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� áá¬ âà¨¢ ¥âáï ãà ¢¥¨¥ ¢â®à®£® ¯®àï¤ª , ¯à¨¢¥¤¥®¥ ª ª ®¨ç¥áª®¬ã ¢¨¤ã

@2w

@z22
� a2

@2w

@z21
+ b

@w

@z1
+ c

@w

@z2
+ dw = 0; (1)

£¤¥ w(z1; z2) | ¨áª®¬ ï ª®¬¯«¥ªá®§ ç ï äãªæ¨ï, z1; z2 2 C , a, b, c, d| ª®¬¯«¥ªáë¥ ç¨á« .
�ã¤¥¬ ¨áª âì à¥è¥¨¥ ãà ¢¥¨ï (1), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

�w(z1; 0) + �
@w

@z2
(z1; 0) = f1(z1);

w(z1; l) + �
@w

@z2
(z1; l) = f2(z1);

(2)

£¤¥ j�j+ j�j 6= 0, jj+ j�j 6= 0, l 2 C , l 6= 0. �ãªæ¨¨ f1(z1), f2(z1) ¯à¥¤¯®« £ îâáï   «¨â¨ç¥áª¨¬¨
¢ ¢ë¯ãª«®© ®¡« áâ¨ G � C . �¨¬¢®«®¬ H(G) ®¡®§ ç¨¬ ¯à®áâà áâ¢® �à¥è¥   «¨â¨ç¥áª¨å ¢
®¡« áâ¨ G äãªæ¨© á â®¯®«®£¨¥© à ¢®¬¥à®© áå®¤¨¬®áâ¨   ª®¬¯ ªâ å G. �¥§ ®£à ¨ç¥¨ï
®¡é®áâ¨ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® 0 2 G.

�¥è¥¨¥ § ¤ ç¨ (1), (2) ¨é¥âáï ¢ ¢¨¤¥ àï¤  íªá¯®¥â,  ¡á®«îâ® áå®¤ïé¥£®áï ¢ H(D), £¤¥
D | ¢ë¯ãª« ï ®¡« áâì ¢ C 2 , ª®â®à ï áâà®¨âáï ®¯à¥¤¥«¥ë¬ ®¡à §®¬ ¯® ®¡« áâ¨ G. �¥â®¤, ¨á-
¯®«ì§ã¥¬ë© ¢ ¤ ®© à ¡®â¥, ®á®¢    à¥§ã«ìâ â å �.�.�¥®âì¥¢  ¨ �.�.�®à®¡¥©¨ª  (á¬.,
 ¯à., [1], [2]) ® ¢®§¬®¦®áâ¨ ¯à¥¤áâ ¢«¥¨ï   «¨â¨ç¥áª¨å ¢ ¢ë¯ãª«®© ®¡« áâ¨ äãªæ¨© àï¤ -
¬¨ íªá¯®¥â. �«¥¤ãï [3], ¡ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬  fexp�kzg1k=1 (�k 2 C ) ï¢«ï¥âáï  ¡á®«îâ®
¯à¥¤áâ ¢«ïîé¥© á¨áâ¥¬®© ( .¯.á.) ¢ ¯à®áâà áâ¢¥ H(G), ¥á«¨ «î¡ãî äãªæ¨î f(z) 2 H(G) ¬®¦-

® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ àï¤ 
1P
k=1

ck exp(�kz),  ¡á®«îâ® áå®¤ïé¥£®áï ¢ H(G). � ¬¥â¨¬, çâ® ¤«ï

«î¡®© ¢ë¯ãª«®© ®¡« áâ¨ G � C ¢á¥£¤  ¬®¦® ãª § âì ¯®á«¥¤®¢ â¥«ì®áâì f�kg1k=1 â ªãî, çâ®
lim
k!1

�k =1, ¨ á¨áâ¥¬  fexp �kzg1k=1 ¡ã¤¥â  .¯.á. ¢ H(G).

�¥¬¬ . �ãáâì P (�) | ¬®£®ç«¥ ¯¥à¢®© ¨«¨ ¢â®à®© áâ¥¯¥¨, E | ¬®¦¥áâ¢® ªàã¦ª®¢

ã«¥¢®© «¨¥©®© ¯«®â®áâ¨. �®£¤  ¬®¦¥áâ¢® U = f� 2 C j D(�) =
p
P (�) 2 Eg ¬®¦®

¯®£àã§¨âì ¢ ¬®¦¥áâ¢® E1 ªàã¦ª®¢ ã«¥¢®© «¨¥©®© ¯«®â®áâ¨.

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥¨ï ï¢«ï¥âáï ¤®áâ â®ç® ¯à®áâë¬, ® £à®¬®§¤ª¨¬. � ¯®¬¨¬
(á¬.,  ¯à., [4]), çâ® ¬®¦¥áâ¢® E ¨¬¥¥â ã«¥¢ãî «¨¥©ãî ¯«®â®áâì, ¥á«¨ lim

r!1

P
r rj=r = 0, £¤¥

á¨¬¢®«
P

r ®§ ç ¥â áã¬¬¨à®¢ ¨¥ ¯® ¢á¥¬ ªàã¦ª ¬, æ¥âàë ª®â®àëå ¯®¯ «¨ ¢ ªàã£ jzj < r.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®¬ ãç áâ¨¨ �®áá¨©áª®£® ä®¤  ¯®¤¤¥à¦ª¨ äã¤ ¬¥â «ìëå ¨áá«¥-
¤®¢ ¨© (ª®¤ ¯à®¥ªâ  96-01-01041).
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�®«®¦¨¬ ¢ ãà ¢¥¨¨ (1) w(z1; z2) = exp(�z1 + �z2). �ãªæ¨ï w ¡ã¤¥â, ®ç¥¢¨¤®, à¥è¥¨¥¬
ãà ¢¥¨ï (1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �2�a2�2+b�+c�+d = 0. �âáî¤  ¯à¨ ä¨ªá¨à®¢ ®¬
� ¯®«ãç¨¬

�j(�) = �c=2 + (�1)j�1
q
4(a2�2 � b�� d) + c2 =2; j = 1; 2:

�à¥¤¯®« £ ¥âáï, çâ® � ¨§¬¥ï¥âáï ¢ ¯«®áª®áâ¨ á ¢ë¡à®è¥ë¬ ®âà¥§ª®¬ ¨«¨ «ãç®¬ â ª, çâ®
äãªæ¨î D(�)=

p
4(a2�2�b��d)+c2=2 ¡ã¤¥¬ áç¨â âì ®¤®§ ç®© ¨ ¯à¨ íâ®¬ lim

�!1
D(�)=�=a.

�à §ã ®â¬¥â¨¬, çâ® á«ãç © jaj + jbj = 0 ¥ à áá¬ âà¨¢ ¥âáï, â. ª. ãà ¢¥¨¥ (1) ¯à¨ íâ®¬ ¢ëà®-
¦¤ ¥âáï ¢ ®¡ëª®¢¥®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥.

� áá¬®âà¨¬ â¥¯¥àì æ¥«ãî äãªæ¨î ¢¯®«¥ à¥£ã«ïà®£® à®áâ 

�(z) = (�+ �(� c

2
+ z))( + �(� c

2
� z)) exp(� c

2
� z)l� (�+ �(� c

2
� z))( + �(� c

2
+ z)) exp(� c

2
+ z)l

á ¨¤¨ª â®à®¬ g(') = jl cos(' + arg l)j (á¨¬¢®«®¬ arg z ¢ ¤ «ì¥©è¥¬ ¡ã¤¥¬ ®¡®§ ç âì £« ¢®¥
§ ç¥¨¥  à£ã¬¥â  z, ¯à¨ ¤«¥¦ é¥¥ ¯à®¬¥¦ãâªã [0; 2�) ¨«¨ (��;�]). �«ï äãªæ¨¨ �(z) (á¬.,
 ¯à., [4]) ¢¥ ¥ª®â®à®£® ¨áª«îç¨â¥«ì®£® ¬®¦¥áâ¢  E ªàã¦ª®¢ ã«¥¢®© «¨¥©®© ¯«®â®áâ¨,
á®¤¥à¦ é¥¬ ã«¨ íâ®© äãªæ¨¨, á¯à ¢¥¤«¨¢  ®æ¥ª 

8" > 0 9A = A(") > 0 : j�(z)j � A expfjzlj(j cos(arg z + arg l)j � "g: (3)

�á¯®«ì§ãï «¥¬¬ã, ¤«ï ®â®¡à ¦¥¨ï D(�) =
p
4(a2�2 � b�� d) + c2 =2 ¯® ¬®¦¥áâ¢ã E ¯®áâà®-

¨¬ ¬®¦¥áâ¢® E1 ªàã¦ª®¢ ã«¥¢®© «¨¥©®© ¯«®â®áâ¨. �ãáâì G | ¯à®¨§¢®«ì ï ¢ë¯ãª« ï
®¡« áâì ¢ C . �®§ì¬¥¬  .¯.á. fexp �kz1g1k=1 ¢ H(G) â ªãî, çâ® f�kg1k=1 \E1 = ;. �â® ¢á¥£¤  ¬®¦®
á¤¥« âì (á¬.,  ¯à., [2], [5]). �®£¤  fD(�k)g1k=1 \ E = ;, ¨ ¢ á¨«ã (3) ¯à¨ z = D(�k) á¯à ¢¥¤«¨¢ 
®æ¥ª 

j�(D(�k))j � A expfjD(�k)lj(j cos(argD(�k) + arg l)j � ")g 8k � 1: (4)

�ç¨âë¢ ï, çâ® lim
k!1

D(�k)

�k
= a,   â ª¦¥ à ¢®¬¥àãî ¥¯à¥àë¢®áâì ª®á¨ãá , ¥âàã¤® ¯®«ãç¨âì

¤àã£ãî ä®à¬ã § ¯¨á¨ ¥à ¢¥áâ¢  (4)

8" > 0 9B = B(") > 0 : j�(D(�k))j � B expfjal�kj j cos(arg �k + arg al)j � "j�kjg 8k � 1: (5)

� «®£¨ç®, ¨á¯®«ì§ãï ¥à ¢¥áâ¢®

1 + j exp zj � 2 expfjzjmax(0; cos(arg z))g 8z 2 C ;

(á¬.,  ¯à., [1]) ¥âàã¤® ãáâ ®¢¨âì, çâ®  ©¤ãâáï â ª¨¥ Bj > 0, ¤«ï ª®â®àëå

1 + j exp(�j(�k)l)j � Bj expfjal�kjmax(0; (�1)j�1 cos(arg �k + arg al)) + "j�kjg; (6)

j = 1; 2, k = 1; 2; : : : �¥à¥©¤¥¬ ª ®âëáª ¨î à¥è¥¨ï ãà ¢¥¨ï (1) ¢ ¢¨¤¥

w(z1; z2) =
1X
k=1

ak exp(�kz1 + �1(�k)z2) +
1X
k=1

bk exp(�kz1 + �2(�k)z2): (7)
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�®áâ ¢«ïï ä®à¬ «ì® w(z1; z2) ¢ à ¢¥áâ¢® (2), ¯®«ãç¨¬

f1(z1) = �
1X
k=1

ak exp�kz1 + �
1X
k=1

bk exp�kz1 +

+ �
1X
k=1

�1(�k)ak exp�kz1 + �
1X
k=1

�2(�k)bk exp�kz1;

f2(z1) = 
1X
k=1

ak exp(�kz1 + �1(�k)l) + 
1X
k=1

bk exp(�kz1 + �2(�k)l) +

+ �
1X
k=1

�1(�k)ak exp(�kz1 + �1(�k)l) + �
1X
k=1

�2(�k)bk exp(�kz1 + �2(�k)l):

(8)

� ª ª ª fexp�kz1g1k=1 |  .¯.á. ¢ H(G), â® ¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥¨¥

f1(z1) =
1X
k=1

ck exp�kz1; f2(z1) =
1X
k=1

dk exp�kz1; (9)

¢ ª®â®à®¬ àï¤ë áå®¤ïâáï  ¡á®«îâ® ¢H(G). �®¤áâ ¢«ïï íâ¨ à §«®¦¥¨ï ¢ (8) ¨ ¯à¨à ¢¨¢ ï ª®-
íää¨æ¨¥âë ¯à¨ ®¤¨ ª®¢ëå íªá¯®¥â å, ¯®«ãç¨¬ á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨© ®â®á¨â¥«ì®
ak ¨ bk (

ck = (�+ ��1(�k))ak + (�+ ��2(�k))bk;

dk = ( + ��1(�k))ak exp�1(�k)l + ( + ��2(�k))bk exp�2(�k)l;

k = 1; 2; : : : , ®âªã¤ 

ak =
ck( + ��2(�k)) exp�2(�k)l � dk(�+ ��2(�k))

�(D(�k))
;

bk =
�ck( + ��1(�k)) exp�1(�k)l + dk(�+ ��1(�k))

�(D(�k))
:

(10)

�ç¨âë¢ ï ®æ¥ª¨ (5) ¨ (6), ¯®«ãç¨¬

jakj �M1

maxfjckj; jdk jgj�kj(1 + j exp�2(�k)lj)
j�(D(�k))j

�

�M2maxfjckj; jdkjgj�kj expfjal�kjmax(0; � cos(arg �k + arg al))�

� jal�kj j cos(arg �k + arg al)j+ 2"j�kjg �

�M3maxfjckj; jdkjg expf�jal�kjmax(0; cos(arg �k + arg al)) + 3"j�kjg:

�«¥¤®¢ â¥«ì®,

jakj �M3maxfjckj; jdkjg expf�jal�kjmax(0; cos(arg �k + arg al)) + 3"j�kjg: (11)

� «®£¨çë¬ ®¡à §®¬ ®æ¥¨¢ ¥¬ ª®íää¨æ¨¥âë

jbkj �M3maxfjckj; jdkjg expf�jal�kjmax(0; � cos(arg �k + arg al)) + 3"j�kjg:

�«ï «î¡®© ¢ë¯ãª«®© ®¡« áâ¨ G, ®â«¨ç®© ®â à áè¨à¥®© ¯«®áª®áâ¨, ¢á¥£¤  ¬®¦® ¯®áâà®-
¨âì ¯®á«¥¤®¢ â¥«ì®áâì â ª¨å ®£à ¨ç¥ëå ¥¯ãáâëå ¢ë¯ãª«ëå ®¡« áâ¥© Bn (á¬.,  ¯à., [5])

á ®¯®àë¬¨ äãªæ¨ï¬¨ bn(�') > 0, çâ® Bn � Bn+1 ¤«ï ¢á¥å n � 1 ¨ G =
1S
n=1

Bn. �¡á®«îâ ï

áå®¤¨¬®áâì àï¤®¢ (9) ¢ H(G) à ¢®á¨«ì  â®¬ã, çâ®

1X
k=1

maxfjckj; jdkjg exp j�kjbn(arg �k) <1 8n � 1: (12)
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�ãáâì ®¡« áâì G ¨¬¥¥â ®¯®àãî äãªæ¨î h(�') > 0. �¡®§ ç¨¬ ç¥à¥§ Gj ®¡« áâ¨ á ®¯®à-
ë¬¨ äãªæ¨ï¬¨

hj(�') = h(�') + jaljmaxf0; (�1)j�1 cos(�'+ arg al)g; j = 1; 2:

� á«ãç ¥ a = 0 ®¡« áâ¨ G1 ¨ G2 á®¢¯ ¤ îâ á G. �®áâà®¨¬ ®¡« áâ¨

Dj = f(z1; z2) 2 C
2 j z1 + (�1)j�1az2 2 Gjg; j = 1; 2:

�á«¨ a = 0, â® D1 ¨ D2 à ¢ë G� C .

�®ª ¦¥¬, çâ® àï¤
1P
k=1

ak exp(�kz1 + �1(�k)z2) áå®¤¨âáï  ¡á®«îâ® ¢ H(D1). �®§ì¬¥¬ ¯à®¨§-

¢®«ìë© ª®¬¯ ªâ F � D1. �®£¤   ©¤¥âáï ª®¬¯ ªâ F1 � D1 â ª®©, çâ® F � f(z1; z2) 2 C
2 j jz2j �

M ; z1+az2 2 F1g. �ë¡¥à¥¬ â¥¯¥àì ®¡« áâì Bn â ª, çâ®¡ë F1 � Bn+T , £¤¥ T | ®âà¥§®ª á ®¯®à®©
äãªæ¨¥© maxf0; jalj cos(�' + arg al)g. �«¥¤®¢ â¥«ì®, F � f(z1; z2) 2 C

2 j jz2j � M ; z1 + az2 2
Bn+Tg. �®§ì¬¥¬ " ¢ ¥à ¢¥áâ¢¥ (11), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î "(3+M) < min

'
(bn+1(')�bn(')).

�®£¤ , ¨á¯®«ì§ãï (11) ¨ (12), ¯®«ãç¨¬
1X
k=1

jakjmax
F

j exp(�kz1 + �1(�k)z2j �

� P
1X
k=1

jakjmax
F

j exp�k(z1 + az2)j exp "j�kz2j �

� P
1X
k=1

jakjmaxfj exp�kzj; z 2 Bn + Tg exp "M j�kj �

� P1

1X
k=1

maxfjckj; jdkjg expf�jal�kjmax(0; cos(arg �k + arg al)) + 3"j�kjg �

� expfj�kj(bn(arg �k) + jaljmax(0; cos(arg �k + arg al)))g exp "M j�kj �

� P1

1X
k=1

maxfjckj; jdkjg expfj�kj(bn(arg �k) + (3 +M)")g �

� P1

1X
k=1

maxfjckj; jdkjg exp j�kjbn+1(arg �k) <1:

� ª¨¬ ®¡à §®¬, àï¤
1P
k=1

ak exp(�kz1+�1(�k)z2) áå®¤¨âáï  ¡á®«îâ® ¢H(D1), ¨ ¥£® áã¬¬  ï¢«ï¥âáï

  «¨â¨ç¥áª®© äãªæ¨¥© ¢ ®¡« áâ¨ D1. � «®£¨ç® ¬®¦® ¯®ª § âì, çâ® àï¤
1P
k=1

bk exp(�kz1 +

�2(�k)z2) áå®¤¨âáï  ¡á®«îâ® ¢ H(D2).
�¡®§ ç¨¬ D = D1\D2. �®£¤  ¨§ ¢ëè¥¨§«®¦¥®£® à¥è¥¨¥ w(z1; z2), § ¤ ¢ ¥¬®¥ ä®à¬ã«®©

(7), ¡ã¤¥â   «¨â¨ç¥áª¨¬ ¢ ®¡« áâ¨ D.
�ä®à¬ã«¨àã¥¬ ¯®«ãç¥ë© à¥§ã«ìâ â.

�¥®à¥¬ . �ãáâì G | ¯à®¨§¢®«ì ï ¢ë¯ãª« ï ®¡« áâì, ®â«¨ç ï ®â à áè¨à¥®© ¯«®áª®-

áâ¨, f1(z1); f2(z1) 2 H(G). �®£¤  áãé¥áâ¢ã¥â à¥è¥¨¥ § ¤ ç¨ (1), (2),   «¨â¨ç¥áª®¥ ¢ ®¡« áâ¨
D. �à®¬¥ â®£®, ¥á«¨ fexp�kz1g1k=1 |  .¯.á. ¢ H(G), â® íâ® à¥è¥¨¥ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

(7), ¢ ª®â®à®¬ ª®íää¨æ¨¥âë ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬ (10).
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