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�à¨ à¥è¥­¨¨ á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¨ ªà ¥¢ëå § ¤ ç â¥®à¨¨  ­ «¨â¨ç¥-
áª¨å äã­ªæ¨© ¯à¨å®¤¨âáï ¢ëç¨á«ïâì á¨­£ã«ïà­ë¥ ¨­â¥£à «ë (á¬., ­ ¯à., [1]{[5]). � ¤ ­­®©
à ¡®â¥, ï¢«ïîé¥©áï ¥áâ¥áâ¢¥­­ë¬ ¯à®¤®«¦¥­¨¥¬ [6], ¯à¥¤« £ ¥âáï íää¥ªâ¨¢­ë© á¯®á®¡ ®æ¥­-
ª¨ ¯®£à¥è­®áâ¨ ª¢ ¤à âãà­ëå ä®à¬ã« (ª.ä.) ¨ ªã¡ âãà­ëå ä®à¬ã« (ª¡. ä.) ¤«ï á¨­£ã«ïà­®£®
¨­â¥£à «  (á. ¨.) á ï¤à®¬ �¨«ì¡¥àâ , ¯®«ãç¥­­ëå á ¯®¬®éìî ¤¨áªà¥â­ëå  ­ «®£®¢ áã¬¬ �ãàì¥,
�¥à­èâ¥©­ {�®£®§¨­áª®£®,   â ª¦¥ ¨­â¥à¯®«ïæ¨®­­ëå ª.ä. ¤«ï á. ¨. ¢ ª« áá¥ äã­ªæ¨© Hk['];
¤®ª §ë¢ ¥âáï ®¯â¨¬ «ì­®áâì ¯® ¯®àï¤ªã â®ç­®áâ¨ íâ¨å ª.ä. ¨ ª¡. ä. ¢ àï¤¥ ª« áá®¢ äã­ªæ¨©.

1. �®áâ ­®¢ª  § ¤ ç¨

� áá¬®âà¨¬ á. ¨. á ï¤à®¬ �¨«ì¡¥àâ 

Jx = J(x; s) =
1
2�

Z 2�

0

x(�) ctg
� � s

2
d�; (1)

¯®­¨¬ ¥¬ë© ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï ¯® �®è¨.
�¢¥¤¥¬ ª« ááë äã­ªæ¨©, ­  ª®â®àëå ¡ã¤¥¬ ¨áá«¥¤®¢ âì ª.ä. ¤«ï á. ¨. (1). �ãáâì Hk['],

k = 1; 2; : : : , | ª« áá ­¥¯à¥àë¢­ëå 2�-¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨©, ¤«ï ª®â®àëå ª®­¥ç­ ï à §­®áâì
k-£® ¯®àï¤ª  �k

hx(t) á è £®¬ h ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

sup
jhj��

k�k
hx(t)kC = !k(x; �) � '(�); 0 < � � �;

£¤¥ '(�) | äã­ªæ¨ï áà ¢­¥­¨ï k-£® ¯®àï¤ª ; ¢ á«ãç ¥ '(�) =M��, 0 < � � k, £¤¥M |­¥ª®â®à ï
¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, ¢¬¥áâ® Hk['] ¡ã¤¥¬ ¯¨á âì Hk;�(M); W rHk['] (W 0Hk['] = Hk[']),
k | ­¥ª®â®à®¥ ­ âãà «ì­®¥ ç¨á«®, r � 0 æ¥«®¥, | ª« áá äã­ªæ¨© x(t) 2 C2�, ¨¬¥îé¨å  ¡á®«îâ-
­® ­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ ¤® (r � 1)-£® ¯®àï¤ª  ¢ª«îç¨â¥«ì­®, ã ª®â®àëå r-ï ¯à®¨§¢®¤­ ï
¯à¨­ ¤«¥¦¨â ª« ááã Hk[']; Z�(M), 0 < � � 2 (Z1(M) = Z(M)), | ª« áá äã­ªæ¨© �¨£¬ã­¤ 
¨§ C2�, ¬®¤ã«ì £« ¤ª®áâ¨ !2(x; �), � > 0, ª®â®àëå ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã !2(x; �) � M��,
0 < � � 2,M = const;W rH!(W 0H! = H!) | ª« áá r à § ¤¨ää¥à¥­æ¨àã¥¬ëå 2�-¯¥à¨®¤¨ç¥áª¨å
äã­ªæ¨©, r-¥ ¯à®¨§¢®¤­ë¥ ª®â®àëå ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ã !(x(r); �) � !(�), £¤¥ r | æ¥«®¥
­¥®âà¨æ â¥«ì­®¥ ç¨á«®, !('; �) | ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ ' 2 C2� á è £®¬ � > 0,   !(�)
| ¤ ­­ë© ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨; ¢ ç áâ­®¬ á«ãç ¥ ¯à¨ !(�) � M��, 0 < � � 1, ¨¬¥¥¬ ª« áá
W rH�(M), r = 0; 1; : : :

2. �à¨¬¥­¥­¨¥ ¤¨áªà¥â­®£®  ­ «®£  ç áâ­ëå áã¬¬ �ãàì¥

�«ï ¯à®¨§¢®«ì­ëå ç¨á¥« N = 1; 2; : : : , n = 0; 1; : : : , r = 0; 1 : : : ¨ à ¢­®®âáâ®ïé¨å ã§«®¢

sk = s
(N)
k =

2k�
N

; k = 1; N; N = 1; 2; : : : ; (2)
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¢ ([4], £«. III) ¤«ï á. ¨. (1) ¯à¥¤«®¦¥­  ¨ ¨áá«¥¤®¢ ­  ®¡é ï ª.ä.

J(x; s) � Jn;N;r(x; s) =
nX

m=1

�(n)m;r(�am;N sinms+ bm;N cosms); (3)

£¤¥

am;N =
2
N

NX
j=1

x(sj) cosmsj ; bm;N =
2
N

NX
j=1

x(sj) sinmsj ; m = 1; n; (4)

  �(n)m;r, m = 1; n, �(n)0;r = 1, n = 1; 2; : : : , r = 0; 1; : : : , | ­¥ª®â®à ï âà¥ã£®«ì­ ï ¬ âà¨æ  ç¨á¥«.
� (3) ¯®«®¦¨¬ �(n)m;r = 1, m = 1; n, r = 0; 1; : : : �®£¤  ¨§ (2){(4) ¯®«ãç ¥¬ ã¤®¡­ãî ¢ ¯à¨«®-

¦¥­¨ïå ª.ä. ¤«ï á.¨. (1)

J(x; s) � Jn;N(x; s) =
2
N

NX
j=1

Dn(sj � s)x(sj); (5)

§¤¥áì ¨ ¤ «¥¥Dn(') ¨Dn(') | ¤ ­­®¥ ¨ á®®â¢¥âáâ¢ãîé¥¥ á®¯àï¦¥­­®¥ ï¤à  �¨à¨å«¥ ¯®àï¤ª  n,
[�] | æ¥« ï ç áâì ç¨á«  �. � à ¬¥âàë N ¨ n á¢ï§ ­ë ¢ íâ®© ä®à¬ã«¥ «¨èì á®®â­®è¥­¨¥¬
N � 2n� 1.

�¥®à¥¬  1. �ãáâì x(s) 2 W rHk['], r � 0, £¤¥ ' = '(�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î: ­ ©¤¥âáï
c > 1 â ª®¥, çâ®

1 < lim
�!+0

'(c�)
'(�)

� lim
�!+0

'(c�)
'(�)

< ck: (6)

�®£¤  ¯à¨ «î¡ëå N � 2n� 1 ¤«ï ¯®£à¥è­®áâ¨ ª.ä. (5) á¯à ¢¥¤«¨¢  ®æ¥­ª 

kJx� Jn;NxkC � c1
lnn
nr

'

�
1
n

�
+ c2

lnn
(N � n� 1)r

'

�
1

N � n� 1

�
: (7)

�¤¥áì ¨ ¤ «¥¥ ci, i = 1; 2; : : : , | ¢¯®«­¥ ®¯à¥¤¥«¥­­ë¥ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, ­¥ § ¢¨áïé¨¥

®â n ¨ N .

�®ª § â¥«ìáâ¢®. �®£à¥è­®áâì ª.ä. (5) ¯à¥¤áâ ¢¨¬ á«¥¤ãîé¨¬ ®¡à §®¬:

kRn;NxkC � kJx� JSnxkC + kJSnx� Jn;NxkC ; (8)

£¤¥

Rn;Nx = Jx� Jn;Nx;

Jn;Nx �
nX
k=1

�ak;N sinks+ bk;N cos kx;

ª®íää¨æ¨¥­âë ak;N , bk;N , k = 1; n, ®¯à¥¤¥«¥­ë ä®à¬ã« ¬¨ (4),   Snx = Sn(x; s) ¥áâì n-© ®âà¥§®ª
àï¤  �ãàì¥ äã­ªæ¨¨ x(s).

�æ¥­¨¬ ¯¥à¢®¥ á« £ ¥¬®¥ ¨§ (8). �¥à¥§ x ®¡®§­ ç¨¬ äã­ªæ¨î, âà¨£®­®¬¥âà¨ç¥áª¨ á®¯àï¦¥­-
­ãî á x. �®áª®«ìªã

Jx� JSnx = x� Snx;

â® ¤«ï ¯¥à¢®£® á« £ ¥¬®£® ¨§ ­¥à ¢¥­áâ¢  (8) ¨¬¥¥¬ ®æ¥­ªã

kJx� JSnxkC � (4 +
4
�2

lnn)En(x); (9)

£¤¥ En(f) | ­ ¨«ãçè¥¥ à ¢­®¬¥à­®¥ ¯à¨¡«¨¦¥­¨¥ äã­ªæ¨¨ f 2 C2� âà¨£®­®¬¥âà¨ç¥áª¨¬¨ ¯®-
«¨­®¬ ¬¨ ¯®àï¤ª  ­¥ ¢ëè¥ n.
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�ãáâì x(s) 2W rHk['], r � 0, â®£¤  [7], [8]

En(x) �
2Krc3(k)

nr
!k

�
x(r);

1
n

�
�
2Krc3(k)

nr
'

�
1
n

�
; (10)

£¤¥ c3(k) | ¢¯®«­¥ ®¯à¥¤¥«¥­­ ï ¯®áâ®ï­­ ï, § ¢¨áïé ï â®«ìª® ®â k,  

Kr =
4
�

1X
�=0

(�1)�(r+1)

(2� + 1)r+1
(11)

| ª®­áâ ­â  � ¢ à .
�á«¨ x(s) 2 W rHk['], r � 0, £¤¥ ' = '(�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (6), â® ¢ á¨«ã à¥§ã«ìâ â®¢

¨§ [9], [10] á®¯àï¦¥­­ ï äã­ªæ¨ï x(s) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î x(s) 2 W rHk['], '(�) = M1'(�),
0 < � � �, M1 = const. �«ãç © k = 2, '(�) = M� ¯à¥¤áâ ¢«ï¥â à¥§ã«ìâ â ¨§ [11]. �®£¤  ¨§
­¥à ¢¥­áâ¢ (9), (10) ¯®«ãç ¥¬

kJx� JSnxk � c4

�
4 +

4
�2

lnn
�
'

�
1
n

�
1
nr
: (12)

�æ¥­¨¬ ¢â®à®¥ á« £ ¥¬®¥ ¨§ (8). �®áª®«ìªã

JSnx �
nX

k=1

bk cos ks� ak sinks; (13)

£¤¥

ak =
1
�

Z 2�

0
x(t) cos kt dt; bk =

1
�

Z 2�

0
x(t) sin kt dt; k = 1; n; (14)

| ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨¨ x(t), â® ¨§ (13) ¨ (5) ­ å®¤¨¬

JSnx� Jn;Nx =
nX

k=1

�(ak � ak;N) sinks+ (bk � bk;N) cos ks: (15)

�ãáâì TN�n�1(s) | âà¨£®­®¬¥âà¨ç¥áª¨© ¯®«¨­®¬ ­ ¨«ãçè¥£® à ¢­®¬¥à­®£® ¯à¨¡«¨¦¥­¨ï
¯®àï¤ª  ­¥ ¢ëè¥ N � n � 1 äã­ªæ¨¨ x(s). �®£¤ , ãç¨âë¢ ï, çâ® ak;N , bk;N , k = 1; n, ï¢«ïîâ-
áï ª¢ ¤à âãà­ë¬¨ áã¬¬ ¬¨ ¯àï¬®ã£®«ì­¨ª®¢ ¯® ã§« ¬ (2) ¤«ï ¨­â¥£à «®¢ (14), â®ç­ë¬¨ ¤«ï
âà¨£®­®¬¥âà¨ç¥áª¨å ¯®«¨­®¬®¢ áâ¥¯¥­¨ ­¥ ¢ëè¥ N � 1, ¨§ (15), (14) ¨ (4) ¯®«ãç ¥¬

jJSnx� Jn;Nxj �

�

����
nX

k=1

�
�
1
�
sinks

2�Z
0

cos kt[x(t)� TN�n�1(t)]dt+
1
�
cos kx

2�Z
0

sinkt[x(t)� TN�n�1(t)]dt
�
+

+
nX

k=1

�
2
N

sinks
NX
j=1

[x(sj)� TN�n�1(sj)] cos ksj +
2
N

cos ks
NX
j=1

[TN�n�1(sj)� x(sj)] sin ksj

����� �

�

���� 1�
2�Z
0

Dn(t� s)[x(t)� TN�n�1(t)]dt
����+

���� 2N
NX
j=1

Dn(sj � s)[TN�n�1(sj)� x(sj)]
���� �

� EN�n�1(x)
�
max
s

�
1
�

2�Z
0

jDn(s� t)jdt
�
+max

s

�
2
N

NX
j=1

jDn(sj � s)j
��

; (16)

£¤¥ Dn(') =
nP

k=1
sink'.
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�§¢¥áâ­® [12], çâ®

1
�

Z 2�

0
jDn(')j d' � 2(1 + lnn): (17)

�à®¬¥ â®£®, á ¯®¬®éìî à¥§ã«ìâ â  ([13], á. 242) ¨ ®æ¥­ª¨ (17) ¯à¨ N � 2n� 1 ­ å®¤¨¬

max
s

�
2
N

NX
j=1

jDn(s� sj)j
�
� 2(2 + �)(1 + lnn): (18)

�®£¤  ¨§ ­¥à ¢¥­áâ¢ (16){(18) ¯à¨ «î¡ëå N � 2n� 1 ¯®«ãç ¥¬

kJSnx� Jn;NxkC � 2(1 + lnn)(3 + �)EN�n�1(x): (19)

� ª ª ª x(t) 2W rHk['], r = 0; 1; : : : , ¨ '(�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (6), â® ¨§ ­¥à ¢¥­áâ¢ (8),
(12), (19), (10) á«¥¤ã¥â ®æ¥­ª  (7).

� «¥¥ á¨¬¢®« � ®§­ ç ¥â á« ¡ãî íª¢¨¢ «¥­â­®áâì.

�«¥¤áâ¢¨¥ 1. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¯à¨ n � N ¤«ï ¯®£à¥è­®áâ¨ ª.ä. (5) á¯à ¢¥¤«¨¢ 
®æ¥­ª 

kRn;NxkC = O

�
lnN
N r

'

�
1
N

��
:

�¥®à¥¬  2. �ãáâì x(s) 2 W rH!, r = 0; 1; : : : , £¤¥ ¯à¨ r = 0 ¢ë¯®«­ï¥âáï ¤®¯®«­¨â¥«ì­®¥

ãá«®¢¨¥ Z 1

0

!(t)
t

dt <1: (20)

�®£¤  ¯à¨ «î¡ëå N � 2n� 1 á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

sup
x2W rH!

kRn;NxkC �
2 lnn
�2nr

Z �=2

0
!

�
4t

2n+ 1

�
sin t dt+

+
Kr(3 + �)(1 + lnn)

(N � n)r
!

�
1

N � n

�
+O

�
1
nr
!

�
1
n

��
; r = 1; 2; : : : ; (21)

sup
x2H!

kRn;NxkC � c4

�Z 1=n

0

!(x; t)
t

dt+ !

�
1
n

�
lnn

�
+Kr(3 + �)(1 + lnn)!

�
1

N � n

�
; (22)

£¤¥ Kr | ª®­áâ ­â  � ¢ à  (11).

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ®æ¥­ªã (21). �á¯®«ì§ã¥¬ ­¥à ¢¥­áâ¢® (8). �¡®§­ ç¨¬ ç¥à¥§
W rH! (r � 1 æ¥«®¥) ª« áá äã­ªæ¨©, á®¯àï¦¥­­ëå á äã­ªæ¨ï¬¨ ª« áá  W rH!. �®áª®«ìªã

sup
x2W rH!

kJx� JSnxkC = sup
x2W rH!

kx� SnxkC ;

â® ®æ¥­ª  ¯¥à¢®£® á« £ ¥¬®£® ¨§ (8) ¢ëâ¥ª ¥â ¨§ ([14], á. 145); ¢â®à®¥ á« £ ¥¬®¥ ®æ¥­¨¢ ¥¬ á
¯®¬®éìî ­¥à ¢¥­áâ¢  (19) ¨ ¨§¢¥áâ­®© ®æ¥­ª¨ (­ ¯à., [15])

sup
x2W rH!

En(x) �
Kr

2(n+ 1)r
!

�
�

n+ 1

�
; r = 0; 1; : : : (23)

�¥¯¥àì ¤®ª ¦¥¬ ®æ¥­ªã (22). � íâ®© æ¥«ìî ®æ¥­¨¬ ¯¥à¢®¥ á« £ ¥¬®¥ ¨§ (8) á«¥¤ãîé¨¬ ®¡à -
§®¬:

kJx� JSnxkC � kJ(x � Tnx)kC + kJSnkC!Ckx� TnxkC ; (24)
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£¤¥

kJSnkC!C = max
s

�
1
2�

Z 2�

0
jDn(t� s)j dt

�
;

  Tnx| ¯®«¨­®¬ ­ ¨«ãçè¥£® à ¢­®¬¥à­®£® ¯à¨¡«¨¦¥­¨ï ¯®àï¤ª  ­¥ ¢ëè¥ n äã­ªæ¨¨ x 2 C2�;
®æ¥­ª  ¤«ï ¯¥à¢®£® á« £ ¥¬®£® ¨§ íâ®£® ­¥à ¢¥­áâ¢  ¨¬¥¥âáï ¢ ([14], á. 113). �®íâ®¬ã, ¨á¯®«ì§ãï
(8), (19), (24) ¨ (23), ¯®«ãç ¥¬ ®æ¥­ªã (22).

�§ ®æ¥­ª¨ (21) ¯à¨ !(�) =M��; 0 < � � 1, ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 2. �ãáâì x(s) 2 W rH�(M), 0 < � � 1, r = 1; 2; : : : �®£¤  ¯à¨ N � 2n � 1 ¨¬¥¥â
¬¥áâ® ®æ¥­ª 

sup
x2W rH�(M)

kRn;NxkC �
M21+�

�2nr+�
lnn

Z �=2

0

t� sin t dt+
MKr�

�(3 + �)(1 + lnn)
(N � n)r+�

+O

�
1

nr+�

�
:

� ç áâ­®áâ¨, ¯à¨ � = 1

sup
x2W rH1(M)

kRn;NxkC �
4M lnn
�2nr+1

+
MKr�(3 + �)(1 + lnn)

(N � n)r+1
+O

�
1

nr+1

�
:

3. �à¨¬¥­¥­¨¥ ¤¨áªà¥â­®£®  ­ «®£  áã¬¬ �¥à­èâ¥©­ {�®£®§¨­áª®£®

� íâ®¬ ¯ã­ªâ¥ ¯à¥¤« £ îâáï ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ¢ ª« áá¥ H2['] ¥é¥ ®¤­®£® ¢ à¨ ­â  ª.ä.
(3), (4).

�®§ì¬¥¬ ¯à®¨§¢®«ì­ë¥ ç¨á«  N = 1; 2; : : : , n = 0; 1; : : : , ¨ ¯®«®¦¨¬ ¢ ä®à¬ã«¥ (3) �(n)m;r =
cosm� (m = 1; n; r = 0; 1; : : : ), £¤¥ � = �

2n+1
¨«¨ � = �

2n
. �®£¤  ¯®«ãç ¥¬ ª.ä. ¤«ï á.¨. (1)

J(x; s) � Jn;N(x; s) =
1
N

NX
j=1

x(sj)[Dn(sj � s� �) +Dn(sj � s+ �)]; (25)

®á­®¢ ­­ãî ­   ¯¯à®ªá¨¬ æ¨¨ ¯«®â­®áâ¨ x(�) ¤¨áªà¥â­ë¬  ­ «®£®¬ áã¬¬ �¥à­èâ¥©­ {�®£®-
§¨­áª®£® ¯®àï¤ª  n. �¨á«  n ¨ N ¢ íâ®© ä®à¬ã«¥, ª ª ¨ ¢ ¯. 1, á¢ï§ ­ë «¨èì á®®â­®è¥­¨¥¬
2n � N + 1,   ã§«ë sj , j = 1; N , ®¯à¥¤¥«¥­ë ¢ (2). � áâ­ë¥ á«ãç ¨ ª.ä. (25) ¡ë«¨ ¨áá«¥¤®¢ ­ë
¢ [16].

�¥®à¥¬  3. �ãáâì x(s) 2 H2['], £¤¥ ' = '(�) | ¬®¤ã«ì £« ¤ª®áâ¨, ã¤®¢«¥â¢®àïîé¨© ãá«®-

¢¨î Z 1

0

'(t)
t

dt <1:

�®£¤  ¯à¨ «î¡ëå n â ª¨å, çâ® 2n � N + 1, ¤«ï ¯®£à¥è­®áâ¨ ª. ä. (25) á¯à ¢¥¤«¨¢  ®æ¥­ª 

kJx� Jn;NxkC � c5

�Z 1=n

0

'(t)
t

dt+ '

�
1
n

�
lnn+ '

�
1

N � n� 1

�
lnn

�
:

� ç áâ­®áâ¨, ¥á«¨ x(s) 2 Z�(M), â® ¯à¨ N � 2n� 1 â ª¨å, çâ® n � N , ª. ä. (25) à ¢­®¬¥à­®
áå®¤¨âáï á® áª®à®áâìî

sup
x2Z�(M)

kJx� Jn;NxkC = O

�
lnN
N�

�
; 0 < � � 2:

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨¬ ¯® áå¥¬¥,  ­ «®£¨ç­®© ¯à¥¤«®¦¥­­®© ¢ â¥®à¥¬¥ 1. �®£à¥è­®áâì
ª.ä. (25) ¯à¥¤áâ ¢«ï¥¬ ¢ ¢¨¤¥

kJx� Jn;Nxk � kJx� JBnxk+ kJBnx� JBn;Nxk; (26)
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£¤¥

JBnx =
nX

k=1

cos k�(bk cos ks� ak sinks);

JBn;Nx � Jn;Nx =
nX

k=1

cos k�(bk;N cos ks� ak;N sinks);

  Bnx = Bn(x; s) | áã¬¬  �¥à­èâ¥©­ {�®£®§¨­áª®£® ¯®àï¤ª  n, Bn;Nx = Bn;N(x; s) | ¤¨á-
ªà¥â­ë©  ­ «®£ áã¬¬ �¥à­èâ¥©­ {�®£®§¨­áª®£®, ª®íää¨æ¨¥­âë ak, bk ¨ ak;N , bk;N , k = 1; n,
®¯à¥¤¥«¥­ë ä®à¬ã« ¬¨ (14) ¨ (4) á®®â¢¥âáâ¢¥­­®, � = �

2n+1
¨«¨ � = �

2n
.

� «¥¥, ¤«ï ®æ¥­ª¨ ¯à ¢®© ç áâ¨ ­¥à ¢¥­áâ¢  (26) ¨á¯®«ì§ãîâáï à¥§ã«ìâ âë à ¡®â ([4], £«.III;
[7]; [17]; [18]) ¨

�¥¬¬  1 ([19]). �ãáâì x(s) 2 C2� ¨ ¢ë¯®«­ï¥âáï ãá«®¢¨¥

Z 1

0

!k(x; t)
t

dt �

Z 1

0

'(t)
t

dt <1:

�®£¤  ¤«ï «î¡®£® " 2 (0;�] ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

kJxkC � c7(k)
�Z "

0

!k(x; t)
t

dt+ kxkC ln
�

"

�
; (27)

£¤¥ c7(k) | ¯®áâ®ï­­ ï, § ¢¨áïé ï â®«ìª® ®â k, '(t) | äã­ªæ¨ï áà ¢­¥­¨ï k-£® ¯®àï¤ª .

�«¥¤áâ¢¨¥ 3. �ãáâì x(s) 2 H!, £¤¥

Z 1=N

0

!(t)
t

dt � c6!

�
1
N

�
lnN (N � 2): (28)

�®£¤  ¯à¨ N � 2n� 1 â ª¨å, çâ® n � N , ¤«ï ¯®£à¥è­®áâ¨ ª.ä. (25) ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

sup
x2H!

kJx� Jn;NxkC = O

�
!

�
1
N

�
lnN

�
:

4. �¡ ¨­â¥à¯®«ïæ¨®­­ëå ª¢ ¤à âãà­ëå ä®à¬ã« å

¤«ï á¨­£ã«ïà­ëå ¨­â¥£à «®¢

� àï¤¥ à ¡®â (­ ¯à., [3], £«. I; [4], £«. III) ¯®¤à®¡­® ¨áá«¥¤®¢ ­ë, ¢ ç áâ­®áâ¨, á«¥¤ãîé¨¥
¨­â¥à¯®«ïæ¨®­­ë¥ ª.ä. ¤«ï á.¨. (1):

J(x; s) � JN (x; s) =
2

2n+ 1

2nX
j=0

x(sj)
sin(n+ 1) sj�s

2
sinn sj�s

2

sin sj�s

2

; N = 2n+ 1; (29)

J(x; s) � JN (x; s) =
1
n

2n�1X
j=0

x(sj) sin
2 n

sj � s

2
ctg

sj � s

2
; N = 2n; (30)

£¤¥ ã§«ë sj , j = 1; N , ®¯à¥¤¥«¥­ë ¢ (2).
�¥§ã«ìâ âë �.�. � ¡¤ã«å ¥¢  ¯® ¨­â¥à¯®«ïæ¨®­­ë¬ ª.ä. ¤«ï á. ¨. ¯à®¤®«¦¥­ë ¢ à ¡®â å [19]

¨ [20], ¢ ª®â®àëå ¨áá«¥¤®¢ ­  áå®¤¨¬®áâì ª.ä. (29), (30) ¢ ª« áá¥ äã­ªæ¨©W rHk['], r = 0; 1; : : :
� íâ®¬ ¯ã­ªâ¥  ­ «®£¨ç­ ï § ¤ ç  à¥è ¥âáï ¡®«¥¥ ¯à®áâë¬ á¯®á®¡®¬ á ¡®«¥¥ á¨«ì­ë¬¨ à¥§ã«ì-
â â ¬¨. �æ¥­ª¨ ¯®£à¥è­®áâ¨ ¨­â¥à¯®«ïæ¨®­­ëå ª.ä. (29), (30) ¡ã¤ãâ ¯®«ãç¥­ë ­¥¯®áà¥¤áâ¢¥­­®
¨§ á«¥¤ãîé¥£® à¥§ã«ìâ â .
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�¥¬¬  2 ([4], £«. III). �«ï «î¡®© ¯«®â­®áâ¨ x(s) 2 C2�, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î (20),
¨­â¥à¯®«ïæ¨®­­ë© ª¢ ¤à âãà­ë© ¯à®æ¥áá (29), (30) à ¢­®¬¥à­® áå®¤¨âáï ¯à¨ ­¥®£à ­¨ç¥­­®¬

¢®§à áâ ­¨¨ ç¨á«  N ã§«®¢ ¨­â¥à¯®«ïæ¨¨. �à¨ íâ®¬ ¤«ï «î¡ëå n = [N=2], N = 2; 3; : : : ,
á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

kRNxkC �
1X
j=1

�
8
�
+
4
�
ln
2N
�

+
2
�
(2j � 1) ln 2 + �j

�
E2j�1n�1(x)C ; (31)

kRNxkC �

�
4
�
+
2
�
ln
2N
�

+
N � 2n

n

�
max
1�j�N

jx(sj)�Qm(sj)j+ kJ(x�Qmx)k; (32)

£¤¥

�j = �j(N) = f0 ¯à¨ N = 2n; 3=2jn ¯à¨ N = 2n+ 1; n = [N=2]g;

  Qm | ¯à®¨§¢®«ì­ë© âà¨£®­®¬¥âà¨ç¥áª¨© ¯®«¨­®¬ ¯®àï¤ª  ­¥ ¢ëè¥ m = [(N � 1)=2].

�¥®à¥¬  4. �á«¨ x(s) 2 W rHk['], £¤¥ ¯à¨ æ¥«®¬ r � 1 ' = '(�) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï

áà ¢­¥­¨ï k-£® ¯®àï¤ª ,   ¯à¨ r = 0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (28), ! = ', â® ¤«ï ¯®£à¥è­®áâ¨

¨­â¥à¯®«ïæ¨®­­ëå ª. ä. (29), (30) á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

kRNxkC �
2Krc3(k)

nr
Hk[x

(r);']'
�
1
n

��
2r

2r � 1

�
4
�
ln
2N
�

+
8
�

�
+

+
2(1 + 2�r) ln 2
�(1� 2�r)2

+ �r

�
; r = 1; 2; : : : ; (33)

kRNxkC � c8(k)Hk[x;']
��

4
�
+
2
�
ln
2N
�

+
N � 2n

n

�
'

�
1
n

�
+

+ 2k
Z 1=N

0

'(t)
t

dt+ '

�
1
n

�
lnN

�
; r = 0; (34)

£¤¥

�r = f0 ¯à¨ N = 2n; 3[2n(1 � 2�(r+1))]�1 ¯à¨ N = 2n+ 1g; (35)

Hk[x
(r);'] = sup

�>0

!k(x(r); �)
'(�)

;

Kr | ª®­áâ ­â  � ¢ à , n = [N=2], c8(k) = c7(k)c3(k) (¯®áâ®ï­­ë¥ c3(k) ¨ c7(k), § ¢¨áïé¨¥
â®«ìª® ®â k, ®¯à¥¤¥«¥­ë ¢ (10) ¨ (27) á®®â¢¥âáâ¢¥­­®).

�®ª § â¥«ìáâ¢®. �á«¨ x(t) 2 W rHk['], r = 1; 2; : : : , â® ¨§ ®æ¥­®ª (31) ¨ (10) á ãç¥â®¬
­¥à ¢¥­áâ¢ 

!k

�
x(r);

1
n

�
� Hk[x

(r);']'
�
1
n

�
; r = 0; 1; : : : ; (36)

¯®á«¥ ­¥á«®¦­ëå ¢ëª« ¤®ª ¯®«ãç ¥¬ ®æ¥­ªã (33).
�¥¯¥àì à áá¬®âà¨¬ á«ãç © r = 0. � íâ®© æ¥«ìî ¢®á¯®«ì§ã¥¬áï ®æ¥­ª®© (32). �®«®¦¨¬

Qm(s) = Tm(s), £¤¥ Tm(s) = Tm(x; s) | âà¨£®­®¬¥âà¨ç¥áª¨© ¯®«¨­®¬ ­ ¨«ãçè¥£® à ¢­®¬¥à­®£®
¯à¨¡«¨¦¥­¨ï ¯®àï¤ª  ­¥ ¢ëè¥ m = [(N � 1)=2] äã­ªæ¨¨ x(s). �«ï ®æ¥­ª¨ ¢â®à®£® á« £ ¥¬®£®
¨§ (32) ¨á¯®«ì§ã¥¬ ­¥à ¢¥­áâ¢® (27). � ¯®¬®éìî [7] ¨ (36) ¯®«ãç ¥¬

!k(x� Tm; �) � 2kkx� Tmxk � c3(k)2
kHk[x;']'(�): (37)

�®£¤  ¨§ (27), (37) ¨ (10) ­ å®¤¨¬

kJ(x� Tmx)k � c9(k)Hk[x;']
�
2k
Z "

0

'(t)
t

dt+ '

�
1
N

�
ln
�

"

�
: (38)
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�¥¯¥àì ¨§ (32), (38) (¯à¨ " = 1=N) ¨ (10) ¯®«ãç ¥¬ ®æ¥­ªã (34).

5. �¥ª®â®àë¥ § ¬¥ç ­¨ï ¨ ¤®¯®«­¥­¨ï

�« áá W rHk['] ï¢«ï¥âáï ¢¥áì¬  ®¡é¨¬. �®íâ®¬ã ¨§ â¥®à¥¬ë 4 ¬®¦­® ¯®«ãç¨âì ¬­®£®ç¨-
á«¥­­ë¥ á«¥¤áâ¢¨ï.

1. �à¨ '(�) =M��(1+ j ln �j�), £¤¥M = const, 0 < � � k, r � 0 ¨ k | ­¥ª®â®àë¥ ­ âãà «ì­ë¥
ç¨á« ,   � | ¯à®¨§¢®«ì­®¥ ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«®, ¤«ï ¯®£à¥è­®áâ¨ ª.ä. (29), (30) ¯®«ãç ¥¬
®æ¥­ªã

kRNxkC = O

�
ln1+
 N
N r+�

�
; £¤¥ 
 =

(
� ¯à¨ � > 0;

0 ¯à¨ � � 0:

2. �à¨ '(�) =M� lns(1=�), 0 < � < 1=2, £¤¥ s| ä¨ªá¨à®¢ ­­®¥ æ¥«®¥ ­¥®âà¨æ â¥«ì­®¥ ç¨á«®,
¤«ï ¯®£à¥è­®áâ¨ ª.ä. (29), (30) ¨¬¥¥¬ ®æ¥­ª¨

kRNxkC � 2MKrc3(k)Hk[x
(r);']
(N; r)

�
8
�
+
4
�
ln
2N
�

�
lns n
nr+1

= O

�
lns n
N r+1

�
; r = 1; 2; : : : ; (39)

kRNxkC � c8(k)Hk[x;']
�
�(N)

lns+1N
N

+
2k

N
�(N; s) lnsN

�
= O

�
lns+1N
N

�
; r = 0; (40)

£¤¥


(N; r) =
1

1� 2�r
+
�
2(1 + 2�r) ln 2
�(1� 2�r)2

+ �r

��
8
�
+
4
�
ln
2N
�

��1
= O(1); (41)

�(N) = 1 +
�
2
�
ln
2N
�

+
4
�
+
N � 2n

n

�
1

lnN
= O(1); (42)

�(N; s) =
sX

j=0

(s!=j!) lnj�sN = O(1); 0! = 1; (43)

�r ®¯à¥¤¥«¥­® ä®à¬ã«®© (35), n = [N=2]; ¯®áâ®ï­­ë¥ c3(k) ¨ c8(k) ¬®¦­® ¢ëç¨á«¨âì ¯à¨ ä¨ªá¨-
à®¢ ­­ëå k, ­ ¯à¨¬¥à, á ¯®¬®éìî ([7]; [18], ¯. 3, £«. III) á®®â¢¥âáâ¢¥­­®,   ¤«ï ª®­áâ ­âë � ¢ à 
¨§ (11) ¨¬¥¥¬

1 � Kr �
�

2
; r = 1; 2; : : : ; K1 =

�

2
; K2 =

�2

8
; K3 =

�3

24
; : : :

� ç áâ­®áâ¨, ¯®« £ ï ¢ ®æ¥­ª¥ (40) k = 2 ¨ k = 1, ¯®«ãç¨¬ á®®â¢¥âáâ¢¥­­® ®æ¥­ª¨

kRNxkC � 8M(1 + 32�2)H2[x;']
�
�(N)

lns+1N
N

+
4
N
�(N; s) lnsN

�
; r = 0;

kRNxkC � 12MH[x;']
�
�(N)

lns+1N
N

+
2
N
�(N; s) lnsN

�
; r = 0;

£¤¥ �(n), �(N; s) ®¯à¥¤¥«¥­ë ä®à¬ã« ¬¨ (42), (43).
� «¥¥, ¨§ (39) á ¯®¬®éìî à¥§ã«ìâ â  ¨§ ([13], c. 305) ¯à¨ k = 2 ¨ k = 1 ­ å®¤¨¬ ®æ¥­ª¨

kRNxkC �
5
2
MH2[x(r);']
(N; r)

�
8
�
+
4
�
ln
2N
�

�
lns n
nr+1

; r = 1; 2; : : : ;

kRNxkC � 3MH[x(r);']
(N; r)
�
8
�
+
4
�
ln
2N
�

�
lns n
nr+1

; r = 1; 2; : : : ;

£¤¥ 
(N; r) ®¯à¥¤¥«¥­® ä®à¬ã«®© (41).
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6. �¡ ®¯â¨¬¨§ æ¨¨ ª¢ ¤à âãà­ëå ä®à¬ã« ¤«ï á¨­£ã«ïà­ëå ¨­â¥£à «®¢

� íâ®¬ ¯ã­ªâ¥ ¯à¨ ¯®¬®é¨ à¥§ã«ìâ â®¢ ([4], £«. III) ¯®ª §ë¢ ¥âáï ®¯â¨¬ «ì­®áâì ¯® ¯®àï¤ªã
¢ ­¥ª®â®àëå ª« áá å ­¥¯à¥àë¢­ëå 2�-¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨© ª.ä. ¤«ï á. ¨. (1), à áá¬®âà¥­­ëå
¢ëè¥.

�à¨¢¥¤¥¬ ¯®áâ ­®¢ªã ®¤­®© ¨§ § ¤ ç ®¯â¨¬¨§ æ¨¨ ª.ä. ¤«ï á. ¨. (1), á«¥¤ãï ([4], £«. III). �ãáâì
¯«®â­®áâì x(�) | ¨§¢¥áâ­ ï äã­ªæ¨ï ¨§ ­¥ª®â®à®£® ª« áá  F = fxg ¯à®áâà ­áâ¢  X = C2� á
®¡ëç­®© ­®à¬®©. �. ¨. (1) ¡ã¤¥¬ ¢ëç¨á«ïâì ¯® ª.ä. ¢¨¤ 

Jx � JN (x; s) =
NX
k=1

Ak(s)x(sk); x 2 F; (44)

£¤¥ fskgN1 = fsNk g
N
1 (s0 = 0, sN = 2�), fAk(s)gN1 | ¯à®¨§¢®«ì­ ï á¨áâ¥¬  ­¥¯à¥àë¢­ëå äã­ªæ¨©.

�¥«¨ç¨­ 
VN(F ) = inf

fsk;AjgNk;j=1

sup
x2F

kRNxkC2� ; £¤¥ RNx = J(x; s)� JN(x; s);

­ §ë¢ ¥âáï ®¯â¨¬ «ì­®© ®æ¥­ª®© ¯®£à¥è­®áâ¨ ª« áá  ª.ä. (44).

�¯à¥¤¥«¥­¨¥. �¢ ¤à âãà­ ï ä®à¬ã« 

Jx � J0
N (x; s) =

NX
k=1

A0
k(s)x(s

0
k); x 2 F;

£¤¥ A0
k(s) 2 C2�, k = 1; N , | ­¥ª®â®àë¥ ä¨ªá¨à®¢ ­­ë¥ äã­ªæ¨¨,   s0k, k = 1; N , | ­¥ª®â®àë¥

ä¨ªá¨à®¢ ­­ë¥ ã§«ë, ­ §ë¢ ¥âáï ®¯â¨¬ «ì­®© ¯® ¯®àï¤ªã, ¥á«¨ ¢ë¯®«­ï¥âáï ãá«®¢¨¥

sup
x2F

kR0
NxkC2� � VN(F ); R0

Nx = J(x; s)� J0
N (x; s); x 2 F:

�§ â¥®à¥¬ë 27 ([4], £«. III) ¨ â¥®à¥¬ë 2 ¨§ ¯. 2 á«¥¤ã¥â

�¥®à¥¬  5. �ãáâì F = W rH!, r = 0; 1; : : : , £¤¥ ¯à¨ r = 0 ¢ë¯®«­ï¥âáï ¤®¯®«­¨â¥«ì­®¥

ãá«®¢¨¥ (20). �®£¤ 

VN(F ) � !

�
1
N

�
lnN
N r

; r = 0; 1; : : : ;

¨ ¤«ï «î¡ëå n â ª¨å, çâ® 2n � N + 1, n � N , ª. ä. (5) ®¯â¨¬ «ì­  ¯® ¯®àï¤ªã ­  ª« áá¥ F
áà¥¤¨ ¢á¥¢®§¬®¦­ëå ª. ä. ¢¨¤  (44).

�§ á«¥¤áâ¢¨ï 3 ¨ â¥®à¥¬ë 27 ([4], £«. III) ¢ëâ¥ª ¥â

�¥®à¥¬  6. �ãáâì F = H!, £¤¥ ! = !(t) | ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨, ã¤®¢«¥â¢®àïîé¨©

ãá«®¢¨î (20). �®£¤ 

VN(F ) � !

�
1
N

�
lnN;

¨ ¤«ï «î¡ëå n â ª¨å, çâ® 2n � N + 1, n � N , ª. ä. (25) ®¯â¨¬ «ì­  ¯® ¯®àï¤ªã ­  ª« áá¥ F
áà¥¤¨ ¢á¥¢®§¬®¦­ëå ª. ä. ¢¨¤  (44).

� «¥¥, ¨§ â¥®à¥¬ë 4 ¯à¨ '(�) =M��, 0 < � � k, ¨ â¥®à¥¬ë 27 ([4], £«. III) ¢ëâ¥ª ¥â

�¥®à¥¬  7. �ãáâì F =W rHk;�(M), r = 0; 1; : : : ; k æ¥«®¥, 0 < � � k. �®£¤ 

VN(F ) �
lnN
N r+�

¨ ¨­â¥à¯®«ïæ¨®­­ë¥ ª. ä. (29), (30) ®¯â¨¬ «ì­ë ¯® ¯®àï¤ªã ­  ª« áá¥ F áà¥¤¨ ¢á¥¢®§¬®¦­ëå

ª. ä. ¢¨¤  (44).
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7. � ªã¡ âãà­ëå ä®à¬ã« å ¤«ï á¨­£ã«ïà­ëå ¨­â¥£à «®¢

1. � áá¬®âà¨¬ ¤¢ã¬¥à­ë© á¨­£ã«ïà­ë© ¨­â¥£à « á ï¤à ¬¨ �¨«ì¡¥àâ 

Jx = J(x; s; t) =
1
4�2

Z 2�

0

Z 2�

0

x(�; ') ctg
� � s

2
ctg

'� t

2
d� d': (45)

�ãáâì C | ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå 2�-¯¥à¨®¤¨ç¥áª¨å (¯® ®¡®¨¬  à£ã¬¥­â ¬) äã­ªæ¨©
x(s; ') á ­®à¬®©

kxk = kxkC = max
s;'

jx(s; ')j:

�¡®§­ ç¨¬ ç¥à¥§ W r;lHk1;k2 ['], ' = '(�1; �2) = '1(�1)'2(�2) (r � 0, l � 0 | æ¥«ë¥; k1, k2 |
­¥ª®â®àë¥ ­ âãà «ì­ë¥ ç¨á« ), ª« áá äã­ªæ¨© x(s; ') 2 C, ¨¬¥îé¨å ç áâ­ë¥ ¯à®¨§¢®¤­ë¥
x(r)s = @rx(s;')

@sr
, x(l)' = @lx(s;')

@'l
, ª®â®àë¥ ¯à¨­ ¤«¥¦ â ª« áá ¬ Hk1 ['1] ¨ Hk2 ['2] á®®â¢¥âáâ¢¥­­®.

�«ï ¤¢ã¬¥à­®£® á. ¨. (45) ¢ ª« áá å W r;lHk1;k2 ['], r � 0, l � 0, á¯à ¢¥¤«¨¢ë à¥§ã«ìâ âë,
 ­ «®£¨ç­ë¥ ¯à¨¢¥¤¥­­ë¬ ¢ ¯¯. 1{3. �«ï ¤®ª § â¥«ìáâ¢  ¨á¯®«ì§ãîâáï ¢ëè¥¯à¨¢¥¤¥­­ë¥ à¥-
§ã«ìâ âë ¨ à¥§ã«ìâ âë à ¡®âë [21], [22].

� [23] ¯ãâ¥¬  ¯¯à®ªá¨¬ æ¨¨ ¯«®â­®áâ¨ á. ¨. (45) ¤¨áªà¥â­ë¬  ­ «®£®¬ ¤¢®©­ëå áã¬¬ �¥©¥à 
�mnpq x ¯®«ãç¥­  ª¡. ä.

J(x; s; ') � J�nmpq x =
1

4mnpq

2nX
k=1

2mX
j=1

x(sk; 'j)Gp(s; sk)Gq(';'j); (46)

£¤¥

sk =
k�

n
; k = 1; 2n; 'j =

j�

m
; j = 1; 2m; (47)

 

Gl(t; y) =
sin l(t� y)� l sin(t� y)

2 sin2(t� y)=2

| á®¯àï¦¥­­®¥ ï¤à® �¥©¥à .
�¡®§­ ç¨¬ ç¥à¥§ H�;�(M1;M2) (0 < � � 1, 0 < � � 1) ª« áá äã­ªæ¨© x(s; ') 2 C, ã¤®¢«¥â¢®-

àïîé¨å ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬ 0 < � � 1 ¯® ¯¥à¥¬¥­­®© s à ¢­®¬¥à­® ®â­®á¨â¥«ì­®
' (x 2 H�(M1) ¨ x 2 H�(M2)), 0 < � � 1, ¯® ¯¥à¥¬¥­­®© ' à ¢­®¬¥à­® ®â­®á¨â¥«ì­® s (M1 ¨M2

| ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥).
�¥à¥§ H�;�, 0 < � � 1, 0 < � � 1, ®¡®§­ ç¨¬ ®¡ê¥¤¨­¥­¨¥ ª« áá®¢ H�;�(M1;M2) ¯® ¢á¥¬

¯®«®¦¨â¥«ì­ë¬ M1, M2.

�¥®à¥¬  8. �ãáâì x(s;') 2 H�;�, 0 < � � 1, 0 < � � 1. �®£¤  ¯à¨ p, q â ª¨å, çâ® p � n,
q � m, ¤«ï ¯®£à¥è­®áâ¨ ª¡. ä. (46), (47) á¯à ¢¥¤«¨¢  ®æ¥­ª 

kJ(x� �nmpq x)k = O

�
ln p
p�

+
ln q
q�

+ lnn lnm
�
1
n�

+
1
m�

��
:

�«¥¤áâ¢¨¥ 4. � ãá«®¢¨ïå â¥®à¥¬ë 8 ¯à¨ p, q, m ¨ n â ª¨å, çâ® p � n, q � m,   m� � n�,
¤«ï ¯®£à¥è­®áâ¨ ª¡. ä. (46), (47) á¯à ¢¥¤«¨¢  ®æ¥­ª 

kJ(x� �nmpq x)k = O

�
ln2 n
n�

�
; 0 < � � 1:

� ª¢ ¤à â¥ [0; 2�; 0; 2�] ¢®§ì¬¥¬ ¯à®¨§¢®«ì­ãî á¥âªã ã§«®¢

fsk; tjg = fs
(n)
k ; t

(m)
j g; 1 � k � 2n; 1 � j � 2m; s

(n)
1 = t

(m)
1 = 0; s

(n)
2n = t

(m)
2m = 2�: (48)
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�®«®¦¨¬ F = H�;�(M1;M2), 0 < � � 1, 0 < � � 1, ¨ ¨­â¥£à «ã (45) ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥
ª¡.ä.

Jx � Jn;mx =
2nX
k=1

2mX
j=1

x(tk; sj)A
(nm)
k;j (s; t); (49)

£¤¥ fA(nm)
kj g (1 � k � 2n, 1 � j � 2m) | ¯à®¨§¢®«ì­ ï á¨áâ¥¬  ­¥¯à¥àë¢­ëå äã­ªæ¨©.

�®«®¦¨¬ Rnmx = Jx � Jnmx. �«¥¤ãï [24], ¢¢¥¤¥¬ ®¯â¨¬ «ì­ãî ®æ¥­ªã ¯®£à¥è­®áâ¨ ª¡. ä.
¢¨¤  (48), (49)

Vnm(F ) = inffsup
x2F

kRnmxk : ft
(n)
k ; s

(m)
j g; fA

(nm)
kj gg:

� ¯®¬®éìî à¥§ã«ìâ â®¢ [24], [25] ¤®ª §ë¢ ¥âáï

�¥®à¥¬  9. �ãáâì F = H�;�(M1;M2), 0 < � � 1, 0 < � � 1. �®£¤  ¯à¨ n, m â ª¨å, çâ®

n� � m�, á¯à ¢¥¤«¨¢  ®æ¥­ª 

Vnm(F ) �
ln2 n
n�

;

¨ ¤«ï «î¡ëå p, q, m, n â ª¨å, çâ® p � n, q � m, q � n, q � m, ª¡. ä. (46), (47) ®¯â¨¬ «ì­  ¯®
¯®àï¤ªã ­  ª« áá¥ F áà¥¤¨ ¢á¥¢®§¬®¦­ëå ª¡. ä. ¢¨¤  (48), (49).
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