
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1997 ���������� ò 12 (427)

��� 519.852

�.�. ������, �.�. �����������

������ �������� � ����������:
�������������� ������ ������

1.

�¤®¬¥à ï § ¤ ç  ã¯ ª®¢ª¨ ¢ ª®â¥©¥àë [1] ä®à¬ã«¨àã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬. � ¤ ë
á¯¨á®ª S = fai j i = 1; : : : ; ng ¯à¥¤¬¥â®¢ ¨ ¢¬¥áâ¨¬®áâì ª®â¥©¥à  B. �à¥¡ã¥âáï ¯à¥¤¬¥âë ¨§

á¯¨áª  S à §¬¥áâ¨âì ¢ ¬¨¨¬ «ì®¥ ç¨á«® ª®â¥©¥à®¢ â ª¨¬ ®¡à §®¬, çâ®¡ë áã¬¬  ¢¥á®¢

¯à¥¤¬¥â®¢ ¢ ª ¦¤®¬ ª®â¥©¥à¥ ¥ ¯à¥¢®áå®¤¨«  B.
� «¥¥ ai ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¤«ï ®¡®§ ç¥¨ï ª ª ¯à¥¤¬¥â  á ®¬¥à®¬ i, â ª ¨ ¥£® ¢¥á . �áâ¥-

áâ¢¥® ¯à¥¤¯®« £ âì, çâ® 0 < ai � B ¤«ï ¢á¥å i = 1; : : : ; n: �â  § ¤ ç  NP -âàã¤  [2]. �¦¥ ¢
¯¥à¢ëå à ¡®â å, ¯®á¢ïé¥ëå § ¤ ç¥ ã¯ ª®¢ª¨, ¡ë« ¯à¥¤«®¦¥ æ¥«ë© àï¤ ¯à¨¡«¨¦¥ëå ¬ «®-
âàã¤®¥¬ª¨å  «£®à¨â¬®¢ ¨ ãáâ ®¢«¥ë £ à â¨à®¢ ë¥ ®æ¥ª¨ ¨å ®â®á¨â¥«ì®© ¯®£à¥è®áâ¨
¢  ¨åã¤è¥¬ á«ãç ¥ [2]. �®£¤  ¦¥ ¡ë«® ®â¬¥ç¥®, çâ® ¯®¢¥¤¥¨¥ íâ¨å  «£®à¨â¬®¢ \¢ áà¥¤¥¬"
áãé¥áâ¢¥® ®â«¨ç ¥âáï ®â ¯®«ãç¥ëå ®æ¥®ª, çâ® ¯®-¢¨¤¨¬®¬ã áâ¨¬ã«¨à®¢ «® ¯®ï¢«¥¨¥ áâ -
â¥©, ¯®á¢ïé¥ëå ¢¥à®ïâ®áâ®¬ã ¨áá«¥¤®¢ ¨î íâ®© § ¤ ç¨. �â¨ à ¡®âë, ª ª ¯à ¢¨«®, á®¤¥à-
¦ â «¨¡® ¨áá«¥¤®¢ ¨¥ ®â®è¥¨ï ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ¨ï ç¨á«  ª®â¥©¥à®¢, âà¥¡ã¥¬ëå
¥ª®â®àë¬ ¯à¨¡«¨¦¥ë¬  «£®à¨â¬®¬, ª ®¦¨¤ ¥¬®¬ã ®¯â¨¬ «ì®¬ã ç¨á«ã ª®â¥©¥à®¢ [3], [4],
«¨¡® ®¯¨á ¨¥ ¢¥à®ïâ®áâëå á¢®©áâ¢ ®¯â¨¬ «ì®£® à¥è¥¨ï [5].

�  áâ®ïé¥© à ¡®â¥ ¤«ï ¨áá«¥¤®¢ ¨ï ª ç¥áâ¢  ¯à¨¡«¨¦¥®£®  «£®à¨â¬  ¨á¯®«ì§ã¥âáï
¨¤¥ï ¯®áâà®¥¨ï  «£®à¨â¬®¢ á ®æ¥ª ¬¨ ("; �), ¯à¥¤«®¦¥ ï ¢ [6]. �ãâì íâ®£® ¯®¤å®¤  ¨§«®-
¦¥  ¢ à §¤¥«¥ 2. � à §¤¥«¥ 3 ®¯¨áë¢ îâáï äãªæ¨¨ à á¯à¥¤¥«¥¨ï ¢¥á®¢ ¯à¥¤¬¥â®¢, à á-
á¬ âà¨¢ ¥¬ë¥ ¤ «¥¥. �â® â ª  §ë¢ ¥¬ë¥ B- á¨¬¬¥âà¨çë¥ ¨ B-à¥£ã«ïàë¥ á¯¨áª¨. � §¤¥«
4 á®¤¥à¦¨â ®¯¨á ¨¥ ¯à¨¡«¨¦¥®£®  «£®à¨â¬  A à¥è¥¨ï § ¤ ç¨ ã¯ ª®¢ª¨ ¢ ª®â¥©¥àë ¨
®¡®á®¢ ¨¥ ®¯â¨¬ «ì®áâ¨ íâ®£®  «£®à¨â¬  ¢ á«ãç ¥ ¤¥â¥à¬¨¨à®¢ ëå B- á¨¬¬¥âà¨çëå ¨
B-à¥£ã«ïàëå á¯¨áª®¢. � §¤¥«ë 5{7 ¯®á¢ïé¥ë ¨áá«¥¤®¢ ¨î ¯®¢¥¤¥¨ï ¬®¤¨ä¨æ¨à®¢ ®£®
¯à¨¡«¨¦¥®£®  «£®à¨â¬  eA   á¯¨áª å á® á«ãç ©ë¬¨ ¢¥á ¬¨ ¯à¥¤¬¥â®¢. � ª ¢ à §¤¥«¥ 5 ¤®-
ª §ë¢ ¥âáï â¥®à¥¬  ® ¢¥àå¥© ®æ¥ª¥ ¢¥à®ïâ®áâ¨ ¥áà ¡ âë¢ ¨ï  «£®à¨â¬  eA. � à §¤¥« å 6
¨ 7 ãáâ  ¢«¨¢ îâáï ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© â®ç®áâ¨ eA ¯à¨¬¥¨â¥«ì® ª B- á¨¬¬¥âà¨çë¬
¨ B-à¥£ã«ïàë¬ äãªæ¨ï¬ à á¯à¥¤¥«¥¨ï á®®â¢¥âáâ¢¥®.

2.

�ãáâì ¨¬¥¥âáï ¥ª®â®àë©  «£®à¨â¬ A ¤«ï à¥è¥¨ï ®¯â¨¬¨§ æ¨®®© § ¤ ç¨   ¬¨¨¬ã¬.
�¡®§ ç¨¬ FA(S), F �(S) | § ç¥¨ï æ¥«¥¢ëå äãªæ¨©   à¥è¥¨¨ ¨¤¨¢¨¤ã «ì®© § ¤ ç¨
S, ¯®«ãç ¥¬®¬ á ¯®¬®éìî  «£®à¨â¬  A, ¨   ®¯â¨¬ «ì®¬ à¥è¥¨¨ á®®â¢¥âáâ¢¥®. �ã¤¥¬
£®¢®à¨âì, çâ®  «£®à¨â¬ A ã¤®¢«¥â¢®àï¥â ®æ¥ª ¬ ("n; �n)   ª« áá¥ § ¤ ç Kn à §¬¥à®áâ¨ n,
¥á«¨ ¤«ï ¢á¥å S 2 Kn ¢ë¯®«¥® ¥à ¢¥áâ¢®

Pr
�
FA(S) > (1 + "n)F �(S)

	 � �n:

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(ª®¤ ¯à®¥ªâ®¢ 96-01-01591 ¨ 97-01-00890).
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�«£®à¨â¬ A  §ë¢ ¥âáï  á¨¬¯â®â¨ç¥áª¨ â®çë¬   ª« áá¥ § ¤ ç K, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥
¯®á«¥¤®¢ â¥«ì®áâ¨ ("n), (�n), çâ® ¤«ï «î¡®£® n  «£®à¨â¬ A ã¤®¢«¥â¢®àï¥â ®æ¥ª ¬ ("n; �n)  
¯®¤¬®¦¥áâ¢¥ Kn � K § ¤ ç à §¬¥à®áâ¨ n ¨ ¯à¨ íâ®¬ "n ! 0, �n ! 0 ¯à¨ n!1.

� à ¬¥âàë ("n) ¨ (�n) ¬®¦® à áá¬ âà¨¢ âì ª ª ®æ¥ª¨ ®â®á¨â¥«ì®© ¯®£à¥è®áâ¨ ¨
¢¥à®ïâ®áâ¨ ¥áà ¡ âë¢ ¨ï  «£®à¨â¬  á®®â¢¥âáâ¢¥®.

�á¯®«ì§®¢ ¨¥ â¥å¨ª¨ ®æ¥®ª ("n; �n) ¯®§¢®«¨«® ãáâ ®¢¨âì ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© â®ç-
®áâ¨ ¬ «®âàã¤®¥¬ª¨å ¯à¨¡«¨¦¥ëå  «£®à¨â¬®¢ ¤«ï à¥è¥¨ï àï¤  âàã¤®à¥è ¥¬ëå § ¤ ç
¤¨áªà¥â®© ®¯â¨¬¨§ æ¨¨ [7]{[12], ¢ â®¬ ç¨á«¥ ¤«ï § ¤ ç¨ ã¯ ª®¢ª¨ ¢ ª®â¥©¥àë ¤«ï á«ãç ©-
ëå á¯¨áª®¢ á á¨¬¬¥âà¨çë¬¨ ¨ ¥¢®§à áâ îé¨¬¨ äãªæ¨ï¬¨ à á¯à¥¤¥«¥¨ï ¢¥á®¢ [9], [11]. �
¤ ®© à ¡®â¥ ¨áá«¥¤ã¥âáï ¬®¤¨ä¨æ¨à®¢ ë©  «£®à¨â¬ à¥è¥¨ï § ¤ ç¨ ã¯ ª®¢ª¨ ¢ ª®â¥©¥-
àë ¨ ¯à®¢®¤¨âáï ®¡®á®¢ ¨¥ ¥£®  á¨¬¯â®â¨ç¥áª®© â®ç®áâ¨ ¤«ï áãé¥áâ¢¥® ¡®«¥¥ è¨à®ª®£®
ª« áá  § ¤ ç.

3.

� «¥¥ ¯®« £ ¥¬ ai 2 IB, £¤¥ IB = f1; 2; : : : ; Bg (B æ¥«®¥). �¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ å à ªâ¥à¨-
áâ¨ç¥áªãî äãªæ¨î (å. ä.) �S á¯¨áª  S : �S(r) | ç¨á«® ¯à¥¤¬¥â®¢ ¢¥á  r ¢ á¯¨áª¥ S, r 2 IB.
�ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§ ç¥¨ï: bxc | ¡«¨¦ ©è¥¥ æ¥«®¥ ç¨á«®, ¥ ¡®«ìè¥¥ x; dxe | ¡«¨¦ ©-
è¥¥ æ¥«®¥ ç¨á«®, ¥ ¬¥ìè¥¥ x; fxg | ¤à®¡ ï ç áâì x (fxg = x� bxc).

�¥®âà¨æ â¥«ìãî äãªæ¨î f æ¥«®ç¨á«¥®£®  à£ã¬¥â  r 2 Ib ¡ã¤¥¬  §ë¢ âì b- á¨¬¬¥â-
à¨ç®© (b{á¨¬¬¥âà¨ç®©), ¥á«¨ f(r) � f(b� r) (f(r) = f(b� r)) ¯à¨ r = 1; : : : ; bb=2c ¨ f(r) = 0
¯à¨ r > b:

�®ïâ®, çâ® ª« áá B- á¨¬¬¥âà¨çëå äãªæ¨© ¢ª«îç ¥â ¢ á¥¡ï B-á¨¬¬¥âà¨çë¥ äãª-
æ¨¨, ¥ã¡ë¢ îé¨¥ äãªæ¨¨, äãªæ¨¨ á ¯®áâ®ïë¬ § ç¥¨¥¬. �à®¬¥ â®£®,  á¨¬¬¥âà¨ç®áâì
á¯¨áª  íª¢¨¢ «¥â  ¯à¥¤áâ ¢«¥¨î ¥£® ¢ ¢¨¤¥ ¬ ªá¨¬ «ì®£® B-á¨¬¬¥âà¨ç®£® ¯®¤á¯¨áª  ¨
®áâ ¢è¥£®áï ¯®¤á¯¨áª  ¯à¥¤¬¥â®¢, ¨¬¥îé¨å ¢¥á , ¯à¥¢®áå®¤ïé¨¥ B=2.

�ãªæ¨î f ¡ã¤¥¬  §¢ âì B-à¥£ã«ïà®© ¯à¨ B = 2Q, Q æ¥«®¥, ¥á«¨ ®  ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥
áã¬¬ë 2k-á¨¬¬¥âà¨çëå äãªæ¨© f (k), k 2 IQ,

f(r) =
QX
k=1

f (k)(r); r 2 IB:

� §«®¦¥¨¥ B-à¥£ã«ïà®© äãªæ¨¨ f   2k-á¨¬¬¥âà¨çë¥ á®áâ ¢«ïîé¨¥ f (k), k 2 IQ, ¬®¦®
 ©â¨ á ¯®¬®éìî á«¥¤ãîé¨å à¥ªãàà¥âëå á®®â®è¥¨©:

f (k)(r) =

8>><>>:
fk(2k � r) ¯à¨ 1 � r < 2k�1;

fk(r) ¯à¨ 2k�1 � r � 2k;

0 ¯à¨ r > 2k;

fk�1(r) =

(
fk(r)� f (k)(r) ¯à¨ 1 � r � 2k�1;

0 ¯à¨ r > 2k�1; (1)

£¤¥ fQ(r) = f(r) ¯à¨ r 2 IB.
�§ á®®â®è¥¨© (1) á«¥¤ã¥â, ¢®-¯¥à¢ëå, çâ® ä¨£ãà¨àãîé¨¥ ¢ ¨å äãªæ¨¨ fk ï¢«ïîâáï

2k-à¥£ã«ïàë¬¨; ¢®-¢â®àëå, ¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬ B-à¥£ã«ïà®áâ¨ äãªæ¨¨ f
ï¢«ï¥âáï ¢ë¯®«¥¨¥ ¥à ¢¥áâ¢

fk(r) � f (k)(2k � r); r = 1; : : : ; 2k�1; k 2 IQ;

¢-âà¥âì¨å, à §«®¦¥¨¥ B-à¥£ã«ïà®© äãªæ¨¨ ¬®¦¥â ¡ëâì § ¯¨á ® ¢ ¢¨¤¥

f(r) =
QX

k=kr

f (k)(r); r 2 IB;

£¤¥
kB = Q; kr = minf k j r < 2kg = dlog2 (r + 1)e; 1 � r < B:
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� ¦ë¬ ¯®¤ª« áá®¬ B-à¥£ã«ïàëå äãªæ¨© ï¢«ïîâáï ¥¢®§à áâ îé¨¥ äãªæ¨¨ f(r), r 2
IB, £¤¥ B = 2Q, Q | æ¥«®¥.

�¥¬¬  1 ([9]). �¥¢®§à áâ îé ï äãªæ¨ï f(r), r 2 IB, (£¤¥ B = 2Q, Q æ¥«®¥) ï¢«ï¥âáï

B-à¥£ã«ïà®©.

4.

�ã¤¥¬  §ë¢ âì b-á¢ï§ª®© ¯à¥¤¬¥â ¢¥á  b «¨¡® ¯ àã ¯à¥¤¬¥â®¢ á ¢¥á ¬¨ r ¨ b � r ¯à¨ r =
1; : : : ; bb=2c.

�¯¨è¥¬ ¯à¨¡«¨¦¥ë©  «£®à¨â¬ A ã¯ ª®¢ª¨ ¯à¥¤¬¥â®¢ ¢ ª®â¥©¥àë, ¯à¥¤«®¦¥ë©  ¢-
â®à ¬¨ ¢ [9]. � á«ãç ¥ B = 2Q, Q æ¥«®¥,  «£®à¨â¬ A ¯®á«¥¤®¢ â¥«ì® ¤«ï k = Q;Q � 1; : : : ; 1
®¡à §ã¥â á¯¨á®ª 2k-á¢ï§®ª ¨ ã¯ ª®¢ë¢ ¥â íâ®â á¯¨á®ª ¢ ª®â¥©¥àë ¯® ¯à¨æ¨¯ã  «£®à¨â¬ 
NFD (\á«¥¤ãîé¨© ¯à¨£®¤ë© á ¯à¥¤¢ à¨â¥«ìë¬ ã¯®àï¤®ç¥¨¥¬ ¯® ¥¢®§à áâ ¨î"). �à¥¤-
¬¥âë ¯®¤á¯¨áª  S0 � S, ¥ ¢®è¥¤è¨¥ ¢ ¯®«®áâìî § ¯®«¥ë¥ ª®â¥©¥àë, ã¯ ª®¢ë¢ ¥¬ á
¯®¬®éìî NF - «£®à¨â¬  (\á«¥¤ãîé¨© ¯à¨£®¤ë©"). �¯¨á ¨¥  «£®à¨â¬®¢ NFD ¨ NF ¬®¦®
 ©â¨ ¢ [1], [2].

� á«ãç ¥ B- á¨¬¬¥âà¨çëå á¯¨áª®¢,   â ª¦¥ ¯à¨ B 6= 2Q, Q æ¥«®¥, ¡ã¤¥¬ ¨á¯®«ì§®¢ âì
ã¯à®é¥ãî ¢¥àá¨î  «£®à¨â¬  A : § ¯®«ï¥¬ ª®â¥©¥àë B-á¢ï§ª ¬¨,   ®áâ ¢è¨¥áï ¯à¥¤¬¥âë
ai 2 S0 à §¬¥é ¥¬ á ¯®¬®éìî NF - «£®à¨â¬ .

�à¨ B � cn, £¤¥ c > 0 | ª®áâ â ,  «£®à¨â¬ A ¨¬¥¥â «¨¥©ãî ®â®á¨â¥«ì® n âàã¤®¥¬-
ª®áâì. �á®, çâ® ¯à¨

Pfai j i 2 S0g � B  «£®à¨â¬ A ¯à¨¢®¤¨â ª â®ç®¬ã à¥è¥¨î § ¤ ç¨.

�¥¬¬  2 ([9]). � á«ãç ¥ B{à¥£ã«ïàëå á¯¨áª®¢ S  «£®à¨â¬ A  å®¤¨â â®ç®¥ à¥è¥¨¥

§ ¤ ç¨ ã¯ ª®¢ª¨ ¢ ª®â¥©¥àë á® § ç¥¨¥¬ æ¥«¥¢®© äãªæ¨¨ FA = F �
S , à ¢®©�

1
B

BX
r=1

r�S(r)
�
:

�¥¬¬  3. � á«ãç ¥ B- á¨¬¬¥âà¨çëå á¯¨áª®¢ S ã¯à®é¥ë©  «£®à¨â¬ A  å®¤¨â â®ç®¥

à¥è¥¨¥ § ¤ ç¨ ã¯ ª®¢ª¨ ¢ ª®â¥©¥àë á® § ç¥¨¥¬ æ¥«¥¢®© äãªæ¨¨, à ¢®©

BX
r=d(B+1)=2e

�S(r) +
��

B + 1
2

�
�S(bB=2c)

�
:

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì®, ¢ á«ãç ¥ B- á¨¬¬¥âà¨çëå á¯¨áª®¢ ã¯à®é¥ë©  «£®-
à¨â¬ A ã¯ ª®¢ë¢ ¥â ¯à¥¤¬¥âë ¢ ¬¨¨¬ «ì®¥ ç¨á«® ª®â¥©¥à®¢, à ¢®¥ ¯à¨ ¥ç¥â®¬ B ª®«¨-
ç¥áâ¢ã

Pf�S(r) j B=2 � r � Bg ¢á¥å ¯à¥¤¬¥â®¢, ¢¥á ª®â®àëå ¯à¥¢ëè ¥â ¯®«®¢¨ã ¢¬¥áâ¨¬®áâ¨
ª®â¥©¥à . �à¨ ç¥â®¬ B ª íâ®¬ã ç¨á«ã ¤®¡ ¢«ïîâáï d0:5�S(B=2)e ª®â¥©¥à®¢, á®¤¥à¦ é¨å
¯à¥¤¬¥âë ¢¥á  B=2. �®£¤  ¤®¡ ¢®çë© ç«¥ ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ df0:5(B+1)g�S(bB=2c)e, çâ®
¤ ¥â 0 ¨ d0:5�S(B=2)e á®®â¢¥âáâ¢¥® ¯à¨ ¥ç¥âëå ¨ ç¥âëå B.

5.

�à¨áâã¯¨¬ â¥¯¥àì ª ¨áá«¥¤®¢ ¨î § ¤ ç ã¯ ª®¢ª¨ ¢ ª®â¥©¥àë á® á«ãç ©ë¬¨ á¯¨áª ¬¨
S = fai j i 2 Ing, ¢ ª®â®àëå ¢¥á  ¯à¥¤¬¥â®¢ | ¥§ ¢¨á¨¬ë¥ á«ãç ©ë¥ ¢¥«¨ç¨ë á ¤¨áªà¥â®©
äãªæ¨¥© à á¯à¥¤¥«¥¨ï

pr = Prfai = rg � 0; r = 1; : : : ; B;
BX
r=1

pr = 1: (2)

� «¥¥ ¨áá«¥¤ã¥¬ ª« áá K0
n § ¤ ç ã¯ ª®¢ª¨ ¯à¥¤¬¥â®¢ ¢ ª®â¥©¥àë á® á«¥¤ãîé¨¬ ¬¥å -

¨§¬®¬ ä®à¬¨à®¢ ¨ï á«ãç ©ëå á¯¨áª®¢: ¢ å®¤¥ n ¯®á«¥¤®¢ â¥«ìëå ¥§ ¢¨á¨¬ëå ¨á¯ëâ ¨©
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®ç¥à¥¤®© ¯à¥¤¬¥â ai ¯®¯ ¤ ¥â ¢ ®¤¨ ¨§ ¢¥á®¢ëå ª« áá®¢ r = 1; : : : ; B ¢ á®®â¢¥âáâ¢¨¨ á äãªæ¨-
¥© à á¯à¥¤¥«¥¨ï (2). �à¨ â ª®¬ á¯®á®¡¥ ä®à¬¨à®¢ ¨ï § ç¥¨ï �S(1); : : : ; �S(B) å à ªâ¥à¨-
áâ¨ç¥áª®© äãªæ¨¨ á¯¨áª  S ï¢«ïîâáï, ¢®®¡é¥ £®¢®àï, § ¢¨á¨¬ë¬¨ á«ãç ©ë¬¨ ¢¥«¨ç¨ ¬¨,
¯®áª®«ìªã ®¨ á¢ï§ ë á®®â®è¥¨¥¬

Pf�S(r) j r 2 IBg = n.
�®§¨ª ¥â ¥áâ¥áâ¢¥ë© ¢®¯à®á ® ¢®§¬®¦®áâ¨ ¯®áâà®¥¨ï ¬ «®âàã¤®¥¬ª¨å  «£®à¨â¬®¢ à¥-

è¥¨ï § ¤ ç ¨§ ª« áá  K0
n ¢ á«ãç ¥ äãªæ¨© à á¯à¥¤¥«¥¨ï, ®¡« ¤ îé¨å á¢®©áâ¢ ¬¨,   «®-

£¨çë¬¨ â¥¬, ª®â®àë¥ ¤«ï ¤¥â¥à¬¨¨à®¢ ëå á¯¨áª®¢ ¯®§¢®«ïîâ ¯à¨¬¥¨âì íää¥ªâ¨¢ë©
â®çë©  «£®à¨â¬ A. �®áâ ¢«¥ë© ¢®¯à®á ¥ ¨¬¥¥â âà¨¢¨ «ì®£® ®â¢¥â , ¯®áª®«ìªã á®®â¢¥â-
áâ¢ãîé¥¥ á¢®©áâ¢® äãªæ¨© à á¯à¥¤¥«¥¨ï pr ¤«ï å à ªâ¥à¨áâ¨ç¥áª¨å äãªæ¨© �S(r) ª®ªà¥â-
®© à¥ «¨§ æ¨¨ á«ãç ©®£® á¯¨áª , ¢®®¡é¥ £®¢®àï, ¥ á®åà ï¥âáï.

� ¬¥â¨¬, çâ® ¢ á«ãç ¥, ª®£¤  ¢¥á  ¯à¥¤¬¥â®¢ | á«ãç ©ë¥ ¢¥«¨ç¨ë, ®¯à¥¤¥«¥¨¥ ª« áá 
§ ¤ ç á¢ï§ ® á ¢¨¤®¬ äãªæ¨¨ à á¯à¥¤¥«¥¨ï (2).

�«ï à¥è¥¨ï § ¤ ç ¨§ ª« áá  K0
n ¡ã¤¥¬ ¯à¨¬¥ïâì ¬®¤¨ä¨æ¨à®¢ ë© ¯à¨¡«¨¦¥ë©  «-

£®à¨â¬ eA, ª®â®àë© ¨á¯®«ì§ã¥â à¥è¥¨¥, ¯®«ãç¥®¥ á ¯®¬®éìî  «£®à¨â¬  A ¤«ï ¥ª®â®à®£®
®æ¥®ç®£® á¯¨áª  eS ¯à¨ ãá«®¢¨¨, çâ® ® ¬ ¦®à¨àã¥â ¨áå®¤ë© á¯¨á®ª S, â. ¥. ¤«ï «î¡®£® ¢¥á®-
¢®£® ª« áá  r = 1; : : : ; B ¢ë¯®«¥ë ¥à ¢¥áâ¢ 

�S(r) � �eS(r): (3)

�à¥¤¨ á«ãç ©ëå á¯¨áª®¢ S ¢ë¤¥«¨¬ ¬®¦¥áâ¢® S� á¯¨áª®¢, ã ª®â®àëå ¤«ï ¢áïª®£® r 2 IB
¢ë¯®«¥ë á®®â®è¥¨ï

j�S(r)� nprj � �r; (4)

£¤¥ �r = 2(npr(1� pr) lnn)1=2.
�à¨¬¥ï¥¬  «£®à¨â¬ eA â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ª®ªà¥â ï à¥ «¨§ æ¨ï á«ãç ©®£® á¯¨áª 

¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã S�, ¢ ¯à®â¨¢®¬ á«ãç ¥ áç¨â ¥¬, çâ®  «£®à¨â¬ ¥ áà ¡®â «.
�â ª, ¢ á«ãç ¥ á¯¨áª  ¨§ S� ¯à¨¬¥ï¥¬ á ç «   «£®à¨â¬ A ª ®æ¥®ç®¬ã á¯¨áªã eS,  

§ â¥¬, ã¤ «¨¢ ¨§ § £àã¦¥ëå ª®â¥©¥à®¢ ¯à¥¤¬¥âë, ¥ ¯à¨ ¤«¥¦ é¨¥ ¨áå®¤®¬ã á¯¨áªã S,
¯®«ãç ¥¬ à¥è¥¨¥ § ¤ ç¨ á ç¨á«®¬ ª®â¥©¥à®¢ F eA.

�à¨ ®æ¥¨¢ ¨¨ ¢¥à®ïâ®áâ¨ ¥áà ¡ âë¢ ¨ï  «£®à¨â¬  ¯® ¤®¡ïâáï ¥à ¢¥áâ¢  ¤«ï ¢¥-

à®ïâ®áâ¥© ¡®«ìè¨å ®âª«®¥¨© áã¬¬ë Sn =
nP
i=1

�i ¥§ ¢¨á¨¬ëå á«ãç ©ëå ¢¥«¨ç¨ �1; : : : ; �n,

à á¯à¥¤¥«¥ëå ¯® § ª®ã �¥àã««¨

Prf�i = 1g = p; Prf�i = 0g = 1� p; i = 1; : : : ; n:

�¥¬¬  4 ([13], £«. 5, á. 131). �à¨ � � 0

PrfSn � np � �g � exp(�nH(p+�=n)); P rfSn � np � ��g � exp(�nH(p��=n));

£¤¥ H(x) = x ln(x=p) + (1� x) ln((1� x)=(1 � p)).

�âáî¤  á ãç¥â®¬ á®®â®è¥¨©

�nH(p+�=n) = � �2

2np(1� p)
+ o(1); �nH(p��=n) = � �2

2np(1� p)
+ o(1);

¢¥àëå ¯à¨ � = o(n2=3) ([13], £«. 5, á. 131), ¨¬¥¥¬

�«¥¤áâ¢¨¥. �à¨ � = o(n2=3) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

PrfjSn � npj � �g � c exp
�
� �2

2np(1� p)

�
;

£¤¥ c = 2(1 + o(1)).
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�¥®à¥¬  1. �¥à®ïâ®áâì ¥áà ¡ âë¢ ¨ï  «£®à¨â¬  eA   ª« áá¥ § ¤ ç K0
n ®£à ¨ç¥ 

á¢¥àåã ¢¥«¨ç¨®© O(B=n2).

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¢ ç¥à¥§ Ar á®¡ëâ¨¥, § ¤ ¢ ¥¬®¥ (4), ¤«ï ¢¥à®ïâ®áâ¨ ¥áà ¡ âë-
¢ ¨ï  «£®à¨â¬  eA ¨¬¥¥¬

� eA = Pr
n B[
r=1

�Ar

o
�

BX
r=1

Pr( �Ar);

£¤¥ �Ar | á®¡ëâ¨¥, ¯à®â¨¢®¯®«®¦®¥ Ar.
�®áª®«ìªã �r � 2(npr(1� pr) lnn)1=2 = o(n2=3), â® á®£« á® á«¥¤áâ¢¨î ¨§ «¥¬¬ë 4 ¯®«ãç¨¬

� eA � c
BX
r=1

exp
�
� �2

r

2npr(1� pr)

�
= c

BX
r=1

exp
�
�4npr(1� pr) lnn

2npr(1� pr)

�
=

cB

n2
: �

�¥¯®áà¥¤áâ¢¥® ¨§ â¥®à¥¬ë 1 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥. �á«¨ B = o(n= lnn), â® � eA = o
�

1
n lnn

�
.

�¥à¥©¤¥¬ â¥¯¥àì ª ®æ¥ª¥ â®ç®áâ¨  «£®à¨â¬  eA   ª« áá¥ § ¤ ç K0
n.

6.

� á«ãç ¥ B- á¨¬¬¥âà¨ç®© äãªæ¨¨ pr, r = 1; : : : ; B, ¯à¨¬¥ï¥¬  «£®à¨â¬ eA, ¯®« £ ï å -
à ªâ¥à¨áâ¨ç¥áªãî äãªæ¨î ®æ¥®ç®£® á¯¨áª  eS à ¢®©

�eS(r) = bnpr +�rc; r = 1; : : : ; B: (5)

�¢®©áâ¢® ®æ¥®ç®áâ¨ (3) á¯¨áª  eS ¢ëâ¥ª ¥â ¨§ ®¯à¥¤¥«¥¨ï (5) ¨ ãá«®¢¨© (4) áà ¡ âë¢ ¨ï
 «£®à¨â¬  eA.

�¥®à¥¬  2. �«£®à¨â¬ eA   ª« áá¥ K0
n § ¤ ç ã¯ ª®¢ª¨ ¢ ª®â¥©¥àë á B- á¨¬¬¥âà¨ç®©

äãªæ¨¥© pr ¨¬¥¥â ®æ¥ªã ®â®á¨â¥«ì®© ¯®£à¥è®áâ¨

" eA = O
�s B

n= lnn

�
¨  á¨¬¯â®â¨ç¥áª¨ â®ç¥ ¯à¨ B = o(n= lnn).

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¢ á«ãç ¥ �r = 2(npr(1 � pr) lnn)1=2, ¨§ B- á¨¬¬¥âà¨ç®áâ¨
äãªæ¨¨ pr á«¥¤ã¥â B- á¨¬¬¥âà¨ç®áâì ¢¥ªâ®à  �r, â.ª. ¯à¨ íâ®¬ (pr� pB�r)(1� pr� pB�r) � 0,
¨«¨ pr(1 � pr) � pB�r(1 � pB�r), ®âªã¤  �r � �B�r, r = 1; : : : ; bB=2c. �®íâ®¬ã B{ á¨¬¬¥âà¨ç 
¨ å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï (5) ®æ¥®ç®£® á¯¨áª  eS ª ª æ¥« ï ç áâì «¨¥©®© ª®¬¡¨ æ¨¨
¤¢ãå äãªæ¨©, ï¢«ïîé¨åáï B- á¨¬¬¥âà¨çë¬¨.

�æ¥¨¬ ®â®á¨â¥«ìãî ¯®£à¥è®áâì " eA = (F eA � F �
S)=F

�
S  «£®à¨â¬  eA. �¢¥¤¥¬ ¤«ï ã¤®¡áâ¢ 

®¡®§ ç¥¨¥

�rxr =
BX

r=d(B+1)=2e
xr:

� ª ç¥áâ¢¥ ®æ¥ª¨ á¨§ã ¤«ï ¬¨¨¬ «ì®£® § ç¥¨ï æ¥«¥¢®© äãªæ¨¨ ¯à¨ ¥ç¥âëå B
¢®§ì¬¥¬ ç¨á«® �r�S(r) (â. ¥. ª®«¨ç¥áâ¢® ¯à¥¤¬¥â®¢, ¨¬¥îé¨å ¢¥á ¡®«ìè¥ ¯®«®¢¨ë ¢¬¥áâ¨¬®áâ¨
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ª®â¥©¥à ),   ¯à¨ ç¥âëå B ª íâ®¬ã ç¨á«ã ¤®¡ ¢¨¬ ¢¥«¨ç¨ã �S(B=2)=2. �â® á ãç¥â®¬ (4) ¤ ¥â
®æ¥ªã á¨§ã

F �
S � �r�S(r) + �S

��
B

2

���
B + 1
2

�
�

� �r(npr ��r) + (npbB=2c ��bB=2c)
�
B + 1
2

�
=

= n

�
�rpr + pbB=2c

�
B + 1
2

��
� �r�r:

�®«ãç¨¬ ¢¥àåîî ®æ¥ªã ¤«ï § ç¥¨ï æ¥«¥¢®© äãªæ¨¨ ¯®á«¥ à ¡®âë  «£®à¨â¬  eA
F eA � F �eS = �r�eS(r) + �

�eS��B2
���

B + 1
2

��
�

� �r(npr +�r) + (npbB=2c +�bB=2c)
�
B + 1
2

�
+
1
2
:

�æ¥¨¬ " eA, ãç¨âë¢ ï, çâ® ¤«ï B- á¨¬¬¥âà¨ç®© äãªæ¨¨ á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® �rpr +
pbB=2cf(B + 1)=2g � 1=2,

" eA � �r(npr +�r) + (npbB=2c +�bB=2c)fB+12 g+ 1
2

n(�rpr + pbB=2c
�
B+1
2

	
)� �r�r

� 1 � 2�r�r + 1=2
n=2� �r�r

:

� ãç¥â®¬ �r � 2
p
npr lnn ¨ �r

p
pr �

p
B ¨¬¥¥¬

" eA � 4
p
n lnn�r

p
pr + 1=2

n=2� 2
p
n lnn�r

p
pr

� 8

s
B

n= lnn

1 + 1

8
p
n lnn

1� 4
�

B
n= lnn

�1=2 = O

�s
B

n= lnn

�
:

� á¨«ã á«¥¤áâ¢¨ï ¨§ â¥®à¥¬ë 1 ¨¬¥¥¬ � eA = o(1=(n lnn)) ¨, â ª¨¬ ®¡à §®¬,  «£®à¨â¬ eA ¢
ãá«®¢¨ïå ¤®ª §ë¢ ¥¬®£® ãâ¢¥à¦¤¥¨ï ¨¬¥¥â ®æ¥ª¨ " eA ! 0, � eA ! 0 ¯à¨ n ! 1, â. ¥. ï¢«ï¥âáï
 á¨¬¯â®â¨ç¥áª¨ â®çë¬.

� ¬¥ç ¨¥. �á«¨ ¬ ªá¨¬ «ìë© à §¬¥à ¯à¥¤¬¥â  ®£à ¨ç¥ ç¨á«®¬ R, ¬¥ìè¨¬ B, â®
ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 2 ¬®¦® áª®àà¥ªâ¨à®¢ âì, § ¬¥¨¢ B   R.

7.

�¥à¥©¤¥¬ â¥¯¥àì ª   «¨§ã â®ç®áâ¨  «£®à¨â¬  eA   ª« áá¥ K0
n § ¤ ç á B-à¥£ã«ïà®© äãª-

æ¨¥© à á¯à¥¤¥«¥¨ï pr.
�ë¯¨è¥¬ à §«®¦¥¨¥ äãªæ¨¨ pr   2k-á¨¬¬¥âà¨çë¥ á®áâ ¢«ïîé¨¥ p(k)r , k = 1; : : : ; Q,

pr =
QX

k=kr

p(k)r ; r = 1; : : : ; B: (6)

�¢¥¤¥¬ ®¡®§ ç¥¨ï ¤«ï äãªæ¨©

'(x) = nx+ 2(nx lnn)1=2; 0 � x � 1;

g(k)r =

(
b'(p(Q)r )c ¯à¨ k = Q;

d'(p(k)r )e ¯à¨ 1 � k < Q
(r = 1; : : : ; B)

¨ ®¯à¥¤¥«¨¬ á¯¨á®ª eS ¯® ¥£® å à ªâ¥à¨áâ¨ç¥áª®© äãªæ¨¨

�eS(r) = QX
k=kr

g(k)r ; r = 1; : : : ; B: (7)
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�¥¬¬  5. �¯¨á®ª eS, ®¯à¥¤¥«¥ë© ¢ (7), ï¢«ï¥âáï B-à¥£ã«ïàë¬,   ¢ á«ãç ¥ áà ¡ âë¢ ¨ï
 «£®à¨â¬  eA ¨ ®æ¥®çë¬.

�®ª § â¥«ìáâ¢®. �§ 2k-á¨¬¬¥âà¨ç®áâ¨ äãªæ¨© p(k)r á«¥¤ã¥â, çâ® â ª®¢ë¬¨ ï¢«ïîâáï

¨ äãªæ¨¨
q
p
(k)
r . �ç¥¢¨¤® â ª¦¥, çâ® äãªæ¨¨ '

�
p(k)r

�
ï¢«ïîâáï 2k-á¨¬¬¥âà¨çë¬¨ ª ª

«¨¥©ë¥ ª®¬¡¨ æ¨¨ 2k-á¨¬¬¥âà¨çëå äãªæ¨© p(k)r ¨
q
p(k)r : �âáî¤  â ª¦¥ á«¥¤ã¥â 2k-

á¨¬¬¥âà¨ç®áâì äãªæ¨© g(k)r . �á¥ íâ® ¢ æ¥«®¬ ¢«¥ç¥â B-à¥£ã«ïà®áâì ãª § ®£® á¯¨áª  eS
¢ á¨«ã ¯à¥¤áâ ¢«¥¨ï ¥£® å à ªâ¥à¨áâ¨ç¥áª®© äãªæ¨¨ �S(r) ¢ ¢¨¤¥ áã¬¬ë 2k-á¨¬¬¥âà¨çëå
äãªæ¨©.

�®ª ¦¥¬, çâ® ¯à¨ áà ¡ âë¢ ¨¨  «£®à¨â¬  eA á¯¨á®ª eS ï¢«ï¥âáï ®æ¥®çë¬. �¥©áâ¢¨â¥«ì®,
¢ íâ®¬ á«ãç ¥ ¢ë¯®«¥ë ¥à ¢¥áâ¢ 

�S(r) � bnpr +�rc; r = 1; : : : ; B:

� ¤àã£®© áâ®à®ë, á ãç¥â®¬ ä®à¬ã«ë (6) à §«®¦¥¨ï äãªæ¨¨ à á¯à¥¤¥«¥¨ï ¨ ¥à ¢¥áâ¢ �P
i
xi
�1=2

�P
i
x1=2i , xi � 0, ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ ¥à ¢¥áâ¢ (3):

bnpr +�rc = bnpr + 2(npr(1� pr) lnn)
1=2c �

� bnpr + 2(npr lnn)1=2c =
j
n

QX
k=kr

p(k)r + 2
�
n lnn

QX
k=kr

p(k)r

�1=2k
�

�
j
n

QX
k=kr

p(k)r + 2
p
n lnn

QX
k=kr

q
p
(k)
r

k
=
j
n

QX
k=kr

'(p(k)r )
k
�

�
QX

k=kr

g(k)r = �eS(r); r = 1; : : : ; B: �

�¢¥¤¥¬ ®¡®§ ç¥¨¥

~"n =
�
B=�p
n= lnn

�1=2

;

£¤¥ �p = 1
B

BP
r=1

rpr | ®â®è¥¨¥ ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ¨ï ¢¥á  ¯à¥¤¬¥â  ª ¢¬¥áâ¨¬®áâ¨ ª®-

â¥©¥à , ®£à ¨ç¨¢ îé¥© ¬ ªá¨¬ «ì® ¢®§¬®¦ë© ¢¥á ¯à¥¤¬¥â . �ç¥¢¨¤®, 0 < �p � 1.

�¥¬¬  6. �«ï § ¤ ç¨ ¨§ ª« áá  K0
n á B-à¥£ã«ïà®© äãªæ¨¥© à á¯à¥¤¥«¥¨ï ¢ á«ãç ¥ á¯¨áª 

¨§ ¬®¦¥áâ¢  S� á¯à ¢¥¤«¨¢  ®æ¥ª  á¨§ã ¤«ï ®¯â¨¬ «ì®£® § ç¥¨ï æ¥«¥¢®© äãªæ¨¨

F �
S � n�p(1�

p
3~"n):

�®ª § â¥«ìáâ¢®.

F �
S �

1
B

BX
r=1

r�S(r) � 1
B

BX
r=1

r(npr ��r) �

� n�p � 2
B

p
n lnn

BX
r=1

r
p
pr � n�p � 2

B

p
n lnn

� BX
r=1

r
BX
r=1

rpr

�1=2

�

� n�p � 2
B

p
n lnn

�
B(B + 1)

2
B�p

�1=2

� n�p �
p
3n lnn

q
B�p = n�p(1�

p
3~"n): �
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�¥¬¬  7. �«ï § ¤ ç¨ ¨§ ª« áá  K0
n á B-à¥£ã«ïà®© äãªæ¨¥© à á¯à¥¤¥«¥¨ï ¯à¨¡«¨¦¥ë©

 «£®à¨â¬ eA á ®æ¥®çë¬ á¯¨áª®¬ eS (7) ¢ á«ãç ¥ á¢®¥£® áà ¡ âë¢ ¨ï £ à â¨àã¥â ®æ¥ªã

á¢¥àåã ¤«ï ¯à¨¡«¨¦¥®£® § ç¥¨ï æ¥«¥¢®© äãªæ¨¨

F eA � n�p(1 + 2~"n + ~"2n= lnn):

�®ª § â¥«ìáâ¢®.

F eA � F �eS � 1
B

BX
r=1

r�eS(r) + 1 � 1
B

BX
r=1

r
QX

k=kr

g(k)r + 1 �

� 1
B

BX
r=1

r

�
Q� kr +

QX
k=kr

'(p(k)r )
�
+ 1 =

1
B

BX
r=1

r (Q� kr) +

+
1
B

BX
r=1

r
QX

k=kr

(np(k)r + 2
q
n lnnp(k)r ) + 1 =

1
B
(�1 +�2 +�3) + 1;

£¤¥

�1 =
BX
r=1

r(Q� kr) =
Q�1X
k=1

(Q� k)
2k�1X
r=2k�1

r =
Q�1X
k=1

(Q� k)
3 � 2k�1 � 1

2
2k�1 �

� 3
8

Q�1X
k=1

(Q� k)4k � 3
8
B2

1X
k=1

k

4k
� 3
8
B2

1X
k=1

0:5 � 2k
4k

=
3
16
B2

1X
k=1

1
2k

<
B2

4
;

�2 = n
BX
r=1

r
QX

k=kr

p(k)r = n
BX
r=1

r � pr = nB�p;

�3 = 2
p
n lnn

BX
r=1

r
QX

k=kr

q
p
(k)
r � 2

p
n lnn

BX
r=1

r
q
(Q� kr + 1)pr �

� 2
p
n lnn

� BX
r=1

rpr

BX
r=1

r(Q� kr + 1)
�1=2

= 2
p
n lnn(B�p(�1 +

BX
r=1

r))1=2 �

� 2B
p
n lnn

s
�p

�
B

4
+
B + 1
2

�
� 2B

q
n lnnB�p;

®âªã¤  ¯à¨ B > 1

F eA � n�p + 2
q
n lnnB�p +B=4 + 1 <

< n�p

�
1 + 2

s
B=�p
n= lnn

+
B=�p
n

�
= n�p(1 + 2~"n + ~"2n= lnn): �

�¥®à¥¬  3. �«£®à¨â¬ eA   ª« áá¥ K0
n § ¤ ç ã¯ ª®¢ª¨ ¢ ª®â¥©¥àë á B-à¥£ã«ïà®© äãª-

æ¨¥© à á¯à¥¤¥«¥¨ï ¢¥á®¢ ¯à¨ B=�p = o(n= lnn)  á¨¬¯â®â¨ç¥áª¨ â®ç¥.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã B � B=�p, â® B = o(n= lnn) ¨ á®£« á® á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë
1 ¢¥à®ïâ®áâì ¥áà ¡ âë¢ ¨ï  «£®à¨â¬  eA ®£à ¨ç¥  ¢¥«¨ç¨®© o(1=(n lnn)) ! 0 ¯à¨ n !
1: � ª¨¬ ®¡à §®¬, á ¢¥à®ïâ®áâìî, áâà¥¬ïé¥©áï ª 1 á à®áâ®¬ n, ¨¬¥¥¬ ¤¥«® á à¥ «¨§ æ¨¥©
á«ãç ©®£® á¯¨áª  S, ¤«ï ª®â®à®© á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  (3) ¨ (4). �æ¥¨¬ ¯®£à¥è®áâì
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¯®«ãç ¥¬®£® à¥è¥¨ï á ãç¥â®¬ «¥¬¬ë 6

" eA =
F eA � F �

S

F �
S

� n�p(1 + 2~"n + ~"2n= lnn)

n�p(1�
p
3~"n)

� 1 =

=
(2 +

p
3)~"n(1 + (2�p

3)~"n= lnn)

1�p
3~"n

= O(~"n)! 0 ¯à¨ n!1: �

�¨â¥à âãà 
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