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�¢¥¤¥­¨¥

� ¤ ç¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï á¨áâ¥¬ ¬¨ £¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª  á
ã¯à ¢«ï¥¬ë¬¨ ­ ç «ì­®-ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨, § ¤ ­­ë¬¨ ¢ ¢¨¤¥ ª®­¥ç­®¬¥à­ëå á¢ï§¥©, ¨¬¥îâ
­¥áª®«ìª® ¯à¨­æ¨¯¨ «ì­ëå ®á®¡¥­­®áâ¥©. �®-¯¥à¢ëå, ¢ § ¤ ç å â ª®£® ¢¨¤  ­¥á¯à ¢¥¤«¨¢  ­ -
«®£ ª« áá¨ç¥áª®£® ¯®â®ç¥ç­®£® ¯à¨­æ¨¯  ¬ ªá¨¬ã¬ . � [1] ¤«ï ¤ ­­®£® ª« áá  § ¤ ç  ¢â®à®¬
¤®ª § ­ ¢ à¨ æ¨®­­ë© ¯à¨­æ¨¯ ¬ ªá¨¬ã¬ . �¯â¨¬ «ì­®¥ £à ­¨ç­®¥ ¨«¨ áâ àâ®¢®¥ ã¯à ¢«¥­¨¥
¤®áâ ¢«ï¥â ¬ ªá¨¬ã¬ á¯¥æ¨ «ì­®¬ã äã­ªæ¨®­ «ã ¢ § ¤ ç¥ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ¯®áâà®¥­­®© ­  å à ªâ¥à¨áâ¨ª å ¨áå®¤­®© £¨¯¥à-
¡®«¨ç¥áª®© á¨áâ¥¬ë. �®-¢â®àëå, ¢ § ¤ ç å â ª®£® â¨¯  ¯à¨­æ¨¯¨ «ì­® ­¥¢®§¬®¦­® ¯à¨¬¥­¥­¨¥
¢¥áì¬  íää¥ªâ¨¢­ëå ç¨á«¥­­ëå ¬¥â®¤®¢ [2], [3], ®á­®¢ ­­ëå ­  ¨¤¥ïå ­ ¨¡®«¥¥ ¥¬ª¨å  ¯¯à®ª-
á¨¬ æ¨© æ¥«¥¢ëå äã­ªæ¨®­ «®¢ ¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬. �â® ¢ë§¢ ­® â¥¬, çâ® ¢á¯®¬®£ â¥«ì­ë¥
ã¯à ¢«¥­¨ï ­  ª ¦¤®¬ è £¥ ¬¥â®¤®¢ áâà®ïâáï ª ª äã­ªæ¨¨, § ¢¨áïé¨¥ ®â á®áâ®ï­¨ï ¯à®æ¥áá .
�¡®¡é¥­¨¥ ¤ ­­®£® ¯®¤å®¤  ­  £¨¯¥à¡®«¨ç¥áª¨¥ á¨áâ¥¬ë ¢®§¬®¦­® ¢ á«ãç ¥ à á¯à¥¤¥«¥­­ëå
ã¯à ¢«¥­¨©, ¢å®¤ïé¨å ¢ ¯à ¢ë¥ ç áâ¨ á¨áâ¥¬ [3]. � á«ãç ¥ ¦¥ £à ­¨ç­ëå ¨«¨ áâ àâ®¢ëå ã¯à -
¢«¥­¨© ¯à¨­æ¨¯¨ «ì­ ï âàã¤­®áâì § ª«îç ¥âáï ¢ ­¥á®¢¯ ¤¥­¨¨ ç¨á«  ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå
¤«ï äã­ªæ¨© ã¯à ¢«¥­¨ï ¨ á®áâ®ï­¨ï.

� ¤ ­­®© áâ âì¥ ¨áá«¥¤ã¥âáï á¯¥æ¨ «ì­ë© ª« áá § ¤ ç ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï «¨­¥©­ë¬¨
£¨¯¥à¡®«¨ç¥áª¨¬¨ á¨áâ¥¬ ¬¨ ¯¥à¢®£® ¯®àï¤ª , ¢ ª®â®à®¬ £à ­¨ç­ë¥ ãá«®¢¨ï ®¯à¥¤¥«ïîâáï
¨§ ã¯à ¢«ï¥¬ëå á¨áâ¥¬ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. � ª®© ­¥áâ ­¤ àâ­ë©
á¯®á®¡ § ¤ ­¨ï ªà ¥¢ëå ãá«®¢¨© ¢ë§¢ ­, á ®¤­®© áâ®à®­ë, ¦¥« ­¨¥¬ ¯à¥®¤®«¥âì ¯¥à¥ç¨á«¥­­ë¥
¢ëè¥ âàã¤­®áâ¨,   á ¤àã£®©, ­ «¨ç¨¥¬ àï¤  ª®­ªà¥â­ëå ¯à¨ª« ¤­ëå § ¤ ç ¤ ­­®£® â¨¯  [4]{[6].

� [7] ¯®ª § ­  á¯à ¢¥¤«¨¢®áâì ª« áá¨ç¥áª®£® ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ¤«ï ãª § ­­®£® ª« áá 
§ ¤ ç. � ¤ ­­®© à ¡®â¥ ¤«ï ¯à®áâ®âë ¨§«®¦¥­¨ï à áá¬®âà¥­ ¢ à¨ ­â «¨­¥©­®© £¨¯¥à¡®«¨ç¥-
áª®© á¨áâ¥¬ë, «¨­¥©­®£® æ¥«¥¢®£® äã­ªæ¨®­ «  ¨ «¨­¥©­®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë ®¡ëª­®¢¥­-
­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á § ¢¨áïé¨¬¨ ®â ã¯à ¢«¥­¨ï ª®íää¨æ¨¥­â ¬¨ ¯à¨ ä §®-
¢ëå ¯¥à¥¬¥­­ëå. �®á«¥¤­¥¥ ®¡áâ®ïâ¥«ìáâ¢® (¡¨«¨­¥©­®áâì á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨©) ¯à¨¢®¤¨â ª â®¬ã, çâ® ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  ­¥ ¡ã¤¥â ï¢«ïâìáï ¤®áâ â®ç­ë¬
ãá«®¢¨¥¬ ®¯â¨¬ «ì­®áâ¨. �®¯ëâª  ¦¥ ¯à¨¬¥­¥­¨ï ¤«ï à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ®¡é¨å ¨â¥à -
æ¨®­­ëå áå¥¬ ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  [8] ¯à¨¢®¤¨â ª ¡¥áª®­¥ç­®¬ã ¨â¥à æ¨®­­®¬ã ¯à®æ¥ááã. � 
ª ¦¤®© ¨â¥à æ¨¨ ¢®§­¨ª ¥â ­¥®¡å®¤¨¬®áâì ­¥®¤­®ªà â­®£® ¨­â¥£à¨à®¢ ­¨ï á¨áâ¥¬ë £¨¯¥à¡®-
«¨ç¥áª¨å ãà ¢­¥­¨©.

� ¯à¥¤« £ ¥¬®© áâ âì¥ ­  ®á­®¢¥ ¯à¨¬¥­¥­¨ï ­¥ª« áá¨ç¥áª®£® â®ç­®£® ¢ à¨ ­â  ä®à¬ã«ë
¯à¨à é¥­¨ï ã¤ «®áì á¢¥áâ¨ § ¤ çã ª § ¤ ç¥ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ 02-01-00243) ¨ ¯à®£à ¬¬ë \�­¨¢¥àá¨â¥âë �®áá¨¨" (¯à®¥ªâ ��.03.01.008).
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¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �à¨ íâ®¬ ¨áå®¤­ãî £¨¯¥à¡®«¨ç¥áªãî á¨áâ¥¬ã ­¥®¡å®¤¨¬® ¯à®-
¨­â¥£à¨à®¢ âì ¢á¥£® «¨èì ¤¢  à § : ¢ ­ ç «¥ ¯à®æ¥áá  ¯®á«¥ ¢ë¡®à  ­ ç «ì­®£® ã¯à ¢«¥­¨ï ¨
¢ á ¬®¬ ¥£® ª®­æ¥. �â¬¥â¨¬ â ª¦¥, çâ® ¢®§­¨ªèãî ¢ à¥§ã«ìâ â¥ á¢¥¤¥­¨ï § ¤ çã ®¯â¨¬ «ì­®£®
ã¯à ¢«¥­¨ï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¬®¦­® à¥è âì á ¯®¬®éìî
¢á¥£®  àá¥­ «  áãé¥áâ¢ãîé¨å ¤®áâ â®ç­® íää¥ªâ¨¢­ëå ¬¥â®¤®¢.

1. �®áâ ­®¢ª  § ¤ ç¨

� áá¬®âà¨¬ § ¤ çã ®¯â¨¬¨§ æ¨¨ á¨áâ¥¬ë £¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª  á
«¨­¥©­®© ¯à ¢®© ç áâìî

@x

@t
+A(s; t)

@x

@s
= g(x; s; t); (1)

g(x; s; t) = �(s; t)x+ f(s; t);

(s; t) 2 P; P = S � T; S = [s0; s1]; T = [t0; t1]:

�¤¥áì x = x(s; t) | n-¬¥à­ ï ¢¥ªâ®à-äã­ªæ¨ï, A(s; t) | ¤¨ £®­ «ì­ ï ¬ âà¨æ  à §¬¥à­®áâ¨
n � n. �â¬¥â¨¬, çâ® ª á¨áâ¥¬¥ á ¤¨ £®­ «ì­®© ¬ âà¨æ¥© ª®íää¨æ¨¥­â®¢ á¢®¤¨âáï ¯à®¨§¢®«ì-
­ ï á¨áâ¥¬  £¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª  ([9], á. 25{28). �®¯®«­¨â¥«ì­® ¯à¥¤-
¯®«®¦¨¬, çâ® ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ai(s; t), i = 1; : : : ; n, ¬ âà¨æë A(s; t) §­ ª®¯®áâ®ï­­ë ¢
¯àï¬®ã£®«ì­¨ª¥ P : ai(s; t) > 0, i = 1; : : : ;m1; ai(s; t) = 0, i = m1 + 1;m1 + 2; : : : ;m2; ai(s; t) < 0,
i = m2+1;m2+2; : : : ; n. �®áâ ¢¨¬ ¤¢¥ ¤¨ £®­ «ì­ë¥ ¯®¤¬ âà¨æë: A+(s; t) à §¬¥à­®áâ¨ m1�m1

¨ A�(s; t) à §¬¥à­®áâ¨ (n �m2) � (n �m2) ¨§ ¯®«®¦¨â¥«ì­ëå ¨ ®âà¨æ â¥«ì­ëå ¤¨ £®­ «ì­ëå
í«¥¬¥­â®¢ ¬ âà¨æë A á®®â¢¥âáâ¢¥­­®. �§ ¢¥ªâ®à  á®áâ®ï­¨ï x = x(s; t) ¢ë¤¥«¨¬ ¤¢  ¯®¤¢¥ª-
â®à : x+ = x+(s; t) = (x1; x2; : : : ; xm1

) ¨ x� = x�(s; t) = (xm2+1; xm2+2; : : : ; xn), á®®â¢¥âáâ¢ãîé¨å
¯®«®¦¨â¥«ì­ë¬ ¨ ®âà¨æ â¥«ì­ë¬ ¤¨ £®­ «ì­ë¬ í«¥¬¥­â ¬ ¬ âà¨æë A.

�®áâ ¢¨¬ ¤«ï á¨áâ¥¬ë (1) ã¯à ¢«ï¥¬ë¥ ­ ç «ì­®-ªà ¥¢ë¥ ãá«®¢¨ï. �«ï ¯à®áâ®âë ¡ã¤¥¬
áç¨â âì, çâ® ­ ç «ì­ë¥ ãá«®¢¨ï ¨ ãá«®¢¨ï ­  ¯à ¢®© £à ­¨æ¥ ¯àï¬®ã£®«ì­¨ª  P ä¨ªá¨à®¢ ­ë:

x(s; t0) = x0(s); s 2 S; (2)

x�(s1; t) = q(t); t 2 T: (3)

�à ¥¢ë¥ ãá«®¢¨ï ­  ¤àã£®© ¡®ª®¢®© £à ­¨æ¥ ¯àï¬®ã£®«ì­¨ª  ®¯à¥¤¥«ïîâáï ¨§ ã¯à ¢«ï¥¬®©
á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

x+t (s0; t) = N(u(t); t)x+(s0; t) + b(t); t 2 T;

x+(s0; t0) = [x0(s0)]+;
(4)

£¤¥ N(u; t) | ¬ âà¨ç­ ï äã­ªæ¨ï à §¬¥à­®áâ¨ m1 � m1, b(t) | m1-¬¥à­ ï ¢¥ªâ®à-äã­ªæ¨ï.
� ª ç¥áâ¢¥ ¬­®¦¥áâ¢  ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨© ¢ë¡¥à¥¬ á®¢®ªã¯­®áâì ®£à ­¨ç¥­­ëå ¨ ¨§¬¥à¨-
¬ëå ­  ®âà¥§ª¥ T ¢¥ªâ®à-äã­ªæ¨© u = u(t), ã¤®¢«¥â¢®àïîé¨å ¯®çâ¨ ¢áî¤ã ­  íâ®¬ ®âà¥§ª¥
®£à ­¨ç¥­¨î â¨¯  ¢ª«îç¥­¨ï

u(t) 2 U; (5)

£¤¥ U | ª®¬¯ ªâ ¨§ ¯à®áâà ­áâ¢  Er.
�¥«ì § ¤ ç¨ á®áâ®¨â ¢ ¬¨­¨¬¨§ æ¨¨ «¨­¥©­®£® äã­ªæ¨®­ «  â¥à¬¨­ «ì­®£® â¨¯ 

J(u) =
Z
S

hc(s); x(s; t1)ids: (6)

� ¤ çã ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï (1){(6) à áá¬®âà¨¬ ¯à¨ á«¥¤ãîé¨å ¯à¥¤¯®«®¦¥­¨ïå:
1) ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ai = ai(s; t), i = 1; : : : ; n, ¬ âà¨æë A ­¥¯à¥àë¢­ë ¨ ­¥¯à¥àë¢­®

¤¨ää¥à¥­æ¨àã¥¬ë ¢ P ;
2) ¢¥ªâ®à-äã­ªæ¨¨ x0(s) ¨ q(t) ­¥¯à¥àë¢­ë á®®â¢¥âáâ¢¥­­® ­  S ¨ T ¨ ã¤®¢«¥â¢®àïîâ ãá«®-

¢¨î á®£« á®¢ ­¨ï q(t0) = [x0(s1)]�;
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3) ¬ âà¨ç­ë¥ äã­ªæ¨¨ �(s; t), N(u; t), ¢¥ªâ®à-äã­ªæ¨¨ f(t), b(t), c(s) ­¥¯à¥àë¢­ë ¯® á¢®¨¬
 à£ã¬¥­â ¬ ¢áî¤ã ¢ ®¡« áâ¨ á¢®¥£® ®¯à¥¤¥«¥­¨ï.

�â¬¥â¨¬, çâ® ªà ¥¢ë¥ ãá«®¢¨ï ­  «¥¢®© ¡®ª®¢®© £à ­¨æ¥ ¯àï¬®ã£®«ì­¨ª  P , ®¯à¥¤¥«ï¥¬ë¥
¨§ á¨áâ¥¬ë ãà ¢­¥­¨© (4), ï¢«ïîâáï  ¡á®«îâ­® ­¥¯à¥àë¢­ë¬¨ ­  T äã­ªæ¨ï¬¨.

�¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨© ­¥¤®áâ â®ç­® ¤«ï áãé¥áâ¢®¢ ­¨ï ª« áá¨ç¥áª®£® (­¥¯à¥àë¢­®£® ¨
­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®£®) à¥è¥­¨ï § ¤ ç¨ (1){(4). �áâ ­®¢¨¬áï ­  ¨á¯®«ì§ã¥¬®¬ ¯®­ï-
â¨¨ ®¡®¡é¥­­®£® à¥è¥­¨ï. �¢¥¤¥¬ å à ªâ¥à¨áâ¨ª¨ á¨áâ¥¬ë (1), ®¯à¥¤¥«ï¥¬ë¥ ¨§ ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ds

dt
= ai(s; t); i = 1; : : : ; n: (7)

�«ï â®£® çâ®¡ë ®¤­®§­ ç­® § ä¨ªá¨à®¢ âì å à ªâ¥à¨áâ¨ªã, ¤®áâ â®ç­® ãª § âì â®çªã (�; �) 2 P ,
ç¥à¥§ ª®â®àãî ®­  ¯à®å®¤¨â. �¡®§­ ç¨¬ à¥è¥­¨ï ãà ¢­¥­¨© (7) si = si(�; � ; t):

�§¢¥áâ­® ([9], á. 57{59), çâ® ¢ á«ãç ¥ áãé¥áâ¢®¢ ­¨ï ª« áá¨ç¥áª®£® à¥è¥­¨ï à áá¬ âà¨¢ ¥¬®©
¯®«ã«¨­¥©­®© £¨¯¥à¡®«¨ç¥áª®© á¨áâ¥¬ë ¤ ­­ ï á¨áâ¥¬  íª¢¨¢ «¥­â­  á¨áâ¥¬¥ ¨­â¥£à «ì­ëå
ãà ¢­¥­¨©

xi(s; t) = xi(�i; �i) +
Z t

�i

gi(x(�; �); �; �)
���
�=si(s;t;�)

d�; (8)

(s; t) 2 P; i = 1; : : : ; n;

£¤¥ (�i; �i) | â®çª  ­ ç «  i-®© å à ªâ¥à¨áâ¨ª¨, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã (s; t).
�  ®á­®¢¥ á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (8) ãáâ ­®¢«¥­ë ([9], á. 55{59) áãé¥áâ¢®¢ -

­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì â ª ­ §ë¢ ¥¬®£® à¥è¥­¨ï ¢ è¨à®ª®¬ á¬ëá«¥,   ¨¬¥­­® â ª®£® à¥è¥­¨ï
x = x(s; t), ª®â®à®¥ ­¥¯à¥àë¢­® ¢ P ¨ ª ¦¤ ï ¥£® ª®¬¯®­¥­â  xi = xi(s; t) ­¥¯à¥àë¢­® ¤¨ää¥-
à¥­æ¨àã¥¬  ¢¤®«ì «î¡®© å à ªâ¥à¨áâ¨ª¨ i-£® á¥¬¥©áâ¢  å à ªâ¥à¨áâ¨ª á¨áâ¥¬ë (1).

� á¨«ã ¢¢¥¤¥­­®£® ¯®­ïâ¨ï ®¡®¡é¥­­®£® à¥è¥­¨ï ¢ â®çª å ¯àï¬®ã£®«ì­¨ª  P ¬®¦­® ®¯à¥-
¤¥«¨âì ¯à®¨§¢®¤­ãî á¯¥æ¨ «ì­®£® ¢¨¤ 

�
dxi

dt

�
i
i-®© ª®¬¯®­¥­âë ¢¥ªâ®à  á®áâ®ï­¨ï ¢¤®«ì á®®â-

¢¥âáâ¢ãîé¥£® á¥¬¥©áâ¢  å à ªâ¥à¨áâ¨ª. �ç¥¢¨¤­®, çâ® ¤«ï £« ¤ª®© äã­ªæ¨¨ xi = xi(s; t) íâ 
¯à®¨§¢®¤­ ï à ¢­  �

dxi

dt

�
i

= xit + ai(s; t)xis:

� ¤ «ì­¥©è¥¬ ¢¬¥áâ® «¥¢®© ç áâ¨ á¨áâ¥¬ë (1) ¡ã¤¥¬ à áá¬ âà¨¢ âì ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à -
â®à �

dx

dt

�
A

=
��

dx1

dt

�
1

; : : : ;

�
dxn

dt

�
n

�
:

�à¨ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå á¨áâ¥¬ 

�
dx

dt

�
A

= �(s; t)x+ f(s; t)

¨ á¨áâ¥¬  ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (8), ®¯à¥¤¥«ïîé ï ®¡®¡é¥­­®¥ à¥è¥­¨¥, íª¢¨¢ «¥­â­ë ¢
¯àï¬®ã£®«ì­¨ª¥ P .

2. �®à¬ã«  ¯à¨à é¥­¨ï äã­ªæ¨®­ « 

�®áâà®¨¬ ®â«¨ç­ë© ®â ª« áá¨ç¥áª®£® â®ç­ë© ¢ à¨ ­â ä®à¬ã«ë ¯à¨à é¥­¨ï æ¥«¥¢®£® äã­ª-
æ¨®­ « . � áá¬®âà¨¬ ¤¢  ¤®¯ãáâ¨¬ëå ¯à®æ¥áá : fu; xg, feu = u+�u, ex = x+�xg ¨ ¯à¨à é¥­¨¥
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äã­ªæ¨®­ «  �J(u) = J(eu)� J(u). �®£¤  á¨áâ¥¬  ¢ ¯à¨à é¥­¨ïå ¨¬¥¥â ¢¨¤�
d�x
dt

�
A

= �(s; t)�x; (s; t) 2 P; (9)

�x(s; t0) = 0; s 2 S; �x�(s1; t) = 0; t 2 T ;

�x+t (s0; t) = N(eu(t); t)ex+(s0; t)�N(u(t); t)x+(s0; t); t 2 T; (10)

�x+(s0; t0) = 0:

�à¥¤áâ ¢¨¬ ¯à ¢ãî ç áâì ä®à¬ã«ë (10) ¢ ¢¨¤¥

N(eu; t)ex+ �N(u; t)x+ = �~uN(u(t); t)x+(s0; t) +N(eu(t); t)�x+(s0; t); t 2 T;

¨ á ãç¥â®¬ (9) § ¯¨è¥¬ ä®à¬ã«ã ¯à¨à é¥­¨ï æ¥«¥¢®£® äã­ªæ¨®­ « 

�J(u) =
Z
S

hc(s);�x(s; t1)ids+
ZZ
P

D
 (s; t);

�
d�x
dt

�
A

� �(s; t)�x(s; t)
E
ds dt+

+
Z
T

hp(t);�x+t (s0; t)��~uN(u(t); t)x+(s0; t)�N(eu(t); t)�x+(s0; t)idt; (11)

£¤¥  =  (s; t) 2 En; p = p(t) 2 Em1 | ¯®ª  ¯à®¨§¢®«ì­ë¥ ¢¥ªâ®à-äã­ªæ¨¨.
� (11) ª á« £ ¥¬ë¬

R
T

hp(t);�x+t (s0; t)idt,
RR
P



 (s; t);

�
d�x

dt

�
A

�
ds dt ¯à¨¬¥­¨¬ á®®â¢¥âáâ¢¥­­®

®¡ëç­ãî ¨ ®¡®¡é¥­­ãî ([8], á. 37) ä®à¬ã«ë ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬. �®«ãç¨¬

�J(u) =
Z
S

hc(s);�x(s; t1)ids+
Z
S

h (s; t1);�x(s; t1)ids�
ZZ
P

h t + (AT )s +�T ;�xids dt+

+
Z
T

hA+T +(s1; t);�x+(s1; t)idt�
Z
T

hA+T +(s0; t);�x+(s0; t)idt�

�

Z
T

hA�T �(s0; t);�x�(s0; t)idt+ hp(t1);�x+(s0; t1)i �
Z
T

h _p(t);�x+(s0; t)idt�

�

Z
T

hp(t);�~uN(u(t); t)x+(s0; t)idt�
Z
T

hp(t); N(eu(t); t)�x+(s0; t)idt: (12)

�â«¨ç¨¥ ®â áâ ­¤ àâ­®© ä®à¬ã«ë ¯à¨à é¥­¨ï § ª«îç ¥âáï ¢ ®¡à ¡®âª¥ ¯®á«¥¤­¥£® ç«¥­  ¢
ä®à¬ã«¥ (12). �âª ¦¥¬áï ®â ¯à¥¤áâ ¢«¥­¨ï íâ®£® ç«¥­  ¢ ¢¨¤¥ áã¬¬ë ¤¢ãå á« £ ¥¬ëå, á®¤¥à¦ -
é¨å ­¥¢®§¬ãé¥­­®¥ §­ ç¥­¨¥ N(u(t); t) ¨ ¯à¨à é¥­¨¥ �~uN(u(t); t). �®âà¥¡ã¥¬, çâ®¡ë äã­ªæ¨¨
 =  (s; t) ¨ p = p(t) ï¢«ï«¨áì à¥è¥­¨ï¬¨ á«¥¤ãîé¥© á®¯àï¦¥­­®© § ¤ ç¨:

 t + (AT )s = ��T ;

 (s; t1) = �c(s); s 2 S;

 +(s1; t) = 0; t 2 T;

 �(s0; t) = 0; t 2 T ;

(13)

_p = �A+T +(s0; t)�NT (eu(t); t)p(t);
p(t1) = 0:

(14)

�ª®­ç â¥«ì­® ¯®«ãç¨¬ ä®à¬ã«ã ¯à¨à é¥­¨ï æ¥«¥¢®£® äã­ªæ¨®­ «  ¢ ¢¨¤¥

�J(u) = �

Z
T

hp(t; eu);�~uN(u(t); t)x+(s0; t)idt: (15)

26



�â®à ï ä®à¬ã«  ï¢«ï¥âáï á¨¬¬¥âà¨ç­®© ¨ ¯®«ãç ¥âáï ¢ à¥§ã«ìâ â¥ ¯®¤áâ ­®¢ª¨ ¢ (10) ¯à -
¢®© ç áâ¨ ¢¨¤ 

N(eu; t)ex+ �N(u; t)x+ = �~uN(u(t); t)ex+(s0; t) +N(u(t); t)�x+(s0; t):

�®£¤ 

�J(u) = �

Z
T

hp(t; u);�~uN(u(t); t)x+(s0; t; eu)idt: (16)

�â¬¥â¨¬ ¯à¨­æ¨¯¨ «ì­®¥ ®â«¨ç¨¥ ä®à¬ã« (15), (16) ®â ª« áá¨ç¥áª®© ä®à¬ã«ë ¯à¨à é¥­¨ï,
¨á¯®«ì§ã¥¬®© ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ¢ [7]: ä®à¬ã«ë (15), (16) â®ç­ë¥ (¡¥§
®áâ â®ç­ëå ç«¥­®¢). �¤­ ª® ¯à¨ íâ®¬ á¨áâ¥¬  (14) ¨«¨ á¨áâ¥¬  (4) ¨­â¥£à¨àãîâáï ­  ¢®§¬ã-
é¥­­ëå ã¯à ¢«¥­¨ïå.

�®áª®«ìªã § ¤ ç  (13) ­¥ § ¢¨á¨â ®â ã¯à ¢«¥­¨ï, â. ¥. à¥è ¥âáï ®¤¨­ à §, â® ä®à¬ã«  (15)
¤ ¥â ¢®§¬®¦­®áâì á¢¥¤¥­¨ï ¨áå®¤­®© § ¤ ç¨ (1){(6) ª «¨­¥©­®© ¯® á®áâ®ï­¨î p = p(t) § ¤ ç¥
®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

eJ(eu) = �J(u) = �

Z
T

hp(t; eu);�~uN(u(t); t)x+(s0; t)idt! min;

_p = �A+T +(s0; t)�NT (eu(t); t)p(t); p(t1) = 0: (17)

�¤¥áì u = u(t) § ¤ ­®,   ã¯à ¢«¥­¨¥¬ ï¢«ï¥âáï ¢¥ªâ®à-äã­ªæ¨ï eu = eu(t).
� ª¨¬ ®¡à §®¬, ¬®¦¥â ¡ëâì ¯à¥¤«®¦¥­  á«¥¤ãîé ï áå¥¬  à¥è¥­¨ï § ¤ ç¨ (1){(6):
1) § ¤ ¥âáï ¯à®¨§¢®«ì­®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥­¨¥ u = u(t), ­ å®¤ïâáï à¥è¥­¨ï x = x(s; t; u)

¨áå®¤­®© ¨  =  (s; t) á®¯àï¦¥­­®© ­ ç «ì­®-ªà ¥¢ëå § ¤ ç;
2) á®áâ ¢«ï¥âáï ¨ à¥è ¥âáï ¢á¯®¬®£ â¥«ì­ ï § ¤ ç  (17) | § ¤ ç  ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï

á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©; ¯ãáâì eu� = eu�(t) | ¥¥ à¥è¥­¨¥;
3) ­ ©¤¥­­ ï äã­ªæ¨ï eu� = eu�(t) ï¢«ï¥âáï â ª¦¥ ¨ à¥è¥­¨¥¬ ¨áå®¤­®© § ¤ ç¨, ¯à¨ç¥¬

®¯â¨¬ «ì­®¥ §­ ç¥­¨¥ æ¥«¥¢®£® äã­ªæ¨®­ «  J(eu�) = J(u) + eJ(eu�).
�â ª, § ¤ ç  (1){(6) á¢¥¤¥­  ª § ¤ ç¥ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå

¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �«ï ¥¥ à¥è¥­¨ï á¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ç áâ-
­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¨­â¥£à¨àã¥âáï â®«ìª® 2{3 à §  (¯®¨áª x = x(s; t; u),  =  (s; t) ¨ ¯à¨
­¥®¡å®¤¨¬®áâ¨ ex� = x(s; t; eu�)).

�á«¨ ¡ë § ¤ ç  (1){(6) à¥è « áì ¨â¥à æ¨®­­ë¬¨ ¯à®æ¥áá ¬¨ ª« áá¨ç¥áª®£® ¯à¨­æ¨¯  ¬ ª-
á¨¬ã¬  ([8], á. 98{108), â® ­  ª ¦¤®© ¨â¥à æ¨¨ ¯à¨å®¤¨«®áì ¡ë ­¥®¤­®ªà â­® ¨­â¥£à¨à®¢ âì
£¨¯¥à¡®«¨ç¥áªãî á¨áâ¥¬ã (1).

� áá¬®âà¨¬ ¯®¤à®¡­¥¥ § ¤ çã ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï (17).

3. �á¯®¬®£ â¥«ì­ ï § ¤ ç 

�¡®§­ ç¨¬ ¤«ï ã¤®¡áâ¢  v = v(t) = eu(t) ¨ ¯¥à¥¯¨è¥¬ § ¤ çã (17) ¢ ­®¢ëå ®¡®§­ ç¥­¨ïå

eJ(v) = �

Z
T

hp(t; v);�vN(u(t); t)x+(s0; t)idt! min;

_p = �NT (v(t); t)p(t) �A+T +(s0; t); p(t1) = 0: (18)

� ¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥­¨ï íâ® «¨­¥©­ ï § ¤ ç  ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �¥ å à ªâ¥à­®© ®á®¡¥­­®áâìî ï¢«ï¥âáï â®, çâ®
¬ âà¨æ  ª®íää¨æ¨¥­â®¢ á¨áâ¥¬ë § ¢¨á¨â ®â ã¯à ¢«¥­¨ï. � ª¨¬ ®¡à §®¬, ¯à¨­æ¨¯ ¬ ªá¨¬ã¬ 
­¥ ï¢«ï¥âáï ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ®¯â¨¬ «ì­®áâ¨. �«ï à¥è¥­¨ï ¬®¦­® ¨á¯®«ì§®¢ âì ­¥áâ ­-
¤ àâ­ë¥ ¯à®æ¥¤ãàë, â ª¦¥ ®á­®¢ ­­ë¥ ­  ¨¤¥ïå â®ç­ëå ä®à¬ã« ¯à¨à é¥­¨ï [2].
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�«ï ¤¢ãå ¤®¯ãáâ¨¬ëå ¯à®æ¥áá®¢: fv; pg ¨ fev = v + �v, ep = p + �pg ä®à¬ã«  ¯à¨à é¥­¨ï
æ¥«¥¢®£® äã­ªæ¨®­ «  ¨¬¥¥â ¢¨¤

� eJ(v) = Z
T

�vH(�(t; ev); p(t; v); v; t)dt (19)

¨«¨

� eJ(v) = Z
T

�vH(�(t; v); p(t; ev); v; t)dt; (20)

£¤¥ ¢¥ªâ®à-äã­ªæ¨ï � = �(t) ã¤®¢«¥â¢®àï¥â á®¯àï¦¥­­®© ¤«ï (18) á¨áâ¥¬¥ ãà ¢­¥­¨©

_� = N(v; t)�(t) + (N(v; t) �N(u; t))x+(s0; t; u); t 2 T; �(t0) = 0;

  áª «ïà­ ï äã­ªæ¨ï

H(�; p; v; t) = h�(t);�NT (v; t)p(t)�A+ +(s0; t)i � hp(t); (N(v; t) �N(u; t))x+(s0; t; u)i

| íâ® äã­ªæ¨ï �®­âàï£¨­  ¤«ï § ¤ ç¨ (18).
�¢¥¤¥¬ ®â®¡à ¦¥­¨¥ v�(�; p; t) á ¯®¬®éìî íªáâà¥¬ «ì­®£® á®®â­®è¥­¨ï

v�(�; p; t) = argmin
v2U

H(�; p; v; t); (21)

£¤¥ � 2 Em1 , p 2 Em1 , t 2 T . O¡®§­ ç¨¬ ç¥à¥§ Dp(t) = fp(t; v); v 2 Ug ¬­®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨
ä §®¢®© á¨áâ¥¬ë ¢ ¬®¬¥­â t 2 T ,   ç¥à¥§ D�(t) = f�(t; v); v 2 Ug | ¬­®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨
á®¯àï¦¥­­®© á¨áâ¥¬ë ¢ ¬®¬¥­â t 2 T .

�®£¤  ¤«ï ®¯â¨¬ «ì­®áâ¨ ã¯à ¢«¥­¨ï v(t) ¢ § ¤ ç¥ (18) ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï å®âï ¡ë
®¤­®£® ¨§ á¨¬¬¥âà¨ç­®© ¯ àë ãá«®¢¨©

v(t) = v�(�(t; v); p; t); p 2 Dp(t); t 2 T ; (22)

v(t) = v�(�; p(t; v); t); � 2 D�(t); t 2 T: (23)

�à¥¤«®¦¨¬ ¤¢¥ ¯à®æ¥¤ãàë ã«ãçè¥­¨ï ã¯à ¢«¥­¨ï v = v(t).
�  ®á­®¢¥ ä®à¬ã«ë ¯à¨à é¥­¨ï (20) (ãá«®¢¨ï (22)) áâà®¨âáï ¯¥à¢ ï ¯à®æ¥¤ãà  ã«ãçè¥­¨ï :
1) ¯® ¤ ­­®¬ã v ­ ©¤¥¬ �(t; v), t 2 T ;
2) áä®à¬¨àã¥¬ íªáâà¥¬ «ì­®¥ ã¯à ¢«¥­¨¥ ev�(p; t) = v�(�(t; v); p; t);
3) ­ ©¤¥¬ à¥è¥­¨¥ p(t), t 2 T , ä §®¢®© á¨áâ¥¬ë

_p = �NT (ev�(p; t); t)p�A+ +(s0; t); p(t1) = 0;

¢¬¥áâ¥ á ã¯à ¢«¥­¨¥¬ ev(t) = ev�(p(t); t), t 2 T . �¢®©áâ¢® ã«ãçè¥­¨ï ¢¯®«­¥ ®ç¥¢¨¤­®. �®áª®«ìªãev(t) = v�(�(t; v); p(t; ev); t), â® ¢ á¨«ã ®¯à¥¤¥«¥­¨ï ®â®¡à ¦¥­¨ï v� ¯®«ãç¨¬
�~v(t)H(�(t; v); p(t; ev); v(t); t) � 0; t 2 T:

�âáî¤  ­  ®á­®¢ ­¨¨ ä®à¬ã«ë ¯à¨à é¥­¨ï (20) § ª«îç ¥¬, çâ® �~v
eJ(v) � 0:

� ª¨¬ ®¡à §®¬, ¤«ï «î¡®£® ã¯à ¢«¥­¨ï v = v(t) ¯¥à¢ ï ¯à®æ¥¤ãà  ã«ãçè¥­¨ï ¢ëà ¡ âë¢ ¥â
ã¯à ¢«¥­¨¥ ev = ev(t) á® á¢®©áâ¢®¬ eJ(ev) � eJ(v). � ¢¥­áâ¢® ev(t) = v(t), t 2 T , ®§­ ç ¥â, çâ® ¨áå®¤­®¥
ã¯à ¢«¥­¨¥ v(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (21).

�¨¬¬¥âà¨ç­ ï áå¥¬  ã«ãçè¥­¨ï ¯®«ãç¨âáï ­  ®á­®¢¥ ä®à¬ã«ë ¯à¨à é¥­¨ï (19) (ãá«®¢¨ï
(23)).

�â®à ï ¯à®æ¥¤ãà  ã«ãçè¥­¨ï :
1) ¯® ¤ ­­®¬ã v ­ ©¤¥¬ p(t; v), t 2 T ;
2) áä®à¬¨àã¥¬ íªáâà¥¬ «ì­®¥ ã¯à ¢«¥­¨¥ ev�(�; t) = v�(�; p(t; v); t);
3) ­ ©¤¥¬ à¥è¥­¨¥ �(t), t 2 T , á®¯àï¦¥­­®© á¨áâ¥¬ë

_� = N(ev�(�; t); t)�(t) + (N(ev�(�; t); t) �N(u; t))x+(s0; t; u); t 2 T; �(t0) = 0;

¢¬¥áâ¥ á ã¯à ¢«¥­¨¥¬ ev(t) = ev�(�(t); t), t 2 T .
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�­ «®£¨ç­ ï áå¥¬  à¥è¥­¨ï § ¤ ç¨ (1){(6) ¨ á®®â¢¥âáâ¢ãîé¨¥ ¯à®æ¥¤ãàë à¥è¥­¨ï ¢á¯®¬®-
£ â¥«ì­®© § ¤ ç¨ ¬®£ãâ ¡ëâì ¯®áâà®¥­ë ­  ®á­®¢¥ ä®à¬ã«ë (16).

�â¬¥â¨¬ ¢®§¬®¦­®áâì ®¡®¡é¥­¨ï à áá¬®âà¥­­®£® ¯®¤å®¤  ­  á«ãç © ª¢ ¤à â¨ç­®£® æ¥«¥-
¢®£® äã­ªæ¨®­ « . �à¨ íâ®¬ ­¥®¡å®¤¨¬® ¨á¯®«ì§®¢ âì â®ç­ë¥ ä®à¬ã«ë ¯à¨à é¥­¨ï ¢â®à®£®
¯®àï¤ª .
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