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Ââåäåíèå

Íåñìîòðÿ íà íàçâàíèå, êîäû áûëè ïðèäóìàíû äëÿ èñïðàâëåíèÿ îøèáîê ïåðåäàííîãî ïî êà-

íàëó ñîîáùåíèÿ, à íå äëÿ øèôðîâàíèÿ (ýòèì çàíèìàåòñÿ êðèïòîãðàôèÿ). Íàïðèìåð, ïðè

ïåðåäà÷å ñîîáùåíèÿ ïî êàíàëó èç Êàçàíè â Ìîñêâó ìîãóò âîçíèêíóòü îøèáêè è ïåðåäàííîå

ñîîáùåíèå áóäåò íåâåðíûì. Çàäà÷à òåîðèè êîäèðîâàíèÿ - âîññòàíîâèòü ïåðåäàííîå ñîîáùå-

íèå.

Âíèìàíèå àêöåíòèðîâàëîñü íà ðåàëèçàöèþ ìàòåìàòè÷åñêèõ ìåòîäîâ â êîìïüþòåðíîé ñðå-

äå Wolfram Mathematica. Äëÿ íåãî âûäåëèë ðàçäåë, â êîòîðîì îïèñàë âîçìîæíîñòè, êîòîðûå

îí ïðåäîñòîâëÿåò. Îòäåëüíî ðåàëèçîâàíû ìåòîäû ëèíåéíûõ è öèêëè÷åñêèõ êîäîâ äëÿ ïîëü-

çîâàòåëÿ è äëÿ èçó÷åíèÿ ýôôåêòèâíîñòè òåõ èëè èíûõ ìåòîäîâ, ïóòåì ñðàâíåíèÿ èõ âðåìåíè

ðàáîòû â ïîëÿõ ðàçíûõ ðàçìåðîâ. Â ïîëüçîâàòåëüñêîé ïðîãðàììå ýëåìåíòû ìàòðèöû ââî-

äÿòñÿ âðó÷íóþ, à â ðåæèìå "àíàëèçà"çàïîëíÿþòñÿ ñëó÷àéíûì îáðàçîì èç ââåäåííîãî ïîëÿ.

Ïðåäñòàâëÿÿ öèêëè÷åñêèå êîäû ÷åðåç àëãåáðàè÷åñêèå ïîëèíîìû, ìîæíî ðàáîòàòü ñ êîäàìè

â ñðåäå Wolfram Mathematica, à ëèíåéíûå êîäû ëåãêî ðåàëèçóþòñÿ ÷åðåç ìàòðèöû. Èíñòðó-

ìåíòû àëãåáðû õîðîøî ïîäõîäÿò äëÿ òàêèõ öåëåé.

Â òåîðèè ðàññìàòðèâàþòñÿ ìåòîäû íàõîæäåíèÿ ëèíåéíûõ, öèêëè÷åñêèõ êîäîâ ÷åðåç ìàò-

ðèöû, îáíàðóæåíèå è èñïðàâëåíèå îøèáîê ñ ïîìîùüþ îáðàçóþùåãî ìíîãî÷ëåíà, ïîñòðîåíèå

òàáëèöû ñèíäðîìîâ è ñîîòâåòñòâóþùèõ ëèäåðîâ ñìåæíûõ êëàññîâ. Ïîñëå êàæäîãî ðàçäå-

ëà ïðåäñòàâëåí êîä, êîòîðûé íàãëÿäíî äåìîíñòðèðóåò ìåòîäû ïðîéäåííîé ãëàâû è èìåþòñÿ

ïîäðîáíûå îáúÿñíåíèÿ, êàêèì îáðàçîì ïðîèñõîäèò ïîñòðîåíèå.

Ñîâðåìåííûå êîìïüþòåðû èìåþò äâà è áîëåå ÿäåð, íî íå âñå ïðîãðàììû èñïîëüçóþò âñþ

âû÷èñëèòåëüíóþ ìîùü ìàøèíû. Wolfram Mathematica ïî óìîë÷àíèþ ðàáîòàåò òîëüêî ñ îä-

íèì ÿäðîì, íî óäàëîñü çàäåéñòâîâàòü âñå ÿäðà ïðîöåññîðà è ðàñïàðàëëåëèòü èñïîëíÿåìûé

êîä. Òàêèì îáðàçîì, áûëî ïîäñ÷èòàíî çàòðà÷åííîå âðåìÿ ïðè ðàáîòå íà îäíîì ÿäðå è íà

âñåõ îäíîâðåìåííî. Ðàññìîòðåíû àñïåêòû ðàñïàðàëëåëèâàíèÿ ïðîöåññà è â ðàáîòå èìååòñÿ

ïîäðîáíîå èõ îïèñàíèå. Ïîìèìî âñåãî ýòîãî, áûëè íàïèñàíû ïðîãðàììû äëÿ ðó÷íîãî ïîñòðî-

åíèÿ ëèíåéíûõ è öèêëè÷åñêèõ êîäîâ, ò.å. ïîëüçîâàòåëü âðó÷íóþ çàäàåò ïîëå, ðàçìåðû ìàòðèö

è èõ ýëåìåíòû. Â îòäåëüíîé ãëàâå îïèñàë èñïîëüçîâàííûå ïðîöåäóðû ïàêåòà Mathematica.

Òàê æå â ðàáîòå èìååòñÿ ïëàí ðàáîò, ÷òîáû áûëî ÷åòêîå ïðåäñòàâëåíèå î ïðîèñõîäÿùåì.

Äî òîãî êàê íà÷íåì èçó÷åíèå ãëàâ, íóæíî ïîíèìàòü äëÿ ÷åãî âñå ýòî äåëàåòñÿ è íóæåí

ïëàí.

Òåîðèÿ êîäèðîâàíèÿ çàíèìàåòñÿ èñïðàâëåíèåì îøèáîê â ñîîáùåíèÿõ, êîòîðûå ïåðåäàþòñÿ

ïî êàíàëó. Â ðàáîòå ðåàëèçîâàíû ìåòîäû ïåðåäà÷è ñîîáùåíèÿ ïî ñûìèòèðîâàííîìó êàíàëó,
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ïðèåìà ýòîãî ñîîáùåíèÿ, àíàëèçà íà íàëè÷èå îøèáêè è â ñëó÷àå îáíàðóæåíèÿ, åå èñïðàâ-

ëåíèå, à äëÿ ýòîãî íà÷àëüíîå ñîîáùåíèå ïðåäñòàâëÿåòñÿ â âèäå êîäà è äëèíà êîäà áîëüøå,

÷åì äëèíà ñîîáùåíèÿ. Èòàê, â ñèñòåìå êîìüþòåðíîé àëãåáðû Wolfram Mathematica íóæíî

ïîñòðîèòü êîä. Äî îïèñàíèÿ ìåòîäîâ ïîñòðîåíèÿ ïðèâåäåí íåîáõîäèìûé òåîðåòè÷åñêèé ìè-

íèìóì. Ïîñëå êàæäîãî ðàçäåëà ïðîéäåííûé ìàòåðèàë ïðîèëëþñòðèðîâàí â Mathematica. Ò.å.

âñå îïåðàöèè (ïîñòðîåíèå, ïåðåäà÷à, ïðèåì...) ïðîèñõîäÿò ïîøàãîâî. Â ðàáîòå ðàññìîòðåíû

äâà êîäà: öèêëè÷åñêèé è ëèíåéíûé.

Ïëàí ðàáîò:

1. Ïîñòðîèòü êîä èëè ïðåäñòàâèòü ñîîáùåíèÿ â âèäå êîäà

2. Íàéòè ìèíèìàëüíûé âåñ, ÷òîáû îïðåäåëèòü âîçìîæíîñòü íàõîæäåíèÿ îøèáêè

3. Ïîñòðîèòü òàáëèöó ñèíäðîìîâ äëÿ èñïðàâëåíèÿ îøèáêè

4. Ïåðåäàòü êîä ïî ñûìèòèðîâàííîìó êàíàëó

5. Ïîëó÷èòü êîä è ïðîâåñòè àíàëèç ïîëüçóÿñü ìèíèìàëüíûì âåñîì

6. Èñïðàâèòü ïîëó÷åííûé êîä èñïîëüçóÿ òàáëèöó ñèíäðîìîâ

Ïîñëå, ðàáîòà âñåõ ïðåäñòàâëåííûõ ïðîöåññîâ ïðîàíàëèçèðîâàíà, ïðè÷åì àíàëèç ïðîèç-

âåäåí â äâóõ ðåæèìàõ ðàáîòû ïðîãðàììû: "îáû÷íûé"è ðåæèì "ñ âêëþ÷åííûì ðàñïàðàëëå-

ëèâàíèåì". Âñå ýòàïû îòðàæåíû â ãðàôèêå è îïèñàíû.
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Ëèíåéíûå êîäû

Â îáëàñòè ìàòåìàòèêè è òåîðèè èíôîðìàöèè ëèíåéíûé êîä � ýòî âàæíûé òèï áëîêîâî-

ãî êîäà, èñïîëüçóþùèéñÿ â ñõåìàõ îïðåäåëåíèÿ è êîððåêöèè îøèáîê. Ëèíåéíûå êîäû, ïî

ñðàâíåíèþ ñ äðóãèìè êîäàìè, ïîçâîëÿþò ðåàëèçîâûâàòü áîëåå ýôôåêòèâíûå àëãîðèòìû êî-

äèðîâàíèÿ è äåêîäèðîâàíèÿ èíôîðìàöèè.

Íà÷íåì ñ òîãî, ÷òî X � êîíå÷íîå ïîëå Fq, q = pl, ãäå p � ïðîñòîå ÷èñëî. Â ýòîì ñëó÷àå Xn

ìîæíî ðàññìàòðèâàòü êàê n � ìåðíîå ïðîñòðàíñòâî íàä ïîëåì Fq. Åãî ìû áóäåì îáîçíà÷àòü

÷åðåç F n
q .

Èíòåðåñíûì ÿâëÿåòñÿ ñëó÷àé q = 2. Â ýòîì ñëó÷àå ïðîñòðàíñòâîXn íàçûâàåòñÿ äâîè÷íûì

ëèíåéíûì ïðîñòðàíñòâîì Õýììèíãà.

Â òî æå âðåìÿ åñòåñòâåííî ðàññìàòðèâàòü è áîëåå îáùèé ñëó÷àé: X � ýòî êîíå÷íàÿ ãðóïïà

èëè êîíå÷íîå êîëüöî. Â ÷àñòíîñòè, íàèáîëåå øèðîêî ðàññìàòðèâàëñÿ ñëó÷àé, â êîòîðîì X �

êîëüöî âû÷åòîâ ïî ìîäóëþ 4 èëè â íåñêîëüêî áîëåå îáùåì ñëó÷àå X � êîëüöî Ãàëóà. Çàìåòèì,

÷òî ïî÷òè âñå ðàññìàòðèâàåìûå äàëåå îïðåäåëåíèÿ (ëèíåéíûé è äâîéñòâåííûé êîäû, âåñ è

ìíîãèå äðóãèå), î÷åâèäíûì îáðàçîì ìîãóò áûòü ââåäåíû è â ïîäîáíûõ ïðîñòðàíñòâàõ X.

Îïðåäåëåíèå 1. Ëèíåéíûé êîä äëèíû n ýòî âåêòîðíîå ïîäïðîñòðàíñòâî C âåêòîðíîãî

ïðîñòðàíñòâà Xn = Fn
q = {(α1, ..., αn) | αi ∈ Fq}, ãäå Fq � êîíå÷íîìåðíîå ïîëå èç q ýëåìåí-

òîâ.

×åðåç k = dimC îáîçíà÷èì ðàçìåðíîñòü ëèíåéíîãî êîäà C. Ïóñòü w = {w1, ..., wk} � áàçèñ
ïðîñòðàíñòâà C. Â òåîðèè êîäèðîâàíèÿ ïðèíÿòî íàçûâàòü ìàòðèöó G = G(C) ñòðîêàìè

êîòîðîé ÿâëÿþòñÿ âåêòîðû {w1, ..., wk}, ïîðîæäàþùåé ìàòðèöåé êîäà C.
Ëþáîé âåêòîð x êîäà C ìîæåò áûòü ïðåäñòàâëåí â âèäå

x = zG,

ãäå z − k � ìåðíûé âåêòîð ïðîñòðàíñòâà F k
q .

Ëèíåéíûé êîä äëèíû n è ðàçìåðíîñòè k âêëàäûâàåòñÿ êàê ïîäïðîñòðàíñòâî â âåêòîðíîå

ïðîñòðàíñòâî Xn. Òàêèì îáðàçîì, ñëîâà êîäîâîãî ïðîñòðàíñòâà Fn
q åñòü âåêòîðû, ïîýòîìó

ìîæíî ñêàçàòü, ÷òî êîäîâûå ñëîâà (ò.å. ýëåìåíòû C) êîäîâûå âåêòîðû.
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Äâîéñòâåííûé êîä

Ñêàëÿðíîå ïðîèçâåäåíèå 〈x, y〉 â ïîëå Fq âåêòîðîâ x = (x1, ..., xn) è y = (y1, ..., yn) ëèíåéíîãî

ïðîñòðàíñòâà Fn
q ìû îïðåäåëèì ñëåäóþùèì îáðàçîì

〈x, y〉 = x1y1 + ...+ xnyn âñå îïåðàöèè â ïîëå Fq

Äâà âåêòîðà x, y íàçûâàþòñÿ îðòîãîíàëüíûìè, åñëè 〈x, y〉 = 0.

Îïðåäåëåíèå 2. (Äâîéñòâåííûé êîä) Êîä C⊥ îáðàçîâàííûé âñåìè âåêòîðàìè, êîòîðûå

ÿâëÿþòñÿ îðòîãîíàëüíûìè êî âñå âåêòîðàì êîäà C, íàçûâàåòñÿ äâîéñòâåíûûì ê êîäó C.

Î÷åâèäíî, ÷òî C⊥⊥ = C.

Îïðåäåëåíèå 3. (Ïðîâåðî÷íîé ìàòðèöåé êîäà Ñ) Ïîðîæäàþùàÿ ìàòðèöà (n− k)×n
� ìàòðèöà H êîäà C⊥ íàçûâàåòñÿ ïðîâåðî÷íîé ìàòðèöåé êîäà C.

Ïîäîáíîå íàçâàíèå îáúÿñíÿåòñÿ òåì, ÷òî äëÿ êàæäîãî âåêòîðà x êîäà C âûïîëíåíî

xHT = 0.

Â ÷àñòíîñòè, ïðîèçâåäåíèå HGT , GHT ÿâëÿåòñÿ íóëåâîé k × k ìàòðèöåé.
Ñîîòíîøåíèå xHT = 0 â òåîðèè êîäèðîâàíèÿ ïðèíÿòî ðàññìàòðèâàòü êàê íàáîð n − k

ïðîâåðîê íàëîæåííûõ íà êîîðäèíàòû âåêòîðà x. Êàæäàÿ ïðîâåðêà, îïðåäåëÿåìàÿ îäíîé èç

ñòðîê ìàòðèöû H, ÿâëÿåòñÿ îäíîðîäíûì ëèíåéíûì óðàâíåíèåì, ñâÿçûâàþùèõ êîîðäèíàòû

âåêòîðà x.

Ìíîæåñòâî ðåøåíèé óðàâíåíèÿ xHT = 0 ñîâïàäàåò ñ êîäîì C. Èìåÿ â âèäó ýòîò ôàêò,

ãîâîðÿò, ÷òî êîä C îïðåäåëÿåòñÿ ïðîâåðî÷íîé ìàòðèöåé H.

Ëåììà 1. Êîä ⊥ ÿâëÿåòñÿ ëèíåéíûì êîäîì íàä ïîëåì Fq è èìååò ðàçìåðíîñòü n− k, ãäå
k = dimC.

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî åñëè âåêòîðû x, y îðòîãîíàëüíû âåêòîðó a, òî èõ ñóì-

ìà ñ êîýôôèöèåíòàìè èç Fq ñîñòîèò èç âåêòîðîâ x, êîòîðûå îðòîãîíàëüíû êàæäîé ñòðîêå

ïðîâåðî÷íîé ìàòðèöû H êîäà C.

Äðóãèìè ñëîâàìè, âåêòîðû x ∈ C⊥ ÿâëÿþòñÿ ðåøåíèÿìè ëèíåéíîé ñèñòåìû îäíîðîäíûõ

óðàâíåíèé

xHT = 0,

ãäå HT � òðàíñïîíèðîâàííàÿ ìàòðèöà H.

Êàê õîðîøî èçâåñòíî, ìíîæåñòâî ðåøåíèé îäíîðîäíîé ñèñòåìû ëèíåéíûõ óðàâíåíèé ñ n

íåèçâåñòíûìè (êîîðäèíàòû âåêòîðà x) è k óðàâíåíèÿìè ïðåäñòàâëÿåò ñîáîé ëèíåéíîå ïðî-

ñòðàíñòâî ðàçìåðíîñòè n− k′, åñëè k′ � ðàíã ìàòðèöû H. Ðàíã ìàòðèöû k × n � ìàòðèöû H

ðàâåí k, èáî åå ñòðîêàìè, ïî îïðåäåëåíèþ, ÿâëÿþòñÿ áàçèñíûå âåêòîðû ïðîñòðàíñòâà C.�
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Ïðèìåðû

Äëÿ ëó÷øåãî ïðåäñòàâëåíèÿ ðàññìîòðèì ïðèìåðû (âñå îïåðàöèè áóäóò âûïîëíÿòüñÿ íàä

ïîëåì F2 = {0, 1}).
Ïåðâàÿ ÷àñòü êîäîâîãî ñëîâà ñîñòîèò èç ñèìâîëîâ ñàìîãî ñîîáùåíèÿ:

x1 = u1, x2 = u2, ..., xk = uk,

çà êîòîðûì ñëåäóþò n � k ïðîâåðî÷íûõ ñèìâîëîâ xk+1, ..., xn. Ïðîâåðî÷íûå ñèìâîëû âûáðàíû

òàê, ÷òîáû êîäîâûå ñëîâà óäîâëåòâîðÿëè óðàâíåíèþ

H


x1

x2
...

xn

 = HxT = 0

ãäå ((n− k)× n) - ìàòðèöà H, íàçûâàåìàÿ ïðîâåðî÷íîé ìàòðèöåé êîäà, èìååò âèä

H = [A|In−k].

Çäåñü A - íåêîòîðàÿ ôèêñèðîâàííàÿ ((n− k)× k) - ìàòðèöà èç 0 è 1, à

In−k =


1 0 · · · 0

0 1 · · · 0
...

...
. . .

...

0 0 · · · 1


� åäèíè÷íàÿ ìàòðèöà ðàçìåðà (n− k)× (n− k). Âñå îïåðàöèè âûïîëíÿþòñÿ ïî ìîäóëþ 2.

Ïðèìåð 1. Ïðîâåðî÷íàÿ ìàòðèöà

H =


0 1 1 1 0 0

1 0 1 0 1 1

1 1 0 0 0 1


îïðåäåëÿåò êîä ñ k = 3 è n = 6. Äëÿ ýòîãî êîäà

A =


0 1 1

1 0 1

1 1 0


Ñîîáùåíèå u1u2u3 êîäèðóåòñÿ â êîäîâîå ñëîâî x = x1x2x3x4x5x6, êîòîðîå íà÷èíàåòñÿ ñ ñà-

ìîãî ñîîáùåíèÿ x1 = u1;x2 = u2;x3 = u3, à ïîñëåäóþùèõ òðè ïðîâåðî÷íûõ ñèìâîëà x4x5x6

âûáèðàþòñÿ òàê, ÷òîáû âûïîëíÿëîñü óðàâíåíèå HxT = 0, ò.å.
x2 + x3 + x4 = 0

x1 + x3 + x5 = 0

x1 + x2 + x6 = 0
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Åñëè ñîîáùåíèå u = 011, òî x1 = 0;x2 = 1;x3 = 1, è ïðîâåðî÷íûå ñèìâîëû ëåãêî îïðåäåëÿ-

þòñÿ:

x4 = −1− 1 = 1 + 1 = 2 = 0;x5 = −1 = 1; x6 = −1 = 1

òàê ÷òî êîäîâîå ñëîâî x = 011011.

Â êîäå, íàä ïîëåì F2, èìååòñÿ 2k êîäîâûõ ñëîâ, ãäå k äëèíà ñîîáùåíèÿ.

Ñâîéñòâà ëèíåéíîãî êîäà

(i). x = x1...xn ÿâëÿåòñÿ êîäîâûì ñëîâîì, åñëè è òîëüêî åñëè HxT = 0.

(ii) Îáû÷íî ïðîâåðî÷íàÿ ìàòðèöà H � ýòî ((n− k)× n) ìàòðèöà âèäà

H = [A | In−k]

(iii) Ïîðîæäàþùàÿ ìàòðèöà. Åñëè èçâåñòíî ñîîùåíèå u = u1...uk, òî êàê íàéòè ñîîòâåòñòâó-

þùùåå êîäîâîå ñëîâî x = x1...xn? Âî-ïåðâûõ, x1 = u1; ...xk = uk èëè
x1
...

xk

 = Ik


u1
...

uk


Ãäå Ik åäèíè÷íàÿ ìàòðèöà.

Òîãäà ïîëó÷àåì, ÷òî

[A | In−k]


x1
...

xk

 = 0;


xk+1

...

xn

 = −A


x1
...

xk

 = −A


u1
...

uk


Â äâîè÷íîì ñëó÷àå −A = A.

Èìååì 
x1
...

xn

 =

[
Ik
−A

]
u1
...

uk


è òðàíñïîíèðóÿ, ïîëó÷àåì ðàâåíñòâî

x = uG

ãäå

G =
[
Ik | − AT

]
G íàçûâàåòñÿ ïîðîæäàþùåé ìàòðèöåé.

7



Ïðèìåð 2. Âûïèøåì ïîðîæäàþùóþ ìàòðèöó

G =
[
I3 | − AT

]
=


1 0 0 0 1 1

0 1 0 1 0 1

0 0 1 1 1 0


Êàæäîå èç âîñüìè êîäîâûõ ñëîâ èìååò âèä:

u1 · (ñòðîêà 1) + u2 · (ñòðîêà 2) + u3 · (ñòðîêà 3)

Âíîâü óáåæäàåìñÿ, ÷òî êîäîâîå ñëîâî, ñîîòâåòñòâóþùåå ñîîáùåíèþ u = 011, ðàâíî

x = uG = ñòðîêà 2 + ñòðîêà 3 = 010101 + 001110 = 011011

(iv) Ïàðàìåòðû ëèíåéíîãî êîäà. Ãîâîðÿò, ÷òî êîäîâîå ñëîâî x = x1...xn èìååò äèëíó n.

Çäåñü èìååòñÿ â âèäó íå äëèíà âåêòîðà â îáû÷íîì ìàòåìàòè÷åñêîì ñìûñëå, à ÷èñëî ñèìâîëîâ

â ýòîì âåêòîðå, ò.å. åãî ðàçìåðíîñòü. ×èñëî n íàçûâàþò òàêæå áëîêîâîé äëèíîé êîäà. Åñëè

H èìååò n− k ëèíåéíî íåçàâèñèìûõ ñòðîê, òî èìååòñÿ 2k êîäîâûõ ñëîâ. ×èñëî k íàçûâàåòñÿ

ðàçìåðíîñòüþ êîäà.

Ìû íàçîâåì òàêîé êîä [n, k] êîäîì. Ýòîò êîä èñïîëüçóåò n ñèìâîëîâ äëÿ ïåðåäà÷è k ñèì-

âîëîâ ñîîáùåíèÿ, ïîýòîìó ãîâîðÿò, ÷òî êîä èìååò ñêîðîñòü èëè ýôôåêòèâíîñòü R = k/n.

Îïðåäåëåíèå 4. Ðàññòîÿíèå (Õåììèíãà) ìåæäó äâóìÿ âåêòîðàìè x = x1...xn è y = y1...yn

ðàâíî ÷èñëó ïîçèöèé, â êîòîðûõ îíè ðàçëè÷àþòñÿ; îíî îáîçíà÷àåòñÿ dist(x, y).

Îïðåäåëåíèå 5. Âåñ (Õåììèíãà) âåêòîðà x = x1...xn ðàâåí ÷èñëó íåíóëåâûõ xi; îíî îáî-

çíà÷àåòñÿ wt(x).

Òðåòüèì âàæíûì ïàðàìåòðîì êîäà C, êðîìå äëèíû è ðàçìåðíîñòè, ÿâëÿåòñÿ ìèíèìàëüíîå

ðàññòîÿíèå Õåììèíãà ìåæäó åãî êîäîâûìè ñëîâàìè:

Ëåììà 2. (Ìèíèìàëüíîå ðàññòîÿíèå êîäà) Êîäîâîå ðàññòîÿíèå ëèíåéíîãî êîäà C ⊂ Fn
q

ðàâíî ìèíèìàëüíîìó âåñó âåêòîðà â ëèíåéíîì ïîäïðîñòðàíñòâå C. Äðóãèìè ñëîâàìè,

d(C) = min
a∈C,a6=0

wt(a).

d(C) = min[dist(u, v)] = min[wt(u− v)];u ∈ C; v ∈ C;u 6= v;

Äîêàçàòåëüñòâî íåïîñðåäñòâåííî âûòåêàåò èç ðàâåíñòâà d(u, v) = wt(c), ãäå c = u− v ∈
C.

Òàêèì îáðàçîì, âìåñòî èçó÷åíèÿ ñîâîêóïíîñòè âçàèìíûõ ðàññòîÿíèé ìåæäó ïàðàìè âåê-

òîðîâ a, b (ôóíêöèè îò äâóõ àðãóìåíòîâ) ëèíåéíîãî êîäà äîñòàòî÷íî ðàññìîòðåòü ñîâîêóï-

íîñòü âåñîâ íåíóëåâûõ ýëåìåíòîâ ëèíåéíîãî ïîäïðîñòðàíñòâà C (ôóíêöèè îäíîãî àðãóìåíòà).
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Î ñèñòåìå Mathematica

Mathematica � ñèñòåìà êîìïüþòåðíîé àëãåáðû, èñïîëüçóåìàÿ âî ìíîãèõ íàó÷íûõ, èíæå-

íåðíûõ, ìàòåìàòè÷åñêèõ è êîìïüþòåðíûõ îáëàñòÿõ. Èçíà÷àëüíî ñèñòåìà áûëà ïðèäóìàíà

Ñòèâåíîì Âîëüôðàìîì, â íàñòîÿùåå âðåìÿ ðàçðàáàòûâàåòñÿ êîìïàíèåé Wolfram Research.

Àíàëèòè÷åñêèå ïðåîáðàçîâàíèÿ

• Ðåøåíèå ñèñòåì ïîëèíîìèàëüíûõ è òðèãîíîìåòðè÷åñêèõ óðàâíåíèé è íåðàâåíñòâ, à òàê-

æå òðàíñöåíäåíòíûõ óðàâíåíèé, ñâîäÿùèõñÿ ê íèì.

• Ðåøåíèå ðåêóððåíòíûõ óðàâíåíèé.

• Óïðîùåíèå âûðàæåíèÿ.

• Íàõîæäåíèå ïðåäåëîâ.

• Èíòåãðèðîâàíèå è äèôôåðåíöèðîâàíèå ôóíêöèé.

• Íàõîæäåíèå êîíå÷íûõ è áåñêîíå÷íûõ ñóìì è ïðîèçâåäåíèé.

• Ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé è óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ.

• Ïðåîáðàçîâàíèÿ Ôóðüå è Ëàïëàñà, à òàêæå Z-ïðåîáðàçîâàíèå

• Ïðåîáðàçîâàíèå ôóíêöèè â ðÿä Òåéëîðà, îïåðàöèè ñ ðÿäàìè Òåéëîðà: ñëîæåíèå, óìíî-
æåíèå, êîìïîçèöèÿ, ïîëó÷åíèå îáðàòíîé ôóíêöèè è ò. ä.

• Âåéâëåò-àíàëèç

×èñëåííûå ðàñ÷¼òû

• Âû÷èñëåíèå çíà÷åíèé ôóíêöèé, â òîì ÷èñëå ñïåöèàëüíûõ, ñ ïðîèçâîëüíîé òî÷íîñòüþ.

• Ðåøåíèå ñèñòåì óðàâíåíèé.

• Íàõîæäåíèå ïðåäåëîâ.

• Èíòåãðèðîâàíèå è äèôôåðåíöèðîâàíèå.

• Íàõîæäåíèå ñóìì è ïðîèçâåäåíèé.

• Ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé è óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ.

• Ïîëèíîìèàëüíàÿ èíòåðïîëÿöèÿ ôóíêöèè îò ïðîèçâîëüíîãî ÷èñëà àðãóìåíòîâ ïî íàáîðó
èçâåñòíûõ çíà÷åíèé.

• Ïðåîáðàçîâàíèÿ Ôóðüå è Ëàïëàñà, à òàêæå Z-ïðåîáðàçîâàíèå.

• Ðàñ÷åò âåðîÿòíîñòåé
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Òåîðèÿ ÷èñåë

• Îïðåäåëåíèå ïðîñòîãî ÷èñëà ïî åãî ïîðÿäêîâîìó íîìåðó, îïðåäåëåíèå êîëè÷åñòâà ïðî-
ñòûõ ÷èñåë, íå ïðåâîñõîäÿùèõ äàííîå.

• Äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå.

• Ðàçëîæåíèå ÷èñëà íà ïðîñòûå ìíîæèòåëè, íàõîæäåíèå ÍÎÄ è ÍÎÊ.

Ëèíåéíàÿ àëãåáðà

• Îïåðàöèè ñ ìàòðèöàìè: ñëîæåíèå, óìíîæåíèå, íàõîæäåíèå îáðàòíîé ìàòðèöû, óìíî-

æåíèå íà âåêòîð, âû÷èñëåíèå ýêñïîíåíòû, ïîëó÷åíèå îïðåäåëèòåëÿ.

• Ïîèñê ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ âåêòîðîâ.

Ðàçðàáîòêà ïðîãðàììíîãî îáåñïå÷åíèÿ

• Àâòîìàòè÷åñêîå ãåíåðèðîâàíèå Ñ êîäà è åãî êîìïîíîâêà.

• Àâòîìàòè÷åñêîå ïðåîáðàçîâàíèå êîìïèëèðóåìûõ ïðîãðàìì ñèñòåìû Mathematica â C

êîä äëÿ àâòîíîìíîãî èëè èíòåãðèðîâàííîãî èñïîëüçîâàíèÿ.

• Èñïîëüçîâàíèå SymbolicC äëÿ ñîçäàíèÿ, îáðàáîòêè è îïòèìèçàöèè Ñ êîäà.

• Èíòåãðàöèÿ âíåøíèõ äèíàìè÷åñêèõ áèáëèîòåê

• Ïîääåðæêà CUDA è OpenCL.

ßçûê ïðîãðàììèðîâàíèÿ Mathematica

Êðîìå òîãî, Mathematica � ýòî èíòåðïðåòèðóåìûé ÿçûê ôóíêöèîíàëüíîãî ïðîãðàììè-

ðîâàíèÿ. Ìîæíî ñêàçàòü, ÷òî ñèñòåìà Mathematica íàïèñàíà íà ÿçûêå Mathematica, õîòÿ

íåêîòîðûå ôóíêöèè, îñîáåííî îòíîñÿùèåñÿ ê ëèíåéíîé àëãåáðå, â öåëÿõ îïòèìèçàöèè áûëè

íàïèñàíû íà ÿçûêå C.

Mathematica ïîääåðæèâàåò è ïðîöåäóðíîå ïðîãðàììèðîâàíèå ñ ïðèìåíåíèåì ñòàíäàðò-

íûõ îïåðàòîðîâ óïðàâëåíèÿ âûïîëíåíèåì ïðîãðàììû (öèêëû è óñëîâíûå ïåðåõîäû), è îáúåêòíî-

îðèåíòèðîâàííûé ïîäõîä. Mathematica äîïóñêàåò îòëîæåííûå âû÷èñëåíèÿ. Òàêæå â ñèñòåìó

Mathematica ìîæíî çàäàâàòü ïðàâèëà ðàáîòû ñ òåìè èëè èíûìè âûðàæåíèÿìè.

Ïîñòðîåíèå ëèíåéíîãî êîäà â Wolfram Mathematica 9.0

Òåïåðü ïðèìåíèâ ýòó òåîðèþ â ñèñòåìå Mathematica íåîáõîäèìî ïîñòðîèòü ëèíåéíûé êîä (ÿ

ïîñòàðàþñü ïðîäåìîíñòðèðîâàòü ýòó òåîðèþ c ïîìîùüþ ïàêåòà Mathematica). Äëÿ íà÷àëà

íóæíî ââåñòè íåîáõîäèìûå äàííûå è íà èõ îñíîâå ïîñòðîèòü êîä C, íàéòè ìèíèìàëüíûé âåñ,

ïîñòðîèòü òàáëèöó ñèíäðîìîâ è ò.ä. Ò.î. ìîæíî èçó÷èòü ýôôåêòèâíîñòü òåîðèè â êîìïüþ-

òåðíîé ñèñòåìå. Êàê èçâåñòíî, ñîâðåìåííûå êîìïüþòåðû èìåþò äâà è áîëåå ÿäåð. Â ñèñòåìå
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Mathematica âñå âû÷èñëåíèÿ ïðîèçâîäÿòñÿ íà îäíîì ÿäðå, ñêîëüêî áû èõ íå áûëî, íî ñïåöè-

àëüíûìè èíñòðóìåíòàìè ìîæíî ïîäêëþ÷èòü âñå ðåñóðñû êîìïüþòåðà, â òîì ÷èñëå, ðåñóðñû

âèäåîêàðòû (íî òîëüêî äëÿ âèäåîêàðò NVidia). Ñíà÷àëà âñå âû÷èñëåíèÿ áóäóò ïðîèçâîäèòüñÿ

íà îäíîì ÿäðå, à ïîòîì çàäåéñòâîâàâ âñå ðåñóðñû ïîâòîðíî ïðîèçâåäåì ïîñòðîåíèå.

Èòàê, äëÿ ïîñòðîåíèÿ ëèíåéíîãî êîäà C íóæíà ïðîâåðî÷íàÿ èëè ïîðîæäàþùàÿ ìàòðèöà

(ñèñòåìà ïîçâîëÿåò âûáðàòü ïîëüçîâàòåëþ, ñ ïîìîùüþ êàêîé ìàòðèöû áóäåò îñóùåñòâëÿòüñÿ

ïîñòðîåíèå êîäà), à ÷òîáû ïîñòðîèòü ìàòðèöó íåîáõîäèìû åå ðàçìåðû è ïîëå íàä êîòîðûì

áóäóò ïðîèçâîäèòüñÿ âñå âû÷èñëåíèÿ è ïîñòðîåíèÿ. Ñðàçó õî÷ó îãîâîðèòüñÿ, ýëåìåíòû ìàò-

ðèöû ñèñòåìà áóäåò ñòðîèòü áåç ó÷àñòèÿ ïîëüçîâàòåëÿ (íàä ïîëåì, êîòîðûé îí çàäàñò), ÷òîáû

êàæäûé ðàç íå ïðèõîäèëîñü çàïîëíÿòü ýëåìåíòû ìàòðèö, ò.ê. îíè áóäóò áîëüøèõ ðàçìåðîâ.

Êîä áóäó ïðèâîäèòü íåáîëüøèìè êóñêàìè, ÷òîáû íå çàãðîìîæäàòü òåêñò è íå íàðóøàòü âîñ-

ïðèÿòèå.

Çàïóñêàåì ñëåäóþùèé êîä:

"Ïðîâåðî÷íàÿ ìàòðèöà" Checkbox [ Dynamic [ ProverMatrica ] ]

"Âêëþ÷èòü ðàñïàðàëëåëèâàíèå" Checkbox [ Dynamic [ Para l l e lOn ] ]

InputF ie ld [ Dynamic [ q ] , Number , F ie ldHint −> "Ââåäèòå q " ]

InputF ie ld [ Dynamic [ k ] , Number , F ie ldHint −> "Ââåäèòå k " ]

InputF ie ld [ Dynamic [ n ] , Number , F ie ldHint −> "Ââåäèòå n " ]

íà ýêðàíå îòîáðàçèòüñÿ

Ðàçáåðåì áîëåå ïîäðîáíî. Ïåðâàÿ ñòðîêà âêëþ÷àåò èëè îòêëþ÷àåò ôóíêöèþ ðàñïàðàë-

ëåëèâàíèÿ. Âî âòîðîé ñòðîêå ìîæíî óêàçàòü ñ ïîìîùüþ êàêîé ìàòðèöû (ïîðîæäàþùåé èëè

ïðîâåðî÷íîé) ñèñòåìà äîëæíà ñòðîèòü êîä. Â ñëåäóþùåì ïîëå (ãäå q) óêàçûâàåòñÿ ìíîæå-

ñòâî â êîòîðîì ïðîèçâîäèòñÿ ïîñòðîåíèå. Â ïîëå (ãäå k) óêàçûâàåòñÿ ÷èñëî ñòðîê ìàòðèöû,

à â ïîëå (ãäå n) ÷èñëî ñòîëáöîâ ìàòðèöû. Çàïîëíÿåì ýòè ïîëÿ:
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Èòàê, òåïåðü èìåþòñÿ âñå íåîáõîäèìûå äàííûå äëÿ ïîñòðîåíèÿ ïîðîæäàþùåé èëè ïðî-

âåðî÷íîé ìàòðèöû. Äëÿ ïðîäîëæåíèÿ íåîáõîäèì ñëåäóþùèé ôóíêöèîíàë.

Button [ "Âû÷èñëèòü" ,

DoMatrix [ ] ;

Ca l cu la teMatr i c e s [ ] ;

Pr int [ Column [{"Ïðîâåðî÷íàÿ ìàòðèöà " MatrixForm [H] ,

"Ïîðîæäàþùàÿ ìàòðèöà " MatrixForm [G ] } ] ] ;

]

çäåñü ïðåäñòàâëåí êîä, êîòîðûé ñòðîèò ãðàôè÷åñêèé ýëåìåíò "êíîïêà". Òàêèõ êíîïîê

áóäåò íåñêîëüêî è ó êàæäîé ñâîé ôóíêöèîíàë.

Ïðèâåäåííûé êîä ðèñóåò êíîïêó "Âû÷èñëèòü". Ïðè íàæàòèè âûçûâàþòñÿ ìåòîäû DoMatrix

è CalculateMatrices. Ïåðâûé ìåòîä ñòðîèò ìàòðèöó ñ ïðîèçâîëüíûìè ýëåìåíòàìè íàä çàäàí-

íûì ïîëåì. Âòîðîé íàõîäèò ëèáî ïîðîæäàþùóþ, ëèáî ïðîâåðî÷íóþ ìàòðèöó. Íàïîìïíþ,

÷òî ìàòðèöû âçàèìîñâÿçàíû ñîîòíîøåíèåì GHT = 0 èëè HGT = 0.

DoMatrix [ ] := Module [ { i , j } ,

I f [ Head [ k ] == Symbol | | Head [ n ] == Symbol ,

Pr int [ " Ââåäèòå ðàçìåðû ìàòðèöû ! " ] ] ;

I f [ k >= n , Pr int [ " k íå ìîæåò áûòü áîëüøå n ! " ] ]

I f [ Head [ k ] == In t eg e r && Head [ n ] == In t eg e r && k < n ,

M = Array [ Subsc r ip t [ a , ##] &, {n − k , n } ] ;

I f [ ProverMatrica ,

For [ i = 1 , i <= n − k , i++,

For [ j = 1 , j <= n , j++,

M[ [ i , j ] ] = RandomInteger [ { 0 , q − 1 } ] ;

]

]

,

M = Ident i tyMatr ix [ { k , n } ] ;

For [ i = 1 , i <= k , i++,

For [ j = k + 1 , j <= n , j++,

M[ [ i , j ] ] = RandomInteger [ { 0 , q − 1 } ] ;

]

]
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]

]

]

Â ýòîì êîäå ñíà÷àëà ñòðîèòñÿ ïóñòàÿ ìàòðèöà ðàçìåðà n− k×n, åñëè âûáðàíà ïðîâåðî÷-
íàÿ ìàòðèöà èëè k × n, åñëè âûáðàíà ïîðîæäàþùàÿ ìàòðèöà. Çàòåì, â öèêëå çàïîëíÿþòñÿ

ýëåìåíòû ìàòðèöû. Ïîñëå ýòèõ îïåðàöèé ìàòðèöû âûâîäÿòñÿ íà ýêðàí. Ðåçóëüòàò ðàáîòû

ýòîãî êîäà ñëåäóþùèé:

Òåïåðü èçâåñòíû äàííûå íà îñíîâå êîòîðûõ ñèñòåìà ïîñòðîèò êîä. Ýòó ôóíêöèþ âûïîë-

íÿþò ñëåäóþùèå êîíñòðóêöèè:

Button [ " Ïîêàçàòü êîä" ,

DoLCod [ ] ;

Pr int [ LCodTable ] ;

]

Çäåñü ïðåäñòàâëåí âòîðîé ãðàôè÷åñêèé ýëåìåíò êíîïêà ñ âûçîâîì ìîäóëÿ, îòâå÷àþùèé çà

ïîñòðîåíèå ëèíåéíîãî êîäà. Îñòàíàâëèâàòüñÿ íà íåì íå áóäó, ò.ê. îò ïðåäûäóùåé êîíñòðóê-

öèè íè÷åì íå îòëè÷àåòñÿ. Áîëåå äåòàëüíî íóæíî ðàçîáðàòü ìîäóëü, êîòîðûé âûçûâåòñÿ ïðè

íàæàòèè ýòîé êíîïêè. Äëÿ íà÷àëà ïðèâåäó åãî:

DoLCod [ ] := Module [ { u , Cod} ,

LCodTable = {} ;

(∗ ôîðìèðîâàíèå ëèíåéíîãî êîäà ∗)
For [ i = 0 , i <= q^k − 1 , i++,

u = In t e g e rD i g i t s [ i , q , k ] ;

Cod = u .G;

LCodTable = Append [ LCodTable , Mod[Cod , q ] ] ;

] ;

]

Êàê âû ìîãëè çàìåòèòü, êîä íåáîëüøîé è âñ¼ áëàãîäàðÿ ìîùíûì èíñòðóìåíòàì, êîòî-

ðûå ïðåäîñòàâëÿåò ñèñòåìà ìàòåìàòèêà. Åñëè íàáðàòü ìåòîä ñ àíàëîãè÷íûì ôóíêöèîíà-

ëîì â äðóãîé êîìïüþòåðíîé ñèñòåìå, íàïèìåð â Ñ++, ïîâåðüòå, êîä áóäåò íàìíîãî äëèí-

íåå è ñëîæíåå ïî ñòðóêòóðå. Âêðàòöå îïèøó ðàáîòó ýòîãî áëîêà. Èçâåñòíî, ÷òî îáùåå ÷èñ-

ëî âñåõ ñîîáùåíèé íå áîëüøå qk, ïîëüçóÿñü ýòèì ïðàâèëîì â öèêëå ñòðîÿòñÿ âñå âîçìîæ-

íûå ñîîáùåíèÿ íàä ïîëåì, êîòîðûé áûë çàäàí è êàæäîå ïîëó÷åííîå ñîîáùåíèå óìíîæàåòñÿ

íà ïîðîæäàþùóþ ìàòðèöó, ò.ê. êàæäûé ýëåìåíò ëèíåéíîãî êîäà óäîâëåòâîðÿåò ðàâåíñòâó

c = uG, ãäå u - ñîîáùåíèå. Òàêèì îáðàçîì, ïîëó÷èòñÿ ëèíåéíûé êîä C.
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Êîä î÷åíü áîëüøîé, áîëüøå 200 ýëåìåíòîâ, ïîýòîìó ïðåäñòàâèë òîëüêî ÷àñòü. Òåïåðü èìå-

þòñÿ ìàòðèöû è ëèíåéíûé êîä, ò.å. âñå íåîáõîäèìûå äàííûå äëÿ íàõîæäåíèÿ ìèíèìàëüíîãî

âåñà, òàêæå íà îñíîâå ýòèõ ëåãêî ïîñòðîèòü òàáëèöó ñèíäðîìîâ ñ ëèäåðàìè ñìåæíûõ êëàñ-

ñîâ. Íàïîìíþ, ñ ïîìîùüþ ìèíèìàëüíîãî âåñà ìîæíî óçíàòü, êàêîå êîëè÷åñòâî îøèáîê ìîæåò

íàéòè è èñïðàâèòü êîä. Çàáåãàÿ âïåðåä, òàáëèöà ñèíäðîìîâ ïðåäíàçíà÷åíà äëÿ îïðåäåëåíèÿ

âåêòîðà îøèáêè.

Íàéäåì ìèíèìàëüíûé âåñ:

Button [ "Ìèíèìàëüíûé âåñ " ,

DoMDist [ ] ;

Pr int [ "Ìèíèìàëüíûé âåñ êîäà ðàâåí " , LCodMin ] ;

Pr int [ " Âåêòîð : " ,

LCodTable [ [ Po s i t i on [ MnojestvoMinim , LCodMin ] [ [ 1 , 1 ] ] + 1 ] ] ] ;

]

Êíîïêà, äëÿ âûçîâà ìåòîäà íàõîæäåíèÿ è ñàì ìåòîä:

DoMDist [ ] := Module [ {Minim} ,

MnojestvoMinim = {} ;

LCodMin = {} ;

For [ i = 1 , i <= q^k − 1 , i++,

Minim = Count [ LCodTable [ [ i ] ] , Except [ 0 ] ] ;

I f [ Minim != 0 ,

MnojestvoMinim = Append [ MnojestvoMinim , Minim ] ;

] ;

] ;

LCodMin = Min [ MnojestvoMinim ] ;

]

Îñíîâîïîëàãàþùèé ïðèíöèï íàõîæäåíèÿ - ýòî íåíóëåâîé âåêòîð è ÷èñëî íåíóëåâûõ ïî-

çèöèé ýòîãî âåêòîðà. Îáõîäèì âñå ìíîæåñòâî C è äëÿ êàæäîãî ýëåìåíòà íàõîäèì êîëè÷åñòâî

íåíóëåâûõ ïîçèöèé. Åñëè ïîëó÷åííîå ÷èñëî íåíóëåâîå äîáàâëÿåì â ëîêàëüíîå ìíîæåñòâî è

ïîñëå çàâåðøåíèÿ îáõîäà íàõîäèì ìèíèìàëüíûé ýëåìåíò ëîêàëüíîãî ìíîæåñòâà.
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Äàëåå áóäåì ñòðîèòü òàáëèöó ñèíäðîìîâ, èçó÷èâ ñëåäóþùóþ ãëàâó.

Òàáëèöà ñèíäðîìîâ

Äëÿ ïîñòðîåíèÿ òàáëèöû ñèíäðîìîâ ïîíàäîáèòñÿ ïîíÿòèå ñìåæíîãî êëàññà.

Îïðåäåëåíèå 6 (Ñìåæíûé êëàññ). Ïóñòü C ÿâëÿåòñÿ [n, k] ëèíåéíûì êîäîì íàä ïîëåì èç

q ýëåìåíòîâ. Äëÿ ëþáîãî âåêòîðà a ìíîæåñòâî

a+ C = {a+ x : x ∈ C}

íàçûâàåòñÿ ñìåæíûì êëàññîì êîäà C.

Ëþáîé âåêòîð b íàõîäèòñÿ â íåêîòîðîì ñìåæíîì êëàññå. Äâà âåêòîðà a è b ëåæàò â îäíîì

è òîì æå ñìåæíîì êëàññå, òîãäà è òîëüêî òîãäà, êîãäà (a− b) ∈ C.

Ïðåäëîæåíèå 1. Äâà ñìåæíûõ êëàññà ëèáî íå ïåðåñåêàþòñÿ, ëèáî ñîâïàäàþò.

Äîêàçàòåëüñòâî. Åñëè ñìåæíûå êëàññû a + C è b + C ïåðåñåêàþòñÿ, òî âîçüìåì v ∈
(a+C)∩(b+C). Òîãäà v = a+x = b+y, ãäå x, y ∈ C. Ñëåäîâàòåëüíî, b = a+x−y = a+x′ (x′ ∈ C)
è ïîýòîìó b+C ⊂ a+C. Àíàëîãè÷íûì îáðàçîì ïîëó÷àåòñÿ, ÷òî a+C ⊂ b+C è çíà÷èò, ÷òî

a+ = b+ C.

Ñèíäðîì. Èìååòñÿ ïðîñòîé ñïîñîá, êàê îïðåäåëèòü, â êàêîì ñìåæíîì êëàññå íàõîäèòñÿ

y: íàäî âû÷èñëèòü HyT , êîòîðûé íàçûâàåòñÿ ñèíäðîìîì y.

Äâà âåòîðà íàõîäÿòñÿ â îäíîì è òîì æå ñìåæíîì êëàññå êîäà C, åñëè è òîëüêî åñëè îíè

èìåþò îäèí è òîò æå ñèíäðîì.

Èìååòñÿ âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó ñèíäðîìàìè è ñìåæíûìè êëàññàìè.

Ñõåìà îáíàðóæåíèÿ îøèáîê, êàê ðàç ñîñòîèò â ñðàâíåíèè ñèíäðîìà ñ íóëåì. Äëÿ ýòîãî ìû

åùå ðàç âû÷èñëÿåì ïðîâåðî÷íûå ñèìâîëû, èñïîëüçóÿ ïðèíÿòûå èíôîðìàöèîííûå ñèìâîëû,

è ñìîòðèì ñîâïàäàþò ëè îíè ñ ïðèíÿòûìè ïðîâåðî÷íûìè ñèìâîëàìè.

Ïîñòðîåíèå òàáëèöû ñèíäðîìîâ è ëèäåðîâ ñìåæíûõ êëàññîâ

Òåïåðü íåîáõîäèìî ïîñòðîèòü òàáëèöó ñèíäðîìîâ è ëèäåðîâ ñìåæíûõ êëàññîâ. Ìîäóëè, âû-

ïîëíÿþùèå ýòó çàäà÷ó, âûãëÿäÿò ñëåäóþùèì îáðàçîì:

Ãðàôè÷åñêèé ìîäóëü

Button [ " Òàáëèöà ñèíäðîìîâ " ,

DoSkTable [ ] ;

Pr int [ " Òàáëèöà ñèíäðîìîâ è ñîîòâåòñòâóþùèõ ëèäåðîâ ñìåæíûõ êëàññîâ \
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" , Grid [{{ Grid [ Sindrom ] , Grid [ LiderSK ]}} , Frame −> Al l ] , " ; " ] ;

]

Ìîäóëè äëÿ íàõîæäåíèÿ ëèäåðîâ è ñìåæíûõ êëàññîâ

getWeight [ vector_ ] := Module [ { i , r e s } ,

r e s = 0 ;

For [ i = 1 , i <= Length [ vec to r ] , i++,

I f [ vec to r [ [ i ] ] != 0 , r e s++ ] ;

] ;

r e s

] ;

DoSkTable [ ] := Module [ { Al lL ide r s , Sor tL ider s , i , j , l , Q} ,

LiderSK = {} ;

Sindrom = {} ;

A l lL i d e r s = {} ;

For [ i = 0 , i <= q^n − 1 , i++,

A l lL id e r s = Append [ Al lL ide r s , I n t e g e rD i g i t s [ i , q , n ] ] ;

] ;

So r tL ide r s = {} ;

For [ i = 0 , i <= n , i++,

Q = Se l e c t [ A l lL ide r s , getWeight [#] == i &] ;

For [ j = 1 , j <= Length [Q] , j++,

So r tL ide r s = Append [ SortL ider s , Q[ [ j ] ] ] ;

] ;

] ;

l = 1 ;

While [ Length [ LiderSK ] != q^n/q^k ,

I f [ Po s i t i on [ Sindrom , Mod[H. So r tL ide r s [ [ l ] ] , q ] ] == {} ,

Sindrom = Mod[ Append [ Sindrom , H. So r tL ide r s [ [ l ] ] ] , q ] ;

LiderSK = Append [ LiderSK , So r tL ide r s [ [ l ] ] ]

] ;

l++;

] ;

]
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Ðàáîòà íà÷èíàåòñÿ ñ ìîäóëÿ, êîòîðûé íàçûâàåòñÿ DoSkTable, ìîäóëü getWeight - âñïîìî-

ãàòåëüíûé. Ñíà÷àëà ñòðîÿòñÿ âñå âîçìîæíûå ëèäåðû ñìåæíûõ êëàññîâ íàä óêàçàííûì ïîëåì

è êàæäûé ýëåìåíò çàïîëíÿåò ëîêàëüíîå ìíîæåñòâî AllLiders. Äàëåå, ýòî ìíîæåñòâî ñîðòè-

ðóåòñÿ â ïîðÿäêå âîçðàñòàíèÿ âåñà ýëåìåíòîâ. Íà âûõîäå ïîëó÷àåòñÿ ìíîæåñòâî ñîñòîÿùåå

èç âåêòîðîâ âèäà {{0, ..., 0, a}, {0, ..., a, 0}, ..., {b, ..., b}}, ãäå a � ìèíèìàëüíûé ýëåìåíò ïîëÿ,

à b � ìàêñèìàëüíûé. Îòñîðòèðîâàííîå ìíîæåñòâî õðàíèòñÿ â ïåðåìåííîé SortLiders. Ïîòîì

êàæäûé ýëåìåíò íàéäåííîãî ìíîæåñòâà óìíîæàåòñÿ íà ïðîâåðî÷íóþ ìàòðèöó è ïîëó÷èòñÿ

ñèíäðîì. Íàïîìíþ, êîëè÷åñòâî ñèíäðîìîâ ñ èõ ëèäåðàìè ðàâíî qn/qk. Êàæäûé ïîëó÷åííûé

ñèíäðîì ïîìåùàåòñÿ â òàáëèöó ñ åãî ëèäåðîì ñìåæíîãî êëàññà. Òàêèì îáðàçîì, ôîðìèðóåòñÿ

òàáëèöà ñèíäðîìîâ.

Äëÿ ÷åãî âñå ýòè ìàíèïóëÿöèè ñ òàáëèöåé ñèíäðîìîâ? Îòâåò íà ýòîò âîïðîñ îïèñàí â

ñëåäóþùåé ãëàâå.

Äåêîäèðîâàíèå ëèíåéíîãî êîäà

Ïðåäïîëîæèì, ÷òî ñîîáùåíèå u = u1...uk çàêîäèðîâàíî â êîäîâîå ñëîâî x = x1...xn, êîòîðîå

ïîòîì ïåðåäàåòñÿ ïî êàíàëó. Òàê êàê êàíàë ñ øóìîì, ïðèíÿòûé âåêòîð y = y1, ...yn ìîæåò

îòëè÷àòüñÿ îò x. Óäîáíî ââåñòè âåêòîð îøèáîê

e = y − x = e1...en

Äåêîäåð äîëæåí íà îñíîâàíèè y ðåøèòü, êàêîå ñîîáùåíèå u èëè êàêîå êîäîâîå ñëîâî x áûëî

ïåðåäàíî.
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Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî ëþáûå d − 1 ñòîëáöîâ ïðîâåðî÷íîé ìàòðèöû B ëèíåéíî

íåçàâèñèìû íàä ïîëåì Fq.

Òîãäà êîäîâîå ðàññòîÿíèå d(C) êîäà C, îïðåäåëÿåìîãî ïðî÷åðî÷íîé ìàòðèöåé B, íå ìåíü-

øå, ÷åì d.

Åñëè â äïîëîíåíèå âûøå âûñêàçàííîãî óñëîâèÿ ñóùåñòâóåò ëèíåéíî-çàâèñèìûé êîì-

ïëåêò èç d ñòîëáöîâ ïðîâåðî÷íîé ìàòðèöû B, òî d(C) = d.

Íàîáîðîò. Åñëè êîä èìååò êîäîâîå ðàñòîÿíèå íå ìåíüøå, ÷åì d, òî ëþáûå d−1 ñòîëáöîâ
åãî ïðî÷åðî÷íîé ìàòðèöû B ÿâëÿþòñÿ ëèíåéíî-íåçàâèñèìûìè.

Äîêàçàòåëüñòâî. Â âèäó ïîñëåäíåé ëåììû äîñòàòî÷íî ïîêàçàòü, ÷òî âåñ ëþáîãî íåíó-

ëåâîãî âåêòîðà x êîäà C íå ìåíüøå d.

Ïðåäïîëîæèì îáðàòíîå, ò.å. ïðåäïîëîæèì, ÷òî ñóùåñòâóåò êîäîâûé âåêòîð x, âåñ êîòîðî-

ãî ìåíüøå d. Òàê êàê xBT = 0, òî êîìïëåêò ñòîëáöîâ ìàòðèöû , íîìåðà êîòîðûõ ñîâïàäàþò

ñ íîìåðàìè íåíóëåâûõ êîîðäèíàò âåêòîðà x, ÿâëÿåòñÿ ëèíåéíî-çàâèñèìûì. Ýòî ïðîòèâîðå-

÷èò óñëîâèþ òåîðåìû. Ïîýòîìó d(C) ≤ d. Ïîñëåäíåå è ïðåäïîñëåäíåå óòâåðæäåíèÿ òåîðåìû

î÷åâèäíû.

Òåîðåìà 2. Êîä ñ ìèíèìàëüíûì ðàññòîÿíèåì d ìîæåò èñðïàâëÿòü (d−1)/2 îøèáîê. Åñëè
d ÷åòíîå, òî êîä ìîæåò îäíîâðåìåííî èñïðàâëÿòü (d− 2)/2 îøèáîê è îáíàðóæèâàòü d/2

îøèáîê.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî d = 3. Øàð ðàäèóñà r ñ öåíòðîì â òî÷êå u ñîñòîèò

èç âñåõ âåêòîðîâ v òàêèõ, ÷òî dist(u, v) ≤ r. Åñëè âîêðóã êàæäîãî êîäîâîãî ñëîâà îïèñàòü øàð

ðàäèóñà 1, òî ýòè øàðû íå ïåðåñåêàþòñÿ. Åñëè ïåðåäàâàëîñü êîäîâîå ñëîâî u è ïðîèçîøëà

îäíà îøîèáêà, òî ïðèíÿòûé âåêòîð a íàõîäèòñÿ âíóòðè øàðà, ïðîâåäåííîãî âîêðóã u, è

ïîýòîìó a áëèæå ê u, ÷åì ê ëþáîìó äðóãîìó êîäîâîìó ñëîâó v. Òàêèì îáðçîì, äåêîäèðîâàíèå

â áëèæàéøåå êîäîâîå ñëîâî èñïðàâèò ýòó îøèáêó. Ïîäîáíûì îáðàçîì, åñëè d = 2t + 1, òî

øàðû ðàäèóñà t, îïèñàííûå îêîëî êàæäîâîãî êîäîâîãî ñëîâà, íå ïåðåñåêàþòñÿ è êîä ìîæåò

èñïðàâëÿòü t îøèáîê.

Òåïåðü ïðåäïîëîæèì, ÷òî d ÷åòíîå. Ñôåðû ðàäèóñà (d − 2)/2, ïðîâåäåííûå âîêðóã êî-

äîâûõ ñëîâ, íå ïåðåñåêàþòñÿ, è ïîýòîìó êîä ìîæåò èñïðàâëÿòü (d − 2)/2 îøèáîê. Íî åñëè

ïðîèçîøëî d/2 îøèáîê, òî ïðèíÿòûé âåêòîð a ìîæåò íàõîäèòüñÿ ïîñðåäè ìåæäó äâóìÿ êî-

äîâûìè ñëîâàìè. Â ýòîì ñëó÷àå äåêîäåð ìîæåò òîëüêî îáíàðóæèâàòü, ÷òî ïðîèçîøëî d/2

îøèáîê.

Åñëè ïðîèçîøëî áîëüøå ÷åì d/2 îøèáîê, òî ïðèíÿòíûé âåêòîð áóäåò áëèæå ê íåêòîðîìó

äðóãîìó êîäîâîìó ñëîâó, à íå ê âåðíîìó. Òîãäà äåêîäåð îøèáåòñÿ è âûäàñò íåïðàâèëüíîå

êîäîâîå ñëîâî. Ýòî íàçûâàåòñÿ îøèáêîé äåêîäèðîâàíèÿ.

Èìèòàöèÿ êàíàëà ñ øóìîì è äåêîäèðîâàíèå

Èòàê, äåêîäèðâîíèå! Âåñü ñìûñë âñåõ ýòèõ îïåðàöèé ÿâëÿåòñÿ â äåêîäèðîâàíèè. Âåäü íóæíî

ïåðåäàòü ñîîáùåíèå, ïîëó÷èòü å¼, ïðîâåðèòü íà îøèáêó è èñïðàâèòü åå, åñëè ýòî âîçìîæíî.
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Ýòîò ôóíêöèîíàë òàêæå áûë ðåàëèçîâàí â ìàòåìàòèêå. ×òîáû ïðîäåìîíñòðèðîâàòü äåêîäè-

ðîâàíèå (èñïðàâëåíèå îøèáêè ïðè åå âîçíèêíîâåíèè) íåîáõîäèìî áóäåò ñèìèòèðîâàòü êàíàë

ïåðåäà÷è. Ïåðåäàòü âåêòîð, ïðîâåðèòü íà íàëè÷èå îøèáêè è åñëè âîçìîæíî èñïðàâèòü åå -

èñïðàâèòü.

Èìèòàöèÿ êàíàëà:

Button [ " Îòïðàâèòü" ,

Clear [ Otpravlen , GetVector ] ;

Otpravlen = RandomChoice [ LCodTable ] ;

Pr int [ " Îòïðàâëåí : " , Otpravlen ] ;

SendVector [ Po s i t i on [ LCodTable , Otpravlen ] [ [ 1 , 1 ] ] ] ;

Pr int [ "Ïîëó÷åí : " , GetVector ] ;

] ,

Button [ " Èñïðàâèòü " ,

RepairVector [ ] ;

Pr int [ "Áûë îòïðàâëåí : " , GetVector ] ;

]

Èìååòñÿ äâà ãðàôè÷åñêèõ ýëåìåíòà, êîòîðûå íàçûâàþòñÿ Îòïðàâèòü è Èñïðàâèòü. Ïðè

àêòèâàöèè ïåðâîé êíîïêè ïðîãðàììà ñëó÷àéíî âûáèðàåò èç ëèíåéíîãî ìíîæåñòâà âåêòîð è

ïåðåäàåò ìîäóëþ, êîòîðûé ïðåäñòàâëåí íèæå:

SendVector [ Poziciya_ ] := Module [ { i , ErrorVector } ,

ErrorVector = RandomChoice [ {0} , n ] ;

l = LCodMin ;

I f [ EvenQ [ LCodMin ] , l = LCodMin/2 , I f [ l != 1 , l = (LCodMin − 1 ) / 2 ] ] ;

For [ i = 1 , i <= l , i++,

ErrorVector [ [ RandomInteger [ { 1 , Length [ ErrorVector ] } ] ] ] =

RandomInteger [ { 0 , q − 1} ]

] ;

GetVector = Mod[ LCodTable [ [ Poz i c iya ] ] + ErrorVector , q ] ;

]

Ýòîò ìîäóëü èìèòèðóåò êàíàë ñ øóìîì, ò.å. ñëó÷àéíûì îáðàçîì ãåíåðèðóåò âåêòîð äëèíû

n è ïðèáàâëÿåò ê âåêòîðó, êîòîðûé áûë ïåðåäàí (âåêòîð îøèáêè ìîæåò áûòü íóëåâûì). Íà

âûõîäå ïîëó÷àåòñÿ íåêîòîðûé âåêòîð è íàì ïîêà íåèçâåñòíî - ñ îøèáêîé îí èëè íåò.

Âîçâðàùàåìñÿ ê êîäó, ãäå îïèñàíû ãðàôè÷åñêèå ýëåìåíòû, à èìåííî ê êíîïêå Èñïðàâèòü.

Ïðè åå àêòèâàöèè âûçûâàåòñÿ ìîäóëü â êîòîðîì îïèñàíû ìåòîäû èñïðàâëÿþùèå îøèáêó.

RepairVector [ ] := Module [ { } ,

GetVector =

Mod[ GetVector −
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LiderSK [ [ Pos i t i on [ Sindrom , Mod[H. GetVector , q ] ] [ [ 1 , 1 ] ] ] ] , q ] ;

]

Âåñü ìåòîä â îäíó ñòðîêó... Äëÿ èñïðàâëåíèÿ íåîáõîäèìà òàáëèöà ñèíäðîìîâ è ïðîâåðî÷-

íàÿ ìàòðèöà. Åñëè óìíîæèòü ïîëó÷åííûé âåêòîð íà ïðîâåðî÷íóþ ìàòðèöó, òî ïîëó÷èòñÿ

ñèíäðîì. Ïî åãî ïîçèöèè ìîæíî îïðåäåëèòü ëèäåð ñìåæíîãî êëàññà, ïîòîì ñëîæèòü åãî ñ

ïîëó÷åííûì âåêòîðîì. Ò.î. îïðåäåëèëè âîçíèêøóþ îøèáêó è èñïðàâèëè åå.

Ïîñòðîåíèå êîäà â ðàçëè÷íûõ ðåæèìàõ

Òåïåðü ïåðåéäåì ê èçó÷åíèþ ýôôåêòèâíîñòè ðàáîòû ìåòîäîâ òåîðèè êîäèðîâàíèÿ â ñèñòåìå

Wolfram Mathematica 9.0. Ðàññìîòðèì âðåìÿ ïîñòðîåíèÿ êîäà ïðè ðàçëè÷íûõ ðåæèìàõ ôóíê-

öèîíèðîâàíèÿ ñèñòåìû. Ê ñîæàëåíèþ, â ìîåì êîìïüþòåðå óñòàíîâëåíà âèäåîêàðòà îò AMD,

ïîýòîìó ðåñóðñû âèäåîêàðòî÷êè íå ïîëó÷èëîñü çàäåéñòâîâàòü. Ïðè æåëàíèè âû ìîæåòå ïðî-

äåëàòü ýòî ñàìîñòîÿòåëüíî, ïîäêëþ÷èâ ïàêåò CUDALink. Íåñìîòðÿ íà ýòî, ðàñïàðàëëåëèâàÿ

ïðîöåññû, òîæå ìîæíî äîñòè÷ü îïðåäåëåííûõ ðåçóëüòàòîâ.

Ôóíêöèé ðàñïàðàëëåëèâàþùèõ ïðîöåññû â ñèñòåìå Wolfram Mathematica äîâîëüíî ìíîãî,

ÿ âîñïîëüçîâàëñÿ ôóíêöèåé, êîòîðàÿ íàçûâàåòñÿ ParallelDo[]. Ïî÷åìó åå? Ó ýòîé ôóíêöèè

ïðîñòàÿ êîíñòðóêöèÿ, îíà ïîëíîñòüþ óäîâëÿåòâîðÿåò ìîèì çàïðîñàì è ýòà ôóíêöèÿ áûëà

ïåðâàÿ ñ êîòîðîé ÿ ïîçíàêîìèëñÿ. Äëÿ ïîäñ÷åòà âðåìåíè âîñïîëüçîâàëñÿ ôóíêöèåé Timing[].

Êîä âûãëÿäèò ñëåäóþùèì îáðàçîì:

Button [ " Ïîäñ÷èòàòü âðåìÿ" ,

Vremya = 0 ;

I f [ Paral le lOn ,

Vremya = Timing [ Para l l e lDo [ DoMatrix [ ] , { 1 } ] ] [ [ 1 ] ] ;

Vremya += Timing [ Para l l e lDo [ Ca l cu la t eMatr i c e s [ ] , { 1 } ] ] [ [ 1 ] ] ;

Vremya += Timing [ Para l l e lDo [DoLCod [ ] , { 1 } ] ] [ [ 1 ] ] ;

Vremya += Timing [ Para l l e lDo [ DoMDist [ ] , { 1 } ] ] [ [ 1 ] ] ;

Vremya += Timing [ Para l l e lDo [ DoSkTable [ ] , { 1 } ] ] [ [ 1 ] ] ;

Pr int [ "Âðåìÿ ðàáîòû " , Vremya ] ;

,

Vremya = Timing [ DoMatrix [ ] ] [ [ 1 ] ] ;

Vremya += Timing [ Ca l cu la t eMatr i c e s [ ] ] [ [ 1 ] ] ;

Vremya += Timing [DoLCod [ ] ] [ [ 1 ] ] ;

Vremya += Timing [ DoMDist [ ] ] [ [ 1 ] ] ;

Vremya += Timing [ DoSkTable [ ] ] [ [ 1 ] ] ;

Pr int [ "Âðåìÿ ðàáîòû " , Vremya ] ;

]

]
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Ðàçáåðåì ýòîò ìîäóëü. Ïåðâûì äåëîì îñóùåñòâëÿåòñÿ ïðîâåðêà íà íàëè÷èå ôëàãà äëÿ

ðàñïàðàëëåëèâàíèÿ. Åñëè ôëàã óñòàíîâëåí ñðàáàòûâàþò ìåòîäû ðàñïàðàëëåëèâàíèÿ, åñëè

íåò, òî ôóíêöèè ðàáîòàþò â îáû÷íîì ðåæèìå. Äàëåå, ïî î÷åðåäè âûçûâàþòñÿ âñå ìîäóëè,

êîòîðûå áûëè îïèñàíû âûøå. Âî âðåìÿ èõ ðàáîòû ïîäñ÷èòûâàåòñÿ âðåìÿ, çàòðà÷åííîå íà

èõ èñïîëíåíèå. Ïîêà ðàáîòàþò ìîäóëè âðåìÿ êîïèòñÿ â ïåðåìåííîé. Ïîñëå âûïîëíåíèÿ âñåõ

îïåðàöèé íà âûõîäå ïîëó÷àåòñÿ îáùåå âðåìÿ.

Ñíà÷àëà çàïóñòèì â îáû÷íîì ðåæèìå è ïîñìîòðèì íà ðåçóëüòàòû, ïîòîì â ðåæèìå ðàñ-

ïàðàëëåëèâàíèÿ è ñðàâíèì èõ.

Ïðîâåðêè ïðîõîäèëè íà êîìïüþòåðå ñ äâóõÿäåðíûì ïðîöåññîðîì, áåç ïîäêëþ÷åíèÿ ãðà-

ôè÷åñêîãî àäàïòåðà.

Èòàê, ðåçóëüòàòû, êàê âû âèäèòå, âïå÷àòëÿþùèå. Ôóíêöèè îòðàáàòûâàþò î÷åíü áûñòðî.

Êàçàëîñü áû, äîëæíî áûòü â äâà ðàçà, íî ýòî íå òàê. Òàê ÷òî äàæå íà íå ñàìûõ ìîùíûõ

êîìïüþòåðàõ, ñóùåñòâåííî ìîæíî ïîâûñèòü ïðîèçâîäèòåëüíîñòü, íå ãîâîðÿ óæå î ñåðâåðíûõ
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ìîùíîñòÿõ. Îäíàêî íå âñå òàê ãëàäêî, èìåþòñÿ ñâîè ïîäâîäíûå êàìíè. Ðàñïàðàëëåëèâàíèå

ýôôåêòèâíî òîëüêî äëÿ áîëüøèõ êîäîâ. Ñ íåáîëüøèìè êîäàìè ðåçóëüòàò áóäåò îáðàòíûé

è îáóñëîâëåíî ýòî ñëåäóþùèì: ïðåæäå ÷åì çàïóñòèòü ïðîöåññ ðàñïàðàëëåëèâàíèÿ, ñèñòåìà

ðàñïðåäåëÿåò íàãðóçêó ïî ÿäðàì è íà ýòî òîæå íóæíî îïðåäåëåííîå âðåìÿ. Ò.å. â ñëó÷àÿõ

ðàáîòû ñ ìàëåíüêèì êîäîì ëó÷øå íå âêëþ÷àòü ýòó ôóíêöèþ.

Íà ýòîì ñ ëèíåéíûìè êîäàìè çàêîí÷èì, èçó÷èì öèêëè÷åñêèå êîäû è ïðîäåëàåì ñ íèìè

òó æå ðàáîòó.
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Öèêëè÷åñêèå êîäû

Îïðåäåëåíèå 7. Êîä C íàçûâàåòñÿ öèêëè÷åñêèì, åñëè ëþáîé öèêëè÷åñêèé ñäâèã êîäîâîãî

ñëîâà èç êîäà C òàêæå ÿâëÿåòñÿ êîäîâûì ñëîâîì èç êîäà C, ò.å. åñëè (c0, c1, ..., cn−1) ∈ C,
òî è (cn−1, c0, ..., cn−2) ∈ C

Áóäåì èñïîëüçîâàòü ñëåäóþùåå îáîçíà÷åíèå. Åñëè F � ïîëå, òî F[x] � ìíîæåñòâî ìíîãî-

÷ëåíîâ îò x ñ êîýôôèöèåíòàìè èç F. Ìíîæåñòâî F[x] ÿâëÿåòñÿ êîëüöîì ìíîãî÷ëåíîâ.

Äëÿ àëãåáðàè÷åñêîãî îïèñàíèÿ öèêëè÷åñêèõ êîäîâ ðàññìîòðèì êîëüöî Rn = F[x]/(xn−1),

ñîñòîÿùåå èç êëàññà âû÷åòîâ êîëüöà F[x] ïî ìîäóëþ ìíîãî÷ëåíà xn − 1. Âñå ìíîãî÷ëåíû

ñòåïåíè íå áîëüøå n−1 ïîïàäàþò â ðàçëè÷íûå êëàññû âû÷åòîâ. Ìû âûáåðåì ýòè ìíîãî÷ëåíû

â êà÷åñòâå ïðåäñòàâèòåëåé ýòèõ êëàññîâ.

Òåîðåìà 3. Â êîëüöå Rn ïîäïðîñòðàíñòâî ÿâëÿåòñÿ öèêëè÷åñêèì ïîäïðîñòàíñòâîì òîãäà

è òîëüêî òîãäà, êîãäà îíî ÿâëÿåòñÿ èäåàëîì.

Äîêàçàòåëüñòâî. Óìíîæåíèå íà x ñîîòâåòñòâóåò öèêëè÷åñêîìó ñäâèãó. Óìíîæàÿ â Rn

ìíîãî÷ëåí c(x) íà x, ïîëó÷àåì:

xc(x) = c0 + c1x+ ...+ cn−1x
n−1 = cn−1 + c0x+ ...+ cn−2x

n−1

òàê êàê â Rn èìååò ìåñòî ðàâåíñòâî xn = 1. Ýòîìó ìíîãî÷ëåíó áóäåò ñîîòâåòñòâîâàòü âåêòîð

(cn−1, c0, ..., cn−2). Ïî îïðåäåëåíèþ èäåàëà, åñëè I èäåàë, òî ïðîèçâåäåíèå ëþáîãî ýëåìåíòà

èç I íà ëþáîé ýëåìåíò èç Rn áóäåò äàâàòü ýëåìåíò èç I, è ïîñêîëüêó xc(x) � öèêëè÷åñêèé

ñäâèã âåêòîðà, òî I � öèêëè÷åñêîå ïîäïðîñòðàíñòâî.

Ïóñòü g(x) � íîðìèðîâàííûé ìíîãî÷ëåí íàèìåíüøåé ñòåïåíè, òàêîé, ÷òî êëàññ âû÷å-

òîâ {g(x)} ïðèíàäëåæèò èäåàëó J . Åñëè f(x) � ìíîãî÷ëåí ñòåïåíè, ìåíüøå ÷åì n, êîòîðûé

äåëèòñÿ íà g(x), òî êëàññ âû÷åòîâ {f(x)} ïðèíàäëåæèò J , è, íàîáàðîò, åñëè {f(x)} ïðèíàä-
ëåæèò èäåàëó J , òî ìíîãî÷ëåí f(x) äåëèòñÿ íà ìíîãî÷ëåí g(x). Êðîìå òîãî, ìíîãî÷ëåí xn−1

äåëèòñÿ íà g(x), è ëþáîé íîðìèðîâàííûé ìíîãî÷ëåí, íà êîòîðûé äåëèòñÿ xn − 1, ïîðîæ-

äàåò ñâîé èäåàë â Rn. Ìíîãî÷ëåí g(x) íàçûâàåòñÿ ìíîãî÷ëåíîì, ïîðîæäàþùèì èäåàë (èëè

îáðàçóþùèì ìíîã÷ëåíîì).

Òåîðåìà 4. Ïóñòü f(x) = g(x)h(x), ãäå f(x) � ìíîãî÷ëåí ñòåïåíè n, à h(x) � ìíîãî÷ëåí

ñòåïåíè k. Òîãäà èäåàë, ïîðîæäåííûé êëàññîì âû÷åòîâ {g(x)} â àëãåáðå ìíîãî÷ëåíîâ ïî

ìîäóëþ f(x), èìååò ðàçìåðíîñòü k.
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Äîêàçàòåëüñòâî. Â èäåàëå, êîòîðûé ÿâëÿåòñÿ íåêîòîðûì ïîäïðîñòðàíñòâîì, âåêòîðû

{g(x)}, {xg(x)}, ..., {xk−1g(x)} ëèíåéíî íåçàâèñèìû, èáî ëþáàÿ ëèíåéíàÿ êîìáèíàöèÿ ýòèõ

âåêòîðîâ èìååò âèä {(a0 + ... + ak−1x
k−1)g(x)} è îòëè÷íà îò íóëÿ, òàê êàê êàæäûé êëàññ

âû÷åòîâ ñîäåðæèò íåêîòîðûé ìíîãî÷ëåí ñòåïåíè, ìåíüøåé n. Áîëåå òîãî, åñëè {s(x)} ïðè-
íàäëåæèò èäåàëó, ìíîãî÷ëåí s(x) äåëèòñÿ íà g(x), à åñëè s(x) � ìíîãî÷ëåí íàèìåíüøåé

ñòåïåíè â ñâîåì êëàññå âû÷åòîâ, òî åãî ñòåïåíü ìåíüøå n. Òàêèì îáðàçîì,

s(x) = g(x)q(x) = g(x)(q0 + q1x+ ...+ qk−1x
k−1)

è

{s(x)} = q0{g(x)}+ q1{xg(x)}+ ...+ qk−1{xk−1g(x)},

òàê ÷òî k âåêòîðîâ {g(x)}, {xg(x)}, ..., {xk−1g(x)} ïîðîæäàþò èäåàë. Ñëåäîâàòåëüíî, ðàçìåð-
íîñòü èäåàëà ðàâíà k.

Èòàê, öèêëè÷åñêèé êîä ïîëíîñòüþ çàäàåòñÿ ìíîãî÷ëåíîì g(x), íà êîòîðûé äåëèòñÿ ìíî-

ãî÷ëåí xn−1. Ñ äðóãîé ñòîðîíû, ýòîò æå êîä ìîæåò áûòü ïîëíîñòüþ îïðåäåëåí óñëîâèåì, ÷òî

îí ÿâëÿåòñÿ íóëåâûì ïðîñòðàíñòâîì èäåàëà, ïîðîæäåííîãî ìíîãî÷ëåíîì h(x) = (xn−1)/g(x).
Åñëè g(x) � ìíîãî÷ëåí ñòåïåíè r, òî ïî ïðåäûäóùåé òåîðåìå ðàçìåðíîñòü êîäà ðàâíà k =

n − r. Ýëåìåíò {f(x)} ïðèíàäëåæèò êîäó òîãäà è òîëüêî òîããäà, êîãäà ìíîãî÷ëåí f(x) äå-

ëèòñÿ íà g(x).

Ìíîãî÷ëåí h(x) íàçûâàåòñÿ ïðîâåðî÷íûì ìíîãî÷ëåíîì äëÿ êîäà C, ïîðîæäåííîãî ìíî-

ãî÷ëåíîì g(x). Ïîñêîëüêó xn− 1 äåëèòñÿ íà h(x), òî ìíîã÷ëåí h(x) ìîæåò áûòü èñïîëüçîâàí

â êà÷åñòâå ìíîã÷ëåíà, ïîðîæäàþùåãî öèêëè÷åñêèé êîä. Ýòîò ïîñëåäíèé êîä ýêâèâàëåíòåí

êîäó, äâîéñòâåííîìó ê êîäó C, è â òåîðèè öèêëè÷åñêèõ êîäîâ åãî îáû÷íî íàçûâàþò ïðîñòî

êîäîì, äâîéñòâåííûì ê êîäó C.

Ïðèìåð. Ïóñòü çàäàí ìíîãî÷ëåí x7 − 1 = (x− 1)(x3 + x+ 1)(x3 + x2 + 1) íàä ïîëåì Ãàëóà

GF (2). Ìíîãî÷ëåí g(x) = x3 + x2 + 1 ïîðîæäàåò öèêëè÷åñêèé (7, 4)�êîä. Ýëåìåíòû

{x3g(x)} = (1101000), {x2g(x)} = (0110100), {xg(x)} = (0011010), {g(x)} = (0001101)

G =


1101000

0110100

0011010

0001101


ìîæíî âûáðàòü â êà÷åñòâå áàçèñíûõ âåêòîðîâ, è, ñëåäîâàòåëüíî, ìàòðèöó G ìîæíî âûáðàòü â

êà÷åñòâå ïîðîæäàþùåé ìàòðèöû äëÿ ýòîãî êîäà. Ýòîò êîä ÿâëÿåòñÿ íåëåâûì ïðîñòðàíñòâîì

èäåàëà, ïîðîæäåííîãî ìíîãî÷ëåíîì h(x) = (x− 1)(x3 + x+ 1) = x4 + x3 + 1

{x2h(x)} = (1110100), {xh(x)} = (0111010), {xh(x)} = (0011101).

Ïîñêîëüêó, óñëîâèÿ ðàâåíñòâà íóëþ ïðîèçâåäåíèÿ ìíîãî÷ëåíîâ è ñêàëÿðíîãî ïðîèçâå-

äåíèÿ ñîîòâåòñòâóþùèõ âåêòîðîâ íå ñîâïàäàþò, òî ðàññìàòðèâàåìûé êîä ÿâëÿåòñÿ íóëåâûì
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ïðîñòðàíñòâîì ìàòðèöû H, îáðàçîâàííûé âåêòîðàìè {x2h(x)}, {xh(x)}, {xh(x)}, êîìïîíåíòû
êîòîðûõ çàïèñàíû â îáðàòíîì ïîðÿäêå:

P =


0010111

0101110

1011100

 .
Ëåãêî ïðîâåðèòü, ÷òî GHT = 0.

Ìàòðè÷íîå îïèñàíèå öèêëè÷åñêèõ êîäîâ

Íàèáîëåå ýëåìåíòàðíûé ñïîñîá ïðåäñòàâëåíèÿ öèêëè÷åñêèõ êîäîâ ñ ïîìîùüþ ìàòðèö áûë

ïðîèëëþñòðèðîâàí â ïðåäûäóùåì ðàçäåëå. Åñëè ìíîãî÷ëåí g(x) = arx
r + ar−1x

r−1 + ... +

a0 ïîðîæäàåò êîä, òî âñå âåêòîðû {xn−r−1g(x)}, {xn−r−2g(x)}, ..., {g(x)} ÿâëÿþòñÿ êîäîâûìè

âåêòîðàìè. Òàêèì îáðàçîì, êîäîâûìè âåêòîðàìè ÿâëÿþòñÿ âñå ñòðîêè ñëåäóþùåé ìàòðèöû:

G =


ar ar−1 . . . a0 0 . . . . 0

0 ar ar−1 . . . a0 0 . . . 0
...

...
...

...
...

...
. . .

...

0 0 . . . 0 ar ar−1 . . . a0


Î÷åâèäíî, ÷òî ñòðîêè ýòîé ìàòðèöû ëèíåéíî íåçàâèñèìû, à åå ðàíã, ñîâïàäàþùèé ñ ðàçìåð-

íîñòüþ êîäà, ðàâåí n− r.

Óñëîâèìñÿ â ñëåäóþùåì. Â ëþáîì öèêëè÷åñêîì êîäå ïåðâûå k ñèìâîëîâ, ò.å. êîýôôèöè-

åíòû ïðè xn−1, xn−2, ..., xn−k, áóäóò âñåãäà âûáèðàòüñÿ â êà÷åñòâå èíôîðìàöèîííûõ ñèìâîëîâ,

à ïîñëåäíèå n− k ñèìâîëîâ, ò.å. êîýôôèöèåíòû ïðè xn−k−1, xn−k−2, ..., 1, � â êà÷åñòâå ïðîâå-

ðî÷íûõ ñèìâîëîâ.

Ïîðîæäàþùàÿ ìàòðèöà ëþáîãî öèêëè÷åñêîãî êîäà ìîæåò áûòü ñëåäóþùèì îáðàçîì ïðè-

âåäåíà ê ìîäèôèöèðîâàííîé ïðèâåäåííî-ñòóïåí÷àòîé ôîðìå. Ïóñòü ri(x) � îñòàòîê îò äåëå-

íèÿ xi íà ìíîã÷ëåí g(x):

xi = g(x)qi(x) + ri(x).

Òîãäà ìíîãî÷ëåíû

xi − ri(x) = g(x)qi(x)

ÿâëÿþòñÿ êîäîâûìè âåêòîðàìè. Åñëè ýòè ìíîãî÷ëåíû ïðè i = n− 1, − 2, ..., n− k âûáðàòü â
êà÷åñòâå ñòðîê ïîðîæäàþùåé ìàòðèöû, òî

G =
[
Ik,−R

]
,

ãäå Ik � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè k×k, à −R � ìàòðèöà ðàçìåðíîñòè k× (n−k), j-é
ñòðîêîé êîòîðîé ÿâëÿåòñÿ âåòîð èç êîýôôèöèåíòîâ ìíîãî÷ëåíà −rn−j(x). Òîãäà êîä ÿâëÿåòñÿ
òàêæå íóëåâûì ïðîñòðàíñòâîì ìàòðèöû

H =
[
RT , In−k

]
,
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ïðè÷åì j-ÿ ñòðîêà ìàòðèöû HT ÿâëÿåòñÿ âåêòîðîì êîýôôèöèåíòîâ ìíîãî÷ëåíà rn−j(x) äàæå

ïðè j ≤ n− k.

Ïîñòðîåíèå öèêëè÷åñêîãî êîäà â ñèñòåìå Wolfram Mathematica

Êàê áûëî îïèñàíî, ñ öèêëè÷åñêèìè êîäàìè ïðîùå âñåãî ðàáîòàòü ïðåäñòàâèâ èõ â âèäå ìíî-

ãî÷ëåíà. Ïî ñâîåé ñòðóêòóðå öèêëè÷åñêèé êîä ïðîùå, íåæåëè ëèíåéíûé. Äëÿ ïîñòðîåíèÿ

äîñòàòî÷íî çíàòü ïîëå è ïîðîæäàþùèé ìíîãî÷ëåí.

Ïðèâåäó êîä äëÿ ðåàëèçàöèè:

"Âêëþ÷èòü ðàñïàðàëëåëèâàíèå" Checkbox [ Dynamic [ Para l l e lOn ] ]

InputF ie ld [ Dynamic [ q ] , Number , F ie ldHint −> "Ââåäèòå q " ]

InputF ie ld [ Dynamic [ g ] ]

Ïîñëå âûïîëíåíèÿ ýòîãî êîäà îòîáðàçèòñÿ "÷åêáîêñ"âêëþ÷àþùèé èëè îòêëþ÷àþùèé ðàñ-

ïàðàëëåëèâàíèå, ïîëå äëÿ ââîäà "Ïîëÿ"è ïîëå äëÿ ââîäà ïîðîæäàþùåãî ìíîãî÷ëåíà.

Çàïîëíÿåì èõ. Ýòèõ äàííûõ äîñòàòî÷íî äëÿ ïîñòðîåíèÿ öèêëè÷åñêîãî êîäà.

Ñëåäóþùèì øàãîì íàäî ïîñòðîèòü ïîðîæäàþùóþ è ïðîâåðî÷íóþ ìàòðèöó. Êîä âûïîë-

íÿþùèé ýòè ôóíêöèè âûãëÿäèò ñëåäóþùèì îáðàçîì:

Button [ "Âû÷èñëèòü" ,

DoMatrix [ ] ;

Pr int [ " n = " , n ] ;

Pr int [ "Ïîðîæäàþùàÿ ìàòðèöà èìååò âèä " , MatrixForm [G ] ] ;

H = Reverse [Mod[ NullSpace [G] , q ] ] ;

k = Length [G] ;

Pr int [ " Ïðîâåðî÷íàÿ ìàòðèöà èìååò âèä " , MatrixForm [H ] ] ;

]

Ïðè íàæàòèè êíîïêè âû÷èñëèòü âûçûâàåòñÿ ìîäóëü, êîòîðûé ñòðîèò ïîðîæäàþùóþ ìàò-

ðèöó:

DoMatrix [ ] := Module [ { i , r e s } ,

For [ n = 1 ,

Not [ Length [
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Co e f f i c i e n t L i s t [

PolynomialRemainder [ x^n − 1 , g , x , Modulus −> q ] , x ] ] == 0 ] , n++];

G = {} ;

r e s = Length [ C o e f f i c i e n t L i s t [ g , x ] ] ;

For [ i = 1 , i <= n − Exponent [ g , x ] , i++,

v = RandomChoice [ {0} , n ] ;

v [ [ i ; ; r e s + i − 1 ] ] = Co e f f i c i e n t L i s t [ g , x ] ;

G = Append [G, v ] ;

]

]

Ïåðâî-íàïåðâî ñèñòåìà íàõîäèò äëèíó êîäîâûõ ñëîâ öèêëè÷åñêîãî êîäà. Ïðîãðàììà áåðåò

ìíîãî÷ëåí xn − 1, ãäå n = 1, ðàñêëàäûâàåò ýòîò ìíîãî÷ëåí íà ìíîæèòåëè òàêèì îáðàçîì,

÷òîáû ïîðîæäàþùèé ìíîãî÷ëåí áûë îäíèì èç ýòèõ ìíîæèòåëåé, íî ïðè ýòîì îñòàòîê äîë-

æåí áûòü ðàâåí íóëþ. Åñëè æå ïîëèíîì íå ðàñêëàäûâàåòñÿ óâåëè÷èâàåò n íà åäèíèöó è òàê

äî òåõ ïîð, ïîêà íå áóäåò ìíîãî÷ëåí xn − 1 íå áóäåò ðàçëîæåí íà ìíîæèòåëè áåç îñòàòêà.

Äàëåå ñîçäàåòñÿ ïóñòîå ìíîæåñòâî G, ïîðîæäàþùèé ìíîãî÷ëåí ïðåäñòàâëÿåòñÿ â âèäå êîýô-

ôèöèåíòîâ (ïîëó÷èòñÿ âåêòîð) è íàõîäèòñÿ ÷èñëî ýëåìåíòîâ â âåêòîðå res. Ýòà èíôîðìàöèÿ

âñïîìîãàòåëüíàÿ, îíà íåîáõîäèìà äëÿ ïîñòðîåíèÿ ñòðîê ïîðîæäàþùåé ìàòðèöû.

Ñèñòåìà ñòðîèò íóëåâîé âåêòîð äëèíû n è ïåðâûå res ýëåìåíòîâ çàìåíÿåò ïîðîæäàþùèì

ìíîãî÷ëåíîì (â âåêòîðíîé ôîðìå). Ïîëó÷åííûé âåêòîð áóäåò ïåðâîé ñòðîêîé ïîðîæäàþùåé

ìàòðèöû. Äàëåå ôîðìèðóåò âòîðóþ ñòðîêó ñäâèíóâ ïîðîæäàþùèé ìíîãî÷ëåí íà åäèíèöó

âïðàâî. Ïåðâûé ýëåìåíò âåêòîðà îáíóëÿåòñÿ. È òàê n − r − 1 ðàç, ãäå r = deg(g). Â èòîãå,

ïîëó÷àåì ïîðîæäàþùóþ ìàòðèöó ðàçìåðà k × n, ãäå k = n− r − 1 è ïðîâåðî÷íóþ ìàòðèöó.

Ìåòîäû ïîñòðîåíèÿ êîäà, òàáëèöû ñèíäðîìîâ è ò.ä. èäåíòè÷íû ìåòîäàì ëèíåéíîãî êîäà,

ïîýòîìó ïîäðîáíî îïèñûâàòü èõ íå áóäó, íî ðåçóëüòàòû ïðèâåäó.
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Îøèáêè ìîæíî íàõîäèòü è èñïðàâëÿòü òàê æå êàê è â ñëó÷àå ñ ëèíåéíûìè êîäàìè. Íî

åñòü è äðóãîé ñïîñîá ñäåëàòü ýòî, êîòîðûé îïèñàí â ñëåäóþùåé ãëàâå.

Àëüòåðíàòèâíîå îáíàðóæåíèå è èñïðàâëåíèå îøèáîê

Îïèñàíèå ìåòîäà îáíàðóæåíèÿ è èñïðàâëåíèÿ îøèáîê öèêëè÷åñêèõ êîäîâ.

Äëÿ äåêîäèðîâàíèÿ öèêëè÷åñêîãî êîäà, íåîáõîäèìî ïðèíÿòóþ êîìáèíàöèþ c(x) ðàçäåëèòü
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íà îáðàçóþùèé ìíîãî÷ëåí g(x). Åñëè îñòàòîê R(x) 6= 0, òî ïðè ïåðåäà÷å âîçíèêëà îøèáêà. Â

ýòîì ñëó÷àå îïðåäåëÿåì âåñ w îñòàòêà. Åñëè w ≤ t, ãäå t � ÷èñëî èñïðàâëÿåìûõ îøèáîê, òî

êîìáèíàöèþ íåîáõîäèìî ñëîæèòü ñ îñòàòêîì. Ïîëó÷åííàÿ êîìáèíàöèÿ áóäåò âåðíûì ìíîãî-

÷ëåíîì.

Åñëè w > t, òî öèêëè÷åñêè ñäâèãàåì c(x) âëåâî è ñíîâà ïîëó÷åííóþ êîìáèíàöèþ äåëèì

íà g(x). Ñðàâíèâàåì w è t. Åñëè w > t ïîâòîðÿåì ïîêà w ñòàíåò íå áîëüøå t. ×åðåç n ñäâè-

ãîâ w ≤ t è êîãäà ýòî âûïîëíèòñÿ, íåîáõîäèìî ñäâèíóòü êîìáèíàöèþ ñëîæåííóþ ñ îñòàòêîì

âïðàâî íà n ïîçèöèé.

Ïðèìåð. c(x) = 1101110, g(x) = 1011, t = 1.

c(x)

g(x)
= r(x) = 111 => w = 3

Âåñ w îñòàòêà áîëüøå ÷åì ÷èñëî èñïðàâëÿåìûõ îøèáîê, ïîýòîìó ñäâèãàåì c(x) âëåâî íà 1

ïîçèöèþ.

w > t =>
1011101

g(x)
= r(x) = 101 => w = 2

Åùå ðàç:
0111011

g(x)
= r(x) = 001 => w = 1

Âåñ ðàâåí ÷èñëó èñïðàâëÿåìûõ îøèáîê, ïîýòîìó 0111011 + 001 = 0111010 = u(x) ñâäèãàåì

u(x) âïðàâî íà 2 ïîçèöèè è ïîëó÷àåì âåðíóþ êîìáèíàöèþ: 1001110

Îáíàðóæåíèå è èñïðàâëåíèå îøèáêè â Wolfram Mathematica

Â ñëó÷àå ñ öèêëè÷åñêèìè êîäàìè èìååòñÿ äâà ñïîñîáà èñïðàâëåíèÿ îøèáêè. Ïåðâûé òàêîé

æå êàê è ñ ëèíåéíûì êîäîì ÷åðåç òàáëèöó ñèíäðîìîâ. Ðàññìàòðèâàòü ýòîò ñëó÷àé íå áóäåì.

Áîëåå ïîäðîáíî ðàçáåðåì ñïîñîá, êîòîðûé ðàçáèðàëè âûøå.

Êîä àëüòåðíàòèâíîãî ñïîñîáà äåêîäèðîâàíèÿ.
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Ïðîðèñîâûâàåòñÿ ôîðìà äëÿ ââîäà äàííûõ. Â ïåðâîå ïîëå ââîäèì ïîëå â êîòîðîì ñèñòåìà

áóäåò ðàáîòàòü, äëÿ äåìîíñòðàöèè ââåë Z2. Âî âòîðîå ïîëå � êîëè÷åñòâî îøèáîê, êîòîðûå

íóæíî èñïðàâèòü, â òðåòüå îáðàçóþùèé ìíîãî÷ëåí è â ÷åòâåðòîå ïðèíÿòîå "ñîîáùåíèå".

Ïðè àêòèâàöèè êíîïêè äåêîäèðîâàòü ñðàáàòûâàåò ñëåäóþùèé ìîäóëü:
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Ñíà÷àëà íåîáõîäèìî îïðåäåëèòü äëèíó êîäîâûõ ñëîâ (n). Äëÿ ýòîãî ñèñòåìà ñòðîèò ïî-

ëèíîì xn−1, ãäå n = 1 è ðàñêëàäûâàåò áåç îñòàòêà òàêèì îáðàçîì, ÷òîáû ñðåäè ìíîæèòåëåé

áûë îáðàçóþùèé ìíîãî÷ëåí. Åñëè íå ðàñêëàäûâàåòñÿ èëè ðàñêëàäûâàåòñÿ ñ îñòàòêîì, ÷èñëî

n óâåëè÷èâàåòñÿ íà åäèíèöó. ×åðåç êîíå÷íîå ÷èñëî øàãîâ ïîëó÷èòñÿ ïîëèíîì, êîòîðûé ðàç-

ëîæèòñÿ áåç îñòàòêà è íàéäåì ÷èñëî n. Èìååòñÿ ÷èñëî r � ñòåïåíü îáðàçóþùåãî ìíîãî÷ëåíà,

ò.î. ðàçìåð ïîðîæäàþùåé ìàòðèöû áóäåò n − r × n. Ìîæåì ïîñòðîèòü ìàòðèöû è êîä. Íî

ìåòîä ïîçâîëÿåò äåêîäèðîâàòü áåç èñïîëüçîâàíèÿ êîäà.

Ïîëó÷åííûé ïîëèíîì äåëèòñÿ íà îáðàçóþùèé ìíîãî÷ëåí, îïðåäåëÿåòñÿ âåñ îñòàòêà w è

åñëè w > t, öèêëè÷åñêè ñäâèãàåòñÿ ïîëó÷åííûé ïîëèíîì è îïÿòü äåëèòñÿ. Ñèñòåìà ñíîâà

ïðîâåðÿåò óñëîâèå w > t, åñëè âåðíî ïîâòîðÿåò îïèñàííóþ ïðîöåäóðó. Ïðè ýòîì ÷èñëî ñäâè-

ãîâ l õàðíèòñÿ â ïåðåìåííîé. ×åðåç êîíå÷íîå ÷èñëî øàãîâ áóäåò âûïîëíåíî óñëîâèå w ≤ t.

Êîíå÷íûé ïîëíèíîì öèêëè÷åñêè ñäâèãàåò â îáðàòíóþ ñòîðîíó íà l ïîçèöèé è ïîëó÷àåòñÿ

âåðíîå êîäîâîå ñëîâî.

Ðåçóëüòàò ðàáîòû ýòîãî ìîäóëÿ:
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Ñðàâíåíèå ðåçóëüòàòîâ

Â õîäå ðàáîòû ÿ âçÿë ïîðîæäàþùóþ ìàòðèöó ðàçìåðà 11× 15 äëÿ öèêëè÷åñêîãî è ëèíåéîãî

êîäà è ñòðîèë êîäû â ïðîñòðàíñòâàõ Z2, Z3, ..., Z12 â îáû÷íîì ðåæèìå è â ðåæèìå ñ ðàñïà-

ðàëëåëèâàíèåì. Ñ÷èòàë âðåìÿ, êîòîðîå çàòðà÷èâàåòñÿ íà ïîñòðîåíèå.

Ðåçóëüòàòû ÿ îòðàçèë â ñëåäóþùåì ãðàôèêå:

Ïî îñè àáñöèññ ïðîñòðàíñòâî Zn, ïî îñè îðäèíàò � âðåìÿ. Èñõîäÿ èç ýòîãî ãðàôèêà ìîæíî

ñêàçàòü, ÷òî äî ïðîñòðàíñòâà Z8 ðàñïàðàëëåëèâàíèå ïðîöåññîâ ðàáîòàåò â óùåðá è ñâÿçàíî

ýòî ñ òåì, ÷òî ñèñòåìå äî íà÷àëà ðàáîòû êîäà íåîáõîäèìî "ðàñïðåäåëèòü íàãðóçêó à íà ýòî

íóæíî âðåìÿ. Ò.å. ïðè ðàáîòå ñ íåáîëüøèìè êîäàìè ðàñïàðàëëåëèâàíèå íå ýôôåêòèâíî, à

óæå â ïðîñòðàíñòâàõ áîëüøå Z8 ýôôåêòèâíîñòü íà ëèöî. ß ïðîâåë âû÷èñëåíèÿ è â ïðîöåíòàõ

îïðåäåëèë ýòî çíà÷åíèå.
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Äî ïðîñòðàíñòâà Z8 − 0%, à ïîñëå íåå

â Z10 è äëÿ öèêëè÷åñêîãî è äëÿ ëèíåéíîãî êîäà â ñðåäíåì 70%

â Z12 äëÿ ëèíåéíîãî êîäà 79.5%

â Z12 äëÿ öèêëè÷åñêîãî êîäà 89.6%

Òî÷êà ïåðåõîäà äëÿ ðàçíûõ êîäîâ ðàçíûé. Îíà çàâèñèò îò ðàçìåðîâ ïîðîæäàþùåé ìàò-

ðèöû è ïðîñòðàíñòâà â êîòîðîì îñóùåñòâëÿþòñÿ âû÷èñëåíèÿ. ß ïûòàëñÿ îïðåäåëèòü ýòó çà-

êîíîìåðíîñòü, äëÿ ýòîãî âçÿë äàííûå ìàëåíüêèõ ðàçìåðîâ è ñòðîèë êîä. Âðåìÿ çàòðà÷åííîå

íà ïîñòðîåíèå âñåãäà ðàâíÿëîñü íóëþ. À ñòðîèòü áîëüøèå êîäû íå óäàëîñü, ò.ê. íå õâàòè-

ëî ðåñóðñîâ êîìïüþòåðà. Èíîãäà âû÷èñëåíèÿ ïðîõîäèëè ñóòêàìè, à ðåçóëüòàò íå ïîëó÷àë,

ïîòîìó ÷òî êîìüþòåð âûêëþ÷àëñÿ îò ïåðåãðåâà.
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Çàêëþ÷åíèå

Èòàê, â ðàáîòå áûëè ïðîäåìîíñòðèðîâàíû ìåòîäû òåîðèè êîäèðîâàíèÿ â êîìïüþòåðíîé ñè-

ñòåìå Wolfram Mathematica, ðàáîòà ôóíêöèè ðàñïàðàëëåëèâàíèÿ è âûñ÷èòàíû ïðèìåðíîå

âðåìÿ âûïîëíåíèÿ. Óäàëîñü âûÿñíèòü, ÷òî ïîñòðîåíèå êîäà äî íåêîòîðîãî ïðîñòðàíñòâà

(îáîçíà÷èì Zn) ñ âêëþ÷åííîé ôóíêöèåé ðàñïàðàëëåëèâàíèÿ âûïîëíÿåòñÿ äîëüøå, íåæåëè

â îáû÷íîì ðåæèìå è ýòî ñâÿçàíî ñ òåì, ÷òî äî íà÷àëà âûïîëíåíèÿ ôóíêöèé ìåòîäîâ ñè-

ñòåìà, ãðóáî ãîâîðÿ, ðàñïðåäåëÿåò íàãðóçêó ìåæäó ïðîöåññîðàìè è íà ýòî ïðîãðàììå òîæå

íóæíî âðåìÿ. À ïðè ïîñòðîåíèè êîäà â ïîëÿõ, êîòîðûå ñîñòîÿò èç ýëåìåíòîâ áîëüøå, ÷åì â

Zn êàðòèíà ìåíÿåòñÿ â îáðàòíóþ ñòîðîíó.

Ïîìèìî ïðîãðàììû îïèñàííîé â ðàáîòå, èìååòñÿ, òàê íàçûâàåìàÿ, "ïîëüçîâàòåëüñêàÿ"âåðñèÿ.

Å¼ ÿ íàïèñàë â êà÷åñòâå áîíóñà è íå ìîãó íå ñêàçàòü ïàðó ñëîâ î íåé. ß ïëàíèðîâàë ðàçìå-

ñòèòü ýòó ïðîãðàììó â èíòåðíåòå äëÿ ðàáîòû ÷åðåç áðàóçåð, ÷òîáû êàæäûé æåëàþùèé áåç

ïðåïÿòñòâèé ìîã âîñïîëüçîâàòüñÿ åþ. Äëÿ ýòîãî Wolfram Research âûïóñòèëà ïðîãðàììó,

êîòîðàÿ íàçûâàåòñÿ CDFreader (óñòàíàâëèâàåòñÿ êàê ðàñøèðåíèå áðàóçåðà). Ïîñëå åå óñòà-

íîâêè âîçìîæíî ÷òåíèå "äèíàìè÷åñêèõ äîêóìåíòîâ". Ê ñîæàëåíèþ, â íàñòîÿùåå âðåìÿ, íå

âñå ìåòîäû êîòîðûå áûëè èñïîëüçîâàíû â ìîåì ïðèëîæåíèè ïîääåðæèâàþòñÿ ïðîãðàììîé.

Ïî ýòîìó ïîâîäó ÿ ñâÿçûâàëñÿ ñ ñåðòèôèöèðîâàííûì èíñòðóêòîðîì è îôèöèàëüíûì ïðåä-

ñòàâèòåëåì êîìïàíèè Wolfram Research. Îí ñêàçàë, ÷òî ðàáîòû â ýòîì íàïðàâëåíèè âåäóòñÿ.

Ìîæåò áûòü, ñêîðî è ïîëó÷èòñÿ ðåàëèçîâàòü òàêîé ôóíêöèîíàë... Ê ñëîâó, âåðñèÿ Wolfram

Mathematica äëÿ ipad, åñëè ÿ íå îøèáàþñü, ðàçðàáàòûâàåòñÿ òðåòèé ãîä. Ýòó ïðîãðàììó ÿ

âñ¼ ðàâíî âûëîæó â îòêðûòûé äîñòóï.
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Ëèñòèíã

Îïèñàíèå èñïîëüçîâàííûõ ôóíêöèé Mathematica

Ãðàôè÷åñêèå ôóíêöèè:

• Button["Òåêñò êíîïêè äåéñòâèå] - ñîçäàåò êíîïêó, ïðè àêòèâàöèè êîòîðîé ïðîèñõîäèò

äåéñòâèå.

• Checkbox[x] - ïðåäñòàâëÿåò ôëàæîê. Åñëè îí óñòàíîâëåí x = True, èíà÷å False.

• Dynamic[x] - ïåðåìåííàÿ x îáíîâëÿåòñÿ äèíàìè÷åñêè.

• InputField[x, Number] - ñîçäàåò ïîëå ââîäà, ñîäåðæèìûì êîòîðîãî áóäåò ÷èñëî.

• Grid[{x1, x2, ..., xn}, {y1, y2, ..., yn}, ...] - ñòðîèò òàáëèöó, ãäå â ïåðâîé ñòðîêå x, âî âòîðîé
y...

• Print[] - âûâîä íà ýêðàí.

Ïðî÷èå ôóíêöèè:

• Append[X,y] - äîáàâëÿåò â ìíîæåñòâî X, ýëåìåíò y.

• Cases[a,b,a,c, Except[a]] - âîçâðàùàåò ýëåìåíò áåç a.

• Coe�cientList[f[x,y], x] - âîçâðàùàåò êîýôôèöèåíòû ôóíêöèè f ïðè x.

• Count[a, b, a, a, b, c, b, b] - âîçâðàùàåò ÷èñëî âõîæäåíèé b.

• Exponent[f[x,y], x] - âîçâðàùàåò ìàêñèìàëüíóþ ñòåïåíü ôóíêöèè f ïðè x.

• F[x,...] = Module[y,..., ] - ôóíêöèÿ, êîòîðóþ ìîæíî âûçâàòü, ïåðåäàâ ïàðàìåòðû â x. Â

ìîäóëå ïåðåìåííûå, äîñòóïíûå òîëüêî âíóòðè íåå, à ïîñëå çàïÿòîé îïèñàíèå äåéñòâèé.

• Head[x] - âîçâðàùàåò òèï çíà÷åíèÿ ïåðåìåííîé x.

• IdentityMatrix[] - ôîðìèðóåò åäèíè÷íóþ ìàòðèöó.

• Length[H] - âîçâðàùàåò äëèíó H.

• Min[] - íàõîäèò ìèíèìóì.
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• Mod[x, n] - âîçâðàùàåò ÷èñëî îò x ïî ìîäóëþ n.

• NullSpace[M] - íàõîäèò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé ìàòðèöû M.

• PolynomialRemainder[p,q,x] - âîçâðàùàåò îñòàòîê îò äåëåíèÿ p íà q ïî x.

• Position[a, b, a, a, b, c, b, b] - âîçâðàùàåò ïîçèöèè b.

• RandomChoice[list,n] - âîçâðàùàåò ñïèñîê ñëó÷àéíûõ ýëåìåíòîâ.

• RandomInteger[] - ñîçäàåò ñëó÷àéíîå öåëîå ÷èñëî.

• Reverse[x,y] - âîçâðàùàåò ýëåìåíòû â îáðàòíîì ïîðÿäêå.

Ëèíåéíûé êîä

In [ 9 ] := "Ïðîâåðî÷íàÿ ìàòðèöà" Checkbox [ Dynamic [ ProverMatrica ] ]

"Âêëþ÷èòü ðàñïàðàëëåëèâàíèå" Checkbox [ Dynamic [ Para l l e lOn ] ]

InputF ie ld [ Dynamic [ q ] , Number , F ie ldHint −> "Ââåäèòå q " ]

InputF ie ld [ Dynamic [ k ] , Number , F ie ldHint −> "Ââåäèòå k " ]

InputF ie ld [ Dynamic [ n ] , Number , F ie ldHint −> "Ââåäèòå n " ]

{

Button [ "Âû÷èñëèòü" ,

DoMatrix [ ] ;

Ca l cu la teMatr i c e s [ ] ;

Pr int [ Column [{"Ïðîâåðî÷íàÿ ìàòðèöà " MatrixForm [H] ,

"Ïîðîæäàþùàÿ ìàòðèöà " MatrixForm [G ] } ] ] ;

] ,

Button [ " Ïîêàçàòü êîä" ,

DoLCod [ ] ;

Pr int [ LCodTable ] ;

] ,

Button [ "Ìèíèìàëüíûé âåñ " ,

DoMDist [ ] ;

Pr int [ "Ìèíèìàëüíûé âåñ êîäà ðàâåí " , LCodMin ] ;

Pr int [ " Âåêòîð : " ,

LCodTable [ [ Po s i t i on [ MnojestvoMinim , LCodMin ] [ [ 1 , 1 ] ] + 1 ] ] ] ;

] ,

Button [ " Òàáëèöà ñèíäðîìîâ " ,

DoSkTable [ ] ;

Pr int [ " Òàáëèöà ñèíäðîìîâ è ñîîòâåòñòâóþùèõ ëèäåðîâ ñìåæíûõ êëàññîâ \

" , Grid [{{ Grid [ Sindrom ] , Grid [ LiderSK ]}} , Frame −> Al l ] , " ; " ] ;

]
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}

{Button [ " Îòïðàâèòü" ,

Clear [ Otpravlen , GetVector ] ;

Otpravlen = RandomChoice [ LCodTable ] ;

Pr int [ " Îòïðàâëåí : " , Otpravlen ] ;

SendVector [ Po s i t i on [ LCodTable , Otpravlen ] [ [ 1 , 1 ] ] ] ;

Pr int [ "Ïîëó÷åí : " , GetVector ] ;

] ,

Button [ " Èñïðàâèòü " ,

RepairVector [ ] ;

Pr int [ "Áûë îòïðàâëåí : " , GetVector ] ;

]

}

{

Button [ " Ïîäñ÷èòàòü âðåìÿ" ,

Vremya = 0 ;

I f [ Paral le lOn ,

Vremya = Timing [ Para l l e lDo [ DoMatrix [ ] , { 1 } ] ] [ [ 1 ] ] ;

Vremya += Timing [ Para l l e lDo [ Ca l cu la t eMatr i c e s [ ] , { 1 } ] ] [ [ 1 ] ] ;

Vremya += Timing [ Para l l e lDo [DoLCod [ ] , { 1 } ] ] [ [ 1 ] ] ;

Vremya += Timing [ Para l l e lDo [ DoMDist [ ] , { 1 } ] ] [ [ 1 ] ] ;

Vremya += Timing [ Para l l e lDo [ DoSkTable [ ] , { 1 } ] ] [ [ 1 ] ] ;

Pr int [ "Âðåìÿ ðàáîòû " , Vremya ] ;

,

Vremya = Timing [ DoMatrix [ ] ] [ [ 1 ] ] ;

Vremya += Timing [ Ca l cu la t eMatr i c e s [ ] ] [ [ 1 ] ] ;

Vremya += Timing [DoLCod [ ] ] [ [ 1 ] ] ;

Vremya += Timing [ DoMDist [ ] ] [ [ 1 ] ] ;

Vremya += Timing [ DoSkTable [ ] ] [ [ 1 ] ] ;

Pr int [ "Âðåìÿ ðàáîòû " , Vremya ] ;

]

] ,

Button [ " Î÷èñòèòü " ,

Clear [H, G, LCodTable , LCodMin , MnojestvoMinim , Sindrom , LiderSK ]

]

}

Out [9 ]= "Ïðîâåðî÷íàÿ ìàòðèöà" \ !\ (\∗
CheckboxBox [ Dynamic [ $Cel lContext ` ProverMatrica ] ] \ )
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Out [10]= "Âêëþ÷èòü ðàñïàðàëëåëèâàíèå" \ !\ (\∗
CheckboxBox [ Dynamic [ $Cel lContext ` Para l l e lOn ] ] \ )

Out [11]= \ ! \ (

InputFieldBox [ Dynamic [ $Cel lContext ` q ] , Number ,

Fie ldHint−>"Ââåäèòå q " ] \ )

Out [12]= \ ! \ (

InputFieldBox [ Dynamic [ $Cel lContext ` k ] , Number ,

Fie ldHint−>"Ââåäèòå k " ] \ )

Out [13]= \ ! \ (

InputFieldBox [ Dynamic [ $Cel lContext ` n ] , Number ,

Fie ldHint−>"Ââåäèòå n " ] \ )

Out [14]= {\ !\ (\∗
ButtonBox ["\<\"Âû÷èñëèòü\"\>",

Appearance−>Automatic ,
ButtonFunction :>( $Cel lContext ` DoMatrix [ ] ; $Cel lContext ` \

Ca l cu la t eMatr i c e s [ ] ; Pr int [

Column [{"Ïðîâåðî÷íàÿ ìàòðèöà " MatrixForm [ $Cel lContext `H] ,

"Ïîðîæäàþùàÿ ìàòðèöà " MatrixForm [ $Cel lContext `G ] } ] ] ; Nul l ) ,

Evaluator−>Automatic ,
Method−>"Preemptive " ] \ ) , \ ! \ (\∗
ButtonBox ["\<\"Ïîêàçàòü êîä\"\>",

Appearance−>Automatic ,
ButtonFunction :>( $Cel lContext `DoLCod [ ] ; Pr int [ $Cel lContext ` LCodTable ] \

; Nul l ) ,

Evaluator−>Automatic ,
Method−>"Preemptive " ] \ ) , \ ! \ (\∗
ButtonBox ["\<\"Ìèíèìàëüíûé âåñ \"\>",

Appearance−>Automatic ,
ButtonFunction :>( $Cel lContext ` DoMDist [ ] ; Pr int [

"Ìèíèìàëüíûé âåñ êîäà ðàâåí " , $Cel lContext ` LCodMin ] ; Pr int [

"Âåêòîð : " ,

Part [ $Cel lContext ` LCodTable , Part [

Po s i t i on [ $Cel lContext ` MnojestvoMinim , $Cel lContext ` LCodMin ] , 1 ,

1 ] + 1 ] ] ; Nul l ) ,

Evaluator−>Automatic ,
Method−>"Preemptive " ] \ ) , \ ! \ (\∗
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ButtonBox ["\<\"Òàáëèöà ñèíäðîìîâ\"\>",

Appearance−>Automatic ,
ButtonFunction :>( $Cel lContext ` DoSkTable [ ] ; Pr int [

"Òàáëèöà ñèíäðîìîâ è ñîîòâåòñòâóþùèõ ëèäåðîâ ñìåæíûõ êëàññîâ " ,

Grid [{{

Grid [ $Cel lContext ` Sindrom ] ,

Grid [ $Cel lContext ` LiderSK ]}} , Frame −> Al l ] , " ; " ] ; Nul l ) ,

Evaluator−>Automatic ,
Method−>"Preemptive " ] \ ) }

Out [15]= {\ !\ (\∗
ButtonBox ["\<\"Îòïðàâèòü\"\>",

Appearance−>Automatic ,
ButtonFunction :>(

Clear [ $Cel lContext ` Otpravlen , \

$Cel lContext ` GetVector ] ; $Cel lContext ` Otpravlen = RandomChoice [ $\

Cel lContext ` LCodTable ] ; Pr int [

"Îòïðàâëåí : " , $Cel lContext ` Otpravlen ] ; $Cel lContext ` SendVector [

Part [

Po s i t i on [ $Cel lContext ` LCodTable , $Cel lContext ` Otpravlen ] , 1 ,

1 ] ] ; Pr int [ "Ïîëó÷åí : " , $Cel lContext ` GetVector ] ; Nul l ) ,

Evaluator−>Automatic ,
Method−>"Preemptive " ] \ ) , \ ! \ (\∗
ButtonBox ["\<\"Èñïðàâèòü\"\>",

Appearance−>Automatic ,
ButtonFunction :>( $Cel lContext ` RepairVector [ ] ; Pr int [

"Áûë îòïðàâëåí : " , $Cel lContext ` GetVector ] ; Nul l ) ,

Evaluator−>Automatic ,
Method−>"Preemptive " ] \ ) }

Out [16]= {\ !\ (\∗
ButtonBox ["\<\"Ïîäñ÷èòàòü âðåìÿ\"\>",

Appearance−>Automatic ,
ButtonFunction :>( $Cel lContext ` Vremya = 0 ; I f [ $Cel lContext ` Paral le lOn , \

$Cel lContext ` Vremya = Part [

Timing [

Para l l e lDo [

$Cel lContext ` DoMatrix [ ] , { 1 } ] ] , 1 ] ; AddTo [ $Cel lContext ` Vremya ,

Part [

Timing [
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Para l l e lDo [

$Cel lContext ` Ca l cu la t eMatr i c e s [ ] , { 1 } ] ] ,

1 ] ] ; AddTo [ $Cel lContext ` Vremya ,

Part [

Timing [

Para l l e lDo [

$Cel lContext `DoLCod [ ] , { 1 } ] ] , 1 ] ] ; AddTo [ $Cel lContext ` Vremya ,

Part [

Timing [

Para l l e lDo [

$Cel lContext ` DoMDist [ ] , { 1 } ] ] , 1 ] ] ; AddTo [ $Cel lContext ` Vremya ,

Part [

Timing [

Para l l e lDo [

$Cel lContext ` DoSkTable [ ] , { 1 } ] ] , 1 ] ] ; Pr int [

"Âðåìÿ ðàáîòû " , $Cel lContext ` Vremya ] ; Null , \

$Cel lContext ` Vremya = Part [

Timing [

$Cel lContext ` DoMatrix [ ] ] , 1 ] ; AddTo [ $Cel lContext ` Vremya ,

Part [

Timing [

$Cel lContext ` Ca l cu la t eMatr i c e s [ ] ] , 1 ] ] ; AddTo [ $Cel lContext ` Vremya ,

Part [

Timing [

$Cel lContext `DoLCod [ ] ] , 1 ] ] ; AddTo [ $Cel lContext ` Vremya ,

Part [

Timing [

$Cel lContext ` DoMDist [ ] ] , 1 ] ] ; AddTo [ $Cel lContext ` Vremya ,

Part [

Timing [

$Cel lContext ` DoSkTable [ ] ] , 1 ] ] ; Pr int [

"Âðåìÿ ðàáîòû " , $Cel lContext ` Vremya ] ; Nul l ] ) ,

Evaluator−>Automatic ,
Method−>"Preemptive " ] \ ) , \ ! \ (\∗
ButtonBox ["\<\"Î÷èñòèòü\"\>",

Appearance−>Automatic ,
ButtonFunction :>Clear [ $Cel lContext `H, $Cel lContext `G, \

$Cel lContext ` LCodTable , $Cel lContext ` LCodMin , \

$Cel lContext ` MnojestvoMinim , $Cel lContext ` Sindrom , \

$Cel lContext ` LiderSK ] ,
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Evaluator−>Automatic ,
Method−>"Preemptive " ] \ ) }

G = {{1 , 0 , 1 , 1} , {0 , 1 , 0 , 1}} ;

H = Reverse [Mod[ NullSpace [G] , q ] ] ;

In [ 1 ] := DoMatrix [ ] := Module [ { i , j } ,

I f [ Head [ k ] == Symbol | | Head [ n ] == Symbol ,

Pr int [ " Ââåäèòå ðàçìåðû ìàòðèöû ! " ] ] ;

I f [ k >= n , Pr int [ " k íå ìîæåò áûòü áîëüøå n ! " ] ]

I f [ Head [ k ] == In t eg e r && Head [ n ] == In t eg e r && k < n ,

M = Array [ Subsc r ip t [ a , ##] &, {n − k , n } ] ;

I f [ ProverMatrica ,

For [ i = 1 , i <= n − k , i++,

For [ j = 1 , j <= n , j++,

M[ [ i , j ] ] = RandomInteger [ { 0 , q − 1 } ] ;

]

]

,

M = Ident i tyMatr ix [ { k , n } ] ;

For [ i = 1 , i <= k , i++,

For [ j = k + 1 , j <= n , j++,

M[ [ i , j ] ] = RandomInteger [ { 0 , q − 1 } ] ;

]

]

]

]

]

In [ 2 ] := Ca lcu la t eMatr i c e s [ ] := Module [ { } ,

I f [ ProverMatrica ,

H = M;

G = Reverse [Mod[ NullSpace [H] , q ] ] ;

,

G = M;

H = Reverse [Mod[ NullSpace [G] , q ] ] ;

]

]

41



In [ 3 ] := DoLCod [ ] := Module [ { u , Cod} ,

LCodTable = {} ;

(∗ ôîðìèðîâàíèå ëèíåéíîãî êîäà ∗)
For [ i = 0 , i <= q^k − 1 , i++,

u = In t e g e rD i g i t s [ i , q , k ] ;

Cod = u .G;

LCodTable = Append [ LCodTable , Mod[Cod , q ] ] ;

] ;

]

In [ 4 ] := DoMDist [ ] := Module [ {Minim} ,

MnojestvoMinim = {} ;

LCodMin = {} ;

For [ i = 1 , i <= q^k − 1 , i++,

Minim = Count [ LCodTable [ [ i ] ] , Except [ 0 ] ] ;

I f [ Minim != 0 ,

MnojestvoMinim = Append [ MnojestvoMinim , Minim ] ;

] ;

] ;

LCodMin = Min [ MnojestvoMinim ] ;

]

In [ 5 ] :=

getWeight [ vector_ ] := Module [ { i , r e s } ,

r e s = 0 ;

For [ i = 1 , i <= Length [ vec to r ] , i++,

I f [ vec to r [ [ i ] ] != 0 , r e s++ ] ;

] ;

r e s

] ;

DoSkTable [ ] := Module [ { Al lL ide r s , Sor tL ider s , i , j , l , Q} ,

LiderSK = {} ;

Sindrom = {} ;

(∗ âñå âîçìîæíûå ëèäåðû ñìåæíûõ êëàññîâ .

Çäåñü ñòðîÿòñÿ âåêòîðû äëèíû n . Èõ êîëè÷åñòâî ðàâíî

q^n−1. ∗)
A l lL i d e r s = {} ;
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For [ i = 0 , i <= q^n − 1 , i++,

A l lL id e r s = Append [ Al lL ide r s , I n t e g e rD i g i t s [ i , q , n ] ] ;

] ;

So r tL ide r s = {} ;

For [ i = 0 , i <= n , i++,

Q = Se l e c t [ A l lL ide r s , getWeight [#] == i &] ;

For [ j = 1 , j <= Length [Q] , j++,

So r tL ide r s = Append [ SortL ider s , Q[ [ j ] ] ] ;

] ;

] ;

l = 1 ;

While [ Length [ LiderSK ] != q^n/q^k ,

I f [ Po s i t i on [ Sindrom , Mod[H. So r tL ide r s [ [ l ] ] , q ] ] == {} ,

Sindrom = Mod[ Append [ Sindrom , H. So r tL ide r s [ [ l ] ] ] , q ] ;

LiderSK = Append [ LiderSK , So r tL ide r s [ [ l ] ] ]

] ;

l++;

] ;

]

In [ 7 ] := SendVector [ Poziciya_ ] := Module [ { i , ErrorVector } ,

ErrorVector = RandomChoice [ {0} , n ] ;

l = LCodMin ;

I f [ EvenQ [ LCodMin ] , l = LCodMin/2 , I f [ l != 1 , l = (LCodMin − 1 ) / 2 ] ] ;

For [ i = 1 , i <= l , i++,

ErrorVector [ [ RandomInteger [ { 1 , Length [ ErrorVector ] } ] ] ] =

RandomInteger [ { 0 , q − 1} ]

] ;

GetVector = Mod[ LCodTable [ [ Poz i c iya ] ] + ErrorVector , q ] ;

]

In [ 8 ] := RepairVector [ ] := Module [ { } ,

GetVector =

Mod[ GetVector −
LiderSK [ [ Pos i t i on [ Sindrom , Mod[H. GetVector , q ] ] [ [ 1 , 1 ] ] ] ] , q ] ;

43



]

Öèêëè÷åñêèé êîä

"Âêëþ÷èòü ðàñïàðàëëåëèâàíèå" Checkbox [ Dynamic [ Para l l e lOn ] ]

InputF ie ld [ Dynamic [ q ] , Number , F ie ldHint −> "Ââåäèòå q " ]

InputF ie ld [ Dynamic [ g ] ]

{

Button [ "Âû÷èñëèòü" ,

DoMatrix [ ] ;

Pr int [ " n = " , n ] ;

Pr int [ "Ïîðîæäàþùàÿ ìàòðèöà èìååò âèä " , MatrixForm [G ] ] ;

H = Reverse [Mod[ NullSpace [G] , q ] ] ;

k = Length [G] ;

Pr int [ " Ïðîâåðî÷íàÿ ìàòðèöà èìååò âèä " , MatrixForm [H ] ] ;

] ,

Button [ " Ïîêàçàòü êîä" ,

DoLCod [ ] ;

Pr int [ LCodTable ] ;

] ,

Button [ "Ìèíèìàëüíûé âåñ " ,

DoMDist [ ] ;

Pr int [ "Ìèíèìàëüíûé âåñ êîäà ðàâåí " , LCodMin ] ;

Pr int [ " Âåêòîð : " ,

LCodTable [ [ Po s i t i on [ MnojestvoMinim , LCodMin ] [ [ 1 , 1 ] ] + 1 ] ] ] ;

] ,

Button [ " Òàáëèöà ñèíäðîìîâ " ,

DoSkTable [ ] ;

Pr int [ " Òàáëèöà ñèíäðîìîâ è ñîîòâåòñòâóþùèõ ëèäåðîâ ñìåæíûõ êëàññîâ \

" , Grid [{{ Grid [ Sindrom ] , Grid [ LiderSK ]}} , Frame −> Al l ] , " ; " ] ;

]

}

{Button [ " Îòïðàâèòü" ,

Clear [ Otpravlen , GetVector ] ;

Otpravlen = RandomChoice [ LCodTable ] ;

Pr int [ " Îòïðàâëåí : " , Otpravlen ] ;

SendVector [ Po s i t i on [ LCodTable , Otpravlen ] [ [ 1 , 1 ] ] ] ;

Pr int [ "Ïîëó÷åí : " , GetVector ] ;

] ,

Button [ " Èñïðàâèòü " ,

RepairVector [ ] ;

44



Print [ "Áûë îòïðàâëåí : " , GetVector ] ;

]

}

{

Button [ " Ïîäñ÷èòàòü âðåìÿ" ,

Vremya = 0 ;

I f [ Paral le lOn ,

Vremya = Timing [ Para l l e lDo [ DoMatrix [ ] , { 1 } ] ] [ [ 1 ] ] ;

Vremya += Timing [ Para l l e lDo [DoLCod [ ] , { 1 } ] ] [ [ 1 ] ] ;

Vremya += Timing [ Para l l e lDo [ DoMDist [ ] , { 1 } ] ] [ [ 1 ] ] ;

Vremya += Timing [ Para l l e lDo [ DoSkTable [ ] , { 1 } ] ] [ [ 1 ] ] ;

Pr int [ "Âðåìÿ ðàáîòû " , Vremya ] ;

,

Vremya = Timing [ DoMatrix [ ] ] [ [ 1 ] ] ;

Vremya += Timing [DoLCod [ ] ] [ [ 1 ] ] ;

Vremya += Timing [ DoMDist [ ] ] [ [ 1 ] ] ;

Vremya += Timing [ DoSkTable [ ] ] [ [ 1 ] ] ;

Pr int [ "Âðåìÿ ðàáîòû " , Vremya ] ;

]

] ,

Button [ " Î÷èñòèòü " ,

Clear [H, G, LCodTable , LCodMin , MnojestvoMinim , Sindrom , LiderSK ]

]

}

DoMatrix [ ] := Module [ { i , r e s } ,

For [ n = 1 ,

Not [ Length [

C o e f f i c i e n t L i s t [

PolynomialRemainder [ x^n − 1 , g , x , Modulus −> q ] , x ] ] == 0 ] , n++];

G = {} ;

r e s = Length [ C o e f f i c i e n t L i s t [ g , x ] ] ;

For [ i = 1 , i <= n − Exponent [ g , x ] , i++,

v = RandomChoice [ {0} , n ] ;

v [ [ i ; ; r e s + i − 1 ] ] = Co e f f i c i e n t L i s t [ g , x ] ;

G = Append [G, v ] ;

]

]

DoLCod [ ] := Module [ { u , Cod} ,
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LCodTable = {} ;

(∗ ôîðìèðîâàíèå ëèíåéíîãî êîäà ∗)
For [ i = 0 , i <= q^k − 1 , i++,

u = In t e g e rD i g i t s [ i , q , k ] ;

Cod = u .G;

LCodTable = Append [ LCodTable , Mod[Cod , q ] ] ;

] ;

]

DoMDist [ ] := Module [ {Minim} ,

MnojestvoMinim = {} ;

LCodMin = {} ;

For [ i = 1 , i <= q^k − 1 , i++,

Minim = Count [ LCodTable [ [ i ] ] , Except [ 0 ] ] ;

I f [ Minim != 0 ,

MnojestvoMinim = Append [ MnojestvoMinim , Minim ] ;

] ;

] ;

LCodMin = Min [ MnojestvoMinim ] ;

]

LiderSK = {} ;

Sindrom = {} ;

(∗ ôîðìèðîâàíèå ëèäåðîâ ñìåæíûõ êëàññîâ è ñîîòâåòñòâóþùèõ ñèíäðîìîâ ∗)
\

(∗ ôóíêöèÿ ñîðòèðîâêè ïî ìèíèìàëüíîìó âåñó ∗)
getWeight [ vector_ ] := Module [ { i , r e s } ,

r e s = 0 ;

For [ i = 1 , i <= Length [ vec to r ] , i++,

I f [ vec to r [ [ i ] ] != 0 , r e s++ ] ;

] ;

r e s

] ;

DoSkTable [ ] := Module [ { Al lL ide r s , Sor tL ider s , i , j , l , Q} ,

(∗ âñå âîçìîæíûå ëèäåðû ñìåæíûõ êëàññîâ ∗)
A l lL i d e r s = {} ;

For [ i = 0 , i <= q^n − 1 , i++,

A l lL id e r s = Append [ Al lL ide r s , I n t e g e rD i g i t s [ i , q , n ] ] ;

] ;
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(∗ îòñîðòèðîâàííûå ëèäåðû ñìåæíûõ êëàññîâ ïî âîçðàñòàíèþ âåñà ∗)
So r tL ide r s = {} ;

For [ i = 0 , i <= n , i++,

Q = Se l e c t [ A l lL ide r s , getWeight [#] == i &] ;

For [ j = 1 , j <= Length [Q] , j++,

So r tL ide r s = Append [ SortL ider s , Q[ [ j ] ] ] ;

] ;

] ;

(∗ ïîñòðîåíèå ñèíäðîìà è ëèäåðîâ ñìåæíûõ êëàññîâ ;

êîëè÷åñòâî ñìåæíûõ êëàññîâ íå áîëüøå q^n/q^k ∗)
l = 1 ;

While [ Length [ LiderSK ] != q^n/q^k ,

I f [ Po s i t i on [ Sindrom , Mod[H. So r tL ide r s [ [ l ] ] , q ] ] == {} ,

Sindrom = Mod[ Append [ Sindrom , H. So r tL ide r s [ [ l ] ] ] , q ] ;

LiderSK = Append [ LiderSK , So r tL ide r s [ [ l ] ] ]

] ;

l++;

] ;

]

SendVector [ Poziciya_ ] := Module [ { i , ErrorVector } ,

ErrorVector = RandomChoice [ {0} , n ] ;

l = LCodMin ;

I f [ EvenQ [ LCodMin ] , l = LCodMin/2 , I f [ l != 1 , l = (LCodMin − 1 ) / 2 ] ] ;

For [ i = 1 , i <= l , i++,

ErrorVector [ [ RandomInteger [ { 1 , Length [ ErrorVector ] } ] ] ] =

RandomInteger [ { 0 , q − 1} ]

] ;

GetVector = Mod[ LCodTable [ [ Poz i c iya ] ] + ErrorVector , q ] ;

]

RepairVector [ ] := Module [ { } ,

GetVector =

Mod[ GetVector −
LiderSK [ [ Pos i t i on [ Sindrom , Mod[H. GetVector , q ] ] [ [ 1 , 1 ] ] ] ] , q ] ;

]

Quit [ ]

Àëüòåðíàòèâíûé êîä îáíàðóæåíèÿ è èñïðàâëåíèÿ îøèáêè
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InputF ie ld [ Dynamic [ q ] , Number ,

F ie ldHint −> "Ââåäèòå q (\ ! \ ( \∗ SubscriptBox [ \ (Z\) , \(q \ ) ] \ ) ) " ]

InputF ie ld [ Dynamic [ t ] , Number ,

F ie ldHint −> "Ââåäèòå t ( êîëè÷åñòâî îøèáîê ) " ]

InputF ie ld [ Dynamic [ g ] ]

InputF ie ld [ Dynamic [ b ] ]

{

Button [ " Äåêîäèðîâàòü " ,

FindCod [ ] ;

]

}

FindCod [ ] := Module [ { } ,

r = Exponent [ g , x ] ;

For [ n = 1 ,

Not [ Length [

C o e f f i c i e n t L i s t [

PolynomialRemainder [ x^n − 1 , g , x , Modulus −> q ] , x ] ] == 0 ] ,

n++];

Pr int [ "Ìíîãî÷ëåí \ !\ (\∗ Superscr iptBox [ \ ( x \) , \(n\)]\)−1 , ãäå n = " ,

n , " ðàñêëàäûâàåòñÿ íà " ,

Factor [ x^n − 1 , Modulus −> q ] ] ;

Pr int [ " r = " , r , " , n = " , n ,

" ñëåäîâàòåëüíî ðàçìåð ïîðîæäàþùåé ìàòðèöû áóäåò

ðàâåí " , (n − r ) , "x" , n ] ;

Gp = Array [ f , n − r ] ;

a = PolynomialRemainder [ x^(n − 1) , g , x , Modulus −> q ] ;

f [ 1 ] = Reverse [ C o e f f i c i e n t L i s t [ x^(n − 1) − a , x , Modulus −> q ] ] ;

For [ i = n − 2 , i >= r , i−−,
a = PolynomialRemainder [ x^i , g , x , Modulus −> 2 ] ;

f [ n − i ] =

Reverse [ C o e f f i c i e n t L i s t [ x^(n − 1) + x^ i − a , x , Modulus −> q ] ] ;

]

For [ j = 2 , j <= n − r , j++,

Gp [ [ j , 1 ] ] = 0 ;

]

w = 0 ; (∗ ves ∗)
R = PolynomialRemainder [ b , g , x , Modulus −> q ] ; (∗
os tatok ot de l en iya b na g ∗)
Rc = Co e f f i c i e n t L i s t [R, x ] ;
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For [ i = 1 , i <= Length [Rc ] , i ++,(∗ podschit ivaem ves os tatka ∗)
I f [ Not [ Rc [ [ i ] ] == 0 ] , w++];

]

I f [w > t , Pr int [ "Ïðè ïåðåäà÷å âîçíèêëà îøèáêà ! " ] ]

l = 0 ; (∗ c h i s l o c i k l i c h e s k i h sdvigov ∗)
While [w > t ,

w = 0 ;

l = l + 1 ;

Expand [ b = x∗b ] ; ( ∗ c i k l i c h e s k i i sdv ig ∗)
R = PolynomialRemainder [ b , g , x , Modulus −> q ] ; ( ∗
os tatok ot de l en iya b na g ∗)
For [ i = 1 , i <= Length [ C o e f f i c i e n t L i s t [R, x ] ] , i ++,(∗

podschit ivaem ves os tatka ∗)
I f [ Not [ C o e f f i c i e n t L i s t [R, x ] [ [ i ] ] == 0 ] , w++]

]

Pr int [ Expand [ b ] , " , îñòàòîê : " R, " , âåñ : " , w] ( ∗
v i z u a l i z a c i y a proce s sa ∗)
]

Pr int [ " Ïðàâèëüíîå êîäîâîå ñëîâî : " ,

Reverse [ C o e f f i c i e n t L i s t [

PolynomialMod [ Expand [ x^(n − l ) (b + R) ] , x^n − 1 , Modulus −> q ] ,

x ] ] ]

]
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