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1. �®áâ ­®¢ª  § ¤ ç¨ ¨ ä®à¬ã«¨à®¢ª  ®á­®¢­®£® à¥§ã«ìâ â 

�ãáâì 
 { ®£à ­¨ç¥­­ ï ®¡« áâì ¢ Rn, n � 2, á £à ­¨æ¥© � ª« áá  C2;�, 0 < � � 1 ([1], á. 23),

K = fv 2
�

W1
2(
) j v(x) �  (x) ¯®çâ¨ ¢áî¤ã ­  
g, £¤¥  2 C2(
),  j� � 0.

� áá¬ âà¨¢ ¥âáï § ¤ ç  ­ å®¦¤¥­¨ï äã­ªæ¨¨ u 2 K, ã¤®¢«¥â¢®àïîé¥© ­¥à ¢¥­áâ¢ã
nX

i;j=1

Z



aij(x)uxi(v � u)xjdx+
Z



(a0(x)� �0)u(x)(v � u)(x)dx +

+
Z



g(x; u)(v � u)(x)dx � 0 8v 2 K; (1)

£¤¥ Lu(x) � �
nP

i;j=1
(aij(x)uxi)xj + a0(x)u(x) | à ¢­®¬¥à­® í««¨¯â¨ç¥áª¨© ¤¨ää¥à¥­æ¨ «ì­ë©

®¯¥à â®à, aij 2 C1;�(
), a0 2 C0;�(
) ¨ a0(x) � 0 ­  
, �0 | ¬¨­¨¬ «ì­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥
®¯¥à â®à  L á £à ­¨ç­ë¬ ãá«®¢¨¥¬ uj� = 0. �ã­ªæ¨ï g : D ! R (D = f(x; �) 2 
 � R j
x 2 
 ¨ � �  (x)g) áã¯¥à¯®§¨æ¨®­­® ¨§¬¥à¨¬ , â. ¥. ¤«ï «î¡®© ¨§¬¥à¨¬®© ¯® �¥¡¥£ã äã­ªæ¨¨
u(x) ­  
 á® §­ ç¥­¨ï¬¨ u(x) �  (x) äã­ªæ¨ï g(x; u(x)) ¨§¬¥à¨¬  ¯® �¥¡¥£ã ­  
. �à®¬¥
â®£®, ¯à¥¤¯®« £ ¥âáï, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 
 äã­ªæ¨ï g(x; �) ¬®¦¥â ¨¬¥âì ­  [ (x);+1)
à §àë¢ë â®«ìª® ¯¥à¢®£® à®¤  ¨ ­¥¯à¥àë¢­  ¯à¨ � =  (x), g(x; �) 2 [g�(x; �); g+(x; �)] ¤«ï «î¡®£®
� 2 [ (x);+1), g�(x; �) = lim

s!�
inf g(x; s), g+(x; �) = lim

s!�
sup g(x; s).

�¯à¥¤¥«¥­¨¥ 1. �®¢®àïâ, çâ® ­¥«¨­¥©­®áâì g : D ! R ¯® ®â­®è¥­¨î ª «¨­¥©­®¬ã ¤¨ää¥-
à¥­æ¨ «ì­®¬ã ®¯¥à â®àã Bu = Lu � �0u ã¤®¢«¥â¢®àï¥â A1-ãá«®¢¨î, ¥á«¨ áãé¥áâ¢ã¥â ­¥ ¡®«¥¥
ç¥¬ áç¥â­®¥ á¥¬¥©áâ¢® ¯®¢¥àå­®áâ¥© fSi; i 2 Ig, Si = f(x; �) 2 D j � =  i(x)g,  i 2W2

1;loc(
), â -
ª¨å, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 
 ­¥à ¢¥­áâ¢® g+(x; �) 6= g�(x; �) ¢«¥ç¥â áãé¥áâ¢®¢ ­¨¥ i 2 I, ¤«ï ª®-
â®à®£® (x; �) 2 Si ¨

�
B i(x)+g�(x;  i(x))

��
B i(x)+g+(x;  i(x))

�
> 0, «¨¡® B i(x)+g(x;  i(x)) = 0.

�¥ª®íàæ¨â¨¢­ë¥ ¢ à¨ æ¨®­­ë¥ ­¥à ¢¥­áâ¢  á ­¥¯à¥àë¢­ë¬¨ ­¥«¨­¥©­®áâï¬¨ ¨§ãç «¨áì
¬­®£¨¬¨ ¬ â¥¬ â¨ª ¬¨. �ª ¦¥¬ ­  à ¡®âã [2], £¤¥ ¯à¨¢®¤¨âáï ¡¨¡«¨®£à ä¨ï ®á­®¢­ëå à ¡®â
¢ íâ®¬ ­ ¯à ¢«¥­¨¨ ¨ ¯à¥¤« £ ¥âáï ­®¢ë© ¬¥â®¤ ¨áá«¥¤®¢ ­¨ï â ª¨å § ¤ ç. �««¨¯â¨ç¥áª¨¥
¢ à¨ æ¨®­­ë¥ ­¥à ¢¥­áâ¢  á à §àë¢­ë¬¨ ­¥«¨­¥©­®áâï¬¨ ¨§ãç «¨áì ®¤­¨¬ ¨§  ¢â®à®¢ ¢ à¨ -
æ¨®­­ë¬ ¬¥â®¤®¬ ¢ [3], [4] ¨ ¬¥â®¤®¬ ¬®­®â®­­ëå ®¯¥à â®à®¢ ¢ [5]. �¤­ ª® ¯à¨¬¥­¨â¥«ì­® ª
­¥à ¢¥­áâ¢ ¬ á ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ®¯¥à â®à ¬¨ ¢ ¯®á«¥¤­¨å âà¥å à ¡®â å ¯à¥¤¯®« £ «®áì,
çâ® ¯®àï¤®ª 2m ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  ¡®«ìè¥ à §¬¥à­®áâ¨ ¯à®áâà ­áâ¢¥­­®© ¯¥à¥-
¬¥­­®© ¨, §­ ç¨â, ¨áª«îç «¨áì ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë ¢â®à®£® ¯®àï¤ª . � [6] ¤«ï § -
¤ ç á ¯à¥¯ïâáâ¢¨¥¬ ¯à¥¤«®¦¥­  íª¢¨¢ «¥­â­ ï ¢ à¨ æ¨®­­®¬ã ­¥à ¢¥­áâ¢ã ¯®áâ ­®¢ª  ¢ ¢¨¤¥
í««¨¯â¨ç¥áª®© ªà ¥¢®© § ¤ ç¨ á à §àë¢­®© ­¥«¨­¥©­®áâìî. � ª®© ¯®¤å®¤ ¯à¨¬¥­¨â¥«ì­® ª ª®-
íàæ¨â¨¢­ë¬ í««¨¯â¨ç¥áª¨¬ ¢ à¨ æ¨®­­ë¬ ­¥à ¢¥­áâ¢ ¬ á ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ®¯¥à â®à ¬¨
¢â®à®£® ¯®àï¤ª  ¨ à §àë¢­ë¬¨ ­¥«¨­¥©­®áâï¬¨ ¯®«ãç¨« ¤ «ì­¥©è¥¥ à §¢¨â¨¥ ¢ ([7], c. 65{69).
� ¤ ­­®© à ¡®â¥ ¨áå®¤­®¥ ¢ à¨ æ¨®­­®¥ ­¥à ¢¥­áâ¢® (1) § ¬¥­ï¥âáï à¥§®­ ­á­®© í««¨¯â¨ç¥áª®©
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ªà ¥¢®© § ¤ ç¥©, ª ¦¤®¥ á¨«ì­®¥ à¥è¥­¨¥ ª®â®à®© ï¢«ï¥âáï à¥è¥­¨¥¬ (1). �«ï ¤®ª § â¥«ìáâ¢ 
áãé¥áâ¢®¢ ­¨ï á¨«ì­®£® à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ ­¥¯®áà¥¤áâ¢¥­­®¥ ¯à¨¬¥­¥­¨¥ â¥®à¥¬ áãé¥-
áâ¢®¢ ­¨ï ¤«ï à¥§®­ ­á­ëå í««¨¯â¨ç¥áª¨å ªà ¥¢ëå § ¤ ç á à §àë¢­ë¬¨ ­¥«¨­¥©­®áâï¬¨ ¨§
[8], [9] ­¥ ¯à¥¤áâ ¢«ï¥âáï ¢®§¬®¦­ë¬, â. ª. ¢®§­¨ª îé ï ¯à¨ ¯¥à¥å®¤¥ ª â ª®© § ¤ ç¥ ­¥«¨-
­¥©­®áâì ­¥ ®£à ­¨ç¥­  ¯® ä §®¢®© ¯¥à¥¬¥­­®©. �®íâ®¬ã áâà®ïâáï  ¯¯à®ªá¨¬¨àãîé¨¥ § ¤ ç¨,
à §à¥è¨¬®áâì ª®â®àëå ãáâ ­ ¢«¨¢ ¥âáï ¢ à¨ æ¨®­­ë¬ ¬¥â®¤®¬, ¨ ¤®ª §ë¢ ¥âáï áå®¤¨¬®áâì
à¥è¥­¨©  ¯¯à®ªá¨¬¨àãîé¨å ãà ¢­¥­¨© ª à¥è¥­¨î à áá¬ âà¨¢ ¥¬®© § ¤ ç¨.

�¥®à¥¬ . �ãáâì

1. áãé¥áâ¢ã¥â äã­ªæ¨ï a 2 Lq(
) (q > n) â ª ï, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 


jg(x; �)j � a(x) 8� �  (x);

2. ­ ©¤ãâáï â ª¨¥ ç¨á«  r1 > 0 ¨ r2 � 0, çâ®Z
fx2
jd(x;�)<r1g

inf
�>0

g(x; �)'(x)dx +
Z

fx2
jd(x;�)�r1g

inf
�>r2

g(x; �)'(x)dx � 0; (2)

£¤¥ d(x;�) | à ááâ®ï­¨¥ ®â â®çª¨ x ¤® £à ­¨æë �, '(x) | ¯®«®¦¨â¥«ì­ ï ¢ 
 á®¡-

áâ¢¥­­ ï äã­ªæ¨ï ®¯¥à â®à  L á £à ­¨ç­ë¬ ãá«®¢¨¥¬ uj� = 0, á®®â¢¥âáâ¢ãîé ï ¬¨-

­¨¬ «ì­®¬ã á®¡áâ¢¥­­®¬ã §­ ç¥­¨î �0;
3. ­¥«¨­¥©­®áâì g(x; �) ¯® ®â­®è¥­¨î ª ®¯¥à â®àã Bu = Lu � �0u ã¤®¢«¥â¢®àï¥â A1-ãá-

«®¢¨î;
4. áãé¥áâ¢ã¥â r3 > 0 â ª®¥, çâ®  (x) � 0 ¤«ï «î¡®£® x 2 
 c à ááâ®ï­¨¥¬ d(x;�) < r3.

�®£¤  ­ ©¤¥âáï äã­ªæ¨ï u 2W2
q(
)

T
K, ã¤®¢«¥â¢®àïîé ï (1).

� ¬¥ç ­¨¥ 1. �§¢¥áâ­® ([10], c. 204), çâ® ¬¨­¨¬ «ì­®¬ã á®¡áâ¢¥­­®¬ã §­ ç¥­¨î �0 ¤¨ä-
ä¥à¥­æ¨ «ì­®£® ®¯¥à â®à  L á £à ­¨ç­ë¬ ãá«®¢¨¥¬ uj� = 0 á®®â¢¥âáâ¢ã¥â ®¤­®¬¥à­®¥ ¯®¤-
¯à®áâà ­áâ¢® á®¡áâ¢¥­­ëå äã­ªæ¨©, ¯à¨ç¥¬ ¡ §¨á­ ï äã­ªæ¨ï ' íâ®£® ¯®¤¯à®áâà ­áâ¢  «¨¡®
¯®«®¦¨â¥«ì­ , «¨¡® ®âà¨æ â¥«ì­  ¢ 
 ¨ á®®â¢¥âáâ¢¥­­® «¨¡® @'

@n
< 0 ­  �, «¨¡® @'

@n
> 0 ­  �, £¤¥

@

@n
®¡®§­ ç ¥â ¯à®¨§¢®¤­ãî ¯® ¢­¥è­¥© ­®à¬ «¨ ª £à ­¨æ¥ �.

� ¬¥ç ­¨¥ 2. � ­­ ï â¥®à¥¬  ®¡®¡é ¥â á®®â¢¥âáâ¢ãîé¨© à¥§ã«ìâ â ¨§ [2] ­  á«ãç © à §-
àë¢­®© ­¥«¨­¥©­®áâ¨, ¨ ¥¥ ¬¥â®¤ ¤®ª § â¥«ìáâ¢  ®â«¨ç¥­ ®â ¯®¤å®¤ , ¯à¥¤«®¦¥­­®£® ¢ [2].

2. �á¯®¬®£ â¥«ì­ë¥ à¥§ã«ìâ âë

�®¯®áâ ¢¨¬ § ¤ ç¥ (1) ªà ¥¢ãî § ¤ çã

Lu+G(x; u) = 0; x 2 
; (3)

uj� = 0; (4)

£¤¥ G(x; �) = minf�L (x); g(x;  (x))��0 (x)g ¯à¨ � �  (x), G(x; �) = g(x; �)��0� ¯à¨ � >  (x).

�¯à¥¤¥«¥­¨¥ 2. �ã­ªæ¨ï u 2
�

W1
2(
) \W

2
q(
) ­ §ë¢ ¥âáï á¨«ì­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (3){

(4), ¥á«¨ u(x) ¤«ï ¯®çâ¨ ¢á¥å x 2 
 ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (3).

�¯à¥¤¥«¥­¨¥ 3. �ã­ªæ¨ï u 2
�

W1
2(
) \W

2
q(
) ­ §ë¢ ¥âáï ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨

(3){(4), ¥á«¨ u(x) ¤«ï ¯®çâ¨ ¢á¥å x 2 
 ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î

�Lu(x) 2
�
G�(x; u(x)); G+(x; u(x))

�
:

�¯à¥¤¥«¥­¨¥ 4 ([11], c. 14). C¥ª¢¥­æ¨ «ì­ë¬ § ¬ëª ­¨¥¬ «®ª «ì­® ®£à ­¨ç¥­­®£® ®¯¥à -
â®à  T : E1 ! E2 (Ei, i = 1; 2, | ¡ ­ å®¢ë ¯à®áâà ­áâ¢ ) ­ §ë¢ ¥âáï ®â®¡à ¦¥­¨¥ ST : E1 !
2E2 , §­ ç¥­¨¥ STu ª®â®à®£® ¤«ï u 2 E1 ®¯à¥¤¥«ï¥âáï ª ª § ¬ª­ãâ ï ¢ë¯ãª« ï ®¡®«®çª  ¬­®-
¦¥áâ¢  ¢á¥å á¥ª¢¥­æ¨ «ì­ëå á« ¡® ¯à¥¤¥«ì­ëå â®ç¥ª ¢ E2 ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¢¨¤  fTung, £¤¥
un ! u ¢ E1. (�¤¥áì ç¥à¥§ 2E2 ®¡®§­ ç ¥âáï ¬­®¦¥áâ¢® ¢á¥å ¯®¤¬­®¦¥áâ¢ E2.)
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� ¬¥ç ­¨¥ 3. � áá¬®âà¨¬ ®¯¥à â®à T : Lp(
) ! (Lp(
))� = Lq(
) (q�1 + p�1 = 1), § -
¤ ¢ ¥¬ë© à ¢¥­áâ¢®¬ Tu = G(x; u(x)). �®£« á­® ([11], c. 23 ¨ [12], c. 174) ¢ª«îç¥­¨¥ z 2 STu
à ¢­®á¨«ì­® â®¬ã, çâ® z(x) 2 [G�(x; u(x)); G+(x; u(x))] ¯®çâ¨ ¢áî¤ã ­  
. �âáî¤  ¯®«ãç ¥¬, çâ®

u 2
�

W1
2(
) \W

2
q(
) ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î �Lu 2 STu â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  u |

®¡®¡é¥­­®¥ à¥è¥­¨¥ (3){(4).

�¥¬¬  1. �¨«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (3){(4) ï¢«ï¥âáï à¥è¥­¨¥¬ ¢ à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢  (1).

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¥á«¨ u 2 W2
q(
) ã¤®¢«¥â¢®àï¥â (3) ¨ (4), â® (Lu(x) �

L (x))( � u)+(x) � 0 ­  
, £¤¥ (v � u)+(x) = max fv(x) � u(x); 0g. �â® ®ç¥¢¨¤­® ¤«ï â¥å x 2 
,
¤«ï ª®â®àëå u(x) �  (x),   ¤«ï â¥å x 2 
, £¤¥ u(x) <  (x), ¨¬¥¥¬

(Lu(x)�L (x))( �u)+(x) = (�G(x; u(x))�L (x))( �u)+(x) � (L (x)�L (x))( �u)+(x) = 0:

�à®¬¥ â®£®, �
@u(x)
@nL

�
@ (x)
@nL

�
( � u)+(x)j� = 0;

â. ª. uj� = 0,  j� � 0. �¤¥áì @=@nL =
nP

i;j=1
aij(x) cos(n; xj)@=@xi | ª®­®à¬ «ì­ ï ¯à®¨§¢®¤­ ï

(n | ¢­¥è­ïï ­®à¬ «ì ª £à ­¨æ¥ �, cos(n; xj) | ­ ¯à ¢«ïîé¨¥ ª®á¨­ãáë ­®à¬ «¨ n).
�âáî¤  ¢ á¨«ã ®¡®¡é¥­­®£® ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  [13] u(x) �  (x) ¯®çâ¨ ¢áî¤ã ­  
. �«¥-

¤®¢ â¥«ì­®, u 2 K. �áâ «®áì ãáâ ­®¢¨âì, çâ® u(x) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã (1). �¬¥¥¬ ¤«ï
¯à®¨§¢®«ì­®£® v 2 K (c ãç¥â®¬ ­¥à ¢¥­áâ¢  G(x;  (x)) � g(x;  (x)) � �0 (x))

0 =
Z



Lu(x)(v � u)(x)dx +
Z



G(x; u)(v � u)(x)dx =
nX

i;j=1

Z



aij(x)uxi(x)(v � u)xj (x)dx +

+
Z



a0(x)u(x)(v � u)(x)dx +
Z

fx2
 j u= (x)g

G(x; u)(v � u)(x)dx +

+
Z

fx2
 j u> (x)g

G(x; u)(v � u)(x)dx �
nX

i;j=1

Z



aij(x)uxi(v � u)xjdx+

+
Z



(a0(x)� �0)u(x)(v � u)(x)dx +
Z



g(x; u)(v � u)(x)dx:

� ª¨¬ ®¡à §®¬, (1) ¢ë¯®«­ï¥âáï.

�«ï § ¤ ç¨ (3){(4) à áá¬®âà¨¬  ¯¯à®ªá¨¬¨àãîéãî § ¤ çã

Lu� �0u� �m�u+ fm(x; u) = 0; x 2 
; (5)

uj� = 0; (6)

£¤¥ �m ! +0, � =
nP
i=1

@2=@x2i | « ¯« á¨ ­, fm(x; �) = g(x; �) ¯à¨ � >  (x) ¨ fm(x; �) =

minf�L (x) + �m� (x), g(x;  (x)) � �0 (x)g + �0� ¯à¨ � �  (x). �®­ïâ¨¥ ®¡®¡é¥­­®£® à¥è¥-
­¨ï § ¤ ç¨ (5){(6) ¢¢®¤¨âáï  ­ «®£¨ç­® ®¯à¥¤¥«¥­¨î 3 ¤«ï § ¤ ç¨ (3){(4).

�¥¬¬  2. � ¤ ç  (5){(6) ¨¬¥¥â ®¡®¡é¥­­®¥ à¥è¥­¨¥ um ¯à¨ «î¡®¬ m 2 N, ¯à¨ç¥¬

um(x) �  (x) ­  
.
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�®ª § â¥«ìáâ¢®. � § ¤ ç¥ (5){(6) ¯à¨¬¥­¨¬ ¢ à¨ æ¨®­­ë© ¬¥â®¤. � áá¬®âà¨¬ äã­ªæ¨-

®­ «ë �m :
�

W1
2 ! R, m 2 N, ®¯à¥¤¥«ï¥¬ë¥ á«¥¤ãîé¨¬¨ à ¢¥­áâ¢ ¬¨: ¤«ï ¯à®¨§¢®«ì­®£®

u 2
�

W1
2(
)

�m(u) = Jm(u) + Fm(u);

Jm(u) =
1
2

Z



� nX
i;j=1

(aij(x) + �m�
j
i )uxiuxj + (a0(x)� �0)u2(x)

�
dx;

Fm(u) =
Z



dx

Z u(x)

0

fm(x; s)ds;

£¤¥ �ji | á¨¬¢®« �à®­¥ª¥à  (�ji = 1, ¥á«¨ i = j, ¨ �ji = 0, ¥á«¨ i 6= j). �«ï ¤®ª § â¥«ìáâ¢ 
áãé¥áâ¢®¢ ­¨ï ®¡®¡é¥­­®£® à¥è¥­¨ï § ¤ ç¨ (5){(6) ¢ W2

q(
) ¤®áâ â®ç­® ãáâ ­®¢¨âì á« ¡ãî
¯®«ã­¥¯à¥àë¢­®áâì á­¨§ã äã­ªæ¨®­ «  �m ¨ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  lim

kuk!1
�m(u) = +1 (§¤¥áì

¨ ¤ «¥¥ k�k ®§­ ç ¥â ­®à¬ã ¢ ¯à®áâà ­áâ¢¥
�

W1
2(
)). �¥©áâ¢¨â¥«ì­®, â®£¤  ­ ©¤¥âáï um 2

�

W1
2(
),

¤«ï ª®â®à®£® �m(um) = inf
u2

�

W1
2
(
)

�m(u) ([14], c. 119). �âáî¤  á«¥¤ã¥â ([11], c. 61) áãé¥áâ¢®¢ ­¨¥

äã­ªæ¨¨ zm 2 Lq(
) â ª®©, çâ® zm(x) 2 [fm�
(x; um(x)), fm+

(x; um(x))] ¯®çâ¨ ¢áî¤ã ­  
 ¨ ¤«ï

¯à®¨§¢®«ì­®£® v 2
�

W1
2(
)

Z



� nX
i;j=1

(aij(x) + �m�
j
i )(um)xi(x)vxj (x) + (a0(x)� �0)um(x)v(x) + zm(x)v(x)

�
dx = 0:

�âáî¤  § ª«îç ¥¬ ([10], c. 225), çâ® um 2W2
q(
) ¨ ï¢«ï¥âáï á¨«ì­ë¬ à¥è¥­¨¥¬ § ¤ ç¨

Lu(x)� �m�u(x) = �0u(x)� zm(x); x 2 
; (7)

uj� = 0:

�®á«¥¤­¥¥ ¢«¥ç¥â �Lum(x)+�m�um(x)+�0um(x) 2 [fm�
(x; um(x)); fm+

(x; um(x))] ¤«ï ¯®çâ¨ ¢á¥å
x 2 
. � ª¨¬ ®¡à §®¬, um | ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (5){(6).

�®áª®«ìªã �0 | ¬¨­¨¬ «ì­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  L á £à -

­¨ç­ë¬ ãá«®¢¨¥¬ (4), â® ®¯¥à â®à ¨§
�

W1
2(
) ¢W

�1
2 (
), ¯®à®¦¤¥­­ë© «¨­¥©­®© ç áâìî ãà ¢­¥-

­¨ï (5), ¬®­®â®­­ë© ([10], c. 203). �®á«¥¤­¥¥ ¢«¥ç¥â á« ¡ãî ¯®«ã­¥¯à¥àë¢­®áâì á­¨§ã äã­ªæ¨-

®­ «  Jm ­ 
�

W1
2(
) ([14], c. 102). �¥«¨­¥©­®áâì fm ¨­¤ãæ¨àã¥â ª®¬¯ ªâ­ë© ®¯¥à â®à ¨§

�

W1
2(
)

¢ W�1
2 (
), ¯®íâ®¬ã äã­ªæ¨®­ « Fm á« ¡® ­¥¯à¥àë¢¥­ ­ 

�

W1
2(
) [3]. � ª¨¬ ®¡à §®¬, á« ¡ ï

¯®«ã­¥¯à¥àë¢­®áâì á­¨§ã äã­ªæ¨®­ «  �m ­ 
�

W1
2(
) ãáâ ­®¢«¥­ .

�æ¥­¨¬ �m(u) á­¨§ã ­ 
�

W1
2(
). �¬¥¥¬ ¤«ï «î¡®£® u 2

�

W1
2(
)

�m(u) �
�m
2
kuk2 +

Z



dx

Z u(x)

0

fm(x; s)ds =

=
�m
2
kuk2 +

Z



dx

Z  (x)

0

fm(x; s)ds+
Z



dx

u(x)Z
 (x)

fm(x; s)ds: (8)

� ª ª ª jfm(x; s)j � �0jsj + jL (x)j + �mj� (x)j + jg(x;  (x))j + �0j (x)j + a(x),  2 C2(
), â®
áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï M > 0 â ª ï, çâ® ¯¥à¢ë© ¨­â¥£à « ¢ ¯à ¢®© ç áâ¨ (8) ¯® ¬®¤ã«î ­¥
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¯à¥¢®áå®¤¨â M . � «¥¥,
Z



dx

Z u(x)

 (x)

fm(x; s)ds =
Z

fx2
ju(x)> (x)g

dx

Z u(x)

 (x)

g(x; s)ds+

+
Z

fx2
ju(x)< (x)g

dx

Z u(x)

 (x)

�
�0s+min f(�L+ �m�) (x); g(x;  (x)) � �0 (x)g

�
ds �

� �
Z



ja(x)j ju(x) �  (x)jdx �

�
Z



�
�0
 2(x)
2

+ ju(x)�  (x)j
�
j(�L+ �m�) (x)j + jg(x;  (x))j + �0j (x)j

��
dx:

�®íâ®¬ã áãé¥áâ¢ãîâ ¯®áâ®ï­­ë¥ A > 0 ¨ B > 0 â ª¨¥, çâ®

Z


dx

u(x)Z
 (x)

fm(x; s)ds � �Akuk �B:

�§ ¯®«ãç¥­­ëå ®æ¥­®ª ¨­â¥£à «®¢ ¨ ­¥à ¢¥­áâ¢  (8) á«¥¤ã¥â

�m(u) �
�m
2
kuk2 �M �Akuk �B 8u 2

�

W1
2(
):

�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢«¥ç¥â lim
kuk!1

�m(u) = +1. � ª¨¬ ®¡à §®¬, ãáâ ­®¢«¥­® áãé¥áâ¢®¢ ­¨¥

®¡®¡é¥­­ëå à¥è¥­¨© um  ¯¯à®ªá¨¬¨àãîé¨å § ¤ ç (5){(6) ¯à¨ «î¡®¬ m 2 N. � ¬¥â¨¬, çâ®
um(x) �  (x) 8m 2 N ­  
 (¤®ª §ë¢ ¥âáï â ª ¦¥, ª ª ¯à¨­ ¤«¥¦­®áâì ¬­®¦¥áâ¢ã K à¥-
è¥­¨ï § ¤ ç¨ (3){(4) ¨§ W2

q(
) á § ¬¥­®© L ­  L � �m�,   G(x; �) | ­  Gm(x; �) = ��0� +
fm(x; �) á ãç¥â®¬ à ¢¥­áâ¢ Gm(x; u(x)) = g(x; u(x)) � �0u(x) ¤«ï u(x) >  (x) ¨ Gm(x; u(x)) =
min f�(L� �m�) (x); g(x;  (x)) � �0 (x)g ¤«ï u(x) �  (x)).

3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë

� á¨«ã «¥¬¬ë 1 ¤«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ¢ à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢  (1)
¤®áâ â®ç­® ¯®ª § âì, çâ® § ¤ ç  (3){(4) ¨¬¥¥â á¨«ì­®¥ à¥è¥­¨¥. �®£« á­® «¥¬¬¥ 2 ¯à¨ «î¡®¬
m 2 N  ¯¯à®ªá¨¬¨àãîé ï § ¤ ç  (5){(6) ¨¬¥¥â ®¡®¡é¥­­®¥ à¥è¥­¨¥ um, â. ¥. áãé¥áâ¢ã¥â äã­ª-
æ¨ï zm 2 Lq(
), zm(x) 2 [fm�

(x; um(x)), fm+
(x; um(x))], ¯®çâ¨ ¢áî¤ã ­  
 ã¤®¢«¥â¢®àïîé ï

(7). �®ª ¦¥¬ ®£à ­¨ç¥­­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ fumg ¢ C1(
) (§ ¬¥â¨¬, çâ® W2
q(
) ª®¬¯ ªâ-

­® ¢«®¦¥­® ¢ C1(
), ¯®áª®«ìªã q > n). �®¯ãáâ¨¬ ¯à®â¨¢­®¥. �®£¤  ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨
fumg ¬®¦­® ¢ë¤¥«¨âì ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì (¡ã¤¥¬ ®¡®§­ ç âì ¥¥ â ª ¦¥ fumg) â ªãî, çâ®
kumkC1(
) ! +1. �®«®¦¨¬ vm = um=kumkC1(
). �®£¤  kvmkC1(
) = 1 ¨

(L� �m�)vm = �0vm �
zm(x)

kumkC1(
)
: (9)

� ª ª ª um(x) �  (x), â® ¯®á«¥¤®¢ â¥«ì­®áâì fzm(x)g ®£à ­¨ç¥­  ¢ Lq(
) ¨, §­ ç¨â, ¯à ¢ ï
ç áâì (9) à ¢­®¬¥à­® ®£à ­¨ç¥­  ¯® m ¢ Lq(
). �âáî¤  á ãç¥â®¬ ­¥®âà¨æ â¥«ì­®áâ¨ a0(x) ­  

á«¥¤ã¥â ®£à ­¨ç¥­­®áâì fvmg ¢ W2

q(
) ([10], c.226). � ª ª ª ¯à®áâà ­áâ¢® W
2
q(
) à¥ä«¥ªá¨¢­®,

â® áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ fvmg, á« ¡® áå®¤ïé ïáï ¢W2
q(
) ª v.

�ã¤¥¬ ¥¥ ¯®-¯à¥¦­¥¬ã ®¡®§­ ç âì fvmg. �¥à¥å®¤ï ª ¯à¥¤¥«ã ¢ (9) ¯à¨ m ! 1, ¤«ï ¯à¥¤¥«ì-
­®© äã­ªæ¨¨ v ¯®«ãç¨¬ Lv = �0v. � ª ª ª W2

q(
) ª®¬¯ ªâ­® ¢«®¦¥­® ¢ C1(
), â® vm ! v

¢ C1(
). �®íâ®¬ã vj� = 0 ¨ v | ­¥­ã«¥¢ ï äã­ªæ¨ï (kvk
C1(
)

= 1), §­ ç¨â, v | á®¡áâ¢¥­­ ï
äã­ªæ¨ï ®¯¥à â®à  L á £à ­¨ç­ë¬ ãá«®¢¨¥¬ (4), á®®â¢¥âáâ¢ãîé ï á®¡áâ¢¥­­®¬ã §­ ç¥­¨î �0.
� ª¨¬ ®¡à §®¬, ¢ á¨«ã § ¬¥ç ­¨ï 1 v «¨¡® ¯®«®¦¨â¥«ì­ , «¨¡® ®âà¨æ â¥«ì­  ¢ 
. �á«¨ ¯à¥¤-
¯®«®¦¨âì, çâ® v(x) < 0 ¢ 
, â® ¯®«ãç¨¬ ¯à®â¨¢®à¥ç¨¥ á ­¥à ¢¥­áâ¢®¬ um(x) �  (x) 8x 2 
, â. ª.
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um(x) = kumkC1(
)vm(x) ¨ kumkC1(
) ! 1. �«¥¤®¢ â¥«ì­®, v ¯®«®¦¨â¥«ì­ ï ¢ 
 ¨, §­ ç¨â,
v = �'(x); � > 0. �¬¥¥¬

Z



zm(x)'(x)dx = �
Z



�
(Lum � �0um)� �m�um

�
'(x)dx =

=
Z


(�L'(x) + �0'(x))um(x)dx+ �m

Z


�'(x)um(x)dx = �mkumkC1(
)

Z


�'(x)vm(x)dx:

� ª ª ª �m ! +0 ¨

lim
m!1

Z



�'(x)vm(x)dx = �

Z



�'(x)'(x)dx = ��
Z



nX
i=1

'2
xi
dx = ��k'k2 < 0;

â® ¤«ï ¤®áâ â®ç­® ¡®«ìè¨å m 2 N Z



zm(x)'(x)dx < 0: (10)

�®áª®«ìªã vm ! v ¢ C1(
), v(x) > 0 ¢ 
 ¨ @v

@n
< 0 ­  �, â® áãé¥áâ¢ã¥â ­®¬¥à m1 2 N â ª®©,

çâ® vm(x),   á«¥¤®¢ â¥«ì­®, ¨ um(x) ¯®«®¦¨â¥«ì­ë ¢ 
 ¯à¨ ¢á¥å m > m1.
�¡®§­ ç¨¬ 
1 = fx 2 
 j d(x;�) < r1g, 
2 = 
 n 
1 ¨ 
3 = fx 2 
 j d(x;�) < r3g, 
4 = 
 n 
3,

£¤¥ r1, r3 | ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë ¨§ ãá«®¢¨© 2) ¨ 4) â¥®à¥¬ë.
�®ª ¦¥¬, çâ® ¤«ï ¤®áâ â®ç­® ¡®«ìè¨å m 2 N ¢¥à­® ­¥à ¢¥­áâ¢® um(x) >  (x) ­  
. �

á¨«ã ãá«®¢¨ï 4) â¥®à¥¬ë  (x) � 0 ¤«ï «î¡®£® x 2 
3. �«¥¤®¢ â¥«ì­®,  (x) � 0 < um(x) ­ 

3 ¯à¨ ¢á¥å m > m1. � áá¬®âà¨¬ ¬­®¦¥áâ¢® 
4 = fx 2 
 j d(x;�) � r3g. �á«¨ 
4 ¯ãáâ®¥,
â® um(x) >  (x) ­  
 ¯à¨ ¢á¥å m > m1. �à¥¤¯®«®¦¨¬, çâ® 
4 6= ;, â®£¤  íâ® ¬­®¦¥áâ¢®
| ­¥ ¯ãáâ®© ª®¬¯ ªâ. � ª ª ª um(x) = kumkC1(
)vm(x) ! +1 ¤«ï «î¡®£® x 2 
, â® ¢ á¨«ã
­¥¯à¥àë¢­®áâ¨ äã­ªæ¨© um ¨  ¤«ï ¢á¥å x ¨§ 
4 ­ ©¤¥âáï ­®¬¥à mx ¨ ®ªà¥áâ­®áâì U(x) â®çª¨
x â ª¨¥, çâ® um >  ­  U(x) ¯à¨ ¢á¥å m > mx. �®áª®«ìªã ¬­®¦¥áâ¢® 
4 | ª®¬¯ ªâ, â® ¨§
¥£® ®âªàëâ®£® ¯®ªàëâ¨ï fU(x)gx2
4 ¬®¦­® ¢ë¤¥«¨âì ª®­¥ç­®¥ ¯®¤¯®ªàëâ¨¥ fU(xi)g

s
i=1. �ãáâì

m2 = maxfmx1 ;mx2 ; : : : ;mxsg, â®£¤  um(x) >  (x) ­  
4 ¯à¨ ¢á¥å m > m2. � ª¨¬ ®¡à §®¬,
um(x) >  (x) ¢ 
 8m > m3 = maxfm1;m2g.

�à¨ ¯à®¨§¢®«ì­®¬ m > m3 ¨ ¤«ï ¯®çâ¨ ¢á¥å x 2 
 á ãç¥â®¬ ­¥à ¢¥­áâ¢  um(x) >  (x)
¯®«ãç ¥¬ zm(x) � fm�

(x; um(x)) = g�(x; um(x)). �âáî¤  ¤«ï ¬­®¦¥áâ¢  
1 ¨¬¥¥¬Z

1

zm(x)'(x)dx �
Z

1

g�(x; um(x))'(x)dx �
Z

1

inf
�>0

g(x; �)'(x)dx; (11)

â. ª. um(x) > 0 ¢ 
 ¨ g�(x; um(x)) = lim
�!um(x)

inf g(x; �) � inf
�>0

g(x; �). �­®¦¥áâ¢® 
2 = fx 2 
 j

d(x;�) � r1g | ª®¬¯ ªâ ¨ um(x) ! +1 8x 2 
, ¯®íâ®¬ã áãé¥áâ¢ã¥â m4 2 N â ª®©, çâ®
um(x) > r2 ­  
2 ¯à¨ «î¡®¬ m > m4 (¤®ª §ë¢ ¥âáï  ­ «®£¨ç­® ­¥à ¢¥­áâ¢ã um(x) >  (x) ¢ 
4).
�®£¤  ¤«ï 
2 ¯à¨ m > maxfm3;m4g ¯®«ãç ¥¬Z


2

zm(x)'(x)dx �
Z

2

g�(x; um(x))'(x)dx �
Z

2

inf
�>r2

g(x; �)'(x)dx: (12)

� ª¨¬ ®¡à §®¬, ¤«ï ¤®áâ â®ç­® ¡®«ìè¨å m ¨§ (11), (12) ¨ (2) ¨¬¥¥¬Z



zm(x)'(x)dx �
Z

1

inf
�>0

g(x; �)'(x)dx +
Z

2

inf
�>r2

g(x; �)'(x)dx � 0:

�®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥ á (10). �£à ­¨ç¥­­®áâì fumg ¢ C1(
) ¤®ª § ­ . �âáî¤  ¨ ¨§ à ¢¥­áâ¢ 

(L� �m�)um = �0um � zm (13)

á«¥¤ã¥â ®£à ­¨ç¥­­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ fumg ¢W2
q(
) (®¡®á­®¢ ­¨¥ íâ®£® ä ªâ   ­ «®£¨ç-

­® ¤®ª § â¥«ìáâ¢ã ®£à ­¨ç¥­­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fvmg ¢ W2
q(
)). � á¨«ã à¥ä«¥ªá¨¢­®áâ¨
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¯à®áâà ­áâ¢  W2
q(
) ¯®á«¥¤®¢ â¥«ì­®áâì fumg á®¤¥à¦¨â á« ¡® áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì-

­®áâì. �ã¤¥¬ ®¡®§­ ç âì ¥¥ â ª ¦¥ ç¥à¥§ fumg,   ¥¥ á« ¡ë© ¯à¥¤¥« | ç¥à¥§ u. �§ ª®¬¯ ªâ­®áâ¨
¢«®¦¥­¨ï W2

q(
) ¢ C1(
) á«¥¤ã¥â, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fumg á¨«ì­® áå®¤¨âáï ª u ¢ C1(
).
�«¥¤®¢ â¥«ì­®, uj� = 0.

�®á«¥¤®¢ â¥«ì­®áâì ffm(x; �)g ®£à ­¨ç¥­  ¢ Lq(
) à ¢­®¬¥à­® ¯® � �  (x), ¨§ ç¥£® á
ãç¥â®¬ ­¥à ¢¥­áâ¢  um(x) �  (x) ­  
 á«¥¤ã¥â ®£à ­¨ç¥­­®áâì fzmg ¢ Lq(
). � á¨«ã à¥-
ä«¥ªá¨¢­®áâ¨ íâ®£® ¯à®áâà ­áâ¢  ¨§ fzmg ¬®¦­® ¢ë¤¥«¨âì á« ¡® áå®¤ïéãîáï ¯®¤¯®á«¥¤®-
¢ â¥«ì­®áâì ª ­¥ª®â®à®¬ã z(x) ¢ Lq(
). �®ª ¦¥¬, çâ® ¯®çâ¨ ¢áî¤ã ­  
 ¢¥à­® ¢ª«îç¥­¨¥
z(x)� �0u(x) 2 [G�(x; u(x)); G+(x; u(x))]. �«ï ¯®çâ¨ ¢á¥å x 2 
 ¢¥à­® ¢ª«îç¥­¨¥

zm(x) 2 [fm�
(x; um(x)); fm+

(x; um(x))]:

� ¬¥â¨¬, çâ® f
m+
(x; um(x)) = g+(x; um(x)) ­  
. � áá¬®âà¨¬ fm�

(x; um(x)) = minf�L (x) +
�m� (x), g(x;  (x))��0 (x)g+�0um(x), ¥á«¨ um(x) =  (x), ¨ fm�

(x; um(x)) = g�(x; um(x)), ¥á«¨
um(x) >  (x). � á¨«ã ­¥à ¢¥­áâ¢ 

jmin (u+ �; v) �min (u; v)j � j�j 8u; �; v 2 R

§ ª«îç ¥¬, çâ® jG�(x; um(x))� fm�
(x; um(x)) +�0um(x)j � �mj� (x)j ­  
. � ä¨ªá¨àã¥¬ ¯à®¨§-

¢®«ì­®¥ " > 0, â®£¤  ¤«ï ¤®áâ â®ç­® ¡®«ìè¨å ­®¬¥à®¢ m 2N ®âà¥§®ª

[fm�
(x; um(x))� �0um(x); fm+

(x; um(x))� �0um(x)] � [G�(x; um(x)) � ";G+(x; um(x))]:

�¥à¥å®¤ï ª á« ¡®¬ã ¯à¥¤¥«ã ¯à¨ m ! 1 ¢ Lq(
), ¢ á¨«ã á¢®©áâ¢ á¥ª¢¥­æ¨ «ì­®£® § ¬ëª ­¨ï
®¯¥à â®à  Tu = G(x; u(x)) (á¬. § ¬¥ç ­¨¥ 2 ¨ [11], c. 23) ¯®«ãç ¥¬

z(x)� �0u(x) 2 [G�(x; u(x)) � ";G+(x; u(x))]

¤«ï ¯®çâ¨ ¢á¥å x 2 
. � á¨«ã ¯à®¨§¢®«ì­®áâ¨ " ¨§ à ¢¥­áâ¢  (13) ¯à¨ m ! 1 á«¥¤ã¥â
�Lu(x) = z(x) � �0u(x) 2 [G�(x; u(x)), G+(x; u(x))] ¯à¨ ¯®çâ¨ ¢á¥å x 2 
. �® ãá«®¢¨î 3) â¥®à¥-
¬ë ­¥«¨­¥©­®áâì g(x; �) ã¤®¢«¥â¢®àï¥â A1-ãá«®¢¨î ¯® ®â­®è¥­¨î ª ®¯¥à â®àã Bu = Lu� �0u.
�ã­ªæ¨ï G(x; �) ¯® áà ¢­¥­¨î á g(x; �) ¯® ä §®¢®© ¯¥à¥¬¥­­®© � ¬®¦¥â ¨¬¥âì â®«ìª® à §àë¢ë
­  ¯®¢¥àå­®áâ¨ � =  (x), ª®£¤  minf�L (x), g(x;  (x)) � �0 (x)g = �L (x). �¤­ ª® ¢ íâ®¬
á«ãç ¥ Lu(x)+G(x; u(x)) = L (x)�L (x) = 0 ¤«ï ¯®çâ¨ ¢á¥å x 2 
. � ª¨¬ ®¡à §®¬, â®çª¨ à §-
àë¢  äã­ªæ¨¨ G â ª¦¥ ã¤®¢«¥â¢®àïîâ A1-ãá«®¢¨î ¯® ®â­®è¥­¨î ª ®¯¥à â®àã Bu = Lu� �0u.
�âáî¤  á«¥¤ã¥â ([7], c. 101), çâ® ¯®çâ¨ ¢áî¤ã ­  
 äã­ªæ¨ï u ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (3) ¨,
§­ ç¨â, ï¢«ï¥âáï á¨«ì­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (3){(4). �

�¨â¥à âãà 
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