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� ¤ ç¨ ªãá®ç­®-«¨­¥©­®© ®¯â¨¬¨§ æ¨¨ á®áâ ¢«ïîâ ¢ ¦­ë© ª« áá § ¤ ç ¬ â¥¬ â¨ç¥áª®£®
¯à®£à ¬¬¨à®¢ ­¨ï. � ®¤­®© áâ®à®­ë, ®­¨ ¡«¨¦ ©è¨¬ ®¡à §®¬ ®¡®¡é îâ § ¤ ç¨ «¨­¥©­®£®
¯à®£à ¬¬¨à®¢ ­¨ï, á®åà ­ïï ¬­®£¨¥ á¢®©áâ¢  ¯®á«¥¤­¨å,   á ¤àã£®© | á«ã¦ â á ¬®áâ®ïâ¥«ì-
­ë¬ å®à®è® à ¡®â îé¨¬  ¯¯ à â®¬ ¢ à §«¨ç­ëå ®¡« áâïå ¯à¨ª« ¤­®© ¬ â¥¬ â¨ª¨. �ãá®ç­®-
«¨­¥©­ë¬¨ § ¤ ç ¬¨ ¬®¦­®  ¯¯à®ªá¨¬¨à®¢ âì ­¥«¨­¥©­ë¥ § ¤ ç¨ ®¯â¨¬¨§ æ¨¨, ¡ë¢ ¥â ¯®«¥§-
­ë¬ à¥¤ãæ¨à®¢ âì ª ­¨¬ â¥ ¨«¨ ¨­ë¥ â¨¯ë ¬­®£®íªáâà¥¬ «ì­ëå § ¤ ç. �áâì ¥é¥ ®¤­® ¢ ¦­®¥
®¡áâ®ïâ¥«ìáâ¢®, å à ªâ¥à¨§ãîé¥¥ ªãá®ç­®-«¨­¥©­ë¥ äã­ªæ¨¨: ®­¨ ®¡« ¤ îâ ã­¨ª «ì­ë¬¨ à §-
¤¥«¨â¥«ì­ë¬¨ á¢®©áâ¢ ¬¨, çâ® ¯®§¢®«ï¥â ¨å ¨á¯®«ì§®¢ âì ¢ ¤¨áªà¨¬¨­ ­â­®¬  ­ «¨§¥.

�«£¥¡à  ªãá®ç­®-«¨­¥©­ëå äã­ªæ¨© (k-äã­ªæ¨©) ¨ § ¤ ç ªãá®ç­®-«¨­¥©­®£® ¯à®£à ¬¬¨à®-
¢ ­¨ï ¬®¦¥â ¨§ãç âìáï ¢ à ¬ª å ¡®«¥¥ ®¡é¨å ª®­áâàãªæ¨©,   ¨¬¥­­®, | ¢ à ¬ª å �-à áè¨à¥­¨©
äã­ªæ¨®­ «ì­ëå ¯à®áâà ­áâ¢. �¥çì ¨¤¥â ®¡  «£¥¡à ¨ç¥áª®¬ à áè¨à¥­¨¨ ä¨ªá¨à®¢ ­­®£® äã­ª-
æ¨®­ «ì­®£® ¯à®áâà ­áâ¢  F0, § ¬ª­ãâ®£® ®â­®á¨â¥«ì­® ®¯¥à æ¨¨ ¤¨áªà¥â­®£® ¬ ªá¨¬ã¬ .
�á«¨ F| ãª § ­­®¥ à áè¨à¥­¨¥,   F0 |¯à®áâà ­áâ¢® «¨­¥©­ëå äã­ªæ¨©, â® F|¯à®áâà ­áâ¢®
ªãá®ç­®-«¨­¥©­ëå äã­ªæ¨©; ¥á«¨ F0 | ª« áá ª¢ ¤à â¨ç­ëå äã­ªæ¨©, â® F | ª« áá ªãá®ç­®-
ª¢ ¤à â¨ç­ëå äã­ªæ¨© ¨ â.¤.

�®âï ªãá®ç­®-«¨­¥©­ë¥ äã­ªæ¨¨ ¨ á®®â¢¥âáâ¢ãîé¨©  ¯¯ à â ¤«ï ­¨å ¨¬¥îâ ¢ ¦­®¥ §­ -
ç¥­¨¥, â¥¬ ­¥ ¬¥­¥¥ ç¨á«® à ¡®â, ¯®á¢ïé¥­­ëå íâ¨¬ ¢®¯à®á ¬, ­¥§­ ç¨â¥«ì­®. �â¬¥â¨¬ à ¡®âë
[1]{[6], ¯¥à¢ ï ¨§ ª®â®àëå á®¤¥à¦¨â £« ¢ã III ¯®¤ ­ §¢ ­¨¥¬ \�ãá®ç­®-«¨­¥©­ë¥ äã­ªæ¨¨ ¨
¯®«¨í¤à «ì­ë¥ ¬­®¦¥áâ¢ ". � íâ®© £« ¢¥ ¯à®¢®¤¨âáï ¤®¢®«ì­® ®á­®¢ â¥«ì­®¥ ¨áá«¥¤®¢ ­¨¥ ¯®
 «£¥¡à¥ ¨ £¥®¬¥âà¨¨ ª« áá  ªãá®ç­®-«¨­¥©­ëå äã­ªæ¨©.

1. �-à áè¨à¥­¨ï äã­ªæ¨®­ «ì­ëå ¯à®áâà ­áâ¢

�ãáâì F0 | ­¥ª®â®à®¥ äã­ªæ¨®­ «ì­®¥ ¯à®áâà ­áâ¢® á ¢¥é¥áâ¢¥­­ë¬ ¯à®áâà ­áâ¢®¬ X §­ -
ç¥­¨©  à£ã¬¥­â  äã­ªæ¨© ¨§ F0. �á«¨ ffj(x)gj2J � F0, â® äã­ªæ¨ï ¤¨áªà¥â­®£® ¬ ªá¨¬ã¬ 

f(x) := max
j2J

fj(x) ¬®¦¥â ª ª ¯à¨­ ¤«¥¦ âì F0, â ª ¨ ­¥ ¯à¨­ ¤«¥¦ âì. �¯®á®¡ ®¡à §®¢ ­¨ï

äã­ªæ¨¨ f(x) ­ §®¢¥¬ �-®¯¥à æ¨¥©.
�¥çì ¯®©¤¥â ® ¬¨­¨¬ «ì­®¬ à áè¨à¥­¨¨ ¯à®áâà ­áâ¢  F0 ¤® ¯à®áâà ­áâ¢  F, ®¡¥á¯¥ç¨¢ î-

é¥£® á¢®©áâ¢® �-§ ¬ª­ãâ®áâ¨

ffj(x)gj2J � F =) max
j2J

fj(x) 2 F: (1.1)

� íâ®© á¨âã æ¨¨ ¢ë¯®«­ï¥âáï, ®ç¥¢¨¤­®, á¢®©áâ¢® «¨­¥©­®© § ¬ª­ãâ®áâ¨

ff ij j i 2 I; j 2 Jig � F =)
X
i2I

�i max
j2Ji

f ij 2 F; (1.2)

£¤¥ �i 2 R, i 2 I.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ 96{01{00116).
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�¨­¨¬ «ì­®¥ �-§ ¬ª­ãâ®¥ à áè¨à¥­¨¥ ­ §®¢¥¬ �-à áè¨à¥­¨¥¬. �§ á¬ëá«  â ª®£® à áè¨à¥-
­¨ï ¢¨¤­®, çâ®

F =
+1[
k=0

Fk;

£¤¥ Fk+1 =
n P
i2I

�i max
j2Ji

f ij j f
i
j 2 Fk; �i 2 R; i 2 I; j 2 Ji; jIj < +1; jJij < +1

o
.

�  á ¬®¬ ¤¥«¥ ¢á¥ äã­ªæ¨¨ ¨§ F ¬®£ãâ ¡ëâì ¯à¥®¡à §®¢ ­ë ª ­¥ª®â®à®¬ã áâ ­¤ àâ­®¬ã
¢¨¤ã. � ®á­®¢¥ â ª®£® ¯à¥®¡à §®¢ ­¨ï «¥¦¨â àï¤ â®¦¤¥áâ¢, á¯à ¢¥¤«¨¢ëå ¤«ï ¯à®¨§¢®«ì­®£®
­ ¡®à  äã­ªæ¨©:

max
j2J

fj +max
i2I

gi = max
(j; i)2J�I

(fj + gi); (1.3)

X
i2I

�i max
j2Ji

f ij = max
si2Ji

X
i2I+

�i f
i
si
�max

si2Ji

X
i2I�

j�ijf
i
si
; (1.4)

£¤¥ I+ = fi j �i > 0g, I� = fi j �i < 0g;

max
j=1;:::;m

fj =
�

max
j=1;:::;m�1

fj � fm
�+

+ fm =
�
fm � max

j=1;:::;m�1
fj
�+

+ max
j=1;:::;m�1

fj; (1.5)

min
i=1;:::;n

fi = �
�

min
i=1;:::;n�1

fi � fn
�+

+ min
i=1;:::;n�1

fi = �
�
fn � min

i=1;:::;n�1
fi
�+

+ fn; (1.6)

�
max
j2J

fj �max
i2I

gi
�+

= max
(j; i)2J�I

ffj ; gig �max
i2I

gi; (1.7)

max
j2J

fj �max
i2I

gi = min
i2I

max
j2J

(fj � gi) = max
j2J

min
i2I

(fj � gi): (1.8)

�ë¯¨á ­­ë¥ â®¦¤¥áâ¢  ­®áïâ ®¡é¥«®£¨ç¥áª¨© å à ªâ¥à ¨ ¯à®¢¥àïîâáï ­¥¯®áà¥¤áâ¢¥­­®.
� à ¢­¥ á F ¢¢¥¤¥¬ ¯à®áâà ­áâ¢®

H =
+1[
i=0

Hi;

£¤¥ H0 = F0, Hk+1 =
n P
i2I

�i f
+
i j �i 2 R; fi 2 Hk; jIj < +1

o
.

�¯¥à æ¨ï ¢§ïâ¨ï ¯®«®¦¨â¥«ì­®© áà¥§ª¨ \+" ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ �-®¯¥à æ¨¨, ®¤­ ª®
®­  ¯®â¥­æ¨ «ì­® (â.¥. ¬­®£®ªà â­® ¯à¨¬¥­¥­­ ï) ¤ ¥â â®â ¦¥ ª« áá äã­ªæ¨© F. �¬¥¥â ¬¥áâ®

�¥®à¥¬  1.1. 1) �á¥ äã­ªæ¨¨ ¨§ F ¬®£ãâ ¡ëâì ¯à¨¢¥¤¥­ë ª «î¡®¬ã ¨§ áâ ­¤ àâ­ëå ¢¨¤®¢:

max
j2J

fj �max
i2I

gi; (1.9)

min
i2I

max
j2Ji

f ij ; (1.10)

max
j2J

min
i2Ij

f ji ; (1.11)

£¤¥ ffj ; gi; f
i
jg � F0; (1.9) ®§­ ç ¥â Fk = F1 ¯à¨ k > 1, á«¥¤®¢ â¥«ì­®, F = F1.

2) �« ááë F ¨ H á®¢¯ ¤ îâ.

3) �à¥¤áâ ¢«¥­¨ï (1.9){(1.10) íª¢¨¢ «¥­â­ë.

�®ª § â¥«ìáâ¢®. 1) �®®â­®è¥­¨¥ (1.9) ®§­ ç ¥â á®¢¯ ¤¥­¨¥ Fk á F1 ¯à¨ k > 1. �  á ¬®¬
¤¥«¥ ¤®áâ â®ç­® ¤®ª § âì F2 = F1. � á¨«ã (1.4) ¬®¦­® ®£à ­¨ç¨âìáï ¯à¥®¡à §®¢ ­¨¥¬ äã­ªæ¨¨
f(x) = max

i2I
fi ¯à¨ ffigI � F1 ª ¢¨¤ã (1.9). �ãáâì I = f1; : : : ; ng. �®ª § â¥«ìáâ¢® ¬®¦­® ¢¥áâ¨

¨­¤ãªæ¨¥© ¯® n. �á«¨ n = 1, â® f(x) = f1(x) ã¤®¢«¥â¢®àï¥â âà¥¡ã¥¬®¬ã á¢®©áâ¢ã ¯à¥¤áâ ¢«¥­¨ï
(1.9). �ãáâì n > 1. � ª ª ª fi 2 F1, â® íâ¨ äã­ªæ¨¨ ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

fi = max
j2Ji

f ij �max
k2Ii

gik
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¯à¨ ff ij ; g
i
kg � F0. �¬¥¥¬

f(x)
(1:5)
=

�
max

i=1;:::;n�1
fi � fn

�+
+ fn:

�® ¨­¤ãªæ¨¨ max
i=1;:::;n�1

fi =: �f 2 F1. � ª ª ª f = [ �f � fn]+ + fn, ¯à¨ç¥¬ f �f; fng � F1, â® ¯® (1.4)

�f � fn 2 F1,   ¯® (1.7) [ �f � fn]+ 2 F1, çâ® (á ãç¥â®¬ fn 2 F1) ¨ ¤ ¥â f 2 F1. �â ª, F2 = F1,  
¢¬¥áâ¥ á â¥¬ ¨ F = F1.

�à¥¤áâ ¢¨¬®áâì äã­ªæ¨© ¨§ F ¢ ¢¨¤¥ (1.10) ¨«¨ (1.11) á«¥¤ã¥â ¨§ â®¦¤¥áâ¢  (1.8).

2) �®ª ¦¥¬ ¢­ ç «¥ ¢ª«îç¥­¨¥ H � F1, â.¥. Hk � F1 8 k. �á«¨ f 2 H1, â® ¢ á¨«ã (1.4) f 2 F1.
�«¥¤®¢ â¥«ì­®, H1 � F1. �ãáâì Hk � F1, ¤®ª ¦¥¬ Hk+1 � F1. �à®¨§¢®«ì­ ï äã­ªæ¨ï ¨§ Hk+1

¨¬¥¥â ¢¨¤

f =
X
i2I

�i f
+
i ; ffig � Hk � F1:

�§ íâ®£® á«¥¤ã¥â, çâ® f ¯à¥¤áâ ¢«ï¥âáï «¨­¥©­®© ª®¬¡¨­ æ¨¥© äã­ªæ¨© ¤¨áªà¥â­®£® ¬ ªá¨¬ã¬ 
¯à¨ ®¡à §ãîé¨å ¨§ F0, çâ® á ãç¥â®¬ (1.4) ¨ ¤ ¥â ¤«ï f âà¥¡ã¥¬®¥ ¯à¥¤áâ ¢«¥­¨¥ (1.9).

�¡à â­®, ¥á«¨ f 2 F, â.¥. f ¨¬¥¥â ¢¨¤ (1.9), â® ¯®ª § ¢, çâ® äã­ªæ¨ï ¤¨áªà¥â­®£® ¬ ªá¨¬ã¬ 
¯à¨ ®¡à §ãîé¨å ¨§ F0 ¯à¨­ ¤«¥¦¨âH, â.¥. ­¥ª®â®à®¬ã Hk, â¥¬ á ¬ë¬ ¯®ª ¦¥¬ ¨ f 2 H. �â ª,
¯ãáâì

f = max
j2J

fj; ffjg � F0; j = 1; : : : ;m:

�á«¨ m = 1, â® f = f1 � H0. �ãáâì m > 1. �á«¨ ¯® ¨­¤ãªâ¨¢­®¬ã ¯à¥¤¯®«®¦¥­¨î �f =
max

j=1;:::;m�1
fj 2 Hk, â® ¢ á¨«ã (1.5) f = [ �f � fm]+ + fm 2 Hk+1, çâ® ¨ âà¥¡®¢ «®áì.

3) �ë ã¦¥ ®â¬¥â¨«¨, çâ® ¯à¥¤áâ ¢«¥­¨¥ äã­ªæ¨¨ ¢ ä®à¬¥ (1.9) ¬®¦¥â ¡ëâì ¯¥à¥¯¨á ­®
¢ ä®à¬¥ (1.10) ¯à¨ f ij = fj � gi (á¬. (1.8)). �ã¦­® ã¡¥¤¨âìáï ¢ ®¡à â­®¬. �â ª, ¯ãáâì f =
min
i2I

max
j2Ji

f ij . �á«¨ I = f1; : : : ; ng ¨ n = 1, â® f = max
j2J1

f 1j 2 F1. �à¨ n > 1 ¤®ª § â¥«ìáâ¢®, ª ª íâ®

¨ ¤¥« «®áì ¢ëè¥, ¬®¦­® ¯à®¢¥áâ¨ ¨­¤ãªæ¨¥© ¯® n. �® (1.6)

f =
�

min
i=1;:::;n�1

max
j2Ji

f ij �max
j2Jn

fnj
�+

+max
j2Jn

fnj :

�® ¨­¤ãªâ¨¢­®¬ã ¯à¥¤¯®«®¦¥­¨î

�f = min
i=1;:::;n�1

max
j2Ji

f ij 2 F1;

â.¥. �f ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ä®à¬¥ (1.9), ­® â®£¤  á ¨á¯®«ì§®¢ ­¨¥¬ ¯à¥®¡à §®¢ ­¨© (1.3),
(1.4) ¨ (1.7) äã­ªæ¨ï f ¯à¨¢®¤¨âáï ª ¢¨¤ã (1.9), çâ® ¨ âà¥¡®¢ «®áì.

�ª¢¨¢ «¥­â­®áâì ¯à¥¤áâ ¢«¥­¨© (1.11) ¨ (1.9) ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.

�ã­ªæ¨¨ f ¨§ F ¡ã¤¥¬ ­ §ë¢ âì �-äã­ªæ¨ï¬¨ ¨«¨ �-ªãá®ç­ë¬¨ äã­ªæ¨ï¬¨. �á«¨ F0 |
¯à®áâà ­áâ¢® «¨­¥©­ëå ( ää¨­­ëå) äã­ªæ¨©, â® F | ¯à®áâà ­áâ¢® ªãá®ç­®-«¨­¥©­ëå äã­ª-
æ¨©.

2. �ãá®ç­®-«¨­¥©­ë¥ äã­ªæ¨¨

�ãá®ç­®-«¨­¥©­ë¥ äã­ªæ¨¨ | íâ® �-äã­ªæ¨¨ ¢ á¨âã æ¨¨, ª®£¤  F0 | ¯à®áâà ­áâ¢® «¨-
­¥©­ëå ( ää¨­­ëå) äã­ªæ¨©. � ®¯à¥¤¥«¥­¨î ªãá®ç­®-«¨­¥©­ëå (¢ ¤ «ì­¥©è¥¬ | k-äã­ªæ¨©)
¬®¦­® ¯®¤®©â¨ ¤¢®ïª®: «¨¡® â ª, ª ª íâ® â®«ìª® çâ® á¤¥« ­®, «¨¡® ¨áå®¤ï ¨§ ­¥ª®â®à®©  ªá¨®-
¬ â¨ª¨, ¨¤¥­â¨ä¨æ¨àãîé¥© â ª¨¥ äã­ªæ¨¨. �áâ ­®¢¨¬áï ­  ¢â®à®¬ ¯®¤å®¤¥.

�ãáâì ¨¬¥îâáï ª®­¥ç­ë¥ á®¢®ªã¯­®áâ¨ ¬­®£®£à ­­¨ª®¢ fMjgJ ¨ á®¡áâ¢¥­­ëå «¨­¥©­ëå
äã­ªæ¨© flj(x)gJ . �ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬  fMj ; lj(x)g § ¤ ¥â ®¤­®§­ ç­ãî ªãá®ç­®-«¨­¥©­ãî

äã­ªæ¨î l(x) ­  X, ¥á«¨:

1)
S
j2J

Mj = X; M 0
i

T
M 0

j = ; ¯à¨ i 6= j;
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2) l(x) � lj(x) 8x 2Mj ; 8 j 2 J .

�¤¥áì M 0
j |  «£¥¡à ¨ç¥áª ï ¢­ãâà¥­­®áâì ¬­®£®£à ­­¨ª  Mj , â.¥. y 2 M 0

j () y + ts 2 Mj ¯à¨
«î¡®¬ s 2 X ¨ ¤®áâ â®ç­® ¬ «®¬ t > 0. �¥à¬¨­®¬ ¬­®£®£à ­­¨ª, ª ª ¨ à ­¥¥, ®¡®§­ ç ¥âáï
¬­®¦¥áâ¢®, § ¤ ¢ ¥¬®¥ ª®­¥ç­®© á¨áâ¥¬®© á®¡áâ¢¥­­ëå «¨­¥©­ëå ­¥à ¢¥­áâ¢

(fj ; x)� �j � 0; j 2 J:

� ¤ ­­®¬ ®¯à¥¤¥«¥­¨¨ ­¥ª®â®àë¥ ¨§ ¬­®£®£à ­­¨ª®¢ Mj ¨«¨ M 0
j ¬®£ãâ ¡ëâì ¨ ¯ãáâë¬¨.

�ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨ï: L0 | ¯à®áâà ­áâ¢®  ää¨­­ëå äã­ªæ¨©, L | ¯à®áâà ­-
áâ¢® k-äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ¢­¥è­¨¬ ®¡à §®¬ ¢ á¨«ã á¢®©áâ¢ 1) ¨ 2). �¥©áâ¢¨â¥«ì­®, ª« áá
äã­ªæ¨© L á®¢¯ ¤ ¥â á ª« áá®¬ F ¨§ ¯à¥¤ë¤ãé¥£® ¯ à £à ä , ª®â®àë© áâà®¨âáï ¨§ F0 = L0, â.¥.
L | íâ® ¬¨­¨¬ «ì­®¥  «£¥¡à ¨ç¥áª®¥ à áè¨à¥­¨¥ ¯à®áâà ­áâ¢   ää¨­­ëå äã­ªæ¨©, § ¬ª­ã-
â®¥ ®â­®á¨â¥«ì­® ®¯¥à æ¨© ¤¨áªà¥â­®£® ¬ ªá¨¬ã¬  [1]. �«¥¤®¢ â¥«ì­®, ¯à¥¤áâ ¢«¥­¨¥ (1.9) ( 
â ª¦¥ ª ¦¤®¥ ¨§ (1.10) ¨ (1.11)) ï¢«ï¥âáï ã­¨¢¥àá «ì­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬ ªãá®ç­®-«¨­¥©­ëå
äã­ªæ¨© (k-äã­ªæ¨©).

�«ï ã­¨ä¨ª æ¨¨ ¨ ã¯à®é¥­¨ï § ¯¨á¨ k-äã­ªæ¨©, á¨áâ¥¬ ­¥à ¢¥­áâ¢ ¨§ k-äã­ªæ¨©, § ¤ ç
ªãá®ç­®-«¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï ¨ â.¤. ¡ã¤¥¬ ¢ ¤ «ì­¥©è¥¬ ¯®« £ âì X = Rn, â®£¤ 

L0 = fl(x) = (a; x) � � j a 2 Rn; � 2 Rg;

L =
�
max
j2J

lj(x)�max
i2I

hi(x) j flj ; hig � L0; jJ j < +1; jIj < +1
	
:

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï:
jzjmax = max

(i)
zi; jzjmin = min

(i)
zi;

£¤¥ z | ¢¥ªâ®à ª®­¥ç­®¬¥à­®£® ¯à®áâà ­áâ¢ . �á«¨ Ax � b = [l1(x); : : : ; lm(x)]T | ¢¥ªâ®à  ä-
ä¨­­ëå äã­ªæ¨©, â® ¢ á®®â¢¥âáâ¢¨¨ á ¢¢¥¤¥­­ë¬ ®¡®§­ ç¥­¨¥¬ ¡ã¤¥¬ ¨¬¥âì

jAx� b jmax = max
(i)

li(x):

�à¥¤áâ ¢«¥­¨ï ªãá®ç­®-«¨­¥©­ëå äã­ªæ¨© ¢ ¢¨¤¥ (1.9){(1.11) ¯à¨­¨¬ îâ ã­¨ä¨æ¨à®¢ ­­ãî
ä®à¬ã

jAx� bjmax � jBx� djmax; (2.1)

min
i
jAix� bijmax; (2.2)

max
(j)

jAjx� bj jmin: (2.3)

�â¬¥â¨¬ â ª¦¥ á¢®©áâ¢  äã­ªæ¨© ¤¨áªà¥â­®£® ¬ ªá¨¬ã¬ 

jzjmax = �jzjmin;

¯à¨ � > 0 : j� zjmax = � jzjmax; ¯à¨ � < 0 : j� zjmax = � jzjmin:

3. �¨áâ¥¬ë ªãá®ç­®-«¨­¥©­ëå ­¥à ¢¥­áâ¢ ¨ ¨å £¥®¬¥âà¨ç¥áª ï
¨­â¥à¯à¥â æ¨ï

�®­¥ç­ ï á¨áâ¥¬  k-äã­ªæ¨© ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥

min
(j)

jAt
jx� bjt jmax � 0; t = 1; : : : ; T; (3.1)

¨«¨ á ¯®¬®éìî ®¤­®£® ­¥à ¢¥­áâ¢ 

TX
t=1

min
(j)

jAt
jx� bjt jmax � 0;
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¨«¨ (­  ®á­®¢¥ â¥®à¥¬ë 1.1) ¢ ¢¨¤¥

min
j=1;:::;m

jAjx� bj jmax � 0: (3.2)

�â® § ¤ ­¨¥ ¡ã¤¥¬ áç¨â âì ®¤­¨¬ ¨§ áâ ­¤ àâ­ëå. �àã£¨¬ áâ ­¤ àâ­ë¬ ¢¨¤®¬ ï¢«ï¥âáï

jAx� bjmax � jBx� djmax � 0 (3.3)

(á¬. (2.1)). �â ª, ¯à®¨§¢®«ì­ ï ª®­¥ç­ ï á¨áâ¥¬  ªãá®ç­®-«¨­¥©­ëå ­¥à ¢¥­áâ¢ ¬®¦¥â ¡ëâì
¯à¨¢¥¤¥­  ª «î¡®¬ã ¨§ áâ ­¤ àâ­ëå ¢¨¤®¢ (3.1){(3.3).

� áá¬®âà¨¬ ¯à¥¤áâ ¢«¥­¨¥ á¨áâ¥¬ë ¢ ¢¨¤¥ (3.2). �®«®¦¨¬ Mj = fx j Ajx � bjg. �®£¤ 

¬­®¦¥áâ¢®¬ à¥è¥­¨© ­¥à ¢¥­áâ¢  (3.2) ¡ã¤¥â M =
mS
j=1

Mj . � ¤àã£®© áâ®à®­ë, ¥á«¨ M | ¯à®-

¨§¢®«ì­®¥ ¯®«¨í¤à «ì­®¥ ¬­®¦¥áâ¢®, ¯ãáâì ¨§ Rn, â.¥. M =
mS
j=1

Mj ¨ Mj | ¬­®£®£à ­­¨ª¨,

ª®â®àë¥ § ¤ îâáï ª®­¥ç­ë¬¨ á¨áâ¥¬ ¬¨ «¨­¥©­ëå ­¥à ¢¥­áâ¢ (Mj = fx j Ajx � bjg), â® M
ï¢«ï¥âáï ¬­®¦¥áâ¢®¬ à¥è¥­¨© ­¥à ¢¥­áâ¢  (3.2).

� íâ®© ¦¥ â®çª¨ §à¥­¨ï ¯®á¬®âà¨¬ ­  ­¥à ¢¥­áâ¢® (3.3). �ãáâì

Ax� b = [l1(x); : : : ; lm(x) ]
T ; Bx� d = [s1(x); : : : ; sk(x) ]

T ;

flj(x); si(x)g
m; k
1; 1 � L0

(L0 | ¯à®áâà ­áâ¢®  ää¨­­ëå äã­ªæ¨©). �®«®¦¨¬

Mi = fx j lj(x) � si(x); j = 1; : : : ;mg:

�®£¤ , ª ª «¥£ª® ¢¨¤¥âì,
sS

i=1
Mi á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ à¥è¥­¨© ­¥à ¢¥­áâ¢  (3.3). �¥¬ á ¬ë¬

¤«ï ­¥à ¢¥­áâ¢  (3.3) ãª § ­ë â¥ ¬­®£®£à ­­¨ª¨ Mi, ®¡ê¥¤¨­¥­¨¥ ª®â®àëå ¨ ¤ ¥â ¬­®¦¥áâ¢®
à¥è¥­¨© ­¥à ¢¥­áâ¢  (3.3). � ¤àã£®© áâ®à®­ë, ¥á«¨ ¯®«¨í¤à «ì­®¥ ¬­®¦¥áâ¢® M § ¤ ­® â¥¬
¨«¨ ¨­ë¬ ®¡à §®¬, ­ ¯à¨¬¥à, ª ª ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥, | á®¢®ªã¯­®áâìî á¨áâ¥¬ «¨­¥©­ëå
­¥à ¢¥­áâ¢, ª ¦¤ ï ¨§ ª®â®àëå § ¤ ¥â ¢ë¯ãª«ãî ¬­®£®£à ­­ãî ª®¬¯®­¥­âã ¬­®¦¥áâ¢  M ,
â® âà¥¡ã¥âáï æ¥¯®çª  â¥å ¨«¨ ¨­ëå ¯à¥®¡à §®¢ ­¨© â¨¯  (1.3){(1.8), ¯à¨¢®¤ïé ï ª § ¤ ­¨î
¬­®¦¥áâ¢  M ®¤­¨¬ ­¥à ¢¥­áâ¢®¬ ¢¨¤  (3.3).

� ª®­¥æ, à áá¬®âà¨¬ á¨áâ¥¬ã ªãá®ç­®-«¨­¥©­ëå ­¥à ¢¥­áâ¢ ¢ ä®à¬¥ (3.1), ä®à¬ «ì­® ¡®«¥¥
á«®¦­ãî, ç¥¬ (3.2) ¨«¨ (3.3). �®«®¦¨¬

M t
j := fx j At

jx � bjtg; Mt :=
[
(j)

M t
j ; M :=

\
(t)

Mt:

�­®¦¥áâ¢® Mt | íâ® ¬­®¦¥áâ¢® à¥è¥­¨© t-£® ­¥à ¢¥­áâ¢  ¢ á¨áâ¥¬¥ (3.1), â ª çâ® M | ¬­®-
¦¥áâ¢® à¥è¥­¨© ¢á¥© á¨áâ¥¬ë.

� â¥à¨ «, ¨§«®¦¥­­ë© ¢ x 1{x 3, ãáâ ­ ¢«¨¢ ¥â á¯®á®¡ë ª®­áâàãªâ¨¢­®£® á®®â¢¥âáâ¢¨ï ¬¥-
¦¤ã ¯®«¨í¤à «ì­ë¬¨ ¬­®¦¥áâ¢ ¬¨ ¨ ¨å  ­ «¨â¨ç¥áª¨¬ § ¤ ­¨¥¬. �®âï á®¯ãâáâ¢ãîé ï íâ®¬ã
 «£¥¡à  ¯à¥®¡à §®¢ ­¨© ¬®¦¥â ¡ëâì ¤®áâ â®ç­® £à®¬®§¤ª®©, â¥¬ ­¥ ¬¥­¥¥ «®£¨ª  íâ¨å ¯à¥®¡à -
§®¢ ­¨© ¯à®áâ  ¨ ¬®¦¥â ¡ëâì ¢ à¥ «ì­ëå ¯à¨ª« ¤­ëå á¨âã æ¨ïå ¯®àãç¥­  ª®¬¯ìîâ¥àã.

4. � ¤ ç  ªãá®ç­®-«¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï

4.1. �à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï. �à®¨§¢®«ì­®© § ¤ ç¥ ªãá®ç­®-«¨­¥©­®£® ¯à®£à ¬¬¨à®¢ -
­¨ï, â.¥. § ¤ ç¥ ¯®¨áª  íªáâà¥¬ã¬  k-äã­ªæ¨¨ ¯à¨ ®£à ­¨ç¥­¨ïå ¢ ä®à¬¥ ª®­¥ç­®© á¨áâ¥¬ë
­¥à ¢¥­áâ¢ á k-äã­ªæ¨ï¬¨ ¢ «¥¢ëå ç áâïå, ¬®¦­® ¯à¨¤ âì ã­¨¢¥àá «ì­ë© ¨ ¯à®áâ®© ¢¨¤

P : maxf(c; x)
�� min
j=1;:::;m

jAjx� bj jmax � 0; x � 0g: (4.1)

�¥©áâ¢¨â¥«ì­®, ® á¯®á®¡¥ á¢¥¤¥­¨ï á¨áâ¥¬ë k-­¥à ¢¥­áâ¢ ª ®¤­®¬ã k-­¥à ¢¥­áâ¢ã ã¦¥ £®¢®à¨-
«®áì. �á«¨ ¦¥ f(x) | ¯à®¨§¢®«ì­ ï ®¯â¨¬¨§¨àã¥¬ ï, ¯ãáâì ¬ ªá¨¬¨§¨àã¥¬ ï, k-äã­ªæ¨ï ¯à¨
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®¤­®¬ k-­¥à ¢¥­áâ¢¥, ¯ãáâì g(x) � 0 (¢®§¬®¦­® á x � 0), â® ¯¥à¥¯¨á ¢ § ¤ çã max ff(x)jg(x) � 0g
¢ ¢¨¤¥

max ft j g(x) � 0; f(x) � tg

¨ ¯à¥®¡à §®¢ ¢ á¨áâ¥¬ã ¨§ ¤¢ãå k-­¥à ¢¥­áâ¢ ª ®¤­®¬ã k-­¥à ¢¥­áâ¢ã, ¯®«ãç¨¬ § ¤ çã ¯®¨áª 
¬ ªá¨¬ã¬  «¨­¥©­®© äã­ªæ¨¨ ¯à¨ ®¤­®¬ ®£à ­¨ç¥­¨¨ ¢ ä®à¬¥ k-­¥à ¢¥­áâ¢ . � (4.1) ®£à ­¨-
ç¥­¨¥ x � 0 ¢ë¤¥«¥­® ¤«ï æ¥«¥© ®¡¥á¯¥ç¥­¨ï á¨¬¬¥âà¨¨ ¢ àï¤¥  ­ «¨â¨ç¥áª¨å ª®­áâàãªæ¨©,
à áá¬ âà¨¢ ¥¬ëå ­¨¦¥.

�â ª, ®¡ê¥ªâ®¬ à áá¬®âà¥­¨ï ¯à¨¬¥¬ § ¤ çã (4.1). �¢¥¤¥¬ ç áâ¨ç­ãî § ¤ çã

Lj : max f(c; x) j Ajx � bj ; x � 0g: (4.2)

�¢ï§ì ¬¥¦¤ã § ¤ ç¥© (4.1) ¨ Lj ¯à®áâ :

opt(4:1) = max
(j:Mj 6=;)

optLj ; (4.3)

£¤¥ Mj = fx � 0 j Ajx � bjg. � (4.2) ¤«ï ­¥ª®â®àëå j ¬­®¦¥áâ¢  Mj = fx � 0 j Ajx � bjg
¬®£ãâ ¡ëâì ¯ãáâë¬¨ ¯à¨ á¢®©áâ¢¥ à §à¥è¨¬®áâ¨ ¨áå®¤­®© § ¤ ç¨ (4.1), â.¥. ¯à®¨§¢®«ì­ ï
k-§ ¤ ç , ¡ã¤ãç¨ ¯à¥®¡à §®¢ ­  ª ¢¨¤ã (4.1), à á¯ ¤ ¥âáï ­  ª®­¥ç­®¥ ç¨á«® § ¤ ç «¨­¥©­®£®
¯à®£à ¬¬¨à®¢ ­¨ï, à¥è¨¢ ª®â®àë¥, â¥¬ á ¬ë¬ ­ å®¤¨¬ à¥è¥­¨¥ ¨ ¨áå®¤­®© § ¤ ç¨. �®áª®«ì-
ªã ª®­áâàãªâ¨¢¨§¬ á®®â¢¥âáâ¢ãîé¨å ¯à¥®¡à §®¢ ­¨© ®¡¥á¯¥ç¥­, â® ä®à¬ «ì­® à¥è¥­¨¥ ¯à®¨§-
¢®«ì­®© § ¤ ç¨ ªãá®ç­®-«¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï á¢®¤¨âáï ª ¨á¯®«ì§®¢ ­¨î ®â¬¥ç¥­­®£®
ª®­áâàãªâ¨¢¨§¬  ¨ ­¥ª®â®à®£® ¬¥â®¤  (­ ¯à., á¨¬¯«¥ªá-¬¥â®¤ ) à¥è¥­¨ï § ¤ ç¨ ��.

4.2. �á«®¢¨ï à §à¥è¨¬®áâ¨ k-§ ¤ ç¨. �«ï k-§ ¤ ç ¢ë¯®«­ï¥âáï àï¤ á¢®©áâ¢ ¨ â¥®à¥¬, ä®à-
¬ã«¨àã¥¬ëå ¢ à ¬ª å â¥®à¨¨ «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï. �¥ª®â®àë¥ ¨§ ­¨å ï¢«ïîâáï á«¥¤-
áâ¢¨ï¬¨ â¥®à¥¬ ¨§ ��, ­¥ª®â®àë¥ ¦¥ âà¥¡ãîâ á¢®¨å ¤®ª § â¥«ìáâ¢, ¯® ªà ©­¥© ¬¥à¥, ãâ®ç­¥­¨©.
�¥ âà¥¡ã¥â á ¬®áâ®ïâ¥«ì­®£® ¤®ª § â¥«ìáâ¢ 

�¥®à¥¬  4.1 (® ¤®áâ¨¦¨¬®áâ¨). �á«¨

sup f(c; x)
��min

(j)
jAjx� bj jmax � 0; x � 0g < +1;

â® ®¯¥à æ¨ï sup ¢ íâ®© § ¤ ç¥ ¤®áâ¨¦¨¬ .

�ë¯¨è¥¬ § ¤ çã, ¤¢®©áâ¢¥­­ãî ª Lj :

L�j : minf(b
j ; uj) j AT

j u
j � c; uj � 0g: (4.4)

�ãáâì M�
j = fuj � 0 j AT

j u
j � cg.

�¥®à¥¬  4.2. � ¤ ç  (4.1) à §à¥è¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

M =
m[
j=1

Mj 6= ; ¨ Mj 6= ; =) M�
j 6= ;:

�®ª § â¥«ìáâ¢®. �®áª®«ìªã ãá«®¢¨ïMj 6= ; ¨M�
j 6= ; ï¢«ïîâáï ­¥®¡å®¤¨¬ë¬¨ ¨ ¤®áâ â®ç-

­ë¬¨ ¤«ï à §à¥è¨¬®áâ¨ § ¤ ç¨ Lj , â® max
j:Mj 6=;

optLj ª®­¥ç¥­ ¨ ï¢«ï¥âáï §­ ç¥­¨¥¬ optP . �¡à â-

­®, ¥á«¨ § ¤ ç  P à §à¥è¨¬ , â® ¢á¥ § ¤ ç¨ Lj c Mj 6= ; à §à¥è¨¬ë (â.¥. á¨âã æ¨¨ optLj = +1
¨áª«îç îâáï),   â®£¤  ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© ¤¢®©áâ¢¥­­®áâ¨ ¢ �� M�

j 6= ;, çâ® ¨ âà¥¡®¢ -
«®áì.

� ¬¥ç ­¨¥ 4.1. �àã£®© ¢ à¨ ­â ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë 4.2 á®áâ®¨â ¢ íª¢¨¢ «¥­â­®áâ¨

(P à §à¥è¨¬  ) () (M 6= ;&Mj 6= ; =) Lj à §à¥è¨¬ ):

54



4.3. �¢®©áâ¢¥­­®áâì. �áå®¤­ãî k-§ ¤ çã ¢®§ì¬¥¬ ¢ ä®à¬¥ (4.1), ¤®¯®«­¨¢ ¥¥ ¯à¥¤¯®«®¦¥­¨-
¥¬ (¢¯à®ç¥¬, ­¥áãé¥áâ¢¥­­ë¬): à §¬¥à­®áâì ¢¥ªâ®à®¢ Ajx� bj ®¤¨­ ª®¢ , â.¥. ç¨á«® ­¥à ¢¥­áâ¢
¢ ª ¦¤®© ¨§ á¨áâ¥¬ Ajx � bj ®¤­® ¨ â® ¦¥. �¢¥¤¥­­®¥ ãá«®¢¨¥ ¯®§¢®«ï¥â ¤¢®©áâ¢¥­­ãî ¯¥à¥-
¬¥­­ãî ¤«ï Lj , â.¥. ¯¥à¥¬¥­­ãî uj ¢ § ¤ ç¥ (4.4) ®¡®§­ ç âì ®¤­¨¬ á¨¬¢®«®¬ u. � á®®â¢¥âáâ¢¨¨
á® áª § ­­ë¬ § ¤ çã (4.4) ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

min f(bj ; u) j AT
j u � c; u � 0g; j = 1; : : : ;m: (4.5)

� ¤ çã

P � : max
j:M�

j
6=;

min f(bj ; u) j AT
j u � c; u � 0g (4.6)

¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª ¤¢®©áâ¢¥­­ãî ª P . �® ®â­®è¥­¨î ª ä®à¬¥ § ¤ ­¨ï P § ¤ ç  P � ­¥
á¨¬¬¥âà¨ç­ , ­® ¥á«¨ P ¯¥à¥¯¨á âì ¢ íª¢¨¢ «¥­â­®¬ ¢¨¤¥

max
j21;m

minf(c; x) j Ajx � bj ; x � 0g; (4.7)

â® (4.6) ¨ (4.7) ¯à¨­¨¬ îâ á¨¬¬¥âà¨ç­ë© ¢¨¤.
� ®â­®è¥­¨¨ § ¤ ç¨ (4.6) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  4.3. � ¤ ç  (4.6) à §à¥è¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

9 j 2 1; m :M�
j 6= ;&Mj 6= ;: (4.8)

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¥á«¨ J := fj jMj 6= ;;M�
j 6= ;g, â® ¤«ï j =2 J : inf f(bj ; u) j

x 2M�
j g = �1, ¯®íâ®¬ã ¢ (4.6) ¬ ªá¨¬ã¬ ¬®¦­® ¡à âì â®«ìª® ¯® j 2 J . �â¨¬ ¨ ®¡¥á¯¥ç¨¢ ¥âáï

à §à¥è¨¬®áâì § ¤ ç¨ P �. �¥®¡å®¤¨¬®áâì ãá«®¢¨© (4.8) ®ç¥¢¨¤­ : ¥á«¨ P � à §à¥è¨¬ , â® å®âï
¡ë ¤«ï ®¤­®£® j0 § ¤ ç  L�j à §à¥è¨¬ , çâ® íª¢¨¢ «¥­â­® (4.8).

�§ â¥®à¥¬ 4.2 ¨ 4.3,   â ª¦¥ â¥®à¥¬ë ¤¢®©áâ¢¥­­®áâ¨ ¢ �� ¢ëâ¥ª ¥â

�¥®à¥¬  4.4. �á«¨ § ¤ ç  (4.1) à §à¥è¨¬ , â® (4.6) â ª¦¥ à §à¥è¨¬ , ¯à¨ íâ®¬ ¨å ®¯â¨-

¬ «ì­ë¥ §­ ç¥­¨ï á®¢¯ ¤ îâ.

� á¨âã æ¨¨ § ¤ ç P ¨ P � á¢®©áâ¢® ®¤­®¢à¥¬¥­­®© ¨å à §à¥è¨¬®áâ¨ ¨«¨ ­¥à §à¥è¨¬®áâ¨
¢ ®â«¨ç¨¥ ®â �� â¥àï¥âáï. �à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ¢®§¬®¦­®áâì ­¥á®¡áâ¢¥­­ëå ®¯â¨¬ «ì­ëå
§­ ç¥­¨©, § ¯¨è¥¬ íâ¨ § ¤ ç¨ ¢ ¢¨¤¥

P : sup
(j)

inf
x2Mj

(c; x); P � : sup
(j)

inf
u2M�

j

(bj ; u):

�á«®¢¨ï ®¤­®¢à¥¬¥­­®© à §à¥è¨¬®áâ¨ P ¨ P � ®¯à¥¤¥«ïîâáï â¥®à¥¬ ¬¨ 4.2 ¨ 4.3, ­® ¢®§¬®¦­ 
¨ á¨âã æ¨ï: P ­¥ à §à¥è¨¬ , P � à §à¥è¨¬ . �â® á®®â¢¥âáâ¢ã¥â â®¬ã, çâ® ¯à¨ à §à¥è¨¬®áâ¨ P �

9 j0 :Mj0 6= ; &M�
j0
= ;, â.¥. § ¤ ç  Lj0 | ­¥á®¡áâ¢¥­­ ï 2-£® à®¤ . � ª ª ª ¢ à áá¬ âà¨¢ ¥¬®©

á¨âã æ¨¨ sup
x2Mj0

(c; x) = +1, â® optP = +1, â.¥. P ­¥ à §à¥è¨¬ . �¤­®¢à¥¬¥­­ ï ­¥à §à¥è¨-

¬®áâì § ¤ ç P ¨ P � à¥ «¨§ã¥âáï ­  ¯ à¥ § ¤ ç «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï L ¨ L�, ï¢«ïîé¨åáï
­¥á®¡áâ¢¥­­ë¬¨ 3-£® à®¤ .

5. � ¤ ç  ® á¥¤«®¢®© â®çª¥ ¤¨§êî­ªâ¨¢­®© äã­ªæ¨¨ � £à ­¦ 

�ãáâì fMjg
m
1 � Rn ¨ f(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, § ¤ ­­ ï ­  Rn. � ¯¨è¥¬ § ¤ ç¨

P\ : max
�
f(x) j x 2

\
(j)

Mj

	
;

P[ : max
�
f(x) j x 2

[
(j)

Mj

	
:

(5.1)
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�¥à¢ãî ¨§ ­¨å ­ §®¢¥¬ § ¤ ç¥© ¢ ª®­êî­ªâ¨¢­®© ¯®áâ ­®¢ª¥, ¢â®àãî | ¢ ¤¨§êî­ªâ¨¢­®©.
�¥à¢ ï ¨§ ¯®áâ ­®¢®ª ®¡ëç­  ¤«ï âà ¤¨æ¨®­­ëå ¯®áâ ­®¢®ª § ¤ ç ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬-
¬¨à®¢ ­¨ï. �â®à ï ¨§ ­¨å ®âà ¦ ¥â á¨âã æ¨î ªãá®ç­®-«¨­¥©­®© § ¤ ç¨ (4.1), ª®â®àãî ¬®¦­®
¯¥à¥¯¨á âì ¢ ¢¨¤¥

max
�
(c; x) j x 2

[
(j)

Mj

	

¯à¨ Mj = fx j Aj(x) � bj ; x � 0g, j = 1; : : : ;m.
� áá¬®âà¨¬ § ¤ çã (5.1) ¯à¨ ãá«®¢¨ïå

Mj = fx j Fj(x) � 0; x � 0g; Fj : R
n ! Rmj ; j = 1; : : : ;m:

� ä¨ªá¨àã¥¬ áå¥¬ã á®®â¢¥âáâ¢¨ï § ¤ ç ¬ P\ ¨ P[ ¨å äã­ªæ¨© � £à ­¦ 

P\ ! f(x)�
mX
j=1

(uj ; Fj(x)) = �\(x; u);

P[ ! f(x)�min
(j)

(uj ; Fj(x)) = �[(x; u)
(5.2)

| ¤¨§êî­ªâ¨¢­ ï äã­ªæ¨ï � £à ­¦  ¤«ï P[.
� ¤ çã (5.1) ­ §®¢¥¬ ¢¯®«­¥ à¥£ã«ïà­®©, ¥á«¨ ª ¦¤ ï ¨§ § ¤ ç

max ff(x) j Fj(x) � 0; x � 0g (5:1j)

à §à¥è¨¬ . �ª¢¨¢ «¥­â®¬ â ª®© à¥£ã«ïà­®áâ¨ ï¢«ï¥âáï à §à¥è¨¬®áâì § ¤ ç¨ ¨ Mj 6= ;, j =
1; : : : ;m.

�á¯®«ì§ã¥¬ ¢ ¤ «ì­¥©è¥¬ á«¥¤ãîé¥¥ ®¡®§­ ç¥­¨¥: ¥á«¨ íªáâà¥¬ «ì­®© § ¤ ç¥ ¯à¨¯¨á ­
­®¬¥à t, â® ¥¥ à¥è¥­¨¥ ¨«¨ ¬­®¦¥áâ¢® à¥è¥­¨© ¡ã¤¥â ®¡®§­ ç âìáï ç¥à¥§ arg(t), Arg(t) á®®â¢¥â-
áâ¢¥­­®,   ®¯â¨¬ «ì­®¥ §­ ç¥­¨¥ | ç¥à¥§ opt(t).

�ãáâì �j(x; uj) = f(x) � (uj ; Fj(x)) | äã­ªæ¨ï � £à ­¦  ¤«ï (5.1)j , x 2 Rn, uj 2 Rmj .
�¯à ¢¥¤«¨¢  å®à®è® ¨§¢¥áâ­ ï (­ ¯à., [7])

�¥¬¬  5.1. �á«¨ â®çª  [�x; �u] � 0 ï¢«ï¥âáï á¥¤«®¢®© ¤«ï äã­ªæ¨¨ � £à ­¦  �(x; u) =
f(x)� (u; F (x)), ¯®áâ ¢«¥­­®© ¢ á®®â¢¥âáâ¢¨¥ § ¤ ç¥

max ff(x) j F (x) � 0; x � 0g; (5.3)

â® (�u; F (�x)) = 0 ¨ �x 2 Arg(5:3).

�¥¬¬  5.2. �ãáâì ª ¦¤ ï ¨§ äã­ªæ¨© �j(x; uj) ®¡« ¤ ¥â á¥¤«®¬ [�xj ; �uj ] � 0, j = 1; : : : ;m.

�á«¨ �x | â ª®¥ §­ ç¥­¨¥ �xj, ­  ª®â®à®¬ ¤®áâ¨£ ¥âáï max
(j)

f(�xj), â®

�(x; �u) � f(�x) 8x � 0; (5.4)

£¤¥ �(x; �u) = f(x)�min
(j)

(�uj ; Fj(x)).

�®ª § â¥«ìáâ¢®. �®£« á­® «¥¬¬¥ 5.1 (�uj ; Fj(�xj)) = 0, j = 1; : : : ;m, ¨ f(x) � (�uj ; Fj(x)) �
f(�xj) (� f(�x)) 8x � 0. �âáî¤ 

max
(j)

[f(x)� (�uj ; Fj(x))] � f(x)�min
(j)

(�uj ; Fj(x)) = �(x; �u) � f(�x) 8x � 0: �

�¥¬¬  5.3. �á«¨ [�x; �u] � 0 | á¥¤«®¢ ï â®çª  ¤«ï �(x; u), â® min
(j)

(�uj ; Fj(�x)) = 0 ¨ �x 2

Arg(5:1).
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�®ª § â¥«ìáâ¢®. � á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥­¨¥¬ á¥¤«®¢®© â®çª¨

�(x; �u) �
8x�0

�(�x; �u) �
8u�0

�(�x; u);

¨«¨

f(x)�min
(j)

(�uj ; Fj(x)) �
8x�0

f(�x)�min
(j)

(�uj ; Fj(�x)); (5.5)

f(�x)�min
(j)

(�uj ; Fj(�x)) �
8u�0

f(�x)�min
(j)

(uj ; Fj(�x)): (5.6)

�®®â­®è¥­¨¥ (5.6) ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

min
(j)

(�uj ; Fj(�x)) �
8u�0

min
(j)

(uj ; Fj(�x)): (5.7)

�®ª ¦¥¬, ¢®-¯¥à¢ëå, �x 2 M =
S
(j)

Mj , â.¥. j0 : Fj0(�x) � 0. �á«¨ ¡ë Fj(�x) 6� 0 8 j, â® §  áç¥â

¢ë¡®à  u � 0 ¬®¦­® ¡ë«® ¡ë §­ ç¥­¨¥ ¯à ¢®© ç áâ¨ ¢ (5.7) á¤¥« âì ª ª ã£®¤­® ¡®«ìè¨¬, çâ®
¡ã¤¥â ¯à®â¨¢®à¥ç¨âì á®®â­®è¥­¨î (5.7). �®ª § ­­®¥ ¤ ¥â � := min

(j)
(�uj ; Fj(�x)) � 0. �  á ¬®¬

¤¥«¥, � = 0. �á«¨ ¡ë � < 0, â® á®®â­®è¥­¨¥ (5.7) ¯à¨ u = 0 ¯®à®¦¤ «® ¡ë ¯à®â¨¢®à¥ç¨¢®¥
­¥à ¢¥­áâ¢® 0 > �j�j � 0. �â ª, á®®â­®è¥­¨¥ min

(j)
(�uj ; Fj(�x)) ¤®ª § ­®.

�¥®¡å®¤¨¬® ¤®ª § âì ®¯â¨¬ «ì­®áâì ¢¥ªâ®à  �x ¤«ï (5.1), â.¥. f(x) � f(�x) 8x 2M . �¡à â¨¬áï
ª á®®â­®è¥­¨î (5.5), ª®â®à®¥ ¬®¦­® â¥¯¥àì ¯¥à¥¯¨á âì ¢ ¢¨¤¥

f(�x)� f(x) � �min
(j)

(�uj ; Fj(x)): (5.8)

�á«¨ x 2 M , â.¥. x 2 Mj0 ¯à¨ ­¥ª®â®à®¬ j0, â® min
(j)

(�uj ; Fj(x)) � 0, çâ® ¢ á¨«ã (5.8) ¤ ¥â f(�x) �

f(x) � 0 8x 2
S
(j)

Mj .

�¥¬¬  5.4. �ãáâì § ¤ ç  (5.1), â.¥.

L[ : max
�
(c; x) j x 2

m[
j=1

Mj

	
;

¯à¨ Mj = fx j Ajx � bj ; x � 0g à §à¥è¨¬  ¨ Mj 6= ; 8 j (â.¥. ¢¯®«­¥ à¥£ã«ïà­ ). �®£¤  äã­ªæ¨ï
L[(x; u) = (c; x)�min

(j)
(uj ; Ajx�b

j) ®¡« ¤ ¥â á¥¤«®¬ [�x; �u], ¯à¨ç¥¬ ¢ ª ç¥áâ¢¥ �x ¨ �u = [�u1; : : : ; �um]
¢ëáâã¯ îâ

�x = arg max
(j)

(c; �xj); �xj 2 Arg max
x2Mj

(c; x); �uj 2 Arg min
u2M�

(bj ; u); j = 1; : : : ;m:

�®ª § â¥«ìáâ¢®. �á«¨ ¯®ª § âì, çâ® � := min
(j)

(�uj ; Aj �x� bj) = 0, â® ¢ á¨«ã «¥¬¬ë 5.2 «¥¢®¥

­¥à ¢¥­áâ¢® ¢ ®¯à¥¤¥«¥­¨¨ á¥¤«  ¤«ï L[(x; u) ¡ã¤¥â ¢ë¯®«­¥­®. � ª ª ª ¢¥ªâ®à �x � 0 ã¤®¢«¥-
â¢®àï¥â ®¤­®© ¨§ á¨áâ¥¬ Ajx � bj , â® � � 0. �®ª ¦¥¬ � � 0. �¬¥¥¬

min
(j)

(�uj ; Aj �x� bj) = min
(j)

[�(bj ; �uj) + (c; �x) + (AT
j �uj � c; �x)] � min

j
[(c; �x)� (c; �xj)] � 0:

�ëè¥ ¬ë ¢®á¯®«ì§®¢ «¨áì á®®â­®è¥­¨ï¬¨: AT
j �uj � c � 0; (bj ; �uj) = (c; �xj) | ¯® â¥®à¥¬¥ ¤¢®©-

áâ¢¥­­®áâ¨ ¢ ��; (c; �x) � (c; �xj) 8 j.
�áâ ¥âáï ¯®ª § âì ¢ë¯®«­¨¬®áâì ¯à ¢®£® ­¥à ¢¥­áâ¢  ¢ ®¯à¥¤¥«¥­¨¨ á¥¤«®¢®© â®çª¨ ¤«ï

L[(x; u), â.¥.
L[(�x; �u) �

8u�0
L[(�x; u):

� ãç¥â®¬ � = 0 ¢ë¯¨á ­­®¥ ­¥à ¢¥­áâ¢® ¯à¨­¨¬ ¥â ¢¨¤

0 �
8uj�0

�min
(j)

(uj ; Aj �x� bj): (5.9)
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� ª ª ª 8 j0 Aj0 �x � bj � 0, â® ¯à¨ «î¡®¬ u � 0 min
(j)

(uj ; Aj �x � bj) � 0, á«¥¤®¢ â¥«ì­®, (5.9)

¢¥à­®.

�§ «¥¬¬ 5.3 ¨ 5.4 ¢ëâ¥ª ¥â

�¥®à¥¬  5.1. �á«¨ á¨áâ¥¬ë Ajx � bj, x � 0, j = 1; : : : ;m, á®¢¬¥áâ­ë, â® § ¤ ç  (5.1)
à §à¥è¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥ ¤¨§êî­ªâ¨¢­ ï äã­ªæ¨ï � £à ­¦ 

L[(x; u) = (c; x) �min
(j)

(uj ; Ajx� bj)

®¡« ¤ ¥â á¥¤«®¬ [�x; �u] � 0, ¯à¨ íâ®¬

1) ¥á«¨ L[ à §à¥è¨¬  ¨ �xj 2 ArgLj, �uj 2 ArgL�j , �x = arg max
(j)

(c; �xj), â® [�x; �u] | á¥¤«®;

2) ¥á«¨ [�x; �u] | á¥¤«® ¤«ï L[(x; u), â® f�x; �ujg ã¤®¢«¥â¢®àïîâ ¢á¥¬ á®®â­®è¥­¨ï¬ ¨§ 1).

�ãé¥áâ¢®¢ ­¨¥ á¥¤«®¢®© â®çª¨ [�x; �u] � 0 äã­ªæ¨¨ �(x; u), ¯ãáâì ¢ ä®à¬¥ (5.5){(5.6), íª¢¨¢ -
«¥­â­® ¢ë¯®«­¨¬®áâ¨ á®®â­®è¥­¨ï

max
x�0

min
u�0

�(x; u) = min
u�0

max
x�0

�(x; u) = �(�x; �u): (5.10)

� ¨£à®¢®© ¨­â¥à¯à¥â æ¨¨ ¤¢®©áâ¢¥­­®áâ¨ ¢ ¬ â¥¬ â¨ç¥áª®¬ ¯à®£à ¬¬¨à®¢ ­¨¨ ãâ¢¥à¦¤¥­¨ï
â¨¯  â¥®à¥¬ë 5.1 ¥áâ¥áâ¢¥­­® ¤ ¢ âì ç¥à¥§ á®®â­®è¥­¨¥ (5.1),   ¨¬¥­­®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  5.2. �ãáâì § ¤ ç  (5.1) à §à¥è¨¬  ¨Mj 6= ; 8 j. �®£¤  ¤«ï �x 2 Arg(5:1) áãé¥áâ¢ã-
îâ �uj � 0, j = 1; : : : ;m, â ª¨¥, çâ® ¢¥ªâ®à [�x; �u] ¡ã¤¥â ã¤®¢«¥â¢®àïâì á®®â­®è¥­¨î (5.10)
¯à¨

�(x; u) = L[(x; u) = (c; u) �min
(j)

(�uj ; Ajx� bj):

6. �¥â®¤ â®ç­ëå èâà ä­ëå äã­ªæ¨© ¤«ï § ¤ ç¨
ªãá®ç­®-«¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï

�¡éãî § ¤ çã ªãá®ç­®-«¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï ¢ ª ­®­¨ç¥áª®© ¯®áâ ­®¢ª¥ (4.1), â.¥.

P[ : max f(c; x)
�� min
j=1;:::;m

jAjx� bj jmax � 0; x � 0g; (6.1)

¬®¦­® ¯à¨¢¥áâ¨ ª íª¢¨¢ «¥­â­®© § ¤ ç¥ íâ®£® ¦¥ â¨¯ , ­® á® á­ïâ¨¥¬ ®á­®¢­®£® ®£à ­¨ç¥­¨ï ¢
(6.1). �®áâ ¢¨¬ § ¤ ç¥ L[ ¢ á®®â¢¥âáâ¢¨¥ k-§ ¤ çã

sup
x�0

�
(c; x) �min

(j)
(Rj ; (Ajx� bj)+ )

�
; (6.2)

£¤¥ Rj | ­¥®âà¨æ â¥«ì­ë© ¢¥ªâ®à­ë© ¯ à ¬¥âà à §¬¥à­®áâ¨ mj , â.¥ mj | ç¨á«® ­¥à ¢¥­áâ¢ ¢
á¨áâ¥¬¥ Ajx� bj � 0.

� ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥, ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: Lj | íâ®
§ ¤ ç  max f(c; x) j Ajx � bj ; x � 0g, L�j | ¤¢®©áâ¢¥­­ ï ª ­¥©, �uj = argL�j , �u = [�u1; : : : ; �um],
Mj = fx � 0 j Ajx � bjg.

�¥®à¥¬  6.1. �ãáâì § ¤ ç  (6.1) à §à¥è¨¬ , Mj 6= ; 8 j; �uj 2 ArgL�j . �á«¨ Rj � R0 �uj,
R0 > 1, â® ®¯â¨¬ «ì­ë¥ §­ ç¥­¨ï ¨ ®¯â¨¬ «ì­ë¥ ¬­®¦¥áâ¢  § ¤ ç (6.1) ¨ (6.2) á®¢¯ ¤ îâ,
â.¥.

opt(6:1) = opt(6:2); (6.3)

Arg(6:1) = Arg(6:2): (6.4)
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�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ æ¥«¥¢ãî äã­ªæ¨î ¢ (6.2) ç¥à¥§ �R(x),   ¢ëç¨â ¥¬ãî ¨§ (c; x)
ç áâì | ç¥à¥§ �0(x). �®ª ¦¥¬ ¢­ ç «¥ à ¢¥­áâ¢® (6.3). �«ï �x 2 Arg(6:1) ¯®«ãç ¥¬ �R(�x) =
(c; �x) = opt(6:1), á«¥¤®¢ â¥«ì­®, opt(6:2) = sup

x�0
�R(x) � opt(6:1).

�®ª ¦¥¬ ®¡à â­®¥ ­¥à ¢¥­áâ¢®. �® «¥¬¬ ¬ 5.4 ¨ 5.3

(c; x) �min
(j)

(�uj ; Ajx� bj) � (c; �x) 8x � 0:

� ãç¥â®¬ íâ®£® ­¥à ¢¥­áâ¢  ®æ¥­¨¬ �R(x) ¤«ï x � 0

�R(x) � (c; �x) +min
(j)

(�uj ; Ajx� bj)� �0(x) �

� opt(6:1) + min
(j)

(�uj ; (Ajx� bj)+)� �0(x) � opt(6:1) +
1
R0

(Rj ; (Ajx� bj)+)� �0(x) =

= opt(6:1) �
R0 � 1
R0

min
(j)

(Rj ; (Ajx� bj)+) � opt(6:1): (6.5)

�âáî¤  sup
x�0

�R(x) � opt(6:1). � ª¨¬ ®¡à §®¬, à ¢¥­áâ¢® (6.3) ¤®ª § ­®. �§ ­¥£®, ¢ ç áâ­®áâ¨,

á«¥¤ã¥â ¢ª«îç¥­¨¥ Arg(6:1) � Arg(6:2), çâ® ¯®§¢®«ï¥â, ­  á ¬®¬ ¤¥«¥, ¢ § ¤ ç¥ (6.2) ¢¬¥áâ® sup
¯¨á âì max. �®ª ¦¥¬ ®¡à â­®¥ ¢ª«îç¥­¨¥. �ãáâì �x 2 Arg(6:2). �®£« á­® (6.5) ¨¬¥¥¬

opt(6:1) = �R(�x) � opt(6:1) �
R0 � 1
R0

min
(j)

(Rj ; (Aj �x� bj)+):

�âáî¤  ¢ëâ¥ª ¥â min(j) (Rj ; (Aj �x� bj)+ ) = 0;   ¯®â®¬ã 9 j0 : (Rj0 ; (Aj0 �x� bj0)+) = 0, çâ® ¢¢¨¤ã

Rj0 > 0 ¤ ¥â Aj0 �x � bj0 . �«¥¤®¢ â¥«ì­®, �x 2 Mj0 � M =
mS
j=1

Mj . �®¯ãáâ¨¬®áâì ¢¥ªâ®à  �x ¤«ï

§ ¤ ç¨ (6.1) ¢¬¥áâ¥ á (c; �x) = opt(6:1) ®§­ ç ¥â �x 2 Arg(6:1),   ¯®â®¬ã ¨ Arg(6:2) � Arg(6:1).
�®ª § â¥«ìáâ¢® à ¢¥­áâ¢  (6.4) â ª¦¥ § ¢¥àè¥­®.

�®­áâàãªæ¨ï ¤®ª § â¥«ìáâ¢  ¬®¦¥â ¡ëâì ¯®¢â®à¥­  ¤«ï ¡®«¥¥ ®¡é¥© á¨âã æ¨¨,   ¨¬¥­­®
¤«ï § ¤ ç¨ (5.2) ¨ íª¢¨¢ «¥­â­®© à¥¤ãªæ¨¨ ¥¥ ª § ¤ ç¥

sup
x�0

�
f(x)�min

(j)
(Rj ; F

+
j (x))

�
: (6.6)

�¯à ¢¥¤«¨¢ 

�¥®à¥¬  6.2. �ãáâì ª ¦¤ ï ¨§ § ¤ ç max ff(x) j Fj(x) � 0; x � 0g ®¡« ¤ ¥â á¥¤«®¬ [�xj ; �uj ].
�®£¤  ¯à¨ Rj > R0 �uj, R0 > 1, § ¤ ç¨ (5.2) ¨ (6.6) íª¢¨¢ «¥­â­ë ¢ á¬ëá«¥ á®¢¯ ¤¥­¨ï ¨å ®¯â¨-

¬ «ì­ëå §­ ç¥­¨© ¨ ®¯â¨¬ «ì­ëå ¬­®¦¥áâ¢.

�¥©áâ¢¨â¥«ì­®, ¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 5.3 ¬®¦­® ¢ë¯¨á âì ­¥à ¢¥­áâ¢®

f(x) � f(�x) + min
(j)

(�uj ; Fj(x)) 8x � 0;

  ¤ «¥¥ ¢á¥ ¯®¢â®à¨âì ¢ á®®â¢¥âáâ¢¨¨ á ¢ëª« ¤ª ¬¨ (6.5).

7. �®¯à®áë ¯®«¨í¤à «ì­®© à §¤¥«¨¬®áâ¨

� ¤ ç  à §¤¥«¨¬®áâ¨ ­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ M ¨ N ¨§ ­¥ª®â®à®£® ¯à®áâà ­áâ¢  X á
¯®¬®éìî äã­ªæ¨¨ f(x) ¨§ ä¨ªá¨à®¢ ­­®£® ª« áá  F0 ­ §ë¢ ¥âáï ¤¨áªà¨¬¨­ æ¨¥© ¬­®¦¥áâ¢.
�ã­ªæ¨ï f(x) ¢ íâ®¬ á«ãç ¥ ­ §ë¢ ¥âáï ¤¨áªà¨¬¨­ ­â­®©. � §¤¥«¨¬®áâì á®áâ®¨â ¢ ¢ë¯®«­¨-
¬®áâ¨ ­¥à ¢¥­áâ¢

f(x) > 0 8x 2M ; f(y) < 0 8 y 2 N: (7.1)

�®¦­® £®¢®à¨âì ¨ ® ­¥áâà®£®© à §¤¥«¨¬®áâ¨, ª®£¤  ¢ (7.1) ¤®¯ãáª îâáï ­¥áâà®£¨¥ ­¥à ¢¥­áâ¢ .
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�á«¨ M ¨ N | ¢ë¯ãª«ë¥ ¬­®£®£à ­­¨ª¨,   F0 | ª« áá  ää¨­­ëå äã­ªæ¨©, â® £®¢®àïâ ®
§ ¤ ç¥ «¨­¥©­®© ¤¨áªà¨¬¨­ æ¨¨. � ¤ ç  «¨­¥©­®© ¤¨áªà¨¬¨­ æ¨¨ ï¢«ï¥âáï ®¤­®© ¨§ ¢ ¦­¥©-
è¨å § ¤ ç ¢ à á¯®§­ ¢ ­¨¨ ®¡à §®¢ (��). � ª ç¥áâ¢¥ ®¤­®© ¨§ ¡ §®¢ëå ä®à¬ «ì­ëå ¬®¤¥«¥©
�� ï¢«ï¥âáï á¨áâ¥¬  áâà®£¨å «¨­¥©­ëå ®¤­®à®¤­ëå ­¥à ¢¥­áâ¢. �¡¥¤¨¬áï ¢ íâ®¬.

�ãáâì G ¨ L | ­¥ª®â®àë¥ ®¡à §ë, A = fajg � Rn ¨ B = fbig � Rn | ä®à¬ «¨§®¢ ­­ë¥
¢ë¡®àª¨ ¯à¥¤áâ ¢¨â¥«¥© íâ¨å ®¡à §®¢. �á«¨ ffs(x)gk1 | ­¥ª®â®àë© ¡ §®¢ë© ­ ¡®à äã­ªæ¨© (¢®-

®¡é¥ £®¢®àï, ¯à®¨§¢®«ì­ë©), â® à §¤¥«ïîéãî äã­ªæ¨î ¬®¦­® ¨áª âì ¢ ¢¨¤¥ f(x) =
kP

s=1
zs fs(x),

£¤¥ fzsg | ç¨á«®¢ë¥ ª®íää¨æ¨¥­âë. �¢®©áâ¢® à §¤¥«¨¬®áâ¨ á®áâ®¨â ¢ ¢ë¯®«­¨¬®áâ¨ á¨áâ¥¬ë
­¥à ¢¥­áâ¢

kX
s=1

zs fs(aj) > 0 8 j ;
kX

s=1

zs fs(bi) < 0 8 i;

¨«¨ ¢ ¬ âà¨ç­®¬ ¢¨¤¥

Az > 0; Bz < 0; (7.2)

£¤¥ A := [ajs], ajs := fj(as); B := [bis], bis := fs(bi).

�á«¨ �z = [ �z1; : : : ; �zk] | ­¥ª®â®à®¥ à¥è¥­¨¥ á¨áâ¥¬ë (7.2), â® äã­ªæ¨ï f(x) =
kP

s=1
�zs fs(x) ¡ã¤¥â

áâà®£® à §¤¥«ïîé¥© ¬­®¦¥áâ¢  A ¨ B. �¨áªà¨¬¨­ ­â­ ï äã­ªæ¨ï f(x) à¥ «¨§ã¥â á®®â­¥á¥­¨¥
(¯® á¢®©áâ¢ã ¯à¨­ ¤«¥¦­®áâ¨ ®¤­®¬ã ¨§ ®¡à §®¢ G ¨ L) ¯à¥¤êï¢«ï¥¬®£® ¤«ï à á¯®§­ ¢ ­¨ï
¢¥ªâ®à  y ¯® ¯à ¢¨«ã

y 2 G; ¥á«¨ f(y) > 0; y 2 L; ¥á«¨ f(y) < 0:

�ã­ªæ¨ï f(x) à¥ «¨§ã¥â à¥è îé¥¥ ¯à ¢¨«®. �¨áâ¥¬  (7.2) ¬®¦¥â ¡ëâì ª ª á®¢¬¥áâ­®©, â ª
¨ ­¥á®¢¬¥áâ­®©. �  á«ãç © ­¥á®¢¬¥áâ­®áâ¨ ¨¬¥¥âáï ®¡®¡é¥­¨¥ ¯®­ïâ¨ï à¥è¥­¨ï ª ª ª®­¥ç­®©
á®¢®ªã¯­®áâ¨ ¢¥ªâ®à®¢ fclg � Rn (¨¬¥­ã¥¬®© ª®¬¨â¥â­ë¬ à¥è¥­¨¥¬) â ª®©, çâ® «î¡®¥ ¨§
­¥à ¢¥­áâ¢ á¨áâ¥¬ë (7.2) ã¤®¢«¥â¢®àï¥âáï ¡®«¥¥ ç¥¬ ¯®«®¢¨­®© ¢¥ªâ®à®¢ íâ®© á®¢®ªã¯­®áâ¨.
�®¬¨â¥â­ ï â¥å­®«®£¨ï ¨ ¥¥ ¨á¯®«ì§®¢ ­¨ï ¢ § ¤ ç å à á¯®§­ ¢ ­¨ï á®áâ ¢«ïîâ ¢ ¦­®¥ ¨ å®-
à®è® à §à ¡®â ­­®¥ ­ ¯à ¢«¥­¨¥ ¢ à á¯®§­ ¢ ­¨¨ ®¡à §®¢ [8].

�á«¨ M ¨ N | ¬­®£®£à ­­¨ª¨, ¯à¨ç¥¬ M
T
N = ;, â® íâ¨ ¬­®¦¥áâ¢  áâà®£® à §¤¥«ïîâ-

áï  ää¨­­®© äã­ªæ¨¥©. �¨¦¥ à¥çì ¯®©¤¥â ® à §¤¥«¨¬®áâ¨ ¯à®¨§¢®«ì­ëå ­¥¯¥à¥á¥ª îé¨åáï
¯®«¨í¤à «ì­ëå ¬­®¦¥áâ¢ ªãá®ç­®-«¨­¥©­®© äã­ªæ¨¥© (k-äã­ªæ¨¥©).

�â ª, ¯ãáâì M =
S
(j)

Mj , N =
S
(i)

Ni, fMjg ¨ fNig | ª®­¥ç­ë¥ á®¢®ªã¯­®áâ¨ ¢ë¯ãª«ëå

¬­®£®£à ­­¨ª®¢, ¯à¨ç¥¬ M
T
N = ;. �¬¥¥â ¬¥áâ®

�¥®à¥¬  7.1. �®«¨í¤à «ì­ë¥ ¬­®¦¥áâ¢  M ¨ N á ¯ãáâë¬ ¯¥à¥á¥ç¥­¨¥¬ áâà®£® à §¤¥«ï-

îâáï k-äã­ªæ¨¥©, â.¥. äã­ªæ¨¥© ¢¨¤  (2.2)

f(x) = min
j21;m

jAjx� bj jmax: (7.3)

�®ª § â¥«ìáâ¢®. �®«¨í¤à «ì­®¥ ¬­®¦¥áâ¢® ¬®¦¥â ¡ëâì § ¤ ­® ®¤­¨¬ k-­¥à ¢¥­áâ¢®¬:
¥á«¨ Mj = fx j Ajx � bjg ¨ Ni = fx j Bix � dig, â®

M = fx j f(x) � 0g;

£¤¥ f(x) | äã­ªæ¨ï (7.3);
N = fx j g(x) � 0g;

£¤¥ g(x) = max
(i)

jBix� dijmin. �ç¨âë¢ ï á®®â­®è¥­¨ï: XnM � N , XnN � M , ¯à¨ «î¡ëå � > 0 ¨

� > 0 ¡ã¤¥¬ ¨¬¥âì

�f(x) + � g(x) < 0 8x 2M ; � f(y) + � g(y) > 0 8 y 2 N:
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� ª¨¬ ®¡à §®¬, ¯®áâà®¥­  äã­ªæ¨ï f�;�(x) := � f(x)+� g(x), § ¢¨áïé ï ®â ç¨á«®¢ëå ¯ à ¬¥âà®¢
� > 0 ¨ � > 0, áâà®£® à §¤¥«ïîé ï ¯®«¨í¤à «ì­ë¥ ¬­®¦¥áâ¢  M ¨ N .

�«¥¤áâ¢¨¥ 7.1. �ãáâì Rn � fajgj2J ¨ Rn � fbigi2I | ª®­¥ç­ë¥ á®¢®ªã¯­®áâ¨ â®ç¥ª ¨§ Rn,
¯à¨ íâ®¬ fajg

T
fbig = ;. �®£¤  áãé¥áâ¢ã¥â k-äã­ªæ¨ï f(x), áâà®£® à §¤¥«ïîé ï íâ¨ ¬­®¦¥áâ¢ ,

â.¥.
f(aj) < 0 8 j 2 J ; f(bi) > 0 8 i 2 I:

�¥©áâ¢¨â¥«ì­®, ¯®áª®«ìªã â®çª  ¨§ Rn ¬®¦¥â ¡ëâì § ¤ ­  ª®­¥ç­®© á¨áâ¥¬®© «¨­¥©­ëå
­¥à ¢¥­áâ¢ (¥á«¨ �x = [�x1; : : : ; �xn], â® �x = fx j �x � x � �xg), â® áä®à¬ã«¨à®¢ ­­®¥ á«¥¤áâ¢¨¥ ¯à¥-
¢à é ¥âáï ¢ ç áâ­ë© á«ãç © â¥®à¥¬ë 7.1. �  á ¬®¬ ¤¥«¥, ¢ ¤ ­­®¬ á«¥¤áâ¢¨¨ ¯à®áâà ­áâ¢®, ¨§
ª®â®à®£® ¡¥àãâáï â®çª¨, ¬®¦¥â ¡ëâì ¯à®¨§¢®«ì­ë¬. �¢¥¤¥­¨¥ ª ª®­¥ç­®¬¥à­®¬ã  à¨ä¬¥â¨ç¥-
áª®¬ã ¯à®áâà ­áâ¢ã âà¨¢¨ «ì­®: ¤®áâ â®ç­® ¢§ïâì ¯®¤¯à®áâà ­áâ¢® Ek ¨áå®¤­®£® ¯à®áâà ­áâ¢ ,
­ âï­ãâ®¥ ­  á®¢®ªã¯­®áâì fajgj2J

S
fbigi2I , ¢ë¤¥«¨âì ¥£® ¡ §¨á, ¢ ª®â®à®¬ ¢¥ªâ®àë aj ¨ bi ¡ã-

¤ãâ ¯à¥¤áâ ¢«¥­ë â®çª ¬¨ ª®­¥ç­®¬¥à­®£®  à¨ä¬¥â¨ç¥áª®£® ¯à®áâà ­áâ¢ . �á«¨ ¢§ïâì ¯àï¬®¥
à §«®¦¥­¨¥ X = Ek+H, â® k-äã­ªæ¨ï f(x), à §¤¥«ïîé ï ãª § ­­ë¥ á®¢®ªã¯­®áâ¨ â®ç¥ª ¢ Ek,
¬®¦¥â ¡ëâì ¯à®¤®«¦¥­  ¤® k-äã­ªæ¨¨ �f(x), ®¯à¥¤¥«¥­­®© ­  ¢á¥¬ ¯à®áâà ­áâ¢¥ X, ¯® ¯à ¢¨«ã:
¥á«¨ x 2 X ¨ x = �x+ h, �x 2 Ek, h 2 H, â® �f(x) = f(�x).
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