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� áâ âì¥ à áá¬ âà¨¢ ¥âáï á¥¬¥©áâ¢® ãà ¢­¥­¨©

@G

@t
� @FN

@x
+ [G;FN ] = 0; N = 1; 2; 3; : : : ; (0.1)

£¤¥ [�; �] | á¨¬¢®« ª®¬¬ãâ ­â , â. ¥. [G;FN ] = GFN � FNG. � âà¨æë G(x; t; z), FN (x; t; z) ¨¬¥-
îâ ¯®àï¤®ª 2m � 2m ¨ ï¢«ïîâáï ¬­®£®ç«¥­ ¬¨ ®â­®á¨â¥«ì­® z á®®â¢¥âáâ¢¥­­® áâ¥¯¥­¨ 1 ¨ N .
�à¨ N = 2 ¨ ­¥ª®â®à®© à¥¤ãªæ¨¨ ãà ¢­¥­¨¥ (0.1) á®¢¯ ¤ ¥â á ¨§¢¥áâ­ë¬ ¬ âà¨ç­ë¬ ­¥«¨­¥©-
­ë¬ ãà ¢­¥­¨¥¬ �à¥¤¨­£¥à ,   ¯à¨ N = 3 | á ¬ âà¨ç­ë¬ ¬®¤¨ä¨æ¨à®¢ ­­ë¬ ãà ¢­¥­¨¥¬
�®àâ¥¢¥£  ¤¥ �à¨§ . �¥¬¥©áâ¢® ãà ¢­¥­¨© (0.1) ®¡à §ã¥â â ª ­ §ë¢ ¥¬ãî ¨¥à àå¨î. � áâ âì¥
¤®ª §ë¢ ¥âáï, çâ® ãà ¢­¥­¨ï (0.1) ï¢«ïîâáï ¤¨ää¥à¥­æ¨ «ì­ë¬¨, ¢ë¢®¤ïâáï à¥ªãàà¥­â­ë¥
ä®à¬ã«ë ¤«ï ¯®áâà®¥­¨ï FN(x; t; z). �  íâ®¬ ¯ãâ¨ ­ å®¤¨âáï ¡¥áª®­¥ç­ë© ­ ¡®à ¯®«¨­®¬¨-
 «ì­ëå § ª®­®¢ á®åà ­¥­¨ï ¤«ï ãà ¢­¥­¨© (0.1). �«ï áª «ïà­®£® á«ãç ï (m = 1) ¡«¨§ª¨¥ à¥-
§ã«ìâ âë ¨§¢¥áâ­ë (á¬. [1], [2]). � «¥¥ ¨á¯®«ì§ãîâáï ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë ¤«ï ¯®áâà®¥­¨ï
 á¨¬¯â®â¨ª¨ ¬ âà¨æë-äã­ªæ¨¨ �¥©«ï{�¨âç¬ àè  vN(t; z) ¯à¨ z ! 1 ª ­®­¨ç¥áª®© á¨áâ¥¬ë
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢¨¤  [3], [4]

@W

@x
= G(x; t; z)W: (0.2)

�â®â à¥§ã«ìâ â ï¢«ï¥âáï ­®¢ë¬ ¨ ¢ áª «ïà­®¬ á«ãç ¥. � áâ âì¥ ¢¢¥¤¥­ë ª« ááë à¥£ã«ïà­®áâ¨
PT ¨ ¢ë¢®¤¨âáï â¥®à¥¬  áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ãà ¢­¥­¨ï (0.1) ¢ ª« áá¥ PT

¢ ®¡« áâ¨ 0 � x < 1, 0 � t � T . �à¨ íâ®¬ ¯à¥¤¯®« £ îâáï ¨§¢¥áâ­ë¬¨ â®«ìª® ­ ç «ì­ë¥
¤ ­­ë¥.

�­â¥à¥á­® ®â¬¥â¨âì, çâ® ¤«ï áâ æ¨®­ à­®© «¨­¥©­®© § ¤ ç¨

dW

dx
= G(x; 0; z)W (0.3)

â ª¦¥ ­ å®¤¨âáï  á¨¬¯â®â¨ª  á®®â¢¥âáâ¢ãîé¥© äã­ªæ¨¨ �¥©«ï{�¨âç¬ àè  v(z). �à¨ íâ®¬
¨á¯®«ì§ãîâáï è £ §  è £®¬ ­¥áâ æ¨®­ à­ë¥ ­¥«¨­¥©­ë¥ ãà ¢­¥­¨ï ¨¥à àå¨¨.

� ª¨¬ ®¡à §®¬, ¢ áâ âì¥ ¢ëï¢«¥­  á¢ï§ì ãà ¢­¥­¨© ¨¥à àå¨¨, § ª®­®¢ á®åà ­¥­¨ï ¨ ª®íä-
ä¨æ¨¥­â®¢  á¨¬¯â®â¨ª¨ äã­ªæ¨¨ �¥©«ï{�¨âç¬ àè .

1. �®áâà®¥­¨¥ ¨¥à àå¨¨ ãà ¢­¥­¨©

1. �ãáâì ¬ âà¨æë-äã­ªæ¨¨ G(x; t; z) ¨ FN (x; t; z) ¨¬¥îâ ¢¨¤

G(x; t; z) = g1(x; t) + zg0(x; t); (1.1)

FN (x; t; z) = fN(x; t) + zfN�1(x; t) + � � �+ zNf0(x; t): (1.2)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ç áâ¨ç­®© ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �¥¦¤ã­ à®¤­®£® ­ ãç­®£® �®­¤  �.�®à®á 
(£à ­â UCX000).
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� âà¨æë-äã­ªæ¨¨ gk(x; t) (k = 0; 1) ¨ fk(x; t) (0 � k � N) ¯®àï¤ª  2m � 2m ¯à¥¤¯®« £ îâáï
¤¨ää¥à¥­æ¨àã¥¬ë¬¨. �à®¬¥ â®£®, ¡ã¤¥¬ ¤ «¥¥ áç¨â âì

g0 = f0 = ij; j =
�
Em 0
0 �Em

�
; (1.3)

g1(x; t) =
�

0 R12(x; t)
R21(x; t) 0

�
; (1.4)

£¤¥ R12(x; t), R21(x; t) | ¬ âà¨æë ¯®àï¤ª  m�m.
� áá¬®âà¨¬ ¬ âà¨ç­ë¥ ãà ¢­¥­¨ï

@W (x; t; z)
@x

= G(x; t; z)W (x; t; z); (1.5)

@W (x; t; z)
@t

= FN (x; t; z)W (x; t; z): (1.6)

� ª ¨§¢¥áâ­®, á®®â­®è¥­¨¥ (0.1) ï¢«ï¥âáï ãá«®¢¨¥¬ á®¢¬¥áâ­®áâ¨ ãà ¢­¥­¨© (1.5) ¨ (1.6).
� ¤ ­­®¬ ¯ à £à ä¥ ¢ë¢¥¤¥¬ à¥ªãàà¥­â­ë¥ ä®à¬ã«ë ¤«ï ¯®áâà®¥­¨ï fk(x; t) (k > 0), â. ¥. ¤ -

¤¨¬ ¬¥â®¤ ¯®áâà®¥­¨ï ¨¥à àå¨¨ (0.1). �§ (0.1) ¨ (1.1){(1.4) á«¥¤ã¥â

�@fk(x; t)
@x

+ [g1; fk] + [g0; fk+1] = 0; 0 � k < N; (1.7)

@g1
@t

� @fN
@x

+ [g1; fN ] = 0: (1.8)

�â¬¥â¨¬, çâ® á®®â­®è¥­¨ï (1.7) ­¥ § ¢¨áïâ ®â N .
2. �ãé¥áâ¢¥­­ãî à®«ì ¢ ¤ «ì­¥©è¥¬ ¨£à ¥â ¬ âà¨ç­®¥ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥

@

@x
w(x; t; z) = 2izw(x; t; z) � w(x; t; z)R21(x; t)w(x; t; z) +R12(x; t); (1.9)

£¤¥ w(x; t; z) | ¬ âà¨æ -äã­ªæ¨ï ¯®àï¤ª  m�m.
�§ ®¡é¥© â¥®à¨¨  á¨¬¯â®â¨ç¥áª¨å àï¤®¢ á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ [5].

�¥®à¥¬  1.1. �ãáâì ¬ âà¨æë R12(x; t), R21(x; t)  ­ «¨â¨ç­ë ¯® x ¢ ®¡« áâ¨, á®¤¥à¦ é¥©

¯®«ã®áì x � 0. �®£¤  áãé¥áâ¢ã¥â  ­ «¨â¨ç¥áª®¥ ¯® x (x � 0) ¨ z (jzj > �0) à¥è¥­¨¥ w(x; t; z),
¤®¯ãáª îé¥¥ à §«®¦¥­¨¥

w(x; t; z) =
1X
k=1

wk(x; t; z)=(iz)
k (1.10)

(�0 § ¢¨á¨â ®â x ¨ t).

�à¨ íâ®¬ á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

w1(x; t) = �1
2
R12(x; t);

wk+1(x; t) =
1
2

�
@

@x
wk(x; t) +

X
p+s=k

wp(x; t)R21(x; t)ws(x; t)
�
;
p; s � 1: (1.11)

�ãáâì ¬ âà¨æ -äã­ªæ¨ï '(x; t; z) ¯®àï¤ª  m�m ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï

@'

@x
= R12w'; '(0; t; z) = Em: (1.12)

�à¨ ¯®¬®é¨ w ¨ ' ¢¢¥¤¥¬ ¬ âà¨æë-äã­ªæ¨¨

� = R21w; '1 = e�izxw'; '2 = e�izx': (1.13)

52



�§ (1.8), (1.12), (1.13) á«¥¤ã¥â, çâ® ¬ âà¨æë '1 ¨ '2 ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ãà ¢­¥­¨©

@'1
@x

= iz'1 +R12'2;

@'2
@x

= �iz'2 +R21'1:

(1.14)

3. � ¯¨è¥¬ ãà ¢­¥­¨¥,  ­ «®£¨ç­®¥ ãà ¢­¥­¨î (1.9),

@

@x
ew(x; t; z) = �2iz ew(x; t; z) +R21(x; t)� ew(x; t; z)R12(x; t) ew(x; t; z): (1.15)

�§ â¥®à¥¬ë 1.1 á«¥¤ã¥â, çâ® à¥è¥­¨¥ (1.15) ¤®¯ãáª ¥â à §«®¦¥­¨¥

ew(x; t; z) = 1X
k=1

ewk(x; t)=(�iz)k : (1.16)

�§ (1.16) ¢ë¢®¤¨¬ á«¥¤ãîé¨¥  ­ «®£¨ á®®â­®è¥­¨© (1.11):

ew1 = �1
2
R21; (1.17)

ewk+1 =
1
2

�
@ ewk

@x
+

X
p+s=k

ewpR12 ews

�
; p; s; k � 1: (1.18)

� âà¨æ  e'(x; t; z) ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï

@ e'
@x

= R12 ew e'; e'(0; t; z) = Em: (1.19)

�¢¥¤¥¬ â¥¯¥àì ¬ âà¨æë-äã­ªæ¨¨

e� = R12 ew; e'1 = eixz e'; e'2 = eixz ew e': (1.20)

�§ (1.15) ¨ (1.19), (1.20) á«¥¤ã¥â, çâ® e'1(x; t; z) ¨ e'2(x; t; z) â ª¦¥ ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ (1.14).
� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  1.2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 1:1. �®£¤  ¬ âà¨æ 

W (x; t; z) =
� e'1(x; t; z) '1(x; t; z)e'2(x; t; z) '2(x; t; z)

�
(1.21)

ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ (1:5).

� ¬¥â¨¬, çâ® ¢ á¨«ã (1.12), (1.19) ¨ à §«®¦¥­¨© (1.9), (1.16) ¬ âà¨æ  W (x; t; z) ®¡à â¨¬  ¢
®ªà¥áâ­®áâ¨ z =1.

�«¥¤áâ¢¨¥ 1.1. � âà¨æ -äã­ªæ¨ï

F (x; t; z) =W (x; t; z)(ij)W�1(x; t; z) (1.22)

ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã á®®â­®è¥­¨î:

@F

@x
= [G;F ]: (1.23)

�§ (1.13) ¨ (1.20) ¢ëâ¥ª îâ á®®â­®è¥­¨ï

'1 � '�12 = w; e'2 � e'�11 = ew: (1.24)

� á¨«ã (1.21){(1.24) à ¢¥­áâ¢® (1.22) ¬®¦¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥

F (x; t; z) =W1(x; t; z)(ij)W
�1
1 (x; t; z); (1.25)
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£¤¥

W1(x; t; z) =
�

Em w(x; t; z)ew(x; t; z) Em

�
:

�«¥¤áâ¢¨¥ 1.2. � âà¨æ -äã­ªæ¨ï F (x; t; z) ¢ ®ªà¥áâ­®áâ¨ z =1 ¤®¯ãáª ¥â à §«®¦¥­¨¥

F (x; t; z) = ij +
1X
k=1

fk(x; t)=z
k: (1.26)

�¥à¥¯¨áë¢ ï (1.25) ¢ ¢¨¤¥

F (x; t; z)W1(x; t; z) =W1(x; t; z)ij

¨ ¯®«ì§ãïáì  á¨¬¯â®â¨ç¥áª¨¬¨ à §«®¦¥­¨ï¬¨ (1.9), (1.16), (1.26), ¢ë¢®¤¨¬ á«¥¤ãîéãî à¥ªãà-
à¥­â­ãî ä®à¬ã«ã:

fp(x; t) = �
p�1X
k=0

fk(x; t)
�

0 wp�k(x; t)=ip�kewp�k(x; t)=(�i)p�k 0

�
�

�
�

0 wp(x; t)=ip�1ewp(x; t)=(�i)p�1 0

�
; p � 1; f0 = ij: (1.27)

�§ á®®â­®è¥­¨© (1.1), (1.23), (1.26) ¢ë¢®¤¨¬, çâ® ª®íää¨æ¨¥­âë fk(x; t) à §«®¦¥­¨ï (1.26) ã¤®-
¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬ (1.7) ¯à¨ ¢á¥å k � 0.

� ¯¨è¥¬ fp(x; t) ¢ ¡«®ç­®¬ ¢¨¤¥

fp(x; t) = ffkl(x; t; p)g2kl=1;

£¤¥ fkl(x; t; p) | ¬ âà¨æë ¯®àï¤ª  m�m.

�«¥¤áâ¢¨¥ 1.3. �ãáâì ª®íää¨æ¨¥­âë fp(x; t) äã­ªæ¨¨ FN(x; t; z) (á¬. (1.2) ) ®¯à¥¤¥«¥­ë ¯à¨
¯®¬®é¨ ä®à¬ã« (1.27). �®£¤  ãà ¢­¥­¨¥ (0.1) íª¢¨¢ «¥­â­® á¨áâ¥¬¥

@R12

@t
= 2if12(x; t;N + 1);

@R21

@t
= �2if21(x; t;N + 1):

(1.28)

�¥©áâ¢¨â¥«ì­®, ãà ¢­¥­¨¥ (0.1) íª¢¨¢ «¥­â­® á¨áâ¥¬¥ (1.8). �ç¨âë¢ ï ä®à¬ã«ã (1.4) ¨ à -
¢¥­áâ¢® (1.7) ¯à¨ k = N , ¯à¨å®¤¨¬ ª á¨áâ¥¬¥ (1.28).

� ¬¥ç ­¨¥ 1.1. �à¥¤«®¦¥­­ë© ¢ë¡®à ª®íää¨æ¨¥­â®¢ fp(x; t) äã­ªæ¨¨ FN (x; t; z) ­¥ ï¢«ï-
¥âáï ¥¤¨­áâ¢¥­­ë¬. �«ï ­ á ¢ ¦­®, çâ® ¯à¨ â ª®¬ ¢ë¡®à¥ ¨­â¥à¥á­ë¥ ¢ ¯à¨ª« ¤­®¬ ¨ â¥®à¥-
â¨ç¥áª®¬ ¯« ­¥ ãà ¢­¥­¨ï ®ª §ë¢ îâáï ç«¥­ ¬¨ ¯®áâà®¥­­®© ¨¥à àå¨¨.

�§ ä®à¬ã« (1.11), (1.18) á«¥¤ã¥â

w2 = �1
4
@R12

@x
; ew2 = �1

4
@R21

@x
; (1.29)

w3 = �1
8
@2R12

@x2
+
1
8
R12R21R12; (1.30)

ew3 = �1
8
@2R21

@x2
+
1
8
R21R12R21: (1.31)
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�§ (1.10), (1.17), (1.29){(1.31) ¨ (1.27) ¢ëâ¥ª îâ á®®â­®è¥­¨ï

f1(x; t) =
�

0 R12(x; t)
R21(x; t) 0

�
; f2(x; t) =

1
2
i

�
R12R21 �@R12

@x
@R21

@x
�R21R12

�
; (1.32)

f12(x; t; 3) = �1
4

�
@2R12

@x2
� 2R12R21R12

�
; (1.33)

f21(x; t; 3) = �1
4

�
@2R21

@x2
� 2R21R12R21

�
: (1.34)

� á¨«ã (1.28) ¨ (1.32){(1.34) ãà ¢­¥­¨ï ¨¥à àå¨¨ ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:
¥á«¨ N = 1, â®

@R12

@t
=
@R12

@x
;

@R21

@t
=
@R21

@x
;

¥á«¨ N = 2, â®

@R12

@t
= �1

2
i

�
@2R12

@x2
� 2R12R21R12

�
;

@R21

@t
=
1
2
i

�
@2R21

@x2
� 2R21R12R21

�
;

(1.35)

¥á«¨ ¢ë¯®«­¥­® ®¤­® ¨§ ãá«®¢¨© à¥¤ãªæ¨¨

R12 = �R�21; (1.36)

â® á¨áâ¥¬  (1.35) íª¢¨¢ «¥­â­  ¬ âà¨ç­®¬ã ­¥«¨­¥©­®¬ã ãà ¢­¥­¨î �à¥¤¨­£¥à 

@R12

@t
= �1

2
i

�
@2R12

@x2
� 2R12R

�

12R12

�
;

¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ à¥¤ãªæ¨¨ (1.36) ¨N = 3, â® á¨áâ¥¬  (1.28) íª¢¨¢ «¥­â­  ¬ âà¨ç­®¬ã
¬®¤¨ä¨æ¨à®¢ ­­®¬ã ãà ¢­¥­¨î �®àâ¥¢¥£  ¤¥ �à¨§ 

@R12

@t
= �1

4

�
@3R12

@x3
� @R12

@x
R�12R12 � 3R12R

�

12

@R12

@x

�
:

2. � ª®­ë á®åà ­¥­¨ï

1. � ª®­ë á®åà ­¥­¨ï ¤«ï ãà ¢­¥­¨ï (1.28) ¨¬¥îâ ¢¨¤

@

@t
Tr[T (x; t)] +

@

@x
Tr[S(x; t)] = 0; (2.1)

£¤¥ TrT ï¢«ï¥âáï ¯«®â­®áâìî,   TrS | ¯®â®ª®¬.
2. �§ (0.1) ¨ (0.2) á«¥¤ã¥â à ¢¥­áâ¢® [5]

@

@t
W (x; t; z)� FN(x; t; z)W (x; t; z) =W (x; t; z)�(t; z); (2.2)

£¤¥ �(t; z) | ­¥ª®â®à ï ¬ âà¨æ  ¯®àï¤ª  2m � 2m. �ãáâì Fkl ¨ �kl | ¡«®ª¨ ¬ âà¨æ FN ¨ �
à §¬¥à­®áâ¨ m�m. �§ á®®â­®è¥­¨© (1.21) ¨ (2.2) á«¥¤ã¥â

@'2
@t

= F21'1 + F22'2 + e'2�12 + '2�22: (2.3)

� á¨«ã (1.13) ¨ (2.3) ¨¬¥¥¬

@'

@t
'�1 = F21w + F22 + e'2�12'

�1
2 + '2�22'

�1
2 : (2.4)
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� ¬¥â¨¬, çâ® ¢¥à­® à ¢¥­áâ¢®

Tr( e'2�12'
�1
2 + '2�22'

�1
2 ) = Tr('�12 e'2�12 +�22): (2.5)

�®£« á­® (1.12), (1.13) ¨ (1.19), (1.20) á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

'�12 e'2 = e2izx
1X
k=0

�k(x; t)=zk:

�¥¯¥àì, ¤¨ää¥à¥­æ¨àãï ®¡¥ ç áâ¨ (2.4) ¯® x ¨ ãç¨âë¢ ï (2.5), ¬®¦¥¬ § ¯¨á âì

Tr
�
@2'

@x@t
'�1 � @'

@t
'�1

@'

@x
'�1

�
=

@

@x
Tr(F21w + F22) +

@

@x
Tr('�12 e'2�12): (2.6)

�¤¥áì ãç¨âë¢ ¥âáï, çâ® �22(t; z) ­¥ § ¢¨á¨â ®â x.
�«ï ¢ë¢®¤  § ª®­®¢ á®åà ­¥­¨ï ­ ¬ ¯®­ ¤®¡¨âáï á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  2.1. �ãáâì ¢ ¤®¯®«­¥­¨¥ ª ãá«®¢¨ï¬ â¥®à¥¬ë 1:1 ¢ë¯®«­ï¥âáï á«¥¤ãîé¥¥ ãá«®¢¨¥:
@

@t
R12(x; t), @

@t
R21(x; t)  ­ «¨â¨ç­ë ¯® x ¢ ®¡« áâ¨, á®¤¥à¦ é¥© ¯®«ã®áì x � 0. �®£¤  ¢¥à­ë à §-

«®¦¥­¨ï

@w(x; t; z)
@t

=
1X
k=1

@wk(x; t)
@t

.
(iz)k; jzj > �0; (2.7)

@ ew(x; t; z)
@t

=
1X
k=1

@ ewk(x; t)
@t

.
(�iz)k; jzj > �0: (2.8)

�®ª § â¥«ìáâ¢®. �¨ää¥à¥­æ¨àãï ®¡¥ ç áâ¨ (1.9) ¯® ¯¥à¥¬¥­­®© t, ¯®«ãç ¥¬ ãà ¢­¥­¨¥
®â­®á¨â¥«ì­® @w

@t
. �à¨¬¥­ïï ®¡éãî â¥®à¥¬ã ([5], á. 255) ¨ à ¢¥­áâ¢® (1.10), ¢ë¢®¤¨¬ (2.7). �­ -

«®£¨ç­® ¢ë¢®¤¨âáï (2.8).

�¥¬¬  2.1. �ãé¥áâ¢ã¥â äã­ªæ¨ï c(x; t) â ª ï, çâ®

k'�1(x; t; z)k + k e'(x; t; z)k � c(x; t):

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ à ¢¥­áâ¢ (1.10), (1.12) ¨ (1.16), (1.19).

�¥¬¬  2.2. �¯à ¢¥¤«¨¢  ®æ¥­ª 



 @@x ('�12 e'2�12)




 � [A1(x; t)jzjN +A2(x; t)]e

�2(Im z)x; Im z � 0: (2.9)

�®ª § â¥«ìáâ¢®. � á¨«ã (1.13), (1.20) ¢¥à­® à ¢¥­áâ¢®

'�12 e'2 = e2izx'�1 ew e':
�§ «¥¬¬ë 2.1 á«¥¤ã¥â

k'�12 e'2k � c(x; t)e�2(Im z)x=jzj; Im z � 0: (2.10)

�ç¨âë¢ ï (1.12), (1.19) ¨ (2.10), ¯®«ãç ¥¬



 @@x('�12 e'2)



 � c(x; t)e�2(Im z)x; Im z � 0: (2.11)

� áá¬®âà¨¬ â¥¯¥àì �(t; z). �®£« á­® (2.2) ¨¬¥¥¬

�(t; z) =W (0; t; z)�1
�
@

@t
W (0; t; z) � FN (0; t; z)W (0; t; z)

�
;

â. ¥.

k�(t; z)k � c1(t) + c2(t)jzjN ; Im z � 0: (2.12)
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�§ á®®â­®è¥­¨© (2.9), (2.12) ¢ëâ¥ª ¥â ¤®ª §ë¢ ¥¬ ï ®æ¥­ª  (2.9).
�®á¯®«ì§ã¥¬áï à ¢¥­áâ¢®¬

@

@t

�
@'

@x
'�1

�
=

@2'

@t@x
'�1 � @'

@x
'�1

@'

@t
'�1: (2.13)

� ª ª ª

Tr
�
@'

@x
'�1

@'

@t
'�1

�
= Tr

�
@'

@t
'�1

@'

@x
'�1

�
;

â® ¨§ (1.12), (2.6), (2.13) ¨ «¥¬¬ë 2.2 ¯®«ãç ¥¬ à ¢¥­áâ¢®

@

@t
Tr� =

@

@x
Tr(F21w + F22) +O(e�2(Im z)xjzjN ): (2.14)

�¥à¥¯¨è¥¬ à ¢¥­áâ¢® (1.2) ¢ ¢¨¤¥

FN(x; t; z) = [f0(x; t) + 1
z
f1(x; t) + � � �+ 1

zN
fN(x; t)]zN :

�®«®¦¨¬

�n(x; t) = R21(x; t)wn(x; t): (2.15)

�à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå z ¢ ®¡¥¨å ç áâïå (2.14), ¢ë¢®¤¨¬ ãâ¢¥à-
¦¤¥­¨¥.

�¥®à¥¬  2.2. �«ï ãà ¢­¥­¨© ¨¥à àå¨¨ (1:28) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ § ª®­ë á®åà ­¥­¨ï:

@

@t
Tr�n(x; t) =

@

@x
in Tr

X
m+s=n+N

f21(x; t;m)ws(x; t)=is; (2.16)

£¤¥ 0 � m � N , n � 1, s � 1.

� ¬¥ç ­¨¥ 2.1. �«®â­®áâ¨ Tr�n ­¥ § ¢¨áïâ ®â N , â. ¥. ï¢«ïîâáï ®¡é¨¬¨ ¤«ï ¢á¥© ¨¥à àå¨¨
(1.28).

� ¬¥ç ­¨¥ 2.2. �®«ì§ãïáì ä®à¬ã« ¬¨ (1.10), (1.29), (1.30) ¨ (2.15), ¨¬¥¥¬

�1 = �1
2
R21R12; �2 = �1

4
R21

@R12

@x
; �3 = �1

8
R21

�
@2R12

@x2
�R12R21R12

�
:

� ¬¥ç ­¨¥ 2.3. �á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ R12 = �R�21, â® �1 = �R�12R12, â. ¥. �1 ï¢«ï¥â-
áï §­ ª®®¯à¥¤¥«¥­­®© ¬ âà¨æ¥©. �­ ç¨â, á®®â¢¥âáâ¢ãîé ï ¯«®â­®áâì ¬®¦¥â âà ªâ®¢ âìáï ª ª
í­¥à£¨ï.

�â¬¥â¨¬ ¥é¥, çâ® ¢ íâ®¬ ¢ ¦­®¬ ç áâ­®¬ á«ãç ¥ (n = 1) ä®à¬ã«  (2.16) ã¯à®é ¥âáï ¨
¯à¨­¨¬ ¥â ¢¨¤

@

@t
Tr�1(x; t) =

@

@x
(�i)Tr f22(x; t;N + 1): (2.17)

�®à¬ã«  (2.17) ¢ëâ¥ª ¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ (2.16), ¥á«¨ ãç¥áâì, çâ® ¢ á¨«ã (2.14) ¢¥à­® à ¢¥­-
áâ¢®

f22(x; t;N + 1) = �
NX
k=0

f21(x; t; k)wN+1�k(x; t)=i
N+1�k:
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3. �á¨¬¯â®â¨ª  äã­ªæ¨¨ �¥©«ï{�¨âç¬ àè 

1. � íâ®¬ ¯ à £à ä¥ ®â¤¥«ì­® à áá¬®âà¨¬ á«ãç ©, ª®£¤  ¢ë¯®«­¥­® ãá«®¢¨¥ à¥¤ãªæ¨¨

R12(x; t) = R�21(x; t): (3.1)

� íâ®¬ á«ãç ¥ «¨­¥©­ ï § ¤ ç  (0.2) ï¢«ï¥âáï á ¬®á®¯àï¦¥­­®©, â. ¥. ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë
à¥§ã«ìâ âë á¯¥ªâà «ì­®© â¥®à¨¨ [1]. � ç áâ­®áâ¨, á¨áâ¥¬¥ (0.2) á®®â¢¥âáâ¢ã¥â ¬ âà¨æ -äã­ªæ¨ï
�¥©«ï{�¨âç¬ àè  v(t; z) ¯®àï¤ª  m�m ª®â®à ï ®¯à¥¤¥«ï¥âáï ¯à¨ ¯®¬®é¨ á«¥¤ãîé¥£® ­¥à -
¢¥­áâ¢  Z 1

0

[Em; iv
�(t; z)]Uw�(x; t; z)w(x; t; z)U�

"
Em

�iv(t; z)

#
dx <1;

£¤¥ w(x; t; z) | à¥è¥­¨¥ á¨áâ¥¬ë (0.2), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î

w(0; t; z) = E2m;

 

U =
1p
2

�
Em �Em

Em Em

�
: (3.2)

� ¬ ¯®­ ¤®¡¨âáï á«¥¤ãîé ï

�¥®à¥¬  3.1 ([2]). �ãáâì à¥è¥­¨¥ á¨áâ¥¬ë (1:28) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î à¥¤ãªæ¨¨ (3:1) ¨
­¥à ¢¥­áâ¢ã 



@kR12(x; t)

@xk





 �M; 0 � k � N; 0 � x <1; 0 � t � T:

�®£¤  á®®â¢¥âáâ¢ãîé ï á¨áâ¥¬  (0:2) ¨¬¥¥â ¥¤¨­áâ¢¥­­ãî äã­ªæ¨î �¥©«ï{�¨âç¬ àè 

vN(t; z), ª®â®à ï ®¯à¥¤¥«ï¥âáï ¯à¨ ¯®¬®é¨ à ¢¥­áâ¢ 

vN(t; z) = ifr11(t; z;N)[�iv(z)] + r12(t; z;N)gfr21(t; z;N)[�iv(z)] + r22(t; z;N)g�1; (3.3)

¯à¨ç¥¬ v(z) = v(0; z),   ¬ âà¨æ  rN(t; z) = frkl(t; z;N)g2kl=1 ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨ï¬¨
drN (t; z)

dt
= � eF �N(0; t; z)rN(t; z); rN(0; z) = E2m; (3.4)

£¤¥ eFN(0; t; z) = UFN(0; t; z)U�: (3.5)

� ¯¨è¥¬ ¬ âà¨æã eFN(0; t; z) ¢ ¡«®ç­®¬ ¢¨¤¥eFN (0; t; z) = f eFkl(t; z;N)g2kl=1;
£¤¥ ¢á¥ ¡«®ª¨ ¨¬¥îâ à §¬¥à­®áâ¨ m�m. �¨ää¥à¥­æ¨àãï ¯® t ®¡¥ ç áâ¨ (3.3) ¨ ãç¨âë¢ ï (3.4),
¯®«ãç ¥¬

dvN
dt

= � eF �11(t; z;N)vN � i eF �21(t; z;N) + vN eF �22(t; z;N)� ivN eF �12(t; z;N)vN : (3.6)

2. � «¥¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® vN(t; z) ¢ ®ªà¥áâ­®áâ¨ z =1 ¤®¯ãáª ¥â à §«®¦¥­¨¥

vN(t; z) =
1X
k=0

�k(t;N)=z
k; �0(t;N) = iEm: (3.7)

�¯à¥¤¥«¥­¨¥ 3.1. �ã¤¥¬ £®¢®à¨âì, çâ® à¥è¥­¨¥ R12(x; t) á¨áâ¥¬ë (1.28) ¯à¨­ ¤«¥¦¨â ª« á-
áã à¥£ã«ïà­®áâ¨ PT , ¥á«¨ äã­ªæ¨ï �¥©«ï{�¨âç¬ àè  vN(t; z) á®®â¢¥âáâ¢ãîé¥© á¨áâ¥¬ë (0.2)
¤®¯ãáª ¥â ¢ ®ªà¥áâ­®áâ¨ z =1 ¯à¨ 0 � t � T ¯à¥¤áâ ¢«¥­¨¥ (3.7).
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� á¨«ã (1.2) ¨ (3.4) ¬ âà¨æ -äã­ªæ¨ï eF �kl(t; z;N) ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥
eF �kl(t; z;N) = NX

s=0

 kl(t; s)z
N�s:

�®¤áâ ¢«ïï ä®à¬ã«ã (3.7) ¢ ãà ¢­¥­¨¥ (3.6) ¨ ¯à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå
áâ¥¯¥­ïå z, ¯®«ãç ¥¬

d�k(t;N)
dt

=
X

p+s�N=k

 11(t; s)�p(t;N)+
X

p+s�N=k

�p(t;N) 22(t; s)�i
X

p+l+s�N=k

�p(t;N) 12(t; s)�l(t;N);

£¤¥ p � 0, l � 0, 0 � s � N , k � 1.
�à®¬¥ â®£®, ¨§ á®®â­®è¥­¨© (3.6), (3.7) á«¥¤ã¥â

�
X

p+s=m

 11(t; s)�p(t;N) +
X

p+s=m

�p(t;N) 22(t; s)�

�
X

p+l+s=m

�p(t;N) 12(t; s)�l(t;N)� i 21(t;m) = 0; (3.8)

£¤¥ p � 0, l � 0, 0 � s � m � N .
�®£« á­® (1.3), (3.2) ¨ (3.5) ¢¥à­® à ¢¥­áâ¢®�

 11(t; 0)  12(t; 0)
 21(t; 0)  22(t; 0)

�
= i

�
0 Em

Em 0

�
: (3.9)

�ç¨âë¢ ï (3.9), ¯¥à¥¯¨è¥¬ (3.8) ¢ ¢¨¤¥

2i�m(t;N) =
X

p+s=m

 11(t; s)�p(t;N)�
X

p+s=m

�p(t;N) 22(t; s) + i 21(t;m) +

+ i
X

p+l+s=m

�p(t;N) 12(t; s)�l(t;N); (3.10)

£¤¥ 0 � s � m � N , 0 � p < m, 0 � l < m. � ª ª ª ª®íää¨æ¨¥­âë  ij(t; s) à¥ªãàà¥­â­®£®
á®®â­®è¥­¨ï (3.10) ­¥ § ¢¨áïâ ®â N , â® ¢¥à­®

�â¢¥à¦¤¥­¨¥ 3.1. �ãáâì N1 � N2, â®£¤  á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

�m(t;N1) = �m(t;N2); 0 � m � N1:

� ¬¥ç ­¨¥ 3.1. �§ ä®à¬ã« (1.2), (1.27) ¨ (3.5), (3.10) ¢ëâ¥ª îâ, ¢ ç áâ­®áâ¨, à ¢¥­áâ¢ 

�1(t;N) = �R�12(0; t); N � 1;

�2(t;N) = �1
2
i

�
@

@x
R�12(x; t) jx=0 +2R�12(0; t)2

�
; N � 2:

3. � ª ¨ ¢ áª «ïà­®¬ á«ãç ¥ [6], äã­ªæ¨¨ eF �kl(x; t;N) ¬®£ãâ ¡ëâì ¢ëà ¦¥­ë ç¥à¥§ �m(t;N),
¯à¨ íâ®¬ á«¥¤ã¥â ¯®«ì§®¢ âìáï ä®à¬ã« ¬¨ (1.2), (1.27) ¨ (3.5), (3.10). �¯ãáâ¨¬ á®®â¢¥âáâ¢ãîé¨¥
¢ëà ¦¥­¨ï ¨§-§  ¨å £à®¬®§¤ª®áâ¨. �®á«¥ íâ®£® ãà ¢­¥­¨¥ (3.6) á¢ï§ë¢ ¥â â®«ìª® ª®íää¨æ¨¥­-
âë �m(t;N) ¨ ­¥ á®¤¥à¦¨â R12(0; t), @k

@xk
R12(x; t) jx=0. �®¢â®àïï â¥¯¥àì à ááã¦¤¥­¨ï áâ âì¨ [6],

¢ë¢®¤¨¬

�â¢¥à¦¤¥­¨¥ 3.2. �ãáâì Im v0(z) > 0 ¯à¨ Im z � 0 ¨

v0(z) = iEm +
1X
k=1

�k(0)=zk ; jzj � jz0j > 0:
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�®£¤  ãà ¢­¥­¨¥ (3.6) ¨¬¥¥â ®¤­® ¨ â®«ìª® ®¤­® à¥è¥­¨¥ vN(t; z) â ª®¥, çâ® ¯à¨ 0 � t � TN ¨
jzj � jzN j ¢¥à­® ¯à¥¤áâ ¢«¥­¨¥ (3.7), ¯à¨ç¥¬

vN(0; z) = v0(z); Im vN (t; z) � 0; Im z � 0:

�§ ãâ¢¥à¦¤¥­¨ï 3.2 ¨ à¥§ã«ìâ â®¢ áâ âì¨ [1] ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â

�¥®à¥¬  3.2. �ãáâì ¬ âà¨æ -äã­ªæ¨ï

R12(x; 0) = �(z) (3.11)

â ª®¢ , çâ® ¬ âà¨æ -äã­ªæ¨ï �¥©«ï{�¨âç¬ àè  v0(z) á®®â¢¥âáâ¢ãîé¥© á¨áâ¥¬ë (0:3) ã¤®-
¢«¥â¢®àï¥â ãá«®¢¨ï¬ ãâ¢¥à¦¤¥­¨ï 3:2. �®£¤  ¯à¨ ­¥ª®â®à®¬ TN > 0 á¨áâ¥¬  (1:28), (3:1)
¨¬¥¥â ®¤­® ¨ â®«ìª® ®¤­® à¥è¥­¨¥ R12(x; t;N) (0 � x <1, 0 � t � TN), ¯à¨­ ¤«¥¦ é¥¥ ª« ááã

PTN ¨ ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (3:11).

� ç áâ­®áâ¨, â¥®à¥¬  3.2 ¯à¨¬¥­¨¬  ª ­¥«¨­¥©­®¬ã ãà ¢­¥­¨î �à¥¤¨­£¥à  (N = 2) ¨ ¬®-
¤¨ä¨æ¨à®¢ ­­®¬ã ãà ¢­¥­¨î �®àâ¥¢¥£  ¤¥ �à¨§  (N = 3).

� ¬¥ç ­¨¥ 3.2. �§ â¥®à¥¬ë 3.2 á«¥¤ã¥â, çâ® ¤«ï ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ ãà ¢­¥­¨© ¨¥-
à àå¨¨ (1.28), (3.1) ¯à¨ 0 � x < 1, 0 � t � T ¢ ª« áá¥ PT ¤®áâ â®ç­® ­ ç «ì­ëå ¤ ­­ëå ¨ ­¥
âà¥¡ã¥âáï ¯à¨á®¥¤¨­¥­¨¥ £à ­¨ç­ëå ¤ ­­ëå.

4. �®à¬ã«ë (3.10) ¢¥à­ë ¨ ¯à¨ t = 0. � íâ®¬ á«ãç ¥ ¯®«ãç ¥¬ à ¢¥­áâ¢®

2i�m(0) =
X

p+s=m

 11(0; s)�p(0) �
X

p+s=m

�p(0) 22(0; s) +

+ i
X

p+l+s=m

�p(0) 12(0; s)�l(0) + i 21(0;m); (3.12)

£¤¥ 0 � p < m, 0 � l < m, s � 0, m > 0. �®à¬ã«  (3.12) á¢ï§ë¢ ¥â ª®íää¨æ¨¥­âë à §«®¦¥­¨ï
�m(0) äã­ªæ¨¨ v0(z) á® §­ ç¥­¨ï¬¨ �(k)(0).

�­â¥à¥á­® ®â¬¥â¨âì, çâ® ä®à¬ã«  (3.12), ®â­®áïé ïáï ª «¨­¥©­®© áâ æ¨®­ à­®© á¨áâ¥¬¥
(0.3), ¢ë¢¥¤¥­  ¢ à¥§ã«ìâ â¥ ¨áá«¥¤®¢ ­¨ï ¨¥à àå¨¨ ­¥«¨­¥©­ëå ­¥áâ æ¨®­ à­ëå á¨áâ¥¬.
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