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�áá«¥¤ã¥âáï ª« áá C0-¯®«ã£àã¯¯ ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ (Ut)t�0, á¢ï§ ëå á ä¨ªá¨à®-
¢ ®© C0-¯®«ã£àã¯¯®© ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ (Vt)t�0 ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ ãá«®-
¢¨¥¬ kU 0

t � V 0
t k2 = O(t1=2), t! 0. �¤¥áì (U 0

t)t�0 ¨ (V
0
t )t�0 | ¬¨¨¬ «ìë¥ ã¨â àë¥ ¤¨« â æ¨¨

¨áå®¤ëå ¯®«ã£àã¯¯, k � k2 | ®à¬  �¨«ì¡¥àâ {�¬¨¤â . �¢¥¤¥®¥ ãá«®¢¨¥ ï¢«ï¥âáï ¤®áâ â®ç-
ë¬ ¤«ï ª®æ¨ª«¨ç¥áª®© á®¯àï¦¥®áâ¨ ¯®«ã£àã¯¯ í¤®¬®àä¨§¬®¢  «£¥¡àë ª ®¨ç¥áª¨å  â¨-
ª®¬¬ãâ æ¨®ëå á®®â®è¥¨©, ®¯à¥¤¥«ï¥¬ëå ¯®«ã£àã¯¯ ¬¨ (Ut)t�0 ¨ (Vt)t�0. � x 1 ¤ ¥âáï ®¯à¥-
¤¥«¥¨¥  ¯¯à®ªá¨¬ æ¨¨ C0-¯®«ã£àã¯¯ ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥
¨ ¯à¨¢®¤ïâáï ¥£® á«¥¤áâ¢¨ï. � x 2 ¤®ª § ®, çâ® áà¥¤¨ ¢á¥å ¯®«ã£àã¯¯ ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®-
à®¢,  ¯¯à®ªá¨¬¨àãîé¨å § ¤ ãî ¯®«ã£àã¯¯ã á à ¢®¬¥à® ¥¯à¥àë¢®© ã¨â à®© ç áâìî,
 ©¤¥âáï ¯®«ã£àã¯¯  ¢¯®«¥ ¥ã¨â àëå ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢.

1. �¯à¥¤¥«¥¨¥  ¯¯à®ªá¨¬ æ¨¨

�áî¤ã ¨¦¥ à áá¬ âà¨¢ îâáï C0-¯®«ã£àã¯¯ë (Vt)t�0 ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ ¢ á¥¯ à -
¡¥«ì®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ h. �¨¬¢®« ¬¨ s2, k � k2, s1 ¨ k � k ®¡®§ ç îâáï ª« áá ®¯¥-
à â®à®¢ �¨«ì¡¥àâ {�¬¨¤â , ®à¬  �¨«ì¡¥àâ {�¬¨¤â , ª« áá ¢¯®«¥ ¥¯à¥àë¢ëå ®¯¥à â®à®¢
¢ h ¨ ®à¬  ¢ B(h) á®®â¢¥âáâ¢¥®. �¥¥à â®à®¬ C0-¯®«ã£àã¯¯ë (Vt)t�0  §ë¢ ¥âáï, ¢®®¡é¥ £®-
¢®àï, ¥®£à ¨ç¥ë© ª®á®á¨¬¬¥âà¨ç¥áª¨© ®¯¥à â®à d = lim

t!0

Vt�I
t

á ®¡« áâìî ®¯à¥¤¥«¥¨ï D(d),

¯«®â®© ¢ h ([1], £«. III, á. 160).

�¯à¥¤¥«¥¨¥. C0-¯®«ã£àã¯¯  (Vt)t�0 ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà -
áâ¢¥ h  §ë¢ ¥âáï  ¯¯à®ªá¨¬¨àãîé¥© C0-¯®«ã£àã¯¯ã (Ut)t�0 ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ ¢ h,
¥á«¨ ã ¯®«ã£àã¯¯ (Vt)t�0 ¨ (Ut)t�0  ©¤ãâáï â ª¨¥ ¬¨¨¬ «ìë¥ ã¨â àë¥ ¤¨« â æ¨¨ (V 0

t )t�0 ¨
(U 0

t)t�0, ¤¥©áâ¢ãîé¨¥ ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ h0; h � h0, çâ®

kV 0
t � U 0

tk2 = O(t1=2); t! 0; (1)

£¤¥ V 0
t � U 0

t = �t 2 s2, t � 0, ¥áâì ¥¯à¥àë¢®¥ ¯® ®à¬¥ k � k2 á¥¬¥©áâ¢® ®¯¥à â®à®¢.

� ¬¥ç ¨¥ 1. �§ ãá«®¢¨ï (1) á«¥¤ã¥â, çâ® ¯®«ã£àã¯¯ë,  ¯¯à®ªá¨¬¨àãîé¨¥ ¤àã£ ¤àã£  ¢
á¬ëá«¥  è¥£® ®¯à¥¤¥«¥¨ï, ¡ã¤ãâ  ¯¯à®ªá¨¬¨à®¢ âì ¤àã£ ¤àã£  ¢ á¬ëá«¥ [2], â. ¥. ¤«ï ¨å
¢ë¯®«¥® kUt � Vtk = O(t1=2); t! 0.

� ¬¥ç ¨¥ 2. �î¡ ï C0-¯®«ã£àã¯¯  ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ (Vt)t�0 ¢ £¨«ì¡¥àâ®¢®¬
¯à®áâà áâ¢¥ h ®¯à¥¤¥«ï¥â ¯®«ã£àã¯¯ã í¤®¬®àä¨§¬®¢ (B(Vt))t�0  «£¥¡àë ª ®¨ç¥áª¨å  -
â¨ª®¬¬ãâ æ¨®ëå á®®â®è¥¨© A(h)  ¤ h. �«ï ª®æ¨ª«¨ç¥áª®© á®¯àï¦¥®áâ¨ ¯®«ã£àã¯¯
í¤®¬®àä¨§¬®¢ (B(Ut))t�0 ¨ (B(Vt))t�0 ¤®áâ â®ç®, çâ®¡ë (Ut)t�0  ¯¯à®ªá¨¬¨à®¢ «  (Vt)t�0 [3].

�à¥¤«®¦¥¨¥ 1. �ãáâì C0-¯®«ã£àã¯¯  ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ (Vt)t�0  ¯¯à®ªá¨¬¨-

àã¥â C0-¯®«ã£àã¯¯ã ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ (Ut)t�0. �®£¤  £¥¥à â®àë ¯®«ã£àã¯¯ (Vt)t�0 ¨
(Ut)t�0 ¨¬¥îâ à ¢ë¥ ¨¤¥ªáë ¤¥ä¥ªâ .
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�®ª § â¥«ìáâ¢®. �® ãá«®¢¨î ¨¬¥¥¬ Ut = PhU
0
t jh, Vt = PhV

0
t jh, t � 0, £¤¥ Ph ¥áâì ¯à®¥ªâ®à

¢ ¯à®áâà áâ¢¥ h0, ¯à®¥ªâ¨àãîé¨© ¥£®   ¯®¤¯à®áâà áâ¢® h. �«¥¤®¢ â¥«ì®, Ut = Vt + Ph�tjh,
t � 0, ¨ á¥¬¥©áâ¢® (Ph�tjh)t�0 ¥¯à¥àë¢® ¯® ®à¬¥ k � k2. �¡®§ ç¨¢ £¥¥à â®àë ¯®«ã£àã¯¯
(Vt)t�0 ¨ (Ut)t�0 á¨¬¢®« ¬¨ d ¨ D á®®â¢¥âáâ¢¥®, ¯®«ãç¨¬

(I �D)�1 = (I � d)�1 �
1
2
�: (2)

�¤¥áì � = �2
+1R
0

e�tPh�tjhdt| ¥ª®â®àë© ¢¯®«¥ ¥¯à¥àë¢ë© ®¯¥à â®à. �ãáâì V = (d+I)(d�

I)�1 ¨ U = (D + I)(D � I)�1 | ª®£¥¥à â®àë ¯®«ã£àã¯¯ (Ut)t�0 ¨ (Vt)t�0 á®®â¢¥âáâ¢¥®, â®£¤ 
¨§ (2) á«¥¤ã¥â

V = U +�; � 2 s1: (3)

�®¡ ¢«¥¨¥ ¢¯®«¥ ¥¯à¥àë¢®£® ®¯¥à â®à  ¥ ¬¥ï¥â ¨¤¥ªá ®¯¥à â®à , á«¥¤®¢ â¥«ì®, (3)
®§ ç ¥â, çâ® £¥¥à â®àë d ¨ D ¨¬¥îâ à ¢ë¥ ¨¤¥ªáë ¤¥ä¥ªâ , ¯®áª®«ìªã ¨¤¥ªá ¤¥ä¥ªâ 
£¥¥à â®à  d à ¢¥ ¨¤¥ªáã n = dimV � dimV � = �dimV � ª®£¥¥à â®à  V , ¢§ïâ®¬ã á® § ª®¬
¬¨ãá ([1], £«. III, á. 170{172).

�«¥¤áâ¢¨¥¬ ¯à¥¤«®¦¥¨ï 3.2.70 ([4], £«. III, á. 297) ï¢«ï¥âáï

�à¥¤«®¦¥¨¥ 2. �ãáâì C0-¯®«ã£àã¯¯  ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ (Vt)t�0  ¯¯à®ªá¨¬¨àã-
¥â C0-¯®«ã£àã¯¯ã ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ (Ut)t�0 ¨ ¯ãáâì d0 ¨ D0 | £¥¥à â®àë ¬¨¨¬ «ì-

ëå ã¨â àëå ¤¨« â æ¨© (V 0
t )t�0 ¨ (U

0
t)t�0 ¢ ¯à®áâà áâ¢¥ h

0. �®£¤  ¢ h0  ©¤ãâáï â ª¨¥ ã¨-
â àë© ®¯¥à â®à W , W � I 2 s2, ¨ ª®á®á®¯àï¦¥ë© ®¯¥à â®à P 2 s2, çâ® d

0 =W (D0+P )W �.

2. �« áá ¨§®¬¥âà¨ç¥áª¨å ¯®«ã£àã¯¯,  ¯¯à®ªá¨¬¨àãîé¨å § ¤ ãî

� ¯®¬¨¬, çâ® C0-¯®«ã£àã¯¯  ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢  §ë¢ ¥âáï ¢¯®«¥ ¥ã¨â à®©,
¥á«¨ ¥ áãé¥áâ¢ã¥â ¯®¤¯à®áâà áâ¢ , áã¦¥¨¥   ª®â®à®¥ ¨áå®¤®© ¯®«ã£àã¯¯ë ï¢«ï¥âáï ¯®«ã-
£àã¯¯®© ã¨â àëå ®¯¥à â®à®¢. � ¬¥â¨¬, çâ® «î¡ ï ¢¯®«¥ ¥ã¨â à ï ¯®«ã£àã¯¯  ¨§®¬¥âà¨-
ç¥áª¨å ®¯¥à â®à®¢ (Vt)t�0 ã¨â à® íª¢¨¢ «¥â  á¢®¥© ¬®¤¥«¨, C0-¯®«ã£àã¯¯¥ á¤¢¨£®¢ (St)t�0,
¤¥©áâ¢ãîé¥© ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ h = H 
 L2(0;+1) ¯® ä®à¬ã«¥ (Stf)(x) = f(x� t),
x > t, (Stf)(x) = 0, 0 � x � t, f 2 h. �¤¥áì H | ¥ª®â®à®¥ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® à §-
¬¥à®áâ¨, à ¢®© ¨¤¥ªáã ¤¥ä¥ªâ  £¥¥à â®à  ¯®«ã£àã¯¯ë (Vt)t�0 ([1], £«. III, á. 170{172). � ª
¨§¢¥áâ®, ¤«ï ¯®«ã£àã¯¯ë (Vt)t�0 ®¯à¥¤¥«¥® à §«®¦¥¨¥ �®«ì¤  ¯à®áâà áâ¢  h : h = h0�h1  
¯®¤¯à®áâà áâ¢® h0, ¯à¨¢®¤ïé¥¥ (Vt)t�0 ª C0-¯®«ã£àã¯¯¥ ã¨â àëå ®¯¥à â®à®¢, ¨ ¯®¤¯à®áâà -
áâ¢® h1, ¯à¨¢®¤ïé¥¥ (Vt)t�0 ª C0-¯®«ã£àã¯¯¥ ¢¯®«¥ ¥ã¨â àëå ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ á
â¥¬ ¦¥ ¨¤¥ªá®¬ ¤¥ä¥ªâ  £¥¥à â®à , çâ® ã (Vt)t�0 ([1], £«. III, á. 172). �ã¤¥¬ £®¢®à¨âì, çâ® (Vt)t�0
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î N , ¥á«¨ C0-¯®«ã£àã¯¯  (Vtjh0)t�0 ã¨â àëå ®¯¥à â®à®¢ ¢ ¯à®áâà áâ¢¥
h0 ¥¯à¥àë¢  ¯® ®à¬¥ k � k.

�¥®à¥¬ . �ãáâì C0-¯®«ã£àã¯¯  (Vt)t�0 ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ ¢ £¨«ì¡¥àâ®¢®¬ ¯à®-

áâà áâ¢¥ h á ¨¤¥ªá®¬ ¤¥ä¥ªâ  £¥¥à â®à  0 < n � +1 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î N .

�®£¤   ©¤¥âáï  ¯¯à®ªá¨¬¨àãîé ï ¥¥ C0-¯®«ã£àã¯¯  ¢¯®«¥ ¥ã¨â àëå ¨§®¬¥âà¨ç¥áª¨å

®¯¥à â®à®¢ ¢ h á ¨¤¥ªá®¬ ¤¥ä¥ªâ  £¥¥à â®à  n.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¨á¯®«ì§ã¥â ®¯à¥¤¥«¥¨ï ¨ à¥§ã«ìâ âë äãªæ¨® «ì®© ¬®¤¥«¨
�.-� ¤ï{�®ïè  ([1], [5]). �ãáâì (�k)1�k<N , N � +1, | á¨áâ¥¬  ª®¬¯«¥ªáëå ç¨á¥«, § ã¬¥-
à®¢ ëå ¢ ¯à®¨§¢®«ì®¬ ¯®àï¤ª¥. �à¥¤¯®«®¦¨¬, çâ®   ç¨á«  (�k)1�k<N  «®¦¥® ãá«®¢¨¥

Re �k < 0; j Im�kj < R; 1 � k < N;
NX
k=1

jRe �kj < +1; (4)
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£¤¥ R | ¥ª®â®à®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®. � íâ®¬ á«ãç ¥ ä®à¬ã«  B(�) =
NQ
k=1

�+�k
���k

, � 2 C,

®¯à¥¤¥«ï¥â   «¨â¨ç¥áªãîäãªæ¨î, à¥£ã«ïàãî ¢ ¯®«ã¯«®áª®áâ¨ Re � > 0 ¨ à ¢ãî ¯® ¬®¤ã«î
¥¤¨¨æ¥   ¬¨¬®© ®á¨. �ãªæ¨ï B(�)  §ë¢ ¥âáï ¯à®¨§¢¥¤¥¨¥¬ �«ïèª¥ ([5], á. 332{333).

�à¥¤«®¦¥¨¥ 3. �ãáâì   ç¨á«  (�k)1�k<N  «®¦¥® ãá«®¢¨¥ (4). �®£¤  ¤«ï ¯à®¨§¢¥¤¥¨ï
�«ïèª¥ B(�), ¯®áâà®¥®£® ¯® á¨áâ¥¬¥ (�k)1�k<N , á¯à ¢¥¤«¨¢®

jB(�)j < C1; j�j > C2; B(�) = 1�
C3

�
+ o

�
1
�

�
; j�j ! +1; � 2 C;

£¤¥ C1, C2 ¨ C3 | ¥ª®â®àë¥ ¯®«®¦¨â¥«ìë¥ ç¨á« .

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ s = �
NP
k=1

Re �k. �® ãá«®¢¨î ¨¬¥¥¬ 0 < s < +1. �«¥¤®¢ â¥«ì-

®,

lnB(�) =
NX
k=1

ln
1 + �k=�

1� �k=�
= �

2s
�
+ o

�
1
�

�
; j�j ! +1:

� áá¬®âà¨¬ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® h = L2(0;+1). �ãáâì P[t1;t2] ®¡®§ ç ¥â ¯à®¥ªâ®à ¢ h
  ¯®¤¯à®áâà áâ¢®, á®áâ®ïé¥¥ ¨§ äãªæ¨© f(x) = 0 ¯à¨ ¯®çâ¨ ¢á¥å x, 0 < x < t1; t2 < x < +1.
�¯à¥¤¥«¨¬ ¨§®¬¥âà¨ç¥áª¨© ®¯¥à â®à �, ¤¥©áâ¢ãîé¨© ¢ h ¯® ä®à¬ã«¥ � = F�1BF , §¤¥áì F ¨
B | ¯à¥®¡à §®¢ ¨¥ �ãàì¥ ¨ ®¯¥à â®à ã¬®¦¥¨ï   ¯à®¨§¢¥¤¥¨¥ �«ïèª¥ á®®â¢¥âáâ¢¥®.

�à¥¤«®¦¥¨¥ 4. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï ¯à¥¤«®¦¥¨ï 3. �®£¤  �t;� = P[t;t+�]�P[t;t+�],

P[t;t+�] 2 s2, 0 < t; � < +1, k�t;�k2 = O(�1=2), � ! 0.

�®ª § â¥«ìáâ¢®. �¨ªá¨àã¥¬ ç¨á«® t > 0. �¢¥¤¥¬ á¥¬¥©áâ¢® ª®¬¯«¥ªáëå ç¨á¥« (�k;�)k2N
¯® ä®à¬ã«¥ �k;� = � 1

2jkj
+ i 2�k

�
, k 2 Z, � > 0, ¨ à áá¬®âà¨¬ á¥¬¥©áâ¢® äãªæ¨© fk;�(x) =

(�2Re�k;�)1=2(e2 Re�k;�t�e2Re�k;�(t+�))�1=2e�k;�x, t < x < t+�; fk;�(x) = 0, 0 < x < t, t+� < x < +1,
k 2 Z. �¥¬¥©áâ¢® äãªæ¨© (fk;�)k2Z ®¡à §ã¥â ¡ §¨á �¨áá  ¯à®áâà áâ¢  H = P[t;t+�]h ([5], á. 342),
¨ë¬¨ á«®¢ ¬¨, ¢ ¯à®áâà áâ¢¥ H  ©¤¥âáï â ª®© ®£à ¨ç¥ë© ®¯¥à â®à V á ®£à ¨ç¥-
ë¬ ®¡à âë¬, çâ® á¥¬¥©áâ¢® (V fk;�)k2Z ï¢«ï¥âáï ®àâ®®à¬¨à®¢ ë¬ ¡ §¨á®¬ ¯à®áâà áâ¢ 
H. �«¥¤®¢ â¥«ì®, ¤«ï ¤®ª § â¥«ìáâ¢  ¯à¥¤«®¦¥¨ï 4 ¤®áâ â®ç® ¤®ª § âì áå®¤¨¬®áâì àï¤ P
k2Z

k�t;�fk;�k
2 ¨ ¨áá«¥¤®¢ âì ¥£® § ¢¨á¨¬®áâì ®â �. �ãáâì f

(1)
k;� (x) = fk;�(x), f

(2)
k;� = P[t+�;+1]f

(1)
k;� ,

t < x < +1, f (1)k;� (x) = f
(2)
k;� (x) = 0, 0 < x < t, k 2 Z. �®£¤  fk;� = f

(1)
k;� � f

(2)
k;� , k 2 Z, ¨

k�t;�fk;�k
2 � 2(k�t;�f

(1)
k;�k

2 + k�t;�f
(2)
k;�k

2), k 2 Z. �¬¥¥¬

k�t;�f
(i)
k;�k

2 = 2(kf (i)k;�k
2 �Re(�f (i)k;�; f

(i)
k;�)); k 2 Z; i = 1; 2;

kf
(1)
k;�k

2 =
eRe�k;�t

eRe�k;�t � eRe�k;�(t+�)
= �

1
2Re�k;��

+ o(1); jkj ! +1;

kf
(2)
k;�k

2 =
eRe�k;�(t+�)

eRe�k;�t � eRe �k;�(t+�)
= �

1
2Re�k;��

+ o(1); jkj ! +1:

�à¨¬¥ïï â¥å¨ªã ¯à¥®¡à §®¢ ¨ï � ¯« á , ¯®«ãç¨¬

(�f (i)k;�; f
(i)
k;�) = B(�k;�)kf

(i)
k;�k

2; i = 1; 2:

� ª¨¬ ®¡à §®¬, ¢ á¨«ã ¯à¥¤«®¦¥¨ï 3

k�t;�f
(i)
k;�k

2 = kf
(i)
k;�k

2(1�ReB(�k;�)) =
1

2�j�k;� j2
+ o

�
1

2�j�k;� j2

�
=

=
�

8�2k2
+ o

�
�

k2

�
; jkj ! +1; � ! 0; i = 1; 2:
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�«¥¤®¢ â¥«ì®,

k�t;�k
2
2 � C

X
k2Z

k�t;�fk;�k
2 � 2C

X
k2Z

(k�t;�f
(1)
k;�k

2 + k�t;�f
(2)
k;�k

2) = O(�); � ! 0;

£¤¥ C | ¥ª®â®à®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®, ¨ k�t;�k2 = O(�1=2), � ! 0, çâ® ¨ âà¥¡®¢ «®áì ¤®ª -
§ âì.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �ãáâì ®¯¥à â®à d ï¢«ï¥âáï £¥¥à â®à®¬ ¥¯à¥àë¢®© ¯® ®à¬¥
¯®«ã£àã¯¯ë ã¨â àëå ®¯¥à â®à®¢ (Ut)t�0, ï¢«ïîé¥©áï ã¨â à®© ç áâìî ¥ª®â®à®© ¯®«ã£àã¯-
¯ë ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢, ®â¢¥ç îé¥© ¥© ¢ á¨«ã à §«®¦¥¨ï �®«ì¤ . �®£« á® â¥®à¥¬¥
�¥©¬   ([6], £«. X, á. 648) ¤«ï ª®á®á®¯àï¦¥®£® ®¯¥à â®à  d  ©¤¥âáï ®£à ¨ç¥ë© ª®á®á®-
¯àï¦¥ë© ®¯¥à â®à D 2 s2 â ª®©, çâ® ª®á®á®¯àï¦¥ë© ®¯¥à â®à d+D ¨¬¥¥â ç¨áâ® â®ç¥çë©
á¯¥ªâà. � ª¨¬ ®¡à §®¬, ®¯¥à â®à d +D ï¢«ï¥âáï £¥¥à â®à®¬ ¥ª®â®à®© ¥¯à¥àë¢®© ¯® ®à-
¬¥ ¯®«ã£àã¯¯ë ã¨â àëå ®¯¥à â®à®¢ (Vt)t�0 á ç¨áâ® â®ç¥çë¬ á¯¥ªâà®¬. � ª ¨§¢¥áâ® ([6],

£«. IX, á. 602), ¯®«ã£àã¯¯ë (Vt)t�0 ¨ (Ut)t�0 á¢ï§ ë á®®â®è¥¨¥¬ Vt � Ut =
tR
0

Ut�sDVsds, t � 0,

á«¥¤®¢ â¥«ì®, Vt � Ut 2 s2 ¨ kVt+� � Ut+� � Vt + Utk = O(�), t � 0, � ! 0.
�®áª®«ìªã ¯®«ã£àã¯¯  (Vt)t�0 ¥¯à¥àë¢  ¯® ®à¬¥, ¥¥ á¯¥ªâà «¥¦¨â ¢ ªàã£¥ à ¤¨ãá  R > 0 ¢

ª®¬¯«¥ªá®© ¯«®áª®áâ¨. �ãáâì (i�k)1�k<N | á®¡áâ¢¥ë¥ ç¨á«  £¥¥à â®à  ¯®«ã£àã¯¯ë (Vt)t�0,
§ ã¬¥à®¢ ë¥ ¢ ¯®àï¤ª¥ ã¡ë¢ ¨ï ¬®¤ã«¥©. �¬¥¥¬ j�kj < R, 1 � k < N , N � +1. �¢¥¤¥¬
¯®á«¥¤®¢ â¥«ì®áâì ª®¬¯«¥ªáëå ç¨á¥« (�k)1�k<N á Im�k = ��k, 1 � k < N ,   ¤¥©áâ¢¨â¥«ì-
ë¥ ç áâ¨ ¯®¤®¡à ë â ª¨¬ ®¡à §®¬, çâ®¡ë ¢ë¯®«ï«®áì ãá«®¢¨¥ (4). �á«®¢¨¥ (4) ¯®§¢®«ï¥â
ª®àà¥ªâ® ®¯à¥¤¥«¨âì ¯® ç¨á« ¬ (�k)1�k<N ¯à®¨§¢¥¤¥¨¥ �«ïèª¥ B(�) (á¬.   c. 9).

� «ì¥©è¥¥ ¤®ª § â¥«ìáâ¢® ¯à®¢¥¤¥® ¤«ï á«ãç ï ¨¤¥ªá  ¤¥ä¥ªâ  £¥¥à â®à  n = 1. �â®
¤®ª ¦¥â â¥®à¥¬ã, ¯®áª®«ìªã «î¡ ï C0-¯®«ã£àã¯¯  ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ ¢ £¨«ì¡¥àâ®¢®¬
¯à®áâà áâ¢¥ á ¥ã«¥¢ë¬ ¨¤¥ªá®¬ ¤¥ä¥ªâ  £¥¥à â®à  à §¡¨¢ ¥âáï ¢ ®àâ®£® «ìãî áã¬¬ã
C0-¯®«ã£àã¯¯ë ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ á ¨¤¥ªá®¬ ¤¥ä¥ªâ  £¥¥à â®à  1 ¨, ¢®§¬®¦®, C0-
¯®«ã£àã¯¯ë ¢¯®«¥ ¥ã¨â àëå ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢. �ë ¯®ª ¦¥¬, çâ® ¢ ¯à®áâà áâ¢¥
h = L2(0;+1)  ©¤¥âáï C0-¯®«ã£àã¯¯  ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢, ã¨â à® íª¢¨¢ «¥â ï
§ ¤ ®© ¯®«ã£àã¯¯¥ ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ á ¨¤¥ªá®¬ ¤¥ä¥ªâ  £¥¥à â®à  1 ¨ ç¨áâ® â®-
ç¥çë¬ á¯¥ªâà®¬ ã¨â à®© ç áâ¨, á®áâ®ïé¨¬ ¨§ ç¨á¥« (i�k)1�k<N .

�ãáâì (St)t�0 | C0-¯®«ã£àã¯¯  á¤¢¨£®¢ ¯à®áâà áâ¢  h = L2(0;+1). � áá¬®âà¨¬ á¥¬¥©áâ¢®
äãªæ¨© fn(x) = (2Re �n)1=2e�nx, 1 � n < N . �â¬¥â¨¬, çâ® ãá«®¢¨¥ (4) ®§ ç ¥â ¥¯®«®âã
á¨áâ¥¬ë (fn)n2N ¢ ¯à®áâà áâ¢¥ h (ãá«®¢¨¥ áå®¤¨¬®áâ¨ ¯à®¨§¢¥¤¥¨ï �«ïèª¥). � ª¨¬ ®¡à §®¬,
¯®¤¯à®áâà áâ¢® h1,  âïãâ®¥   äãªæ¨¨ á¨áâ¥¬ë (fn)1�n<N , ¥ á®¢¯ ¤ ¥â á h ¨ § ¤ ¥â ¯®¤¯à®-
áâà áâ¢® h0, ¨¢ à¨ â®¥ ®â®á¨â¥«ì® ¯®«ã£àã¯¯ë (St)t�0, ª®â®à®¥ ¯®«®áâìî ®¯à¥¤¥«ï¥âáï
ãá«®¢¨¥¬ ®àâ®£® «ì®áâ¨ ¢á¥¬ äãªæ¨ï¬ fn, â ª çâ® h = h0� h1, ¯à¨ç¥¬ ¨§®¬¥âà¨ç¥áª¨© ®¯¥-
à â®à � : h ! h, � = F�1BF , �St = St� 8t � 0, ®¯à¥¤¥«ï¥â h0 ¨ h1 ¯®áà¥¤áâ¢®¬ ä®à¬ã«ë
h0 = �h ([5], á. 27).

�®«ã£àã¯¯  (St)t�0 á¯«¥â ¥âáï ®¯¥à â®à®¬ � á® á¢®¨¬ áã¦¥¨¥¬   ¯®¤¯à®áâà áâ¢® h0:
Stjh0� = �St 8t � 0. �§®¬¥âà¨ç¥áª¨© ®¯¥à â®à � : h ! h § ¤ ¥â ã¨â à®¥ ®â®¡à ¦¥¨¥
h! Ran� = h0, á«¥¤®¢ â¥«ì®, ¯®«ã£àã¯¯ë (St)t�0 ¨ (Stjh0)t�0 ã¨â à® íª¢¨¢ «¥âë, â ª çâ®
¨¤¥ªá ¤¥ä¥ªâ  £¥¥à â®à  ¯®«ã£àã¯¯ë (Stjh0)t�0 ¢¯®«¥ ¥ã¨â àëå ¨§®¬¥âà¨ç¥áª¨å ®¯¥à -
â®à®¢ ¢ ¯à®áâà áâ¢¥ h0 á®¢¯ ¤ ¥â á ¨¤¥ªá®¬ ¤¥ä¥ªâ  £¥¥à â®à  ¯®«ã£àã¯¯ë (St)t�0 ¨ à ¢¥
¥¤¨¨æ¥.

�ãáâì á¨áâ¥¬  äãªæ¨© (gn)1�n<N ¯®«ãç¥  ¯®á«¥¤®¢ â¥«ì®© ®àâ®®à¬ «¨§ æ¨¥© á¨áâ¥¬ë
(fn)1�n<N . � áá¬®âà¨¬ C0-¯®«ã£àã¯¯ã (Vt)t�0 ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ ¢ ¯à®áâà áâ¢¥ h â -
ªãî, çâ®

Vtjh0 = Stjh0 ; Vtgn = e�i Im�ntgn; t � 0; 1 � n < N: (5)
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�®ª ¦¥¬, çâ® ¤«ï ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ Vt, t � 0, ¢¢¥¤¥ëå ¢ (5), á¯à ¢¥¤«¨¢®

VtS
�
t � P[t;+1] 2 s2; kVt � Stk2 � kVtS

�
t � P[t;+1)k2 = O(t1=2); t! 0:

�¨ªá¨àã¥¬ t > 0. � ¬ ã¦® ¤®ª § âì áå®¤¨¬®áâì àï¤ 
+1P
n=1

k(VtS�t �P[t;+1))fnk2 ¤«ï ª ª®£®-

¨¡ã¤ì ®àâ®®à¬ «ì®£® ¡ §¨á  (®. . ¡.) (fn)n2N ¯à®áâà áâ¢  h. �ë¡¥à¥¬ ¢ ª ç¥áâ¢¥ â ª®£®
¡ §¨á  ¯à®¨§¢®«ì®¥ ¤®¯®«¥¨¥ á¨áâ¥¬ë (Stgn)1�n<N ¤® ®. . ¡. ¯à®áâà áâ¢  h.

� ¬¥â¨¬, çâ®
VtS

�
t � P[t;+1) = P[0;t]VtS

�
t + (P[t;+1]VtS

�
t � P[t;+1])

¨ (VtS�t � P[t;+1))jht = 0, £¤¥ á¨¬¢®«®¬ ht ®¡®§ ç¥® ®àâ®£® «ì®¥ ¤®¯®«¥¨¥ ¯à®áâà áâ¢ ,
 âïãâ®£®   á¨áâ¥¬ã ¢¥ªâ®à®¢ (Stgn)1�n<N . �«¥¬¥â S�t gn ¯à¨ ¤«¥¦¨â «¨¥©®© ®¡®«®çª¥
í«¥¬¥â®¢ gi, i = 1; n, â ª çâ® (S�t gn; gn) = e�nt, 1 � n < N . � ª¨¬ ®¡à §®¬,

k(P[t;+1)VtS
�
t � P[t;+1))Stgnk2 =

= 1 + kP[t;+1)gnk
2 � 2Re(Vtgn; Stgn) < 2(1�Re(Vtgn; Stgn)) = 2(1 � eRe�nt); n 2N: (6)

�«ï ®¯¥à â®à  P[0;t]VtS
�
t ¨¬¥¥¬ á®®â®è¥¨ï

kP[0;t]VtS
�
t Stgnk

2 = kP[0;t]gnk
2 = 1� (P[t;+1)gn; gn) < 1� j(S�t gn; gn)j

2 = 1� e2Re�nt; n 2 N: (7)

� ¬¥â¨¬, çâ® ¯à¨ ¢ë¢®¤¥ ä®à¬ã«ë (7) ¨á¯®«ì§®¢ ® ¥à ¢¥áâ¢® �¥áá¥«ï.
� ª¨¬ ®¡à §®¬,

+1X
i=1

k(VtS
�
t � P[t;+1))fik

2 =
1X
n=1

(k(P[t;1]VtS
�
t � P[t;1])Stgnk

2 + kP[0;t]VtS
�
t Stgnk

2) =

=
1X
n=1

(�4Re �nt+ o(Re �n)) = O(t)

¢ á¨«ã (6), (7) ¨ (4). �«¥¤®¢ â¥«ì®, kVtS�t � P[t;+1)k2 = O(t1=2).
� ¬¥â¨¬, çâ® Vt�St = Vtjh1 �Ph1Stjh1 , t � 0, ¨ ¯®«ã£àã¯¯  (Vtjh1)t�0 ¥¯à¥àë¢  ¯® ®à¬¥ ¯®

ãá«®¢¨î. �§ ãá«®¢¨ï Vt�St 2 s2, t � 0, kVt�Stk2 = O(t1=2), t! 0, ¨ ¥¯à¥àë¢®áâ¨ ¯®«ã£àã¯¯ë
(Vtjh1)t�0 ¢ á¬ëá«¥ ®à¬ë k � k á«¥¤ã¥â, çâ® á¥¬¥©áâ¢® (Vt � St)t�0 ¥¯à¥àë¢® ¢ á¬ëá«¥ ®à¬ë
k � k2. �¥©áâ¢¨â¥«ì®,

kVt+� � St+� � Vt + Stk2 = kPh1(Vt+� � St+� � Vt + St)Ph1k2 �

kPh1(V� � I)(Vt � St)Ph1k2 + k(V� � S�)Vtk2 + k(Vt � St)(V� � S�)k2 �

� kPh1(V� � I)Ph1k kVt � Stk2 + kV� � S�k2(1 + kVt � Stk2)! 0; � ! 0:

� ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ ¤«ï á¥¬¥©áâ¢  ®¯¥à â®à®¢ �t = Vt � St, t � 0,

�t 2 s2; k�t+s ��tk2 ! 0; k�sk2 = O(s1=2); t � 0; s! 0: (8)

�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ã¦® ¯®ª § âì, çâ® ã ¯®«ã£àã¯¯ (Vt)t�0 ¨ (St)t�0,
Vt � St 2 s2, t � 0,  ©¤ãâáï ã¨â àë¥ ¤¨« â æ¨¨ (V 0

t )t�0 ¨ (S0t)t�0 á âà¥¡ã¥¬ë¬¨ á¢®©áâ¢ ¬¨.
�¢¥¤¥¬ ã¨â àë¥ ¤¨« â æ¨¨ ¢ ¯à®áâà áâ¢¥ h0 = h� h ¯® ä®à¬ã«¥

S0t(f � g)(x) = ((Stf)(x) + (P[0;t]g)(t� x))� (S�t g)(x);

V 0
t (f � g)(x) = ((Vtf)(x) + (�(P[0;t]g)(t � �))(x)) � (S�t g)(x);

x; t � 0; f; g 2 h:

�¥¯¥àì à¥§ã«ìâ â á«¥¤ã¥â ¨§ (8) ¨ ¯à¥¤«®¦¥¨ï 4. �

�¢â®à ¯à¨§ â¥«¥ �.�.�ã«¨áª®¬ã §  ¢¨¬ ¨¥ ª à ¡®â¥ ¨ áâ¨¬ã«¨àãîé¥¥ ®¡áã¦¤¥¨¥.
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