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�¢¥¤¥¨¥

�®à®è® ¨§¢¥áâ®, çâ® ¢ ¢®¯à®á å ¯à¨¡«¨¦¥¨ï 2�-¯¥à¨®¤¨ç¥áª¨å äãªæ¨© áãé¥áâ¢¥ãî
à®«ì ¨£à ¥â ®¯¥à â®à á¤¢¨£  Thf(x) = f(x + h) ¨ ®¯à¥¤¥«ï¥¬ë¥ á ¥£® ¯®¬®éìî ¬®¤ã«¨ ¥¯à¥-
àë¢®áâ¨ à §«¨çëå ¯®àï¤ª®¢. �¤ ª® ¢ ¢®¯à®á å, á¢ï§ ëå á ¯à¨¡«¨¦¥¨ï¬¨ ¥¯¥à¨®¤¨ç¥-
áª¨å äãªæ¨©   «®£¨çãî à®«ì ¨£à îâ ®¯¥à â®àë ®¡®¡é¥®£® á¤¢¨£  ¨ ¯®à®¦¤ îé¨¥áï ¨¬¨
®¡®¡é¥ë¥ ¬®¤ã«¨ ¥¯à¥àë¢®áâ¨. �®á«¥¤¨¥ è¨à®ª® ¯à¨¬¥ïîâáï ¢ ¢®¯à®á å ¯à¨¡«¨¦¥¨ï
¥¯¥à¨®¤¨ç¥áª¨å äãªæ¨© ª ª ®¤®©, â ª ¨ ¬®£¨å ¯¥à¥¬¥ëå (á¬.,  ¯à., [1] ¨ æ¨â¨àã¥¬ãî
â ¬ «¨â¥à âãàã). � ¤ ®© áâ âì¥ ®¯¥à â®àë ®¡®¡é¥®£® á¤¢¨£  ¯à¨¬¥ïîâáï ¢ ¢®¯à®á å ¯à¨-
¡«¨¦¥¨ï äãªæ¨© áã¬¬ ¬¨ �ãàì¥{�à¬¨â  ¨ ¤ îâáï â®çë¥ ¨«¨ á« ¡ë¥ íª¢¨¢ «¥âë¥ ®æ¥ª¨
ª®«¬®£®à®¢áª¨å ¯®¯¥à¥ç¨ª®¢ ¥ª®â®àëå ª« áá®¢ äãªæ¨©.

1. �¯à¥¤¥«¥¨ï. �« ááë äãªæ¨©

�ãáâì L2 = L2(R; e�x
2

) | ¯à®áâà áâ¢® áã¬¬¨àã¥¬ëå á ª¢ ¤à â®¬ äãªæ¨© f : R ! R á

¢¥á®¬ e�x
2

¨ ®à¬®© kfk =
rR
R

e�x2f 2(x)dx.

�¡®§ ç¨¬ ç¥à¥§ EN(f) = inf
PN
kf � PNk (N = 1; 2; : : : )  ¨«ãçè¥¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨

f 2 L2  «£¥¡à ¨ç¥áª¨¬¨ ¬®£®ç«¥ ¬¨ PN(x) ¯®àï¤ª  ¥ ¢ëè¥ N � 1.
�ãáâì

Hn(x) =
(�1)nq
n!2n

p
�
ex

2 dn

dxn
e�x

2

(n = 0; 1; : : : )

| ®àâ®®à¬¨à®¢  ï á¨áâ¥¬  ¬®£®ç«¥®¢ �à¬¨â  ([2], á. 114) ¢ ¯à®áâà áâ¢¥ L2 ¨

f(x) =
1X
n=0

cn(f)Hn(x)
�
cn(f) =

Z +1

�1

e�x
2

f(x)Hn(x)dx
�

(1)

| àï¤ �ãàì¥{�à¬¨â  äãªæ¨¨ f 2 L2,

SN(f ;x) =
X

0�n<N

cn(f)Hn(x)

| ç áâ¨çë¥ áã¬¬ë àï¤  (1).
�®à®è® ¨§¢¥áâ®, çâ®

kfk =
s

1P
n=0

c2n(f); EN (f) = kf � SN(f)k =
s

1P
n=N

c2n(f): (2)

� ¯à®áâà áâ¢¥ L2 à áá¬®âà¨¬ ®¯¥à â®à

Fh(f) = Fhf(x) =
1p
�

Z
R

e�t
2

f(x
p
1� h2 + ht)dt (0 < h < 1);
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ª®â®àë© ¡ã¤¥¬  §ë¢ âì ®¯¥à â®à®¬ ®¡®¡é¥®£® á¤¢¨£ . �¯¥à â®à Fh : L2 ! L2 ®¡« ¤ ¥â
á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨ ([3], á. 557):

1) Fh(f1 + f2) = Fh(f1) + Fh(f2),
2) Fh(�f) = �Fh(f) (� 2 R),
3) F0(f) = F0f(x) = f(x),
4) kFhfk � kfk,
5) kFhf � fk ! 0 (h! 0+),
6) FhHn(x) = (1� h2)

n
2Hn(x).

�¯à¥¤¥«¨¬ â¥¯¥àì à §®áâ¨ ¯¥à¢®£® ¨ ¢ëáè¨å ¯®àï¤ª®¢, ª ª ¨ ¢ ª« áá¨ç¥áª®¬ á«ãç ¥, á«¥-
¤ãîé¨¬ ®¡à §®¬:

�h(f ;x) = Fhf(x)� f(x) = (Fh �E)f(x);

�k
h(f ;x) = �h(�

k�1
h (f ;x);x) = (Fh �E)kf(x) =

kX
i=0

(�1)k�i
 
k

i

!
F i
hf(x);

£¤¥ F 0
hf(x) = f(x), F i

hf(x) = Fh(F
i�1
h f(x)) (i = 1; 2; : : : ; k; k = 1; 2; : : : ) ¨ E | ¥¤¨¨çë© ®¯¥à â®à

¢ ¯à®áâà áâ¢¥ L2.
�¥«¨ç¨ã


k(f ; �) = sup
0<h��

k�k
h(f ;x)k (k = 1; 2; : : : )

¡ã¤¥¬  §ë¢ âì ®¡®¡é¥ë¬ ¬®¤ã«¥¬ ¥¯à¥àë¢®áâ¨ ¯®àï¤ª  k äãªæ¨¨ f 2 L2.
� «¥¥ D = d2

dx2
� 2x d

dx
| ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à ¢â®à®£® ¯®àï¤ª .

� ¯®¬¨¬, çâ® ([4], á. 172) äãªæ¨ï f 2 L2 ¨¬¥¥â ®¡®¡é¥ãî ¯à®¨§¢®¤ãî ¢ á¬ëá«¥ �¥¢¨,
®¡®§ ç ¥¬ãî ç¥à¥§ f 0(x), ¥á«¨ áãé¥áâ¢ã¥â äãªæ¨ï f� 2 L2, íª¢¨¢ «¥â ï äãªæ¨¨ f(x)   R
¨ «®ª «ì®  ¡á®«îâ® ¥¯à¥àë¢ ï   R, ¯à¨ íâ®¬ f 0(x) | íâ® «î¡ ï äãªæ¨ï f 2 L2, íª¢¨-
¢ «¥â ï f 0�(x)   R. �ãªæ¨ï f

0
�(x) áãé¥áâ¢ã¥â ¯®çâ¨ ¢áî¤ã   R. �¡®¡é¥ë¥ ¯à®¨§¢®¤ë¥

¢ëáè¨å ¯®àï¤ª®¢ ®¯à¥¤¥«ïîâáï á®®â®è¥¨ï¬¨ f 00(x) = (f 0(x))0, f 000(x) = (f 00(x))0 ¨ â. ¤.
� áá¬®âà¨¬ á«¥¤ãîé¨¥ ª« ááë äãªæ¨©.
Lr2(D) | ª« áá äãªæ¨© f 2 L2, ¨¬¥îé¨å   ¢á¥© ®á¨ R ®¡®¡é¥ë¥ ¯à®¨§¢®¤ë¥ ¢ á¬ëá«¥

�¥¢¨ f 0(x); f 00(x); : : : ; f (2r)(x), ¯à¨ ¤«¥¦ é¨¥ ¯à®áâà áâ¢ã L2 ¨ Drf 2 L2. �¤¥áì D0f = f ,
Drf = D(Dr�1f) (r = 1; 2; : : : ) ¨ L0

2(D) = L2.
W r

2 (D) | ª« áá äãªæ¨© f 2 Lr2(D), ¤«ï ª®â®àëå kDrfk � 1 (r = 1; 2; : : : ).
W r;k

2;�(D) | ª« áá äãªæ¨© f 2 Lr2(D), ¤«ï ª®â®àëå


k(D
rf ; �) = O[�(�k)] (r = 0; 1; : : : ; k = 1; 2; : : : );

£¤¥ �(t) | ¬®®â®® ¢®§à áâ îé ï ¥¯à¥àë¢ ï äãªæ¨ï, § ¤  ï   [0;+1), �(0) = 0.
KH(�) | ª« áá äãªæ¨© f 2 L2, ¤«ï ª®â®àëå sup

x2R
e��x

2 j�h(f ;x)j � Kh� , £¤¥ K = K(�) > 0,

� > 0, 0 < � < 1=2 | ¯®áâ®ïë¥.
�¥âàã¤® § ¬¥â¨âì, çâ® KH(�) �W 0;1

2;t� (D).
� ¯®¬¨¬, çâ® N -¯®¯¥à¥ç¨ª®¬ �®«¬®£®à®¢  ¬®¦¥áâ¢  M ¢ ¯à®áâà áâ¢¥ L2  §ë¢ ¥âáï

¢¥«¨ç¨ 
dN (M ;L2 ) = inf

GN�L2

n
sup
f2M

�
inf
g2GN

kf � gk	o;
£¤¥ ¯®á«¥¤¨© à § â®ç ï ¨¦ïï £à ì ¡¥à¥âáï ¯® ¢á¥¬ ¯®¤¯à®áâà áâ¢ ¬ GN � L2 ä¨ªá¨à®-
¢ ®© à §¬¥à®áâ¨ N 2 N ([5], á. 182).

�¥«¨ç¨ 
d�N (M ;GN ) = sup

f2M

�
inf
g2GN

kf � gk	
¥áâì ®âª«®¥¨¥ ¬®¦¥áâ¢  M ®â ¯®¤¯à®áâà áâ¢  GN ¢ ¯à®áâà áâ¢¥ L2.

�á«¨ dN(M ;L2) = d�N(M ;G
�
N ), â® ¯®¤¯à®áâà áâ¢® G

�
N � L2  §ë¢ ¥âáï íªáâà¥¬ «ìë¬ ¤«ï

¬®¦¥áâ¢  M ¢ ¯à®áâà áâ¢¥ L2.
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2. �á®¢ë¥ à¥§ã«ìâ âë

�®ª ¦¥¬ á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

�¥®à¥¬  1. �«ï «î¡®© äãªæ¨¨ f 2 Lr2(D) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

EN(f) � ((N))�k(2N)�r
�Z p2=N

0

h
1=k
k (Drf ;h)dh

�k
;

£¤¥

(N) =
1
N
� 1
N + 2

+
1

N + 2

�
1� 2

N

�N+2

2

(r = 0; 1; : : : ; k = 1; 2; : : : ; N = 2; 3; : : : );

¯à¨ç¥¬ ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ®¬ N = 2; 3; : : : ª®áâ â  ¢ ¯à ¢®© ç áâ¨ ã¬¥ìè¥  ¡ëâì

¥ ¬®¦¥â.

�«¥¤áâ¢¨¥ 1. �«ï «î¡®© äãªæ¨¨ f 2 Lr2(D)

EN(f)� N�r
k

�
Drf ;

q
2=N

�
:

�«¥¤áâ¢¨¥ 2. �¯à ¢¥¤«¨¢  ®æ¥ª 

sup
f2W r;k

2;�
(D)

EN (f) = O
n
N�r�

��q
2=N

�k�o
(r = 0; 1; : : : ; k = 1; 2; : : : ):

�¥®à¥¬  2. �á«¨ f 2 L2, â®


k

�
f ;
q
2=N

�
�
�
22k+1k
N 2k

NX
n=1

n2k�1E2
n(f)

�1=2
:

�¥®à¥¬  3. �ãáâì f 2 L2. �á«¨ àï¤

1X
n=1

nr�1En(f) (r = 1; 2; : : : )

áå®¤¨âáï, â® f 2 Lr2(D) ¨


k

�
Drf ;

q
2=N

�
�
�

1
N 2k

NX
n=1

n2(r+k)�1E2
n(f)

�1=2
+

1X
n=N

nr�1En(f):

�§ â¥®à¥¬ 1{3 á«¥¤ã¥â

EN(f) = O(N�r� k�
2 )() f 2W r;k

2;t� (D) (r = 0; 1; : : : ; k = 1; 2; : : : ; 0 < � < 2):

�à¨ k = 1, D = d
dx

  «®£¨çë© ä ªâ ¨§¢¥áâ¥ [6] (á¬. â ª¦¥ [1]).

�¥®à¥¬  4. �à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ®¬ N = 1; 2; : : : á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

sup
f2W r

2
(D)

EN(f) = (2N)�r:

�¥àåïï £à ì ¤®áâ¨£ ¥âáï ¤«ï äãªæ¨¨ f�N(x) = (2N)�rHN(x).

�¥®à¥¬  5. �«ï «î¡®© äãªæ¨¨ f 2W r
2 (D)

lim
N!1

N rEN(f) = 0:

�¥®à¥¬  6. �¯à ¢¥¤«¨¢® à ¢¥áâ¢®

dN(W
r
2 (D);L2) = (2N)�r (r = 1; 2; : : : ):

�ªáâà¥¬ «ìë¬ ¯®¤¯à®áâà áâ¢®¬ ¤«ï ª« áá  W r
2 (D) ¡ã¤¥â ¯®¤¯à®áâà áâ¢®  «£¥¡à ¨ç¥áª¨å

¬®£®ç«¥®¢ ¯®àï¤ª  ¥ ¢ëè¥ N � 1.
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�¥®à¥¬  7. �¯à ¢¥¤«¨¢  ®æ¥ª 

dN(W
r;k
2;�(D);L2) � N�r�(N�k=2) (r = 0; 1; 2; : : : ; k = 1; 2; : : : ):

�¤¥áì äãªæ¨ï �(t) ã¤®¢«¥â¢®àï¥â ¥é¥ ãá«®¢¨î

�(�t) = O(�+ 1)�(t) (� > 0):

�¥®à¥¬  8. �á«¨ f 2 KH(�) ¨ � > 1, â® àï¤
1P
n=0

cn(f) áå®¤¨âáï  ¡á®«îâ®.

3. �á¯®¬®£ â¥«ìë¥ ¯à¥¤«®¦¥¨ï

�§¢¥áâ®, çâ® ¬®£®ç«¥ë �à¬¨â  Hn(x) ã¤®¢«¥â¢®àïîâ ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î
([1], á. 115)

H 00
n(x)� 2xH 0

n(x) + 2nHn(x) = 0:

�¬®¦ ï ®¡¥ ç áâ¨   e�x
2

, ¨¬¥¥¬

(e�x
2

H 0
n(x))

0 + 2ne�x
2

Hn(x) = 0: (3)

�¥¬¬  1. �á«¨ f 2 Lr2(D), â®

cn(f) = (�1)r 1
(2n)r

cn(Drf) (r = 1; 2; : : : ; n = 1; 2; : : : ):

�®ª § â¥«ìáâ¢®. �§ (1) ¨ (3), ¤¢ ¦¤ë ¨â¥£à¨àãï ¯® ç áâï¬, ¨¬¥¥¬

cn(f) =
Z +1

�1

e�x
2

f(x)Hn(x)dx = � 1
2n

Z +1

�1

f(x)(e�x
2

H 0
n(x))

0dx =

= � 1
2n

Z +1

�1

f(x)d(e�x
2

H 0
n(x)) =

1
2n

Z +1

�1

e�x
2

f 0(x)H 0
n(x)dx =

=
1
2n

Z +1

�1

e�x
2

f 0(x)d(Hn(x)) = � 1
2n

Z +1

�1

Hn(x)(e�x
2

f 0(x))0dx =

= � 1
2n

Z +1

�1

e�x
2

(f 00(x)� 2xf 0(x))Hn(x)dx = � 1
2n

Z +1

�1

e�x
2

(Df(x))Hn(x)dx;

â. ¥.

cn(f) = � 1
2n
cn(Df): �

�¥¬¬  2. �ãáâì f 2 L2 ¨ f(x) =
1P
n=0

cn(f)Hn(x). �®£¤ 

Fhf(x) =
1X
n=0

(1� h2)n=2cn(f)Hn(x);

¯à¨ç¥¬ àï¤ë á¯à ¢  áå®¤ïâáï ¢ ¯à®áâà áâ¢¥ L2.

�®ª § â¥«ìáâ¢®. � ª ª ª FhHn(x) = (1� h2)n=2Hn(x), â® ¤«ï «î¡®£® ¬®£®ç«¥  PN (x) =
N�1P
n=0

anHn(x) ¢ á¨«ã «¨¥©®áâ¨ ®¯¥à â®à  Fh ¨¬¥¥¬

FhPN(x) =
N�1X
n=0

(1� h2)n=2anHn(x):

� ª ª ª Fh ¥é¥ ¨ ®£à ¨ç¥ë© ®¯¥à â®à ¢ ¯à®áâà áâ¢¥ L2,   ¬®¦¥áâ¢® ¬®£®ç«¥®¢ PN(x)
¢áî¤ã ¯«®â® ¢ L2, â® ãâ¢¥à¦¤¥¨¥ «¥¬¬ë ¯®«ãç ¥âáï «¥£ª®.
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� ¬¥ç ¨¥. � á¨«ã «¥¬¬ 1 ¨ 2, ¯®«ì§ãïáì ãà ¢¥¨¥¬ § ¬ªãâ®áâ¨ (2) ¨ ä®à¬ã«®© ¡¨®¬ 
�ìîâ® , «¥£ª® ¯®ª § âì, çâ® ¤«ï «î¡®© äãªæ¨¨ f 2 Lr2(D) á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

k�k
h(D

rf ;x)k2 =
1X
n=1

[1� (1� h2)n=2]2k(2n)2rc2n(f):

4. �®ª § â¥«ìáâ¢  â¥®à¥¬

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �ãáâì f 2 Lr2(D). �®£¤  ¢ á¨«ã ¥à ¢¥áâ¢  ��¥«ì¤¥à  ¨ á¤¥-
« ®£® ¢ëè¥ § ¬¥ç ¨ï ¨¬¥¥¬

1X
n=N

c2n(f)�
1X

n=N

(1� h2)n=2c2n(f) =
1X

n=N

[1� (1� h2)n=2]c2n(f) =

=
1X

n=N

jcn(f)j2� 1
k jcn(f)j 1k [1� (1� h2)n=2]c2n(f) �

�
� 1X
n=N

c2n(f)
� 2k�1

2k
� 1X
n=N

[1� (1� h2)n=2]2kc2n(f)
� 1

2k

=

=
� 1X
n=N

c2n(f)
� 2k�1

2k
� 1X
n=N

1
(2n)2r

[1� (1� h2)n=2]2k(2n)2rc2n(f)
� 1

2k

�

�
� 1X
n=N

c2n(f)
� 2k�1

2k

(2N)�r=k
� 1X
n=N

[1� (1� h2)n=2]2k(2n)2rc2n(f)
� 1

2k

�

�
� 1X
n=N

c2n(f)
� 2k�1

2k

(2N)�r=kk�h(Drf)k1=k;

â. ¥.
1X

n=N

c2n(f) �
� 1X
n=N

c2n(f)
� 2k�1

2k

(2N)�r=kk�h(Drf)k1=k +
1X

n=N

(1� h2)n=2c2n(f):

�âáî¤  á«¥¤ã¥â

1X
n=N

c2n(f) �
� 1X
n=N

c2n(f)
� 2k�1

2k

(2N)�r=k
1=r
k (Drf ;h) + (1� h2)N=2

1X
n=N

c2n(f):

�¬®¦ ï ®¡¥ ç áâ¨ ¯®á«¥¤¥£® ¥à ¢¥áâ¢    h 2 [0;
p
2=N ] ¨ ¨â¥£à¨àãï ¥£® ¢ ãª § ëå

¯à¥¤¥« å, ¯®«ãç¨¬

�
1
N
� 1
N + 2

+
1

N + 2

�
1� 2

N

�N+2

2
� 1X
n=N

c2n(f) �

�
� 1X
n=N

c2n(f)
� 2k�1

2k

(2N)�r=k
Z p2=N

0
h
1=k

k (Drf ;h)dh:

�âáî¤  á«¥¤ã¥â

1X
n=N

c2n(f) � ((N))�2k(2N)�2r
�Z p2=N

0
h
1=k

k (Drf ;h)dh
�2k

¨«¨

kf � SN(f)k � ((N))�k(2N)�r
�Z p2=N

0

h
1=k
k (Drf ;h)dh

�k
:
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� ¤àã£®© áâ®à®ë, «¥£ª® ¯®ª § âì, çâ® ¤«ï äãªæ¨¨

f�(x) = HN(x) (N � 2)

¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ®¡à é ¥âáï ¢ à ¢¥áâ¢®.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. � á¨«ã á¤¥« ®£® ¢ëè¥ § ¬¥ç ¨ï ¨ ¢¯®«¥ ®ç¥¢¨¤®£®
¥à ¢¥áâ¢ 

1� (1� h2)n=2 � nh2 (4)

¨¬¥¥¬

k�k
h(f)k2 =

1X
n=1

[1� (1� h2)n=2]2kc2n(f) =

=
NX
n=1

[1� (1� h2)n=2]2kc2n(f) +
1X

n=N+1

[1� (1� h2)n=2]2kc2n(f) �

� h4k
NX
n=1

n2kc2n(f) +
1X

n=N+1

c2n(f):

�®« £ ï §¤¥áì h =
p
2=N , ¡ã¤¥¬ ¨¬¥âì


2
k(f ;

q
2=N ) � 22k

N 2k

NX
n=1

n2kc2n(f) +
1X

n=N+1

c2n(f) �

� 22k

N 2k

� NX
n=1

n2kc2n(f) +N 2k
1X

n=N+1

c2n(f)
�
=

=
22k

N 2k

� NX
n=1

n2k
� 1X
`=n

c2`(f)�
1X

`=n+1

c2`(f)
�
+N 2k

1X
n=N+1

c2n(f)
�
=

=
22k

N 2k

� NX
n=1

(n2k � (n� 1)2k)
1X

m=n

c2m(f)
�
� 22k+1k

N 2k

NX
n=1

n2k�1E2
n(f): �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �¥âàã¤® § ¬¥â¨âì, çâ®

g(x) = �
Z x

0

et
2

Z +1

t

f(�)e��
2

d� 2 L1
2(D);

¥á«¨ f 2 L2 ¨ Dg(x) = f(x). �®«ì§ãïáì íâ¨¬ § ¬¥ç ¨¥¬, ¬®¦® ¯®ª § âì, çâ® äãªæ¨ï f 2 L2,
ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î â¥®à¥¬ë, ¯à¨ ¤«¥¦¨â Lr2(D).

� «¥¥, ª ª ¨ ¢ëè¥, ¨¬¥¥¬

k�k
h(D

rf)k2 =
1X
n=1

[1� (1� h2)n=2]2k(2n)2rc2n(f):

� §®¡ì¥¬ ¯®á«¥¤îî áã¬¬ã   ¤¢  á« £ ¥¬ëå:

1X
n=1

=
MX
n=1

2n�1X
m=2n�1

+
1X

n=M+1

2n�1X
m=2n�1

= �1 +�2;

£¤¥ h =
p
2=N , 1=2M+1 < h2=2 � 1=2M , ¨ ®æ¥¨¬ ª ¦¤®¥ á« £ ¥¬®¥ ¢ ®â¤¥«ì®áâ¨.

� á¨«ã (4) § ¬¥â¨¬

�1 =
MX
n=1

2n�1X
m=2n�1

[1� (1� h2)m=2]2k(2m)2rc2m(f) � h4k
MX
n=1

2n�1X
m=2n�1

(2m)2(r+k)c2m(f):
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� ª ª ª c2m(f) = E2
m(f)�E2

m+1(f), â® ¥âàã¤® ¯®ª § âì, çâ®

MX
n=1

2n�1X
m=2n�1

(2m)2(r+k)c2m(f)�
MX
n=1

2n�1X
m=2n�1

m2(rk)�1E2
m(f)�

NX
n=1

n2(r+k)�1E2
n(f):

�«¥¤®¢ â¥«ì®,

�1 � 1
N 2k

NX
n=1

n2(r+k)�1E2
n(f):

� «¥¥

(�2)
1=2 =

� 1X
n=M+1

2n�1X
m=2n�1

[1� (1� h2)m=2]2k(2m)2rc2m(f)
�1=2

=

=
� 1X
n=M+1

k�k
h(D

r(S2n�1(f ;x)� S2n(f ;x)))k2
�1=2

�

�
1X

n=M+1

k�k
h(D

r(S2n�1(f ;x)� S2n(f ;x)))k:

� ª ª ª
k�k

h(D
rf)k � kDrfk; kDrSn(f)k � (2n)rkSn(f)k;

â®, ¯®«ì§ãïáì ¬®®â®®áâìî ¯®á«¥¤®¢ â¥«ì®áâ¨ En(f), «¥£ª® ¯®ª § âì, çâ®

(�2)
1=2 �

1X
n=M+1

2(n+1)rE2n�1(f)�
1X

n=N

nr�1En(f):

�¡ê¥¤¨ïï ¯®«ãç¥ë¥ ®æ¥ª¨ ¤«ï �1 ¨ �2, ¯®«ãç¨¬ âà¥¡ã¥¬®¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4. �ãáâì f 2W r
2 (D). �®£¤  ¨§ (2) ¨ «¥¬¬ë 1 á«¥¤ã¥â

kf � SN(f)k2 =
1X

n=N

c2n(f) �
1X

n=N

1
(2n)2r

c2n(D
rf) � 1

(2N)2r

1X
n=N

c2n(D
rf) �

� 1
(2N)2r

1X
n=0

c2n(D
rf) � 1

(2N)2r
kDrfk2 � 1

(2N)2r
;

â. ¥.

kf � SN(f)k � (2N)�r: (5)

� ¤àã£®© áâ®à®ë, ¤«ï äãªæ¨¨
f�(x) = (2N)�rHN(x);

®ç¥¢¨¤® ¯à¨ ¤«¥¦ é¥© ª« ááã W r
2 (D), ¨¬¥¥¬

kf� � SN(f
�)k = kf�k = (2N)�r: (6)

�§ ®æ¥®ª (5), (6) á«¥¤ã¥â âà¥¡ã¥¬®¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 5. �¥âàã¤® § ¬¥â¨âì, çâ® ¤«ï «î¡®© äãªæ¨¨ f 2 Lr2(D), à á-
áã¦¤ ï ª ª ¨ ¢ëè¥, ¨¬¥¥¬

kf � SN(f)k � (2N)�rkDrfk:
�ãáâì f 2W r

2 (D). � áá¬®âà¨¬ äãªæ¨î

f�(x) = f(x)� SN(f ;x):
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�ç¥¢¨¤®, f� 2 Lr2(D) ¨ SN(f
�;x) = 0. �«¥¤®¢ â¥«ì®,

kf � SN(f)k = kf�k = kf� � 0k = kf� � SN(f
�)k �

� (2N)�rkDrf�k = (2N)�rkDrf � SN(D
rf)k = (2N)�r"N :

� ª ª ª "N ! 0 (N !1), â® ãâ¢¥à¦¤¥¨¥ ¤®ª § ®.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 6. �æ¥ª  á¢¥àåã. � á¨«ã ¥à ¢¥áâ¢  (5) ¨¬¥¥¬

dN(W
r
2 (D);L2) � (2N)�r: (7)

�æ¥ª  á¨§ã. � áá¬®âà¨¬ ¢ (N + 1)-¬¥à®¬ ¯®¤¯à®áâà áâ¢¥ ¬®£®ç«¥®¢ QN(x) =
NP
n=0

anHn(x) è à (2N)�rB à ¤¨ãá  (2N)�r, â. ¥. ¬®¦¥áâ¢® â ª¨å ¬®£®ç«¥®¢, çâ®

kQNk2 =
NX
n=0

a2n � (2N)�2r;

¨ ¯®ª ¦¥¬, çâ® (2N)�rB �W r
2 (D). �ãáâì QN 2 (2N)�rB. � ª ª ª

DrQN(x) = (�1)r
NX
n=0

(2n)ranHn(x);

â®

kDrQNk2 =
NX
n=1

(2n)2ra2n � (2N)2r
NX
n=1

a2n � (2N)2r(2N)�2r = 1:

�âáî¤  á«¥¤ã¥â QN 2W r
2 (D),   íâ® ®§ ç ¥â, çâ® (2N)�r �W r

2 (D). �®£¤  ([7], á. 341) ¨¬¥¥¬

dN(W
r
2 (D);L2) � (2N)�r: (8)

�§ ®æ¥®ª (7) ¨ (8) á«¥¤ã¥â âà¥¡ã¥¬®¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 7. �æ¥ª  á¢¥àåã. �ãáâì f 2W r;k
2;�(D). �§ á«¥¤áâ¢¨ï â¥®à¥¬ë 1

¯®«ãç¨¬

dN(W
r;k
2;�(D);L2)� N�r�(N�k=2): (9)

�æ¥ª  á¨§ã. �¯à¥¤¥«¨¬ ®¯¥à â®à A : L2 ! L2 á«¥¤ãîé¨¬ ®¡à §®¬:

g(x) = Af(x) =
1X
n=0

�ncn(f)Hn(x);

£¤¥

�n =
1

(n+ 1)r
�
�
(n+ 1)�k=2

�
(n = 0; 1; : : : ):

�ç¥¢¨¤®, çâ® A | ¢¯®«¥ ¥¯à¥àë¢ë© á ¬®á®¯àï¦¥ë© ®¯¥à â®à ¢ ¯à®áâà áâ¢¥ L2, ç¨á« 
�n (n = 0; 1; : : : ) ï¢«ïîâáï ¥£® á®¡áâ¢¥ë¬¨ § ç¥¨ï¬¨,   Hn(x) | ®â¢¥ç îé¨¬¨ ¨¬ á®¡áâ¢¥-
ë¬¨ äãªæ¨ï¬¨.

� áá¬®âà¨¬ ¬®¦¥áâ¢®

M = fg 2 L2 : g = Af; f 2 L2; kfk � 1g:
�§¢¥áâ® ([8], á. 51), çâ®

dN(M ;L2 ) = �N+1: (10)
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�®ª ¦¥¬, çâ® M � W r;k
2;�(D). �ãáâì g 2 M . � ááã¦¤ ï, ª ª ¨ ¢ëè¥, ¯®«ãç¨¬ ¢ª«îç¥¨¥

Drg 2 L2 ¨

k�k
h(D

rg)k2 =
1X
n=1

[1� (1� h2)n=2]2k(2N)2r�2nc
2
n(f) �

1X
n=1

[1� (1� h2)n=2]2k�2(n�k=2)c2n(f):

�®¢ì ¯®« £ ï N = [h�2], à §®¡ì¥¬ ¯®á«¥¤îî áã¬¬ã   ¤¢  á« £ ¥¬ëå:

1X
n=1

=
NX
n=1

+
1X

n=N+1

= �1 +�2:

�æ¥¨¬ ª ¦¤®¥ á« £ ¥¬®¥ ¢ ®â¤¥«ì®áâ¨.
�¬¥¥¬

�2 =
1X

n=N+1

[1� (1� h2)n=2]2k�2(n�k=2)c2n(f) = O

� 1X
n=N

�2(n�k=2)c2n(f)
�
=

= O
�
�2(N�k=2)

� 1X
n=N

c2n(f) = O
�
�2(N�k=2)

�
= O

�
�2(hk)

�
:

� á¨«ã (4) ¨ �(t2)

t2
= O

�
�(t1)

t1

�
(t1 � t2) § ¯¨è¥¬

�1 =
NX
n=1

[1� (1� h2)n=2]2k�2(n�k=2)c2n(f) =

= O(h4k)
NX
n=1

n2k�2(n�k=2)c2n(f) = O(h4k)
NX
n=1

�
�(n�k=2)
n�k=2

�2
nkc2n(f) =

= O(h4k)N 2k�2(N�k=2)
NX
n=1

c2n(f) = O(h4k)N 2k�2(N�k=2) = O(�2(hk)):

�¡ê¥¤¨ïï ®æ¥ª¨ ¤«ï �1 ¨ �2, ¯®«ãç¨¬

k�k
h(D

rg)k = O(�(hk));

  íâ® ®§ ç ¥â, çâ® g 2W r;k
2;�(D). � ª¨¬ ®¡à §®¬, M �W r;k

2;�(D). �âáî¤  ¨ ¨§ (10) á«¥¤ã¥â

dN
�
W r;k

2;�(D);L2

�� N�r�(N�k=2);

çâ® ¢¬¥áâ¥ á ¥à ¢¥áâ¢®¬ (9) § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 8. �ãáâì f 2 KH(�) (� > 1). �®£¤ , ª ª ®â¬¥ç¥® ¢ ¯. 1,
f 2W 0;1

2;t� (D),   ¯®â®¬ã ¢ á¨«ã á«¥¤áâ¢¨ï 2 â¥®à¥¬ë 1 ¨¬¥¥¬

1X
n=N

c2n(f) = O(N��):

�® â®£¤ 
2N�1X
n=N

c2n(f) = O(N��)

¤«ï «î¡®£® N = 1; 2; : : : �à¨¬¥ïï ¥à ¢¥áâ¢® �®è¨{�ãïª®¢áª®£®, ¯®«ãç ¥¬

2N�1X
n=N

jcn(f)j �
s

2N�1P
n=N

c2n(f)

s
2N�1P
n=N

1 = O(N 1=2��=2):
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�«¥¤®¢ â¥«ì®,

1X
n=N

jcn(f)j =
1X
k=0

2k+1N�1X
n=2kN

jcn(f)j = O

� 1X
k=0

(2kN)1=2��=2
�
= O(N 1=2��=2):

� ª ª ª � > 1, â® ®áâ «ì®¥ ïá®.
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