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Ââåäåíèå

Ïóñòü

L :=
2∑

k=0

ak
∂2

∂x2−k∂yk
(I)

-ýëëèïòè÷åñêîå óðàâíåíèå ñ ïîñòîÿííûìè êîìïëåêñíûìè êîýôôèöèåíòà-
ìè a0, a1, a2, ïðè÷åì a2 6= 0. Ýëëèïòè÷íîñòü îçíà÷àåò, ÷òî õàðàêòåðåñòè-
÷åñêèé ìíîãî÷ëåí a0 +a1s+a2s

2 íå èìååò âåùåñòâåííûõ êîðíåé. Îáîçíà-
÷èì êîðíè ýòîãî ìíîãî÷ëåíà ÷åðåç s1 è s2. Â îáëàñòè D ⊂ C ðàññìîòðèì
óðàâíåíèå

LF = 0 (II)

Íå óìàëÿÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî ðåøåíèå F óðàâíåíèÿ (I) îïðå-
äåëåíî â îáëàñòè D ⊂ C, ñîäåðæàùåé âíóòðè íà÷àëî êîîðäèíàò. Ëþáîå
ðåãóëÿðíîå â D ðåøåíèå óðàâíåíèÿ (I) åäèíñòâåííûì îáðàçîì ïðåäñòà-
âèìî â âèäå

F (z) = ϕ1(z1) + ϕ2(z2),

ãäå z = x + iy, zq = Tq(zq) := x + sqy, q = 1, 2 ôóíêöèè ϕq, q = 1, 2,
ãîëîìîðôíû â Tq(D), ϕ2(0) = 0.

Öåëü äèïëîìíîé ðàáîòû - íàõîæäåíèå âåùåñòâåííûõ ðåøåíèé ëèíåé-
íûõ ýëëèïòè÷åñêèõ óðàâíåíèé. Îòìåòèì, ÷òî â ñëó÷àå, êîãäà s1 = s2 = i
óðàâíåíèå (I) îïðåäåëÿåò òàê íàçûâàåìûå áèàíàëèòè÷åñêèå ôóíêöèè. Îá-
ùèé âèä äåéñòâèòåëüíûõ áèàíàëèòè÷åñêèõ ôóíêöèé áûë ïîëó÷åí Ì. Á.
Áàëêîì [4].
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Âåùåñòâåííûå ðåøåíèÿ
ëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

Ðàññìîòðèì ýëëèïòè÷åñêîå óðàâíåíèå

Lf(z) :=
∑

0≤k+j≤2

Akj
∂k+jf(z)

∂xk∂yj
= 0, z = x+ iy, x, y ∈ R, (1)

ñ ïîñòîÿííûìè êîìïëåêñíûìè êîýôôèöèåíòàìè Akj, A02 6= 0. Ýëëèïòè÷-
íîñòü îçíà÷àåò, ÷òî êîðíè sq, q = 1, 2, õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà
A02s

2 + A11s+ A20 íå âåùåñòâåííû.
Öåëü äàííîé ðàáîòû ïîëó÷èòü îáùèé âèä äåéñòâèòåëüíîãî ðåøåíèÿ

óðàâíåíèÿ âèäà (1).
Ãëàâíàÿ ÷àñòü

L0 :=
∑
k+j=2

Akj
∂k+j

∂xk∂yj
= 0

îïåðàòîðà L ìîæåò áûòü çàïèñàíà â âèäå

L0 =
∂2

∂z1∂z2
, (2)

åñëè, áåç óùåðáà äëÿ îáùíîñòè, ïðèíÿòü A02 = −(4Im s1Im s2)
−1. Çäåñü

zq = Tq(z) := x + sqy, q = 1, 2 - íåâûðîæäåííîå â àôôèííîå ïðåîáðàçî-
âàíèå ïëîñêîñòè z = x+ iy.

Ïðåäïîëîæèì, ÷òî îïåðàòîð L äîïóñêàåò ôàêòîðèçàöèþ âèäà

L =

(
∂

∂z1
− a1

)(
∂

∂z2
− a2

)
. (3)

Òàêàÿ ôàêòîðèçàöèÿ âîçìîæíà, åñëè ÷èñëà a1, a2, A00, A10, A01 ñâÿçàíû
ñîîòíîøåíèÿìè

a1a2 = A00,
ia2s1

2Im s1
+

ia1s2

2Im s2
= A10, −

ia2

2Im s1
− ia1

2Im s2
= A01. (4)

Äëÿ ïîëó÷åíèÿ ýòèõ ñîîòíîøåíèé ñëåäóåò ó÷åñòü, ÷òî

∂

∂zq
=

i

2Im sq

(
∂

∂y
− sq

∂

∂x

)
, q = 1, 2.
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Ïðè s1 = s2 = i óðàâíåíèå Lf = 0 îïðåäåëÿåò òàê íàçûâàåìûå áèàíà-
ëèòè÷åñêèå ôóíêöèè ïåðåìåííîãî z = x+ iy. Ïðåäïîëîæèì, ÷òî s1 6= s2.
Ïðè ýòîì äâà ïîñëåäíèõ ñîîòíîøåíèÿ (4) îáðàòèìû, îòêóäà

a1 =
2i(A10 + A01s1)Im s2

s1 − s2
, a2 = −2i(A10 + A01s2)Im s1

s1 − s2
.

Òàêèì îáðàçîì, äëÿ òîãî, ÷òîáû ïðè s1 6= s2 îïåðàòîð L ñ ãëàâíîé
÷àñòü (2) äîïóñêàë ôàêòîðèçàöèþ âèäà (3) íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû åãî êîýôôèöèåíòû A00, A10, A01 áûëè ñâÿçàíû ñîîòíîøåíèåì

A00 =
4(A10 + A01s1)(A10 + A01s2)Im s1Im s2

(s1 − s2)2
.

Ïðè s1 = s2 ñîîòíîøåíèÿ (4) ïðèíèìàþò âèä

a1a2 = A00,
is1

2Im s1
(a1 + a2) = A10, −

i

2Im s1
(a1 + a2) = A01,

îòêóäà

α1 = iA01Im s1 ±
√
− (A01Im s1)

2 − A00, a1a2 = A00,

à íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ïðåäñòàâèìîñòè îïåðàòîðà L â âèäå
(3) èìååò âèä

A10 + A01s1 = 0

Åñëè A00 = 0, òî õîòÿ áû îäíî èç ÷èñåë a1 è a2 ðàâíî íóëþ. Åñëè A00 =
A10 = A01 = 0, òî åñòü L = L0, òî a1 = a2 = 0.

Èñïîëüçóÿ ïðåäñòàâëåíèå (3) îïåðàòîðà L, ëåãêî ïîëó÷àåì ôîðìóëó
äëÿ îáùåãî ðåøåíèÿ óðàâíåíèÿ (1) â çàäàííîé îáëàñòè D ⊂ C

f(z) = ϕ1(z1)e
a1z1 + ϕ2(z2)e

a2z2 (5)

ïðè (s1, a1) 6= (s2, a2). Çäåñü ϕq - ôóíêöèÿ, ãîëîìîðôíàÿ â îáëàñòè Dq :=
Tq(D), q = 1, 2. Ïðè s1 = s2, a1 = a2

f(z) = (ϕ(z1) + z1ψ(z1))e
a1z1, (6)

Çäåñü ϕ è ψ -ôóíêöèè, ãîëîìîðôíûå â îáëàñòè D1 := T1(D). Ïðè s1 = s2

ïðåäñòàâëåíèÿ (5) è (6) åäèíñòâåííû, à ïðè s1 6= s2 äëÿ åäèíñòâåííîñòè
ïðåäñòàâëåíèÿ (5) ñëåäóåò íàëîæèòü íà ôóíêöèè ϕ1, ϕ2 äîïîëíèòåëüíîå
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óñëîâèå. Íàïðèìåð, ñ÷èòàÿ áåç óùåðáà äëÿ îáùíîñòè, ÷òî z = 0 ëåæèò â
îáëàñòè D ìîæíî ïîòðåáîâàòü , ÷òîáû ϕ2(0) = 0.

Ñíà÷àëà ðàññìîòðèì óðàâíåíèå

∂f(z)

∂z
− af(z) = 0, a ∈ C, a 6= 0. (7)

Åãî îáùåå ðåøåíèå â îáëàñòè D èìååò âèä

f(z) = ϕ(z)eaz, (8)

ãäå ϕ � ãîëîìîðôíàÿ â D ôóíêöèÿ.
Çàïèøåì òåéëîðîâñêèå ðàçëîæåíèÿ

ϕ(z) =
∞∑
k=0

ckz
k, eaz =

∞∑
j=0

(az)j

j!
. (9)

Ïîëîæèì a = α+ iβ, ck = αk + iβk, ãäå α, β, αk, βk ∈ R è, èñïîëüçóÿ
(8) è (9), âû÷èñëèì Im f(z).

Im f(z) = Im

( ∞∑
k=0

ckz
k
∞∑
j=0

(az)j

j!

)
=

= Im

( ∞∑
k=0

(αk + iβk)(x+ iy)k
∞∑
j=0

((α + iβ)(x− iy))j

j!

)
=:

∞∑
k, j=0

akjx
kyj,

αkj ∈ R.

Ðàâåíñòâî Im f(z) = 0 ýêâèâàëåíòî ðàâåíñòâàì akj = 0, k, j =
0, 1, 2, . . . , êîòîðûå ñëåäóåò ðàññìàòðèâàòü êàê ñèñòåìó óðàâíåíèé îò-
íîñèòåëüíî ÷èñåë αk, βk, k = 0, 1, 2, . . . .

a00 = β0,

a10 = β1 + βα0 + αβ0, a01 = −αα0 + ββ0,

a20 = αβα0 + βα1 +
1

2
α2β0 −

1

2
β2β0 + αβ1 + β2,

a11 = −α2α0 + β2α0 + 2α2 + 2αββ0,
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a02 = −αβα0 + βα1 −
1

2
α2β0 +

1

2
β2β0 + αβ1 − β2,

a30 =
1

2
α2βα0 −

1

6
β3α0 + αβα1 +

1

6
α3β0 −

1

2
αβ2β0+

+
1

2
α2β1 −

1

2
β2β1 + αβ2 + β3 + βα2,

a21 = −1

2
α3α0 +

3

2
αβ2α0 −

1

2
α2α1 +

1

2
β2α1+

+αα2 + 3α3 +
3

2
α2ββ0 −

1

2
β3β0 + αββ1 − ββ2,

a12 = −3

2
α2βα0 +

1

2
β3α0 + αβα1 −

1

2
α3β0 +

3

2
αβ2β0+

+
1

2
α2β1 −

1

2
β2β1 + αβ2 − 3β3 + βα2,

a03 =
1

6
α3α0 −

1

2
αβ2α0 −

1

2
α2α1 +

1

2
β2α1+

+αα2 − α3 −
1

2
α2ββ0 +

1

6
β3β0 + αββ1 − ββ2,

a40 = , a31 = , . . .

Ñëåäóåò ðàññìàòðèâàòü òðè ñëó÷àÿ: 1) α 6= 0, β 6= 0, 2) α = 0, β 6= 0,
3) α 6= 0, β = 0. Ñëó÷àé, êîãäà α = β = 0 î÷åâèäíûé, òàê êàê â ýòîì
ñëó÷àå f åñòü àíàëèòè÷÷åñêàÿ ôóíêöèÿ; îíà ìîæåò áûòü âåùåñòâåííîé
â îáëàñòè D ëèøü â ñëó÷àå, êîãäà îíà ïîñòîÿííà (f(z) ≡ α0).

Èç ôîðìóëû (8) âèäíî, ÷òî óðàâíåíèå (7) âñåãäà èìååò íåòðèâèàëüíîå
âåùåñòâåííîå ðåøåíèå ïðè ϕ(z) = eaz. Ïîëàãàÿ ÷òî, ψ(z) = ϕ(z)e−az,
ïîëó÷èì äëÿ f(z) ïðåäñòàâëåíèå f(z) = |eaz|2ψ(z). Îòñþäà ñëåäóåò,
÷òî àíàëèòè÷åñêàÿ ôóíêöèÿ ψ(z) âåùåñòâåííà è, ñëåäîâàòåëüíî, ψ(z) =
const . Ñëåäîâàòåëüíî, ïðîèçâîëüíîå âåùåñòâåííîå ðåøåíèå óðàâíåíèÿ
(7) èìååò âèä f(z) = c|eaz|2 = ce2(αx+βy), ãäå c-ïðîèçâîëüíàÿ âåùåñòâåí-
íàÿ ïîñòîÿííàÿ.

Ïðè s1 6= s2 ëþáîå ðåãóëÿðíîå â D ðåøåíèå óðàâíåíèÿ L0f = 0 åäèí-
ñòâåííûì îáðàçîì ïðåäñòàâèìî â âèäå

f(z) = ϕ1(z1) + ϕ2(z2), (10)
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ãäå z = x + iy, zq = Tq(z) := x + sqy, q = 1, 2,ôóíêöèè ϕq, q = 1, 2,
ãîëîìîðôíû â Tq(D), ϕ2(0) = 0.

Çàïèøåì òåéëîðîâñêèå ðàçëîæåíèÿ ϕq(zq) =
∑∞

k=0 cqkzq
k, c20 = 0 è,

ïîäñòàâëÿÿ èõ â ðàâåíñòâà (10 ) è Im (f) = 0, ïîëó÷èì

Im

( ∞∑
k=0

c1k(x+ s1y)k +
∞∑
k=1

c2k(x+ s2y)k

)
= 0 (11)

Ïðåîáðàçóåì ëåâóþ ÷àñòü ýòîãî óðàâíåíèÿ.

Im

(
∞∑
k=0

c1k

k∑
j=0

(
n

k

)
(xk−j(s1y)j) +

∞∑
k=0

c2k

k∑
j=0

(
n

k

)
(xk−j(s2y)j)

)
=

Im

(
∞∑
k=1

k∑
j=0

(
n

k

)
(c1k(s1)

j) + c2k(s2)
j)(xk−jyj)

)
.

Ïóñòü cqk = αqk + iβqk, sq = γq + iθq, αqk, βqk, γq, θq ∈ R, q = 1, 2

Im

(
∞∑
k=1

k∑
j=0

(
k

j

)
((α1k + iβ1k)(γ1 + iθ1)

j + (α1k + iβ1k)(γ2 + iθ2)
j)(xk−jyj)

)
=

Im

(
∞∑
k=1

k∑
j=0

(
k

j

) j∑
n=0

(
j

n

)
(in(α1kγ

j−n
1 θn1 + α2kγ

j−n
2 θn2 ) +

+in+1(β1kγ
j−n
1 θn1 + β2kγ

j−n
2 θn2 ))(xk−jyj)

)
(12)

ãäå
(
k
j

)
= k!

j!(k−j)! - áèíîìèàëüíûå êîýôôèöòåíòû.

Êîýôôèöèåíò ïðè xkyj â ðàçëîæåíèè (12), îáîçíà÷èì èõ ÷åðåç akj.
Òîãäà ïîëó÷èì ðàâíîñèëüíóþ ðàâåíñòâó (11)ñèñòåìó óðàâíåíèé akj = 0,
èç êîòîðîé êàæäûé íàáîð íåèçâåñòíûõ αqk, βqk, q = 1, 2 ìîæíî âûäåëèòü
â îòäåëüíóþ ïîäñèñòåìó, ñîñòîÿùóþ òîëüêî èç ýòîãî íàáîðà íåèçâåñòíûõ.

a00 = β10,

a10 = β11 + β21,

a01 = θ1α11 + θ2α21 + β11γ1 + β21γ2,

a20 = β12 + β22,
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a11 = 2θ1α12 + 2θ2α22 + 2β12γ1 + 2β22γ2,

a01 = −β12θ
2
1 − β22θ

2
2 + 2θ1α12γ1 + β12γ

2
1 + 2θ2α22γ2 + β22γ

2
2 ,

a30 = β13 + β23,

a21 = 3θ1α13 + 3θ2α23 + 3β13γ1 + 3β23γ2,

a12 = −3β13θ
2
1 − 3β23θ

2
2 + 6θ1α13γ1 + 3β13γ

2
1 + 6θ2α23γ2 + β23γ

2
2 ,

a03 = −θ3
1α23 − θ3

2α23 − 3β13θ
2
1γ1+

+3θ1α13γ1 + β13γ
3
1 − 3β23θ

2
2 + 3θ2α23γ

2
2 ,

a40 = β14 + β24,

a31 = 4θ1α14 + 4θ2α24 + 4β14γ1 + 4β24γ2,

a22 = −6β14θ
2
1 − 6β24θ

2
2 + 12θ1α14γ1 + 6β14γ

2
1 + 12θ2α24γ2 + 6β24γ

2
2 ,

a13 = −4θ3
1α24 − 4θ3

2α24 − 12β14θ
2
1γ1+

+12θ1α14γ1 + 4β14γ
3
1 − 12β24θ

2
2 + 12θ2α24γ

2
2 + 4β24γ

3
2 ,

a04 = −β14θ
4
1 + β24θ

4
2 − 4θ3

1α14γ1 − 6β14θ
2
1γ

2
1+

+4θ1β14γ
3
1 + β14γ

4
1 − 4θ3

1α24γ1,

−6β24θ
2
2γ

2
2 + 4θ2α24γ

3
2 + β24γ

4
2 + β24γ

4
2

α50 = β15 + β25,

a41 = 5θ1α15 + 5θ2α25 + 5β15γ1 + 5β25γ2,

a32 = −10β15θ
2
1 − 10β25θ

2
2 + 20θ1α15γ1 + 10β15γ

2
1 + 20θ2α25γ2 + 10β25γ

2
2 ,

a23 = −10θ3
1α25 − 10θ3

2α25 − 30β15θ
2
1γ1+

+30θ1α15γ1 + 10β15γ
3
1 − 30β25θ

2
2 + 30θ2α25γ

2
2 + 10β25γ

3
2 ,

a14 = 5β15θ
4
1 + 5β25θ

4
2 − 20θ3

1α15γ1 − 30β15θ
2
1γ

2
1 + 20θ1β15γ

3
1 + 5β15γ

4
1 ,

−20θ3
1α25γ1 − 30β25θ

2
2γ

2
2 + 20θ2α25γ

3
2 + 5β25γ

4
2 + 5β25γ

4
2

a05 = θ5
1α25 + θ5

2α25 + 5β15θ
4
1γ1−10θ3

1α15γ
2
1−10β15θ

2
1γ

5
1 + 5θ1α15γ

4
1 +β15γ

5
1+

+5β25θ
4
2γ2 − 10θ3

2α25γ
2
2 − 10β25θ

2
2γ

3
2 + 5θ2α25γ

4
2 + β25γ

5
2 .... (13)

9



Ðàâåíñòâî Im (f) = 0 ðàâíîñèëüíî âûïîëíåíèþ ðàâåíñòâ akj =
0, k, j = 0, 1, 2, . . . . Äëÿ óðàâíåíèÿ a00 = 0 ðåøåíèå áóäåò

β10 = 0

Äëÿ ñèñòåìû a10 = 0, a01 = 0

a11 =
α21θ2

θ1
− β21(−γ1 + γ2)

θ2
, β11 = −β21.

Äëÿ ñèñòåìû a20 = 0, a11 = 0, a02 = 0

a12 =
β22(θ

2
1 − θ2

2 − γ2
1 + 2γ1γ2 − γ2

2)

2θ2(γ1 − γ2)

a22 =
β22(−θ2

1 + θ2
2 − γ2

1 + 2γ1γ2 − γ2
2)

2θ2(γ1 − γ2)

β12 = −β22

Äëÿ ñèñòåì am−k,k = 0, k = 0, ..,m,m ≥ 3

a13 = 0, a23 = 0, β13 = 0, β23 = 0,

a15 = 0, a24 = 0, β14 = 0, β24 = 0,

a15 = 0, a25 = 0, β15 = 0, β25 = 0,

×òî áû äîêàçàòü ÷òî äëÿ ñèñòåì am−kk = 0, k = 0, ...,m,m ≥ 3, ðå-
øåíèå áóäåò íóëåâûì, âîñïîëüçóåìñÿ ñëåäñòâèåì òåîðåìû Êðîíåêåðà-
Êàïåëè äëÿ îäíîðîäíûõ ñèñòåì. Îáîçíà÷èì ÷åðåç γq = Re q, θq =
Im sq, q = 1, 2

Ñëåäñòâèå èç Òåîðåìû Êðîíåêåðà-Êàïåëè. Îäíîðîäíàÿ ñèñòåìà èìå-

åò òîëüêî íóëåâîå ðåøåíèå, åñëè ðàíã åå ìàòðèöû ðàâåí ÷èñëó íåèç-

âåñòíûõ.

Ñíà÷àëà ðàññìîòðèì ñèñòåìó a3−k,k = 0, k = 0, . . . , 3.

Im (c13) + Im (c23) = 0

3γ1Im (c13) + 3γ2Im (c23) + 3θ1Re (c13) + 3θ2Re (c23) = 0

(−3θ2
1 + 3γ2

1)Im (c13) + (−3θ2
2 + 3γ2

2)Im (c23)+

+6θ1γ1Re (c13) + 6θ2γ2Re (c23) = 0
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(−3θ2
1γ1 + γ3

1)Im (c13))Im (c13) + (−3θ2
2γ2 + γ3

2)Im (c23)

+(−θ3
1 + 3θ1γ

2
2)Re (c13) + (−θ3

2 + 3θ2γ2)Re (c23) = 0

Îïðåäåëèòåëü ìàòðèöû êîýôôèöèåíòîâ

1 1 0 0
3γ1 3γ2 3θ1 3θ2

−3θ2
1 + 3γ2

1 −3θ2
2 + 3γ2

1 6θ1γ1 6θ2γ2Re (c23)
−3θ2

1γ1 + γ3
1 −3θ2

2γ2 + γ3
2 −θ3

1 + 3θ1γ
2
2 −θ3

2 + 3θ2γ2

áóäåò ðàâåí
−9θ5

1θ2 + 18θ3
1θ

3
2 − 9θ1θ

5
2 − 18θ3

1θ2γ
2
1

−18θ1θ
3
2γ

2
1 − 9θ1θ2γ

4
1 + 36θ3

1θ2γ1γ2

+36θ1θ
3
2γ1γ2 + 36θ1θ2γ

3
1γ2 − 18θ3

1θ2γ
2
2

−18θ1θ
3
2γ

2
2 − 18θ1θ

3
2γ

2
2 − 54θ1θ2γ

2
1γ

2
2

+36θ1θ2γ1γ
3
2 − 9θ1θ2γ

4
2

À ýòî çíà÷èò, ÷òî ðàíã ìàòðèöû êîýôôèöèåíòîâ ðàâåí 4 è íóëåâîå
ðåøåíèå ÿâëÿåòñÿ åäèíñòâåííûì.

Äëÿ ñèñòåì am−k,k = 0, k = 0, . . . ,m,m > 3, äîêàæåì ÷òî ïåðâûå
÷åòûðå ñòðîêè íåçàâèñèìû.

Im

[((
m

k

) k∑
j=0

(
k

j

)
ij(Re(c1k)γ

k−j
1 θj1 + Re (c2k)γ

k−j
2 θn2 )+

+ ij+1(Im (c1k)γ
k−j
1 θj1 + Im (c2k)γ

k−j
2 θj2)

)]
= 0,

k = 0, . . . , 3,m > 4.

(
m

k

)
=

m!

k!(m− k)!
=

(m− 1)!

k!(m− 1− k)!

m

(m− k)
= ...

=
3!

k!(3− k)!

4

4− k
...

m− 1

m− 1− k
m

m− k
=

(
3

k

)
m!(3− k)!

3!(m− k)!

Im

[(
3

k

)
m!

k!(m− k)!

k∑
j=0

((
k

j

)
(Re (c1k)γ

k−j
1 θj1 + Re (c2k)γ

k−j
2 θ2)

n+
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+ij+1(Im (c1k)γ
k−j
1 θj1 + Im (c2k)γ

k−j
2 θj2)

)]
= 0

Òî åñòü, åñëè êàæäóþ ñòðîêó ñèñòåìû am−k,k = 0, k = 0, . . . , 3,m > 3

ïîäåëèòü íà m!(4−k)!
4!(m−k)! , ìû ïîëó÷èì ñèñòåìó a4−k,k = 0, k = 0, . . . , 3, îïðå-

äåëèòåëü êîòîðîé íå ðàâåí íóëþ, îòñþäà îïðåäåëèòåëü ñèñòåìû aam−k,k
=

0, k = 0, . . . , 3,m > 3 òàêæå íå ðàâåí íóëþ è åå ðàíã ðàâåí ÷åòûðåì, à ýòî
çíà÷èò, ÷òî èç ñëåäñòâèÿ Êðîíåêåðà-Êàïåëè ñèñòåìà èìååò ëèøü íóëåâîå
ðåøåíèå.
Âûâîä. Ìû íàøëè îáùèé âèä âåùåñòâåííîé ôóíêöèè, óäîâëåòâîðÿ-

þùåé óðàâíåíèþ L0f = 0, âèä ýòîé ôóíêöèè

f(z) = α10 +

(
α11 −

θ1α11 + (γ1 − γ1)β11

θ2

)
x+

+

(
(θ2 − θ1)β11 + γ1α11 +

γ2[(γ2 − γ1)β11 − θ1α11]

θ2

)
y+

+α12
(γ2 + γ1[(θ1 − θ2)

2 + (γ1 − γ2)
2])

γ2[γ2
2 − γ1

2 + (γ2 − γ1)2]
x2+

+
2α12[(θ1 − θ2)

2 + (γ1 − γ2)
2](θ2γ1 + θ1γ2)

θ2[θ2
2 − θ1

2 + (γ1 − γ2)2]
xy+

+α12
[(θ1 − θ2)

2 + (γ1 − γ2)
2][(θ2(θ1(θ1 + θ2) + γ1

2) + θ1γ2
2]

θ2[θ2
2 − θ1

2 + (γ1 − γ2)2
y2 (14)

Ýòà ôîðìóëà âåðíà ïðè s2 6= s1, s2 6= s1. Ïðè s2 = s1ôóíêöèÿ f(z)
óäîâëåòâîðÿåò óðàâíåíèþ

∂2f

∂z1∂z̄1
6= 0

è ÿâëÿåòñÿ ãàðìîíè÷åñêîé ïî ïåðåìåííûì Re z1 è Im z1. Çäåñü êàðòèíà
äåéñòâèòåëüíûõ ðåøåíèé ðåçêî ìåíÿåòñÿ � ñðåäè òàêèõ ôóíêöèé áåñêî-
íå÷íî ìíîãî ëèíåéíî íåçàâèñèìûõ.

Òàêæå ëåãêî ðåøèòü ýòó ïðîáëåìó äëÿ óðàâíåíèÿ (1) â ñëó÷àå s1 =
s2, a1 = a2. Òîãäà èç ôîðìóëû (6) ñëåäóåò, ÷òî îáùåå ðåøåíèå óðàâ-
íåíèÿ (1) ïðåäñòàâèìî â âèäå f(z) = g(z1)|ea1z1|2, ãäå g(z1) = (ϕ(z1) +
z1ψ(z1))e

−a1z1 -áèàíàëèòè÷åñêàÿ ôóíêöèÿ ïåðåìåííîãî z1. Ïîñêîëüêó îíà
âåùåñòâåííà, òî g(z1) = b1|z1|2+b2Re z1+b3Im z1+b4, ãäå bk, k = 1, . . . , 4-
ïðîèçâîëüíûå âåùåñòâåííûå ÷èñëà. Òîãäà ïðîèçâîëüíîå âåùåñòâåííîå
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ðåøåíèå óðàâíåíèÿ (1) èìååò âèä f(z) = (b1|z1|2 + b2Re z1 + b3Im z1 +
b4)|ea1z1|2.

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà îáùåå ðåøåíèå óðàâíåíèÿ (1) èìå-
åò âèä (5). Ôóíêöèþ (5) ïðåäñòâèì â âèäå f(z) = ψ1(z1)|ea1z1|2 +
ψ2(z2)|ea2z2|2, ãäå ψk(zk) = ϕk(zk)e

ākzk , k = 1, 2 - àíàëèòè÷åñêàÿ ôóíê-
öèÿ îò zk, èëè f(z) = (ψ1(z1) + ψ2(z2)|eā2z2−ā1z1|2)|eā1z1|2. Ïîýòîìó çàäà-
÷à ñâîäèòñÿ ê òîìó, ÷òî áû âûÿñíèòü, êîãäà áóäåò âåùåñòâåííîé ôóíê-
öèÿ g(z) = ψ1(z1) + ψ2(z2)|eā2z2−ā1z1|2. Óïðîùàÿ îáîçíà÷åíèÿ, ýòó ôóíê-
öèþ ìîæíî çàïèñàòü òàê: g(z) = ψ1(z1) + ψ2(z2)e

px+qy, ãäå px + qy =
2Re (ā2z2 − ā1z1) = 2xRe (a2 − a1) + 2yRe (ā2s2 − ā1s1). Òî åñòü p =
2Re (a2 − a1), q = 2Re (ā2s2 − ā1s1).

Âûÿñíèì, êîãäà p = q = 0? Ïðè ýòîì äîëæíû âûïîëíÿòüñÿ ðàâåíñòâà
Re (a2 − a1) = 0,Re (s̄2a2 − s̄1a1) = 0 èëè a2 − a1 = iα, s̄2a2 − s̄1a1 =
iβ, α, β ∈ R. Ðåøàÿ ýòó ñèñòåìó îòíîñèòåëüíî a1, a2, ïîëó÷èì ïðè s1 6= s2

a1 =
i(β − αs̄2)

s̄1 − s̄2
, a2 =

i(β − αs̄1)

s̄2 − s̄2
. (15)

Ïðè p = q = 0 ïîëó÷àåì, ÷òî f(z) = (ψ1(z1) +
ψ2(z2)|eā2z2−ā1z1|2)|eā1z1|2 = (ψ1(z1)+ψ2(z2))|eā1z1|2(ïðè a1a2 îïðåäåëåííûõ
âûøå.)

Ïîëó÷àåì Im (ψ1(z1) + ψ2(z2)) = 0.
Ðàíåå áûëà ïîëó÷åíà ôîðìóëà (14) äëÿ îáùåãî äåéñòâèòåëüíîãî ðåøå-

íèÿ óðàâíåíèÿ (1), êîãäà Aij = 0, k+j < 2. Â ýòîì ñëó÷àå îáùåå ðåøåíèå
óðàâíåíèÿ (1) èìååò âèä

f(z) = ψ1(z1) + ψ2(z2),

è äåéñòâèòåëüíîå ðåøåíèå èìååò âèä (14). Ïîýòîìó â ðàññìàòðèâàåìîì
ñëó÷àå ëþáîå äåéñòâèòåëüíîå ðåøåíèå èìååò âèä

f(z) = [α10 +

(
α11 −

θ1α11 + (γ1 − γ1)β11

θ2

)
x+

+

(
(θ2 − θ1)β11 + γ1α11 +

γ2[(γ2 − γ1)β11 − θ1α11]

θ2

)
y+

+α12
(γ2 + γ1[(θ1 − θ2)

2 + (γ1 − γ2)
2])

γ2[γ2
2 − γ1

2 + (γ2 − γ1)2]
x2+
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+
2α12[(θ1 − θ2)

2 + (γ1 − γ2)
2](θ2γ1 + θ1γ2)

θ2[θ2
2 − θ1

2 + (γ1 − γ2)2]
xy+

+α12
[(θ1 − θ2)

2 + (γ1 − γ2)
2][(θ2(θ1(θ1 + θ2) + γ1

2) + θ1γ2
2]

θ2[θ2
2 − θ1

2 + (γ1 − γ2)2
y2]|eā1z1|2
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Çàêëþ÷åíèå

Â äèïëîìíîé ðàáîòå ðàññìîòðåëà ýëëèïòè÷åñêîå óðàâíåíèå ñ ïîñòîÿí-
íûìè êîýôôèöèåíòàìè.

Lf(z) :=
∑

0≤k+j≤2

Akj
∂k+jf(z)

∂xk∂yj
= 0, z = x+ iy, x, y ∈ R, (1)

Áûë íàéäåí îáùèé âèä âåùåñòâåííîãî ðåøåíèÿ óðàâíåíèÿ (1), â ñëó÷àå
,êîãäà êîýôôèöèåíòû óäîâëåòâîðÿþò óñëîâèþ (15).
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