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1. �«ï ¬®¤¨ä¨æ¨à®¢ ­­®© äã­ªæ¨¨ � £à ­¦  (���) ¢ § ¤ ç¥ «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ -
­¨ï (��) ¡ã¤¥â ®¯à¥¤¥«¥­® â®ç­®¥ §­ ç¥­¨¥ ª®íää¨æ¨¥­â  èâà ä , ­ ç¨­ ï á ª®â®à®£® à¥è¥­¨¥
§ ¤ ç¨ «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï ­ å®¤¨âáï ¢ à¥§ã«ìâ â¥ ®¤­®ªà â­®© ¬¨­¨¬¨§ æ¨¨ ¢ë¯ã-
ª«®© ª¢ ¤à â¨ç­®© äã­ªæ¨¨ ­  ¯®«®¦¨â¥«ì­®¬ ®àâ ­â¥.

� áá¬®âà¨¬ ¯àï¬ãî ¨ ¤¢®©áâ¢¥­­ãî § ¤ ç¨ «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï

f� =min
x2X

c>x; X = fx 2 Rn
+ : b�Ax = 0mg; (1)

max
u2U

b>u; U = ku 2 Rm : c�A>u � 0ng: (2)

�¤¥áì ¨ ­¨¦¥ A | ¬ âà¨æ  m � n à ­£  m, m < n, ¥¥ ¤¥ä¥ªâ d = n �m, ¥¥ ¢¥ªâ®àë c 2 Rn,
b 2 Rm, x 2 Rn

+, u 2 Rm, ç¥à¥§ 0i ®¡®§­ ç¥­ ­ã«¥¢®© i-¬¥à­ë© ¢¥ªâ®à.
�«ï à¥è¥­¨ï § ¤ ç¨ �� ¢®á¯®«ì§ã¥¬áï ¬®¤¨ä¨æ¨à®¢ ­­®© äã­ªæ¨¥© � £à ­¦ 

H(x; u; ") = c>x+ u>(b�Ax) + kb�Axk2=2";

£¤¥ " > 0 | ª®íää¨æ¨¥­â èâà ä , kak | ¥¢ª«¨¤®¢  ­®à¬  ¢¥ªâ®à  a ¨§ á®®â¢¥âáâ¢ãîé¥£®
¯à®áâà ­áâ¢ .

� áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãî § ¤ çã

min
x2Rn

+

H(x; ~u; ") (3)

¯à¨ ä¨ªá¨à®¢ ­­®¬ ¢¥ªâ®à¥ ¬­®¦¨â¥«¥© � £à ­¦  ~u. �á«¨ ~u � 0m, â® § ¤ ç  (3) á¢ï§ ­  á
¬¥â®¤®¬ ¢­¥è­¨å ª¢ ¤à â¨ç­ëå èâà ä­ëå äã­ªæ¨©. �à¨¢®¤¨¬ë¥ ­¨¦¥ à¥§ã«ìâ âë ®ç¥¢¨¤­ë¬
®¡à §®¬ à á¯à®áâà ­ïîâáï ¨ ­  íâ®â á«ãç ©.

�ã¤¥¬ áç¨â âì, çâ® ¯àï¬ ï § ¤ ç  �� (1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥, ¡ëâì ¬®¦¥â, ¢ëà®¦¤¥­­®¥
à¥è¥­¨¥ x�. � íâ®¬ à¥è¥­¨¨ xL� > 0l | á®¢®ªã¯­®áâì ¯®«®¦¨â¥«ì­ëå ª®¬¯®­¥­â, l < m. � á«ãç ¥
­¥¢ëà®¦¤¥­­®£® à¥è¥­¨ï l = m. �¡®§­ ç¨¬ ¨­¤¥ªá­®¥ ¬­®¦¥áâ¢®, á®®â¢¥âáâ¢ãîé¥¥ ¯®«®¦¨-
â¥«ì­ë¬ ª®¬¯®­¥­â ¬ ¢¥ªâ®à  x�, ç¥à¥§ IL� . �á«¨ x� | ¢ëà®¦¤¥­­®¥ à¥è¥­¨¥, â® ¤¢®©áâ¢¥­­ ï
§ ¤ ç  �� (2) ¨¬¥¥â ­¥¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. �§ ¬­®¦¥áâ¢  à¥è¥­¨© U� ¤¢®©áâ¢¥­­®© § ¤ ç¨
(2) ¢ë¤¥«¨¬ à¥è¥­¨¥ u�, ¡«¨¦ ©è¥¥ ¢ ¥¢ª«¨¤®¢®© ­®à¬¥ ª ­¥ª®â®à®¬ã § ¤ ­­®¬ã ¢¥ªâ®àã ~u.
�®íâ®¬ã u� ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨

minfku� ~uk2=2 : c�A>u � 0n; b>u � f�g; (4)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(ª®¤ ¯à®¥ªâ  ò 96-01-01046) ¨ ¯® ¯à®£à ¬¬¥ £®áã¤ àáâ¢¥­­®© ¯®¤¤¥à¦ª¨ ¢¥¤ãé¨å ­ ãç­ëå èª®« (ª®¤
¯à®¥ªâ  ò96-15-96124).
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¨ ¢ â®çª¥ [x�; u�] ¢ë¯®«­¥­ë ãá«®¢¨ï �ã­ {� ªª¥à  ¤«ï § ¤ ç¨ (1), ª®â®àë¥ ¬®¦­® ¡®«¥¥ ¤¥-
â «ì­® § ¯¨á âì ¢ ¢¨¤¥

vL� = cL �B>

Lu� = 0l; xL� > 0l; vS� = cS �B>

S u� = 0s; xS� = 0s;

vN� = cN �N>u� > 0d; xN� = 0d; BLx
L
� = b:

(5)

�¤¥áì ¬ âà¨æ  A ¯à¥¤áâ ¢«¥­  ¢ á®®â¢¥âáâ¢¨¨ á à §¡¨¥­¨¥¬ ¢¥ªâ®à  ­¥¢ï§®ª v� = c�A>u� ®£à -
­¨ç¥­¨© ¤¢®©áâ¢¥­­®© § ¤ ç¨ (2) ­  ­ã«¥¢ë¥ [[vL

�
]>; [vS

�
]>] = [vB

�
]> = 0m ¨ ¯®«®¦¨â¥«ì­ë¥ vN

�
>

0d ª®¬¯®­¥­âë ¨ ¨¬¥¥â ¢¨¤ A = [B
...N ]. �á¯®«ì§ãï íâ® à §¡¨¥­¨¥, ¯®«ãç¨¬ [x�]> = [[xB

�
]>; [xN

�
]>].

� á¢®î ®ç¥à¥¤ì ¬ âà¨æ  B ¯à¥¤áâ ¢«¥­  ¢ á®®â¢¥âáâ¢¨¨ á à §¡¨¥­¨¥¬ ¢¥ªâ®à  xB
�
­  ¯®«®¦¨-

â¥«ì­ë¥ xL� ¨ ­ã«¥¢ë¥ xS� ª®¬¯®­¥­âë, â.¥. B = [BL

...BS]. � á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï x�
¬ âà¨æ  B á®áâ®¨â ¨§ l + s = m «¨­¥©­® ­¥§ ¢¨á¨¬ëå áâ®«¡æ®¢.

�«ï ¤ «ì­¥©è¥£® ¯®âà¥¡ã¥âáï ¢¥ªâ®à � = (B>B)�1(cB � B~u), ª®â®àë© «¥£ª® ¯à¨¢®¤¨âáï ª
¢¨¤ã � = B�1(u� � ~u).

�¥¬¬ . �¥è¥­¨¥ u� § ¤ ç¨ (4) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

u� = ~u+B� = ~u+BL�
L +BS�

S;

£¤¥ �S � 0s.

�®ª § â¥«ìáâ¢®. �¥ªâ®à u� ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (4), á«¥¤®¢ â¥«ì­®,
áãé¥áâ¢ãîâ â ª¨¥ ¬­®¦¨â¥«¨ � £à ­¦  �x � 0n, �t � 0, çâ® â®çª  [u�; �x; �t] ã¤®¢«¥â¢®àï¥â ãá«®-
¢¨ï¬ �ã­ {� ªª¥à  ¤«ï § ¤ ç¨ (4)

D(�x)v� = 0n; v� = c�A>u� � 0n; �x � 0n;

u� � ~u� �tb+A�x = 0m; b>u� = f�; �t � 0:
(6)

�ç¨âë¢ ï, çâ® â®çª  [x�; u�] ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ �ã­ {� ªª¥à  (5), ¯¥à¥¯¨è¥¬ á®®â­®è¥-
­¨ï (6) ¢ ¢¨¤¥

vB
�
= cB �B>u� = 0m; �xB � 0m; vN

�
= cN �N>u� > 0d; �xN = 0d; (7)

u� � ~u� �tb+B�xB = 0m; b>u� = f�; �t � 0: (8)

�¥è ï á¨áâ¥¬ã ãà ¢­¥­¨© (7) ¨ (8), ¯®«ãç¨¬

�xB = �t(B>B)�1B>b� � � 0m; u� = ~u+ �tMb+B�: (9)

�¤¥áì M = I �B(B>B)�1B> | ¬ âà¨æ  ¯à®¥ªâ¨à®¢ ­¨ï ¨, â.ª. ¢¥ªâ®à b «¥¦¨â ¢ ¯à®áâà ­áâ¢¥
áâ®«¡æ®¢ ¬ âà¨æë BL, â® Mb = 0m. �§ ­¥¢ëà®¦¤¥­­®áâ¨ ¬ âà¨æë B á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â

â®«ìª® ®¤¨­ ¢¥ªâ®à � =
h
�L

�S

i
â ª®©, çâ® u�� ~u = B� = BL�

L+BS�
S . �®ª ¦¥¬, çâ® ��S � 0s. �§

ãá«®¢¨ï BxB� = b á«¥¤ã¥â

xB� = (B>B)�1B>b =
�
xL
�

xS�

�
> 0l;
= 0s:

� ãç¥â®¬ íâ®£® ¨§ (9) ¯®«ãç ¥¬

�xB =
�
�xL

�xS

�
=
��txL� � �L

� �S

�
� 0m; (10)

çâ® ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® «¥¬¬ë.

�¯à¥¤¥«¨¬ ¢¥«¨ç¨­ã

"� =

8<
:

min
i2IL

�
; (�L)i>0

(xL� )
i=(�L)i;

+1; ¥á«¨ (�L)i � 0 ¯à¨ ¢á¥å i 2 IL
�
:

(11)
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�¥®à¥¬  1. �ãáâì § ¤ ç  �� (1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥, ¡ëâì ¬®¦¥â, ¢ëà®¦¤¥­­®¥ à¥è¥-

­¨¥ x�. �®£¤  ¯à¨ «î¡®¬ 0 < " � "�, £¤¥ "� ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (11),

1) ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (3) ï¢«ï¥âáï ¢¥ªâ®à x(") á ª®¬¯®­¥­â ¬¨ xL(") = xL
�
�

"�L � 0l, xS(") = �"�S � 0s ¨ xN(") = 0d;
2) à¥è¥­¨¥ ¤¢®©áâ¢¥­­®© § ¤ ç¨ (2) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥

u� = �u+ [b�Ax(")]=": (12)

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¬¨­¨¬ã¬  ¤«ï § ¤ ç¨ (3) § ¯¨è¥¬
¢ á«¥¤ãîé¥¬ ¢¨¤¥:

"(cL �B>

L ~u)�B>

L (b�BLx
L(")�Bsx

S(")) =0l; xL(") � 0l; (13)

"(cS �B>

S ~u)�B>

L (b�BLx
L(")�Bsx

S(")) =0s; xS(") � 0s; (14)

"(cN �N>~u)�N>

L (b�BLx
L(")�Bsx

S(")) �0d; xN(") = 0d: (15)

� ª ª ª ¬ âà¨æ  B = [BL

...Bs] ­¥¢ëà®¦¤¥­ , â® á¨áâ¥¬  ãà ¢­¥­¨© ¢ (13), (14) ¨¬¥¥â ¥¤¨­áâ¢¥­-
­®¥ à¥è¥­¨¥

xB(") =
�
xL(")
xS(")

�
=
�
xL� � "�L

� "�S

�
� 0m: (16)

�®¤áâ ¢«ïï ¥£® ¢ (15), ¯®«ãç ¥¬ "(cN �N>~u)�N>(b�BLx
L
� + "BL�

L+ "Bs�
S) = "(cN �N>(~u+

B�)) = "(cN �N>u�) = "vN� > 0d ¯à¨ «î¡®¬ ¯®«®¦¨â¥«ì­®¬ ".
�â¢¥à¦¤¥­¨¥ «¥¬¬ë ® â®¬, çâ® �S � 0s, ¨ ¤¨ ¯ §®­ ¨§¬¥­¥­¨ï " ¨§ ãá«®¢¨ï â¥®à¥¬ë ®¡¥á¯¥-

ç¨¢ îâ ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  (16). �«¥¤®¢ â¥«ì­®, á¨áâ¥¬  (13)-(15) á®¢¬¥áâ­  ¨ ãâ¢¥à¦¤¥­¨¥
1) ¤®ª § ­®.

�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥­¨ï 2) ¯®«ãç ¥âáï ¯®¤áâ ­®¢ª®© à¥è¥­¨ï x(") ¨§ 1) ¢ ä®à¬ã«ã
(12).

� ¬¥ç ­¨¥ 1. �â¬¥â¨¬ ¢ ¦­ë© ç áâ­ë© á«ãç © ­¥¢ëà®¦¤¥­­®£® à¥è¥­¨ï x� § ¤ ç¨ (1).
�®£¤  ¯à¨ «î¡®¬ 0 < " < "� ¨­¤¥ªáë ­¥­ã«¥¢ëå ª®¬¯®­¥­â ¢¥ªâ®à®¢ x(") ¨ x� á®¢¯ ¤ îâ. �
¢ëç¨á«¨â¥«ì­®© â®çª¨ §à¥­¨ï íâ® ¤ ¥â ¢®§¬®¦­®áâì ¯à¨¡«¨¦¥­­® à¥è¨âì § ¤ çã (3). �¯à¥¤¥«¨¢
¨­¤¥ªá­®¥ ¬­®¦¥áâ¢® ¯®«®¦¨â¥«ì­ëå ª®¬¯®­¥­â à¥è¥­¨ï x("), áà §ã ¯®«ãç ¥¬ ®¯â¨¬ «ì­ë©
¡ §¨á | ¬ âà¨æã B.

� ¬¥ç ­¨¥ 2. � ª á«¥¤ã¥â ¨§ ä®à¬ã« (10) ¨ (16), ¬¥¦¤ã à¥è¥­¨¥¬ x(") § ¤ ç¨ (3) ¨ ¬­®¦¨-
â¥«ï¬¨ � £à ­¦  �x ¤«ï § ¤ ç¨ (4) áãé¥áâ¢ã¥â ®¯à¥¤¥«¥­­ ï á¢ï§ì. �®à¬ã«  (10) á¯à ¢¥¤«¨¢ 
¯à¨ «î¡®¬ �t � 1="�. �®« £ ï �t = 1=", ¨§ (10) ¨ (16) ¨¬¥¥¬ xB(") = "�xB ¯à¨ «î¡®¬ 0 < " � "�.

2. �§¢¥áâ­® (á¬., ­ ¯à., [1]), çâ® § ¤ ç  (3) ï¢«ï¥âáï ¤¢®©áâ¢¥­­®© ª § ¤ ç¥

max
u2U

b>u� ku� ~uk2=2"; U = fu 2 Rm : c�A>u � 0ng (17)

¨ à¥è¥­¨ï x(") ¨ u(") á®®â¢¥âáâ¢¥­­® § ¤ ç (3) ¨ (17) á¢ï§ ­ë ¬¥¦¤ã á®¡®© á®®â­®è¥­¨¥¬

u(") = ~u+ (b�Ax("))=":

� á¨«ã íâ®© ¤¢®©áâ¢¥­­®áâ¨ ¯àï¬ë¬ á«¥¤áâ¢¨¥¬ â¥®à¥¬ë 1 ï¢«ï¥âáï

�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 1. �®£¤  ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (17)
­¥ § ¢¨á¨â ®â " ¨ á®¢¯ ¤ ¥â á ¢¥ªâ®à®¬ u�, ª®â®àë© ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (2), ¡«¨¦ ©-

è¨¬ ª ¢¥ªâ®àã ~u ¢ ¥¢ª«¨¤®¢®© ­®à¬¥.
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� ¬¥ç ­¨¥ 3. �®-¢¨¤¨¬®¬ã, ¯¥à¢®© à ¡®â®©, ¢ ª®â®à®© à áá¬ âà¨¢ «áï ¢®¯à®á ® á®¢¯ ¤¥-
­¨¨ à¥è¥­¨ï § ¤ ç¨ (17) (¢ á«ãç ¥ ~u � 0m) á à¥è¥­¨¥¬ § ¤ ç¨ (2), ¡ë«  à ¡®â  [2]. �«ï íâ®£®
¦¥ á«ãç ï ¢ [3]{[5] ¡ë«¨ ¯®«ãç¥­ë ®æ¥­ª¨ "�, ¨á¯®«ì§ãîé¨¥ ¬­®¦¨â¥«ì � £à ­¦  �t ¤«ï § ¤ ç¨
(4). � ¯à¥¤¯®«®¦¥­¨¨ à §à¥è¨¬®áâ¨ § ¤ ç¨ �� à¥§ã«ìâ â ® ª®­¥ç­®áâ¨ ¬¥â®¤  ��� (§ ¤ -
ç  (3)) ¡ë« ¢¯¥à¢ë¥ ¯®«ãç¥­ ¢ [6]. � [7] íâ®â ¢®¯à®á ¯®¤à®¡­® ¨áá«¥¤®¢ ­ á ¯®¬®éìî äã­ªæ¨¨
çã¢áâ¢¨â¥«ì­®áâ¨.
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