
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2004 ���������� ò 6 (505)

��� 517.984

�.�.��������

�� ���������� ����������� �������� � ������,
���������� ������ � ����������

� áâ âì¥ ¯à®¤®«¦ ¥âáï ¨§ãç¥­¨¥ § ¤ ç¨

P (D)u = (�+ g(x))u; x 2 Rn; u 2 L2(Rn); (1)

¢ ª®â®à®© P (iy) � 0 | á¨¬¢®« ¯á¥¢¤®¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  ¨ g(x) 2 L2
loc(R

n) | ¨§-
¬¥à¨¬ ï, ¢¥é¥áâ¢¥­­ ï, ®£à ­¨ç¥­­ ï ¢ áãé¥áâ¢¥­­®¬ äã­ªæ¨ï, à ¢­ ï ­ã«î ¢­¥ ¨§¬¥à¨¬®£®
¬­®¦¥áâ¢  
.

� [1] ¢ë¤¥«¥­ë á«ãç ¨, ¢ ¦­ë¥ á â®çª¨ §à¥­¨ï ¯à¨«®¦¥­¨© ª § ¤ ç¥ ¨§ â¥®à¨¨ ¢®«­®¢®¤®¢,
ª®£¤  § ¤ ç  (1) ¨¬¥¥â ­¥­ã«¥¢®¥ à¥è¥­¨¥. �à¨ íâ®¬ ­¨ª ª¨å ¤®¯®«­¨â¥«ì­ëå ®£à ­¨ç¥­¨©
­  ®¡®¡é¥­­®¥ à¥è¥­¨¥ u ­¥ ­ « £ «®áì. � ¤ ­­®© à ¡®â¥ ¤®ª ¦¥¬,çâ® ¤ ¦¥ ¤®áâ â®ç­® á« -
¡ë¥ (¤«ï ¯à¨¡«¨¦¥­­ëå ¢ëç¨á«¥­¨© ¥áâ¥áâ¢¥­­ë¥) ¤®¯®«­¨â¥«ì­ë¥ ®£à ­¨ç¥­¨ï ­  à¥è¥­¨¥
¯à¨¢¥¤ãâ ª ®âáãâáâ¢¨î á®¡áâ¢¥­­ëå §­ ç¥­¨©.

� áâ®, çâ®¡ë à¥è¨âì § ¤ çã (1), ¨á¯®«ì§ãîâ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¯® ç áâ¨ ¯¥à¥¬¥­­ëå.
� ¯à¨¬¥à, ¥á«¨ g(x) § ¢¨á¨â â®«ìª® ®â xj , â® ä®à¬ «ì­®¥ ¨á¯®«ì§®¢ ­¨¥ ¯à¥®¡à §®¢ ­¨ï �ãàì¥
¯® ®áâ «ì­ë¬ ¯¥à¥¬¥­­ë¬ ¯à¨¢¥¤¥â ª ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î ®¤­®£®  à£ã¬¥­â . �â®¡ë
®¡®á­®¢ âì â ªãî ¢®§¬®¦­®áâì, á«¥¤ã¥â âà¥¡®¢ âì ¢ë¯®«­¥­¨ï ¯à¨ ¯®çâ¨ ¢á¥å xj ¨ ¯®çâ¨ ¢á¥å
z à ¢¥­áâ¢ 

(F (P (D)u))(xj ; z) = P (Dj ; iz)((Fu)(xj ; z)): (2)

�¤¥áì ¨ ¤ «¥¥ (Fv)(xj ; z) | ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¬¥¤«¥­­® à áâãé¥© ®¡®¡é¥­­®© äã­ªæ¨¨
v(xj ; t) (¯à¨ ä¨ªá¨à®¢ ­­®¬ xj).

� à ¡®â¥ à¥è ¥âáï ¢®§­¨ª îé¨© ¢®¯à®á: ª ª¨¥ ®£à ­¨ç¥­¨ï ­  u (  ­¥ ­  Fu) £ à ­â¨àãîâ
¢ë¯®«­¥­¨¥ (2) ?

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï. � ¦¤ë© ¢¥ªâ®à x = (x1; : : : ; xn) ¡ã¤¥¬ § ¯¨áë¢ âì ¢ ¢¨¤¥ (xj ; t), £¤¥ t
| ¢¥ªâ®à, ¯®«ãç îé¨©áï ¨§ x ¢ëç¥àª¨¢ ­¨¥¬ ª®®à¤¨­ âë á ­®¬¥à®¬ j. �®íâ®¬ã ¯à¨ «î¡®¬
ç¨á«¥ a § ¯¨á¨ ax, a(xj ; t), (ax1; : : : ; axn) ®§­ ç îâ ®¤­® ¨ â® ¦¥.

�áî¤ã áç¨â ¥¬ f(x) = w(x) ¢ T , ¥á«¨ ¯®á«¥¤­¨¥ à ¢¥­áâ¢  ¢ë¯®«­ïîâáï ¯®çâ¨ ¢áî¤ã ¢ T .
�â¢¥â ¤ ¥âáï ¢ á«¥¤ãîé¥¬, ¢®§¬®¦­® ¨§¢¥áâ­®¬ ¢ â¥®à¨¨ ®¡®¡é¥­­ëå äã­ªæ¨©, ãâ¢¥à¦¤¥-

­¨¨.

�¥®à¥¬  1. �á«¨ u | à¥è¥­¨¥ § ¤ ç¨ (1) ¨ P (Dj ; iz)((Fu)(xj ; z)) 2 L2(Rn), â® ¨¬¥¥â ¬¥-

áâ® (2).

�®ª § â¥«ìáâ¢®. � ª ª ª P (Dj ; iz)((Fu)(xj ; z)) 2 L2(Rn), â® ¤«ï ¯®çâ¨ ¢á¥å z «¥¢ ï ç áâì
¯à¨­ ¤«¥¦¨â ¨ L2(R), â. ¥. ï¢«ï¥âáï ®¡®¡é¥­­®© äã­ªæ¨¥© (¯® xj) ¬¥¤«¥­­®£® à®áâ . �ëç¨á«¨¢
¥¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¯® xj, ¯®«ãç¨¬

(F (P (Dj ; iz)((Fu)(xj ; z))))(zj ; z) = P (izj ; z)((Fu)(zj ; z)) = P (izj ; z)(Fu)(zj ; z):
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� ¤àã£®© áâ®à®­ë, P (D)u 2 L2(Rn), ¯®íâ®¬ã (F (P (D)u))(xj ; z) 2 L2(Rn). �®£¤  ¯à¨ ¯®çâ¨
¢á¥å z ¨¬¥¥¬ (F (P (D)u))(xj ; z) 2 L2(R), ¨ ¬®¦­® ¢ëç¨á«¨âì ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¯® xj , â. ¥.
(F ((F (P (D)u))(xj ; z)))(zj ; z). �á«¨ �(zj ; z) | ¡ëáâà® ã¡ë¢ îé ï äã­ªæ¨ï, â®

((F (P (D)u))(xj ; z))((F�)(xj ; z)) = (P (D)u)((F�)(xj ; t)) = u(P (�D)(F�)(x)) =
= (P (izj ; iz)u)((F�)(x)) = (P (izj ; z))u((F�)(x)) = (F (P (D)u))(�(zj ; z)):

� ª¨¬ ®¡à §®¬, ¤®ª § ­®, çâ® ¢ á¬ëá«¥ ®¡®¡é¥­­ëå äã­ªæ¨© ¬¥¤«¥­­®£® à®áâ  ¢ë¯®«­ï¥âáï
à ¢¥­áâ¢®

(F (P (Dj ; iz)(Fu)(xj ; z)))(zj ; z) = (F ((F (P (D)u))(xj ; z)))(zj ; z):

� ª ª ª ¯®¢â®à­ë¥ ¯à¥®¡à §®¢ ­¨ï á®¢¯ ¤ îâ, â® ¤«ï ¯®çâ¨ ¢á¥å xj ¢ á¬ëá«¥ ®¡®¡é¥­­ëå äã­ª-
æ¨© ¢ë¯®«­ï¥âáï (2). �®áª®«ìªã P (Dj ; iz)((Fu)(xj ; z)) 2 L2(Rn�1), (F (P (D)u))(xj ; z) 2 L2(Rn�1)
¤«ï ¯®çâ¨ ¢á¥å xj , â® â¥®à¥¬  ¤®ª § ­ .

�â ª, çâ®¡ë ¢®á¯®«ì§®¢ âìáï ¬¥â®¤®¬ ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ¯® ç áâ¨ ¯¥à¥¬¥­­ëå, ­ã¦­®
âà¥¡®¢ âì ¢ë¯®«­¥­¨ï  ­ «®£®¢ à ¢¥­áâ¢  (2), â. ¥. à¥è âì ä ªâ¨ç¥áª¨ § ¤ çã â¨¯  (1), (2).
�¤­ ª® ¬®¦¥â á«ãç¨âìáï â ª, çâ® ¯®á«¥¤­ïï ¡ã¤¥â ¨¬¥âì â®«ìª® ­ã«¥¢®¥ à¥è¥­¨¥, å®âï á ¬ 
§ ¤ ç  (1) ¡ã¤¥â ¨¬¥âì ­¥­ã«¥¢®¥ à¥è¥­¨¥.

�ëïá­¨âì, ª®£¤  § ¤ ç  â¨¯  (1), (2) ¨¬¥¥â â®«ìª® ­ã«¥¢®¥ à¥è¥­¨¥, | ®¤­  ¨§ ®á­®¢­ëå
æ¥«¥© áâ âì¨.

�àã£®© ®á­®¢­®© æ¥«ìî ï¢«ï¥âáï ¢ë¤¥«¥­¨¥ á«ãç ¥¢, ª®£¤  à¥è¥­¨¥ § ¤ ç¨ (1) ®ª §ë¢ ¥âáï
­ã«¥¢ë¬ ¢­¥ 
.

� á®¦ «¥­¨î, ¤«ï ­ è¥© § ¤ ç¨ ¬ «® ¯®«ì§ë ®â â¥®à¥¬ë �í«¨{�¨­¥à  ([2], á. 21), å®âï á ¥¥
¯®¬®éìî ¬®¦­® ¤®ª § âì á¢®©áâ¢® u = 0 ¢­¥ è à  
 ¤«ï ­¥ª®â®àëå ª¢ §¨¯®«¨­®¬®¢ P (iz).

�ãáâì A| ®àâ®­®à¬¨à®¢ ­­ ï ¬ âà¨æ . �®£¤  § ¬¥­   à£ã¬¥­â®¢ � = Ax ®§­ ç ¥â ¯®¢®à®â
®á¥© ª®®à¤¨­ â (¤«ï ã¤®¡áâ¢  £®¢®à¨¬: ¯®¢®à®â A), ç¥à¥§ j(A) ¡ã¤¥¬ ®¡®§­ ç âì ª®®à¤¨­ âã á
­®¬¥à®¬ j ¯à¨ ¯®¢®à®â¥ A:

�¯à¥¤¥«¥­¨¥ 1. �­®¦¥áâ¢® T ¨¬¥¥â ¯à®áâãî áâàãªâãàã, ¥á«¨ áãé¥áâ¢ãîâ ¬­®¦¥áâ¢® ¯®-
¢®à®â®¢ � ¨ ç¨á«  �k;0 > 0 â ª¨¥, çâ® ¯à¨ ª ¦¤®¬ k = 1; 2 áãé¥áâ¢ã¥â ¯®¢®à®â A, ¤«ï ª®â®à®£®
Rn � T � f�k(A) � �k;0g, ¯à¨ç¥¬ ¯à¨ ª ¦¤®¬ j = 1; 2

Rn � T =
[
A2�

f�j(A) � �j;0g; (3)

£¤¥ à §­®áâì ®§­ ç ¥â ¤®¯®«­¥­¨¥ T ¤® Rn.

�ç¥¢¨¤­®, çâ® «î¡®© è à ï¢«ï¥âáï ¬­®¦¥áâ¢®¬ á ¯à®áâ®© áâàãªâãà®©. �â® ¦¥ ¬®¦­® áª § âì
¨ ® «î¡®¬ ®£à ­¨ç¥­­®¬ ¢ë¯ãª«®¬ ¬­®¦¥áâ¢¥, ¢ ª ¦¤®© â®çª¥ £à ­¨æë ª®â®à®£® áãé¥áâ¢ã¥â
ª á â¥«ì­ ï ¯«®áª®áâì. �¥ª®â®àë¥ ­¥®£à ­¨ç¥­­ë¥ ¬­®¦¥áâ¢  â ª¦¥ ¨¬¥îâ ¯à®áâãî áâàãªâã-
àã: ­ ¯à¨¬¥à, ¯®«ã®£à ­¨ç¥­­ë© æ¨«¨­¤à, ¯ à ¡®«®¨¤ ¨ ¤àã£¨¥.

�«ï ¯®¢®à®â  A § ¬¥­  u(x) = v(Ax) ¯à¥®¡à §ã¥â § ¤ çã (1) ¢ § ¤ çã

Q(D;A)v(�) = (�+ g(A�1�))v(�); v(�) 2 L2(Rn): (4)

�«ï â®£® çâ®¡ë ¢®á¯®«ì§®¢ âìáï ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥ ¯® ç áâ¨ ¯¥à¥¬¥­­ëå, ®â à¥è¥­¨ï v
âà¥¡ã¥¬, çâ®¡ë ¯à¨ j = 1; 2

(F (Q(D;A)v))(�j ; z) = Q((Dj ; iz); A)((Fv)(�j ; z)): (5)

�¨¦¥ § ¯¨á¨ z ¨ (zj ; �) ®§­ ç îâ ®¤­® ¨ â® ¦¥.

� ¬¥ç ­¨¥ 1. �ë ®¯®áà¥¤®¢ ­­® ­ ª« ¤ë¢ ¥¬ ®£à ­¨ç¥­¨ï ­  u (á ¯®¬®éìî à ¢¥­áâ¢ (5)).
�¥ ¡ã¤¥¬ ¢ë¯¨áë¢ âì ®£à ­¨ç¥­¨ï ­¥¯®áà¥¤áâ¢¥­­® ­  u, ª®â®àë¥ £ à ­â¨àãîâ ¢ë¯®«­¥­¨¥
à ¢¥­áâ¢ (5). �¬ëá« íâ¨å ®£à ­¨ç¥­¨© ¬®¦­® ãïá­¨âì, ¥á«¨ ¯à®ç¨â âì ­  á. 46 ¯à¨«®¦¥­¨¥ ª
§ ¤ ç¥ ¨§ â¥®à¨¨ ¢®«­®¢®¤®¢.
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�¨¬¢®« P (iy) ®¡« ¤ ¥â á¢®©áâ¢®¬ (�1):
¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ ­ ¡®à¥ (A; j; �0), j = 1; 2, ¨á¯®«ì§ã¥¬®¬ ¢ (3), ¨ ª ¦¤®¬ z ¢á¥

à¥è¥­¨ï, ¯à¨­ ¤«¥¦ é¨¥ L2((�j;0;+1)), ãà ¢­¥­¨ï

Q((Dj ; iz); A)w = �w; �j � �j;0; (6)

¨¬¥îâ ¢¨¤ cj(z) exp((�
pjzj2 � �)�j), ¯à¨ç¥¬ cj(z) = 0 ¯à¨ jzj2 � �.

� ¡®à (P (iy);
; g(x)) ®¡« ¤ ¥â á¢®©áâ¢®¬ (�2):
§ ¤ ç  (1) á ãá«®¢¨¥¬ (6),

u(x) = 0 ¢­¥ T;

£¤¥ T | ­ ¨¬¥­ìè¥¥ ¬­®¦¥áâ¢® á ¯à®áâ®© áâàãªâãà®©, á®¤¥à¦ é¥¥ 
, ¨¬¥¥â â®«ìª® ­ã«¥¢®¥
à¥è¥­¨¥.

� ¯®¬­¨¬, çâ® § ¯¨á¨ (�j ; �), � ®§­ ç îâ ®¤­® ¨ â® ¦¥, Q((Dj ; iz); A) ¯®«ãç ¥âáï ¨§ Q(D;A)
ä®à¬ «ì­®© § ¬¥­®© Dr ­  izr (¥áâ¥áâ¢¥­­® ¯à¨ r 6= j):

�«ï ­ ¡®à®¢ (P (iy); T; g(x)), ®¡« ¤ îé¨å á¢®©áâ¢ ¬¨ (�1), (�2), á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥
ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  2. �à¥¤¯®«®¦¨¬, çâ® � 6= 0 ¯à¨ n = 2, ¯à¨ ª ¦¤®¬ ¯®¢®à®â¥ A ¨§ (3) A
 ï¢«ï-

¥âáï ç áâìî ­¥ª®â®à®£® ¬­®¦¥áâ¢  T , ¨¬¥îé¥£® ¯à®áâãî áâàãªâãàã, á¨¬¢®« P (iy) ®¡« ¤ ¥â
á¢®©áâ¢®¬ (M1), u(x) | à¥è¥­¨¥ § ¤ ç¨ (1), ¯à¨ç¥¬ ¤«ï v(�) = u(A�1�) ¢ë¯®«­ïîâáï à ¢¥­-

áâ¢  (5) ¯à¨ j = 1; 2. �®£¤  u(x) = 0 ¢­¥ ¬­®¦¥áâ¢  (A�1T ).

�¥®à¥¬  3. �á«¨ ¢ë¯®«­ïîâáï ¯à¥¤¯®«®¦¥­¨ï â¥®à¥¬ë 1 ¨ (P (iy);
; g(x)) ®¡« ¤ ¥â á¢®©-

áâ¢®¬ (M2), â® ã § ¤ ç¨ (1) ®âáãâáâ¢ãîâ ­¥­ã«¥¢ë¥ à¥è¥­¨ï.

�®ª § â¥«ìáâ¢ã íâ¨å â¥®à¥¬ ¯à¥¤¯®è«¥¬ àï¤ ¢á¯®¬®£ â¥«ì­ëå ãâ¢¥à¦¤¥­¨©. � ®á­®¢­®¬
®­¨ ¡ã¤ãâ á¢ï§ ­ë á ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥ ¯® ç áâ¨ ¯¥à¥¬¥­­ëå. �à¨ íâ®¬ ®£à ­¨ç¨¬áï ®¡-
®¡é¥­­ë¬¨ äã­ªæ¨ï¬¨, ¯à¨­ ¤«¥¦ é¨¬¨ L2(Rn).

� á¢ï§¨ á â¥¬ çâ® ¯à¨¤¥âáï ç áâ® ¨á¯®«ì§®¢ âì § ¯¨á¨
p
�2 � a, 2�2 � a, ®¡®§­ ç¨¬ ¯¥à¢ãî

ç¥à¥§ B,   ¢â®àãî | ç¥à¥§ C, ¯à¨ íâ®¬ � 2 R.
�¥¬¬  1. �à¥¤¯®«®¦¨¬, çâ® a 6= 0, ¯à¨ ¢á¥å æ¥«ëå ­¥®âà¨æ â¥«ì­ëå r, r1, m ¢ë¯®«­ï-

îâáï à ¢¥­áâ¢ 
Z
�2�a

h(�)(�B)r(B + i�)2r1(�B + i�)�md� = 0; B =
p
�2 � a: (7)

�®£¤  h(�) = 0 ¯à¨ ¢á¥å �2 � a.

�®ª § â¥«ìáâ¢®. �à¥¤¢ à¨â¥«ì­® ¤®ª ¦¥¬, çâ® ¨§ (7) á«¥¤ãîâ à ¢¥­áâ¢ 
Z
�2�a

h(�)(�B)r(2i�B � a)sC�2md� = 0; C = 2�2 � a; s = 0; 1: (8)

�á«¨ m = 0, â® ãâ¢¥à¦¤¥­¨¥ á¯à ¢¥¤«¨¢®: ¤®áâ â®ç­® ¯®«®¦¨âì ¢ (7) m = 0, r1 = 1, r1 = 0
á®®â¢¥âáâ¢¥­­®. �¢¥¤¥¬ ¨­¤ãªæ¨®­­®¥ ¯à¥¤¯®«®¦¥­¨¥: à ¢¥­áâ¢  (8) ¢ë¯®«­ïîâáï ¯à¨ æ¥«ëå
m 2 [0; q � 1].

�®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì (8) ¯à¨ m = q. � ª ª ª (B + i�)(�B + i�) = �C; â® ¨§ (7) á«¥¤ãîâ
à ¢¥­áâ¢ 

Z
�2�a

h(�)(�B)r(B + i�)2r1+2qC�2qd� = 0: (9)

�ë¡¥à¥¬ m1 â ª, çâ®¡ë q � 2 � 2m1 , q � 2m1 , ¨ ¯®«®¦¨¬ r1 = 2 � 2m1 � q. � ¢ë¡à ­­®¬ á«ãç ¥

(B + i�)2r1+2q = (�C2 � 4i�aB + 2a2)2
m1

:
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�§ íâ®£® à ¢¥­áâ¢ , ¨§ (9) ¨ ¨§ ¨­¤ãªæ¨®­­®£® ¯à¥¤¯®«®¦¥­¨ï á«¥¤ã¥âZ
�2�a

h(�)(�B)r(�2i�B + a)2
m1

C�2qd� = 0: (10)

�¤­ ª® (�2i�B + a)2 = �C2� 4i�Ba+2a2. �®íâ®¬ã ¨§ (10) ¨ ¨§ ¨­¤ãªæ¨®­­®£® ¯à¥¤¯®«®¦¥­¨ï
á«¥¤ã¥â Z

�2�a
h(�)(�B)r(�2i�B + a)2

m1�1

C�2qd� = 0:

�®¢â®à¨¢ íâã ¯à®æ¥¤ãàã á®®â¢¥âáâ¢ãîé¥¥ ç¨á«® à §, ®ª®­ç â¥«ì­® ¤®ª ¦¥¬ (8) ¯à¨ m = q,
s = 1. �â®¡ë ¤®ª § âì (8) ¯à¨ m = q, s = 0, ¤®áâ â®ç­® ¢ë¡à âì r1 = 2 � 2m1 � q � 1 ¨ ¯®¢â®à¨âì
¯à¨¢¥¤¥­­ë¥ ¢ëè¥ à ááã¦¤¥­¨ï.

�â ª, ¯à¨ ¢á¥å æ¥«ëå r � 0, m � 0 ¢ë¯®«­ïîâáï (8). �®«®¦¨¬ ¢ ­¨å r = 2m,  = �B=C.
�¥âàã¤­® ã¡¥¤¨âìáï ¢ â®¬, çâ® äã­ªæ¨ï  ¬®­®â®­­  ¨ ¤¨ää¥à¥­æ¨àã¥¬  ¯à¨ �2 � a, §­ ç¨â,
¨¬¥¥â ®¡à â­ãî �( ), ¯à¨ç¥¬ ¯®á«¥¤­ïï ­¥ç¥â­ . �®íâ®¬ã ¯®á«¥ § ¬¥­ë ¯®«ãç¨¬

Z 1=2

�1=2
h1( ) 

2md = 0; m = 0; 1; : : :

�âáî¤  á«¥¤ã¥â, çâ® h1( ) ¨ h(�) | ç¥â­ë¥ äã­ªæ¨¨. �c«¨ ¢ (8) ¯®«®¦¨¬ r = 2m+1,  = �B=C,
â®  ­ «®£¨ç­® ¤®ª ¦¥¬, çâ® h(�) ­¥ç¥â­ . � ª¨¬ ®¡à §®¬ ¤®ª § ­®, çâ® äã­ªæ¨ï h(�) ¨ ç¥â­ ,
¨ ­¥ç¥â­  ®¤­®¢à¥¬¥­­® (¥áâ¥áâ¢¥­­® ¯à¨ �2 � a). A íâ® ®§­ ç ¥â, çâ® h(�) = 0, ¥á«¨ �2 � a.

�¥¬¬  2. �à¥¤¯®«®¦¨¬, çâ® a 6= 0, ¯à¨ ¢á¥å æ¥«ëå ­¥®âà¨æ â¥«ì­ëå n1, n2, m ¢ë¯®«­ï-

îâáï à ¢¥­áâ¢  Z
�2�a

g1(�)(i�)
n1(�B)n2C�md� =

Z
�2�a

g2(�)(i�)
n2(�B)n1C�md�: (11)

�®£¤  g1(�) = g2(�) ¯à¨ �2 � a.

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ ¢ (11) n1 = r+�, n2 = r+2r1��. �®á«¥ ã¬­®¦¥­¨ï ¯®«ãç¥­­ëå
à ¢¥­áâ¢ ­  (�1)�C(r1; �), £¤¥ C(r1; �) | ª®íää¨æ¨¥­âë ¡¨­®¬  �ìîâ®­ , ¨ áã¬¬¨à®¢ ­¨ï ¯® �
®â 0 ¤® 2r1 «¥£ª® ¯®«ãç¨¬, çâ® ¯à¨ h(�) = g1(�)� g2(�) ¢ë¯®«­ïîâáï à ¢¥­áâ¢  (7).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �¥à¥å®¤ï ¢ (4) ª ¯à¥®¡à §®¢ ­¨î �ãàì¥ ¯® ¢á¥¬ ¯¥à¥¬¥­­ë¬,
ªà®¬¥ �j , ¨ ãç¨âë¢ ï (5), ¢ á¨«ã á¢®©áâ¢  (�1) ¯®«ãç¨¬ äã­ªæ¨î

(Fv)(�j ; z) = cj(z) exp((�
q
jzj2 � �)�j) (¥á«¨ �j � �j;0);

ª®â®à ï ¯à¨­ ¤«¥¦¨â L2(Rn�1) ¨ L(Rn�1) ¯à¨ �j > �j;0. �®íâ®¬ã ¨¬¥¥¬

v(�j ; �r; �) = (2�)(n�1)=2
Z � Z

cj(�; �) exp((�
q
�2 + j�j2 � �)�j + i��r)d�

�
exp(i��)d�:

A­ «®£¨ç­® ¯®«ãç¨¬

v(�r; �j ; �) = (2�)(n�1)=2
Z � Z

cr(�; �) exp((�
q
�2 + j�j2 � �)�r + i��j)d�

�
exp(i��)d�:

�¤­ ª® «¥¢ë¥ ç áâ¨ ¢ ¯®á«¥¤­¨å à ¢¥­áâ¢ å á®¢¯ ¤ îâ, ¯®íâ®¬ã, ®¡®§­ ç ï �2 � � = �a,
cj(�; �) = f1(�), cr(�; �) = f2(�), ¯®«ãç¨¬ ¢ á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ ¯à¥®¡à §®¢ ­¨ï �ãàì¥Z

f1(�) exp(�Btj + i�tr)d� =
Z
f2(�) exp(�Btr + i�tj)d�; (12)

¯à¨ç¥¬ fk(�) = 0, ¥á«¨ �2 � a. � ç áâ­®áâ¨, íâ® ®§­ ç ¥â, çâ® ¨­â¥£à¨à®¢ ­¨¥ ­  ¯à®âï¦¥­¨¨
¢á¥£® ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¯à®¨§¢®¤¨âáï ¯® ¢á¥¬ �2 � a (¥á«¨ a < 0, â® ¨­â¥£à¨à®¢ ­¨¥
¯à®¨§¢®¤¨âáï ¯® ¢á¥¬ �).
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�ëç¨á«ïï ¯à®¨§¢®¤­ë¥ ¯® tj , tr ¢ (12), ¯®«ãç¨¬Z
f1(�)(�B)n1(i�)n2 exp(�Btj) exp(i�tr)d� =

Z
f2(�)(i�)

n1(�B)n2 exp(i�tj) exp(�Btr)d�:

�à¨ íâ®¬ ¢á¥ ¢ë¯¨á ­­ë¥ ¨­â¥£à «ë  ¡á®«îâ­® áå®¤ïâáï. �¬¥­­® ¯® íâ®© ¯à¨ç¨­¥ ¯®á«¥ ¯à®-
¨§¢¥¤¥­­ëå ¤¥©áâ¢¨© á®åà ­¨«¨áì à ¢¥­áâ¢ , ¨ ®­¨ ¢ë¯®«­ïîâáï ¯à¨ ¢á¥å tk > �k;0.

�â ª, ¯à¨ tj = tr + b1 (  íâ® ­¨¦¥ áç¨â ¥¬ ¢ë¯®«­¥­­ë¬), £¤¥ ç¨á«® b1 � 0,
Z
f1(�)(�B)n1(i�)n2 exp((�B + i�)tr) exp(�Bb1)dtr =

=
Z
f2(�)(i�)n1(�B)n2 exp((�B + i�)tr) exp(i�b1)dtr:

�à¥¡ãï j�j2 � � = �a 6= 0, �2 � a, ¯®«ãç¨¬ jCj = j �B + i�j � jaj.
�à®¨­â¥£à¨à®¢ ¢ ¯® tr, ¯®«ãç¨¬Z
f1(�)(exp(�Bb1))(�B)n1(i�)n2(�B + i�)�1[exp((�B + i�)tr)� exp((�B + i�)b2)]dtr =

=
Z
f2(�)(exp(i�b1))(i�)n1(�B)n2(�B + i�)�1[exp((�B + i�)tr)� exp((�B + i�)b2)]dtr:

�âáî¤  ¢ á«ãç ¥ b2 ! +1 á«¥¤ã¥â
Z
f1(�)(exp(�Bb1))(�B)n1(i�)n2(�B + i�)�1 exp((�B + i�)tr)dtr =

=
Z
f2(�)(exp(i�b1))(�B)n3(i�)n1(�B + i�)�1 exp((�B + i�)tr)dtr:

�®¢â®à¨¢ ¯à®¤¥« ­­ãî ¯à®æ¥¤ãàã á®®â¢¥âáâ¢ãîé¥¥ ç¨á«® à § ¨ ®¡®§­ ç¨¢

g1 = f1(�)(exp(�Bb1)) exp((�B + i�)tr); g2 = f2(�)(exp(i�b1)) exp((�B + i�)tr);

«¥£ª® ¯®«ãç¨¬ à ¢¥­áâ¢  (11). �§ ­¨å ¨ ¨§ «¥¬¬ á«¥¤ãîâ à ¢¥­áâ¢  g1(�) = g2(�) ¢ R. � ª ª ª
ç¨á«® b1 � 0 ¬®¦­® ¢ë¡à âì ¯à®¨§¢®«ì­®, â® f1(�) = f2(�) = 0: � ª¨¬ ®¡à §®¬ ¤®ª § ­®, çâ®
cj(z) = cr(z) = 0 ¨ (Fv)(�j ; z) = 0 ¯à¨ �j � �j;0. �®íâ®¬ã v(�) = 0 ¯à¨ ­ §¢ ­­ëå �j . �âáî¤  ¨ ¨§
(2) á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 2.

�¥à¥§ (b3; b4] ®¡®§­ ç¨¬ ¤¨ ¬¥âà ¯® xj ®¡« áâ¨ 
, â. ¥. b3 = inffxj : (xj ; t) 2 
g, b4 = supfxj :
(xj ; t) 2 
g. �®¤ç¥àª­¥¬, çâ® ­¥ ¨áª«îç ¥âáï á«ãç © b3 = �1.

�¯à¥¤¥«¥­¨¥ 2. �ã­ªæ¨ï h(x) 2 L1
loc(R

n) ­ §ë¢ ¥âáï ¯«®áª® á«®¨áâ®© ¯® xj , ¥á«¨ ­  ¤¨ -
¬¥âà¥ ¯® xj ®¡« áâ¨ 
 ¢ë¯®«­ïîâáï à ¢¥­áâ¢ 

h(x) = nr(xj) ¯à¨ xj 2 (ar; ar+1];

¯à¨ç¥¬ ®¡ê¥¤¨­¥­¨¥ ¯®á«¥¤­¨å ¨­â¥à¢ «®¢ á®¢¯ ¤ ¥â á ¤¨ ¬¥âà®¬ ¯® xj ®¡« áâ¨ 
.

�¥®à¥¬  4. �à¥¤¯®«®¦¨¬, çâ® 
 ¨¬¥¥â ¯à®áâãî áâàãªâãàã, u | à¥è¥­¨¥ § ¤ ç¨ (1),
å®âï ¡ë ¯à¨ ®¤­®¬ ¯®¢®à®â¥ A ¨ ¤«ï ®¤­®£® j ¢ë¯®«­ïîâáï à ¢¥­áâ¢  (5), ¢ ª®â®àëå v(�) =
u(A�1�), äã­ªæ¨ï g(A�1�) ï¢«ï¥âáï ¯«®áª® á«®¨áâ®© ¯® �j ¨ ¯à¨­ ¤«¥¦¨â L1

loc(R
n),

Q((Dj ; iz); A)w = w(Mj) +
Mj�1X
q=0

NX
k=1

cq;k;j(z)w
(q)(�j + hq;k;j); (13)

¬­®¦¥áâ¢® 
(r) = f� : (�i; �) 2 
 ¤«ï ¢á¥å �j 2 (ar; ar+1]g ª®­¥ç­®.
�®£¤  ­ ¡®à (P (iz);
; g) ã¤®¢«¥â¢®àï¥â (M2).
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�®ª § â¥«ìáâ¢®. �â ª, u = 0 ¢­¥ 
. �¡®§­ ç¨¬ ç¥à¥§ (b0; a0] ¤¨ ¬¥âà 
 ¯® �j: � ª ª ª
äã­ªæ¨ï v(�j ; �) = 0 ¢­¥ A�1
, â® ®­  à ¢­  ­ã«î ¯à¨ �j � a0. � íâ®¬ á«ãç ¥ (Fv)(�j ; z) = 0 ¯à¨
�j � a0: �¥à¥å®¤ï ¢ (4) ª ¯à¥®¡à §®¢ ­¨î �ãàì¥ ¯® ¢á¥¬ ¯¥à¥¬¥­­ë¬, ªà®¬¥ �j, ¯®«ãç¨¬

Q((Dj ; iz); A)w = �w + (F (g(A�1�)v))(�j ; z); w(�) = 0 ¯à¨ � � a0; (14)

£¤¥ w = (Fv)(�j ; z).
�ãáâì �j ¯à¨­ ¤«¥¦¨â ¯¥à¢®¬ã á«®î (a�1; a0]. �®£¤  
�1 ®£à ­¨ç¥­®, g(A�1�) = n�1(�j). �

íâ®¬ á«ãç ¥

(F (g(A�1�)v))(�j ; z) = n�1(�j)
Z


�1

v(�j ; �) exp(�i�z)d� = n�1(�j)w:

�«¥¤®¢ â¥«ì­®, § ¤ ç  (14) ¢ á¨«ã (13) ®ª §ë¢ ¥âáï ­ ç «ì­®© § ¤ ç¥© ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£®
ãà ¢­¥­¨ï á ®¯¥à¥¦¥­¨¥¬  à£ã¬¥­â . � ª á«¥¤ã¥â ¨§ ([3], á. 18{28), ®­  ¨¬¥¥â â®«ìª® ­ã«¥¢®¥
à¥è¥­¨¥. � ª¨¬ ®¡à §®¬, ¤®ª § ­®, çâ® (Fv)(�j ; z) = 0 ¯à¨ �j � a�1. A­ «®£¨ç­® ¤®ª ¦¥¬, çâ®
(Fv)(�j ; z) = 0 ­  ¢á¥¬ ¤¨ ¬¥âà¥. � íâ®¬ á«ãç ¥ u(x) = 0 ­  ¢á¥¬ ¤¨ ¬¥âà¥ ¯® xj ®¡« áâ¨ 
.

� ª ¨ ¢ [1], à áá¬®âà¨¬ ¯à¨«®¦¥­¨¥ ª § ¤ ç¥ ¨§ â¥®à¨¨ ¢®«­®¢®¤®¢ [4]. �­  £« á¨â: áãé¥-
áâ¢ãîâ «¨ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï § ¤ ç¨

��u = (�+ c(x))u; x 2 Rn; u 2 L2(Rn); (15)

¢ ª®â®à®© c(x) = cj ¯à¨ x 2 
j ¨ c(x) = c0 ¢­¥ 
 =
S

j, 
 ¨¬¥¥â ¯à®áâãî áâàãªâãàã, �+ c0 6= 0

¯à¨ n = 2.
� ª ã¦¥ ®â¬¥ç «®áì, § ¤ ç  (15) ¨¬¥¥â å®âï ¡ë ®¤­® á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ � < 0, ¥á«¨ 


®£à ­¨ç¥­  ¨ n � 3, ¨ ­¨ª ª¨å ¤®¯®«­¨â¥«ì­ëå ®£à ­¨ç¥­¨© ­  à¥è¥­¨¥ ­¥ ­ ª« ¤ë¢ ¥âáï. �§
ä®à¬ã«, ¯®«ãç¥­­ëå ¢ [1], «¥£ª® ¯®áâà®¨âì  «£®à¨â¬ ¤«ï ¢ëç¨á«¥­¨ï á®¡áâ¢¥­­®£® §­ ç¥­¨ï á
«î¡®© ­ ¯¥à¥¤ § ¤ ­­®© áâ¥¯¥­ìî â®ç­®áâ¨. �á«¨ ®â à¥è¥­¨ï ¯®âà¥¡®¢ âì, çâ®¡ë ¯à¨ j = 1; 2

D2
j ((Fu)(�j ; z)) 2 L2(Rn); (16)

â® ¢ á«ãç ¥ ¯«®áª® á«®¨áâ®© ¯® �j c(x) § ¤ ç  (15) ­¥ ¡ã¤¥â ¨¬¥âì ­¥­ã«¥¢ëå à¥è¥­¨© (¤ ¦¥
¯à¨ ®£à ­¨ç¥­­®© 
). �¡¥¤¨¬áï ¢ íâ®¬.

� ¯®¬­¨¬, çâ® (Fu)(�j ; z) | ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ®¡®¡é¥­­®© äã­ªæ¨¨ ¬¥¤«¥­­®£® à®áâ 
u ¯® ¯¥à¥¬¥­­ë¬, ªà®¬¥ �j . �à¨ ¢ë¯®«­¥­¨¨ (16) ¨¬¥¥â ¬¥áâ® Dj((Fu)(�j ; z)) 2 L2(Rn). � ª ª ª
¯à¨ ¯®¢®à®â¥ A ®á¥© ª®®à¤¨­ â § ¤ ç  (15) ¯à¥®¡à §ã¥âáï ¢ § ¤ çã

��v +
nX
r=1

hrDrv = (�+ g(A�1�))v; � 2 A
; v 2 L2(Rn);

â® (16) £ à ­â¨àãîâ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ (5), â. ª.

Q((Dj ; iz); A)w = �D2
jw + (jzj2 � �)w +

X
r 6=j

hr(iz)w +Djw:

�®« £ ï � = �+ c0, ¯®«ãç¨¬

��u = (�+ g(x))u; x 2 Rn; u 2 L2(Rn);

£¤¥ g(x) = 0 ¢­¥ 
 ¨ g(x) ¯«®áª® á«®¨áâ ï ¯® �j , ¨¡® â ª®¢  c(x).
�§ ¤®ª § ­­ëå â¥®à¥¬ á«¥¤ã¥â: ã § ¤ ç¨ (15) ®âáãâáâ¢ãîâ ­¥­ã«¥¢ë¥ à¥è¥­¨ï.
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