¨-
®­­ë¬ ¯ à ¬¥âà®¬ � ¨ á¥â®ç­ë¬ è £®¬ h = max(hx; hy). �â® ãá«®¢¨¥ áå®¤¨¬®áâ¨ á®®â¢¥âáâ¢ã¥â
®£à ­¨ç¥­¨î ­  � , å à ªâ¥à­®¬ã ¤«ï ª« áá¨ç¥áª®£® ¬¥â®¤  ¯¥à¥¬¥­­ëå ­ ¯à ¢«¥­¨©.

�®¦­® ¯®«ãç¨âì ¨ ¤àã£ãî ®æ¥­ªã áå®¤¨¬®áâ¨ ¬¥â®¤  (7). �§ à ¢¥­áâ¢  (18) á«¥¤ã¥â ¢ëà -
¦¥­¨¥

s
� = �

6X
�=1

e��

�
1
�0

6X
�=1

s
v(�;�)

�
+��1r(s);

e�� = ��1�� = E
.�

E +
6P

�=1
����

�
, ®âªã¤  ¢ëâ¥ª ¥â, çâ® ¤«ï áå®¤¨¬®áâ¨ ¬¥â®¤  ­¥®¡å®¤¨¬®

âà¥¡®¢ ­¨¥ ®£à ­¨ç¥­­®áâ¨ ®¯¥à â®à  ��1��.

�¥®à¥¬  3. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 1, k��1��k < �0, �0 = const > 0, � =
1; : : : ; 6. �®£¤   ¤¤¨â¨¢­ë© ¨â¥à æ¨®­­ë© ¬¥â®¤ (7) áå®¤¨âáï ¨ ¤«ï ¥£® áª®à®áâ¨ áå®¤¨¬®áâ¨

¨¬¥¥â ¬¥áâ® ®æ¥­ª 

k
s
�k � ��1kr(s)k+�0k

s
v



III
: (20)

�æ¥­ª  (20) ­¥ ­ ª« ¤ë¢ ¥â ¤®¯®«­¨â¥«ì­®£® ®£à ­¨ç¥­¨ï ­  á®®â­®è¥­¨¥ ¬¥¦¤ã � ¨ h,
¨¬¥îé¥¥ ¬¥áâ® ¢ (19). �à¨ ãá«®¢¨¨ ª®¬¬ãâ¨àã¥¬®áâ¨ ®¯¥à â®à®¢ �� ­®à¬  ke��k < 1 ¨ áª®à®áâì
áå®¤¨¬®áâ¨ ¬¥â®¤  ­¥áª®«ìª® ¢ëè¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ 1{3 ¡ë«® ¯à®¢¥¤¥­® ¯à¨ � = �0, çâ® ä®à¬ «ì­® á®®â¢¥âáâ¢ã¥â ç¨-
áâ® ­¥ï¢­®© ¨â¥à æ¨®­­®© áå¥¬¥ ¬¥â®¤  ãáâ ­®¢«¥­¨ï (12). �­ «®£¨ç­ë¥ à¥§ã«ìâ âë ­¥âàã¤­®
¯®«ãç¨âì ¨ ¤«ï �0=2 < � < �0. �®«¥¥ ¯®¤à®¡­® à áá¬®âà¨¬ á«ãç © � = �0=2 (á¨¬¬¥âà¨ç­ ï
áå¥¬ ).

�¥®à¥¬  4. �ãáâì � = �0=2, 0; 25�0�0�2� 2 � �1��1, �0 + �1 = 1, �0, �1 | ¯®«®¦¨â¥«ì­ë¥

ª®­áâ ­âë, � > ��, � = 1; : : : ; 6. �®£¤  ¤«ï ¨â¥à æ¨®­­®£® ¬¥â®¤  (7) á¯à ¢¥¤«¨¢  ®æ¥­ª 

s

Q2 �

�
1
q

�s
�

Q2;

£¤¥
s

Q2 = kr(s)k2 + (1 � 4
)�1��2��2k
s+1
v


2
III
, q = 1+4


1�4

, ¥á«¨ q = 1�4


1+4


�
1 + 4�0�1��

�
� 1;

s

Q2 =

kr(s)k2 + ��2��2k
s+1
v


2
III
, q = minf1 + 4
; 1 + 4�0�1��g, ¥á«¨ j1� 4
j � 1; 
 = �1�

�1��1� .
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�®ª § â¥«ìáâ¢®. �¡à â¨¬áï ª ®á­®¢­®¬ã á®®â­®è¥­¨î, ¯®«ãç¥­­®¬ã ¢ â¥®à¥¬¥ 1,

�
6X

�=1

�
��

s+1
ut

(�);
s+1
u�t

�
+ 0; 5��20 ��2k

s+1
v


2
III
+ 0; 5��20 k

s+1
vt


2
III
+ 0; 5kr(s + 1)k2 �

� 0; 5��20 ��2k
s
v


2
III
+ 0; 5kr(s)k2: (21)

�«ï ®æ¥­ª¨ ¯¥à¢®£® á« £ ¥¬®£® ¢ (21) ¢®á¯®«ì§ã¥¬áï ­¥à ¢¥­áâ¢ ¬¨
�
��

s+1
u

(�)
t ;

s+1
u�t

�
� c0k

s+1
u�tk

2,

��1k��
s+1
u

(�)
t k2 �

�
��

s+1
u

(�)
t ;

s+1
u�t

�
, £¤¥ � > �� | ¢¥àå­ïï £à ­¨æ  á¯¥ªâà  ®¯¥à â®à®¢ ��, � =

1; : : : ; 6. �ãáâì �0 + �1 = 1, �j > 0, j = 0; 1. �®£¤  á ãç¥â®¬ (10) ¨§ (21) ¯®«ãç¨¬

0; 5kr(s+ 1)k2 + 0; 5��2��2(1 + 4�0�1��)k
s+1
v


2
III
+ 0; 5��20

�
1 + 2�0�

�
�0 � �1 +

+ c0(1� 1=")
�
�
�
k
s+1
vt


2
III
+ �0�0��k

s+1

~utk2 + �1�
�1��1�





 6X
�=1

��
s+1
u (�)
t





2; (22)

£¤¥ �0 + �1 = c1, c1 = c0�
�1(1� "). �à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ â®¦¤¥áâ¢ 

s+1

~ut = �0; 5
�
r(s+ 1) + r(s)

�
; �

6X
�=1

��
s+1
u (�)
t = r(s+ 1)� r(s);

¯à¥®¡à §ã¥¬ ¤¢  ¯®á«¥¤­¨å á« £ ¥¬ëå ¢ «¥¢®© ç áâ¨ (22):

�0�0��k
s+1

~utk
2 + �1�

�1��1�





 6X
�=1

��
s+1
u

(�)
t





2 = 0; 25�0�0��kr(s+ 1) + r(s)k2 +

+ �1�
�1��1��1kr(s+ 1)� r(s)k2 =

�
0; 25�0�0�� � �1�

�1��1��1
�
kr(s+ 1) + r(s)k2 +

+ 2�1��1��1��1
�
kr(s+ 1)k2 + kr(s)k2

�
:

�á«¨ � ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã 0; 25�0�0�2� 2 � �1��1, â® ¯à¨ â¥å ¦¥ ¯à¥¤¯®«®¦¥­¨ïå ®â­®-
á¨â¥«ì­® ª®­áâ ­â �0; �1 ¯®«ãç¨¬ ®æ¥­ªã

(1 + 4
)kr(s+ 1)k2 + ��2��2(1 + 4�0�1��)k
s+1
v


2
III
� (1� 4
)kr(s)k2 + ��2��2k

s
v


2
III
;


 = �1�
�1��1��1, ¨§ ª®â®à®© ¨ á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

�«ï áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­®£® ¯à®æ¥áá  (7) ¯à¨ � = �0=2 á¯à ¢¥¤«¨¢ë â¥®à¥¬ë,  ­ «®£¨ç-
­ë¥ â¥®à¥¬ ¬ 2, 3.

� ¬¥ç ­¨¥. �à¥¤«®¦¥­­ë© ¢ à ¡®â¥ ¯®¤å®¤ ¬®¦¥â ¡ëâì íää¥ªâ¨¢­® ¨á¯®«ì§®¢ ­ ¯à¨ ¯®-
áâà®¥­¨¨  «£®à¨â¬®¢ ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨. � íâ®¬ á«ãç ¥ ¯à¨¬¥­¥­¨¥ ¬­®£®ª®¬¯®­¥­â­®£®
¬¥â®¤  ¯¥à¥¬¥­­ëå ­ ¯à ¢«¥­¨© ¢ á®ç¥â ­¨¨ á ¬¥â®¤®¬ ª®­¥ç­ëå í«¥¬¥­â®¢ ¯®§¢®«ï¥â ª®­-
áâàã¨à®¢ âì ï¢­ë¥ ¨â¥à æ¨®­­ë¥ áå¥¬ë ­  ¬¨­¨¬ «ì­ëå ¯®¤®¡« áâïå [12].
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