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1. �¢¥¤¥¨¥

1.1. �¥®à¨ï á®¯àï¦¥ëå á¢ï§®áâ¥©, ¯®áâà®¥ ï �.�.�®à¤¥®¬ ¨ à §¢¨â ï ¥£® ãç¥¨ª ¬¨
( ¯à., [1]{[3]), ¯¥à¥¦¨¢ ¥â á¥£®¤ï ¢â®à®¥ à®¦¤¥¨¥ ¢ á¢ï§¨ á ¢®§à®áè¨¬ ¢ ¯®á«¥¤¨¥ ¤¥áïâ¨-
«¥â¨ï ¨â¥à¥á®¬ ã § àã¡¥¦ëå £¥®¬¥âà®¢ ª  ää¨®© ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨ ( ¯à., [4]
¨ [5]) ¨ ¡ãàë¬ à §¢¨â¨¥¬ â¥®à¨¨, ª®â®àãî ¥¥ ®á®¢ â¥«ì �.�.�¥æ®¢  §ë¢ « \£¥®¬¥âà®áâ -
â¨áâ¨ª®©" ([6], á. 5). �¬¥® íâ®¬ã ¯®á«¥¤¥¬ã  á¯¥ªâã ¯à¨¬¥¥¨ï á®¯àï¦¥ëå á¢ï§®áâ¥©
¨ ¯®á¢ïé¥  ¤  ï áâ âìï.

1.2. �â¯à ¢ë¬ ¯ãªâ®¬ ¤«ï \£¥®¬¥âà®áâ â¨áâ¨ª¨" ¯®á«ã¦¨«  à ¡®â  [7]. � ¥©   ®á®¢¥
ä¨è¥à®¢áª®© ¨ä®à¬ æ¨®®© ¬ âà¨æë ¡ë« ®¯à¥¤¥«¥ à¨¬ ®¢ â¥§®à   ¬®£®®¡à §¨¨ à á¯à¥-
¤¥«¥¨© ¢¥à®ïâ®áâ¥©, ª®â®àë© ¯à¥¢à â¨« ¯®á«¥¤¥¥ ¢ à¨¬ ®¢® ¬®£®®¡à §¨¥, ®¤®¢à¥¬¥®
¡ë«¨ ¢ë¢¥¤¥ë ãà ¢¥¨ï £¥®¤¥§¨ç¥áª¨å «¨¨©.

�.�.�¥æ®¢ ¢ äã¤ ¬¥â «ì®© ¬®®£à ä¨¨ [6] ¯®áâà®¨« £¥®¬¥âà¨î áâ â¨áâ¨ç¥áª¨å à¥è¥-
¨© á ª â¥£®à¨¥© ¬ àª®¢áª¨å ¬®àä¨§¬®¢   ¬®£®®¡à §¨¨ à á¯à¥¤¥«¥¨© ¢¥à®ïâ®áâ¥©, ¯®ª § ¢
¯à¨ íâ®¬, çâ® ä¨è¥à®¢áª¨© ¨ä®à¬ æ¨®ë© â¥§®à ¯®à®¦¤ ¥â ¥¤¨áâ¢¥ãî á â®ç®áâìî ¤®
¯®áâ®ï®£® ¬®¦¨â¥«ï ¨¢ à¨ âãî à¨¬ ®¢ã ¬¥âà¨ªã ¢ íâ®© ª â¥£®à¨¨ ([6], á. 176{179). �¬
¦¥ ¡ë«® ¯®áâà®¥® 1-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¨¢ à¨ âëå «¨¥©ëå á¢ï§®áâ¥© r   ¬®-
£®®¡à §¨¨ à á¯à¥¤¥«¥¨© ¢¥à®ïâ®áâ¥© ¨ ¯®ª § ®, çâ® íªá¯®¥æ¨ «ìë¥ á¥¬¥©áâ¢  ï¢«ïîâáï
£¥®¤¥§¨ç¥áª¨¬¨ ®â®á¨â¥«ì® íâ¨å á¢ï§®áâ¥© r ([6], áá. 189{201, 284{300).

� à §¢¨â¨¥ â¥®à¨¨ �.� ãà¨âæ¥ ([8], á. 163{216) ®¡®¡é¨« ¯®ïâ¨¥ à¨¬ ®¢  ¬®£®®¡à §¨ï
à á¯à¥¤¥«¥¨© ¢¥à®ïâ®áâ¥© á 1-¯ à ¬¥âà¨ç¥áª¨¬ á¥¬¥©áâ¢®¬ á¢ï§®áâ¥© �¥æ®¢  r, ¤ ¢ ®¯à¥-
¤¥«¥¨¥  ¡áâà ªâ®£® áâ â¨áâ¨ç¥áª®£® ¬®£®®¡à §¨ï ª ª âà¨¯«¥â  (M; g;D). �¤¥áì, ¯® § ¬ë-
á«ã  ¢â®à , £« ¤ª®¥ n-¬¥à®¥ (n � 2) ¬®£®®¡à §¨¥M ¤®«¦® ¡ë«® á¨¬¢®«¨§¨à®¢ âì ¬®£®®¡à -
§¨¥ à á¯à¥¤¥«¥¨© ¢¥à®ïâ®áâ¥©, ¬¥âà¨ç¥áª¨© â¥§®à g ®«¨æ¥â¢®àïâì ä¨è¥à®¢áª¨© ¨ä®à¬ æ¨-
®ë© â¥§®à,   á¥¬¥©áâ¢® «¨¥©ëå á¢ï§®áâ¥© r = r+ D, £¤¥ r| á¢ï§®áâì �¥¢¨-�¨¢¨â 
¨  | ¯à®¨§¢®«ìë© ¢¥é¥áâ¢¥ë© ¯ à ¬¥âà, ¨â¥à¯à¥â¨à®¢ âìáï ª ª ®¤®¯ à ¬¥âà¨ç¥áª®¥
á¥¬¥©áâ¢® «¨¥©ëå á¢ï§®áâ¥© �¥æ®¢ . �«îç¥¢ë¬¨ ¬®¬¥â ¬¨ ¢ ¥£® â¥®à¨¨ áâ «¨ ¢ë¤¥«¥¨¥
á®¯àï¦¥ëå ¯ à á¢ï§®áâ¥© r ¨ �r,   â ª¦¥ ¢¢¥¤¥¨¥ ¯®ïâ¨ï á®¯àï¦¥®£® á¨¬¬¥âà¨-

ç¥áª®£® áâ â¨áâ¨ç¥áª®£® ¬®£®®¡à §¨ï, ¤«ï ª®â®à®£®, ¯® ®¯à¥¤¥«¥¨î, ¯à¨ ¢á¥å  á®¢¯ ¤ îâ
â¥§®àë ªà¨¢¨§ë R ¨ �R á®¯àï¦¥ëå á¢ï§®áâ¥© r ¨ �r á®®â¢¥âáâ¢¥®.

�¥®à¨ï áâ â¨áâ¨ç¥áª¨å ¬®£®®¡à §¨©  è«  á¢®¥ ®âà ¦¥¨¥ ¢ ¤¥áïâª å áâ â¥© ¨ á¥à¨¨ ¬®-
®£à ä¨© [6], [8]{[12].

1.3. �¥à¢ë© à §¤¥« ¤ ®© áâ âì¨ ¢¢®¤¨â ç¨â â¥«ï ¢ ªàã£ ¯®ïâ¨© \£¥®¬¥âà®áâ â¨áâ¨ª¨".
�â¨ á¢¥¤¥¨ï ¡ã¤ãâ ¥®¡å®¤¨¬ë ¤«ï ¨áá«¥¤®¢ ¨ï ¨¢ à¨ âëå á¢ï§®áâ¥© �¥æ®¢  r, ®¨
¯®ç¥à¯ãâë ¨§ ¬®®£à ä¨¨ [6] ¨ ¤àã£®© à ¡®âë â®£® ¦¥  ¢â®à  [13]. � ¯®á«¥¤¥¬  ¡§ æ¥ ¯ à -
£à ä  ¢ë¢¥¤¥¬ ¯à®áâ¥©è¨¥ á«¥¤áâ¢¨ï ¢¢¥¤¥ëå ®¯à¥¤¥«¥¨©.

90



�â®à®© à §¤¥« ¯®á¢ïé¥ ¯à¨¬¥¥¨î â¥®à¨¨ á®¯àï¦¥ëå á¢ï§®áâ¥© �.�.�®à¤¥  ¤«ï ¨á-
á«¥¤®¢ ¨ï ¨¢ à¨ âëå á¢ï§®áâ¥© �¥æ®¢  r   ¬®£®®¡à §¨¨ à á¯à¥¤¥«¥¨© ¢¥à®ïâ®-
áâ¥©,   âà¥â¨© | ¤«ï ®¯¨á ¨ï £¥®¬¥âà¨¨ á®¯àï¦¥®£® �¨çç¨-á¨¬¬¥âà¨ç¥áª®£® áâ â¨áâ¨ç¥-
áª®£® ¬®£®®¡à §¨ï. �®á«¥¤¥¥ ®¯à¥¤¥«ï¥âáï ª ª ¥¯®áà¥¤áâ¢¥®¥ ®¡®¡é¥¨¥ á®¯àï¦¥®£®
á¨¬¬¥âà¨ç¥áª®£® áâ â¨áâ¨ç¥áª®£® ¬®£®®¡à §¨ï �.� ãà¨âæ¥ .

2. �®£®®¡à §¨¥ à á¯à¥¤¥«¥¨© ¢¥à®ïâ®áâ¥©

2.1. �ãáâì 
 | ¯à®áâà áâ¢® í«¥¬¥â àëå ¨áå®¤®¢ ¨ S|  «£¥¡à  ¥£® ¯®¤¬®¦¥áâ¢,  §ë¢ -
¥¬ëå á®¡ëâ¨ï¬¨. �®¤ à á¯à¥¤¥«¥¨¥¬ ¢¥à®ïâ®áâ¥© Pf�g    «£¥¡à¥ S ¯®¨¬ ¥âáï ¢¥à®ïâ®áâ-
 ï ¬¥à  | ¥®âà¨æ â¥«ì ï  ¤¤¨â¨¢ ï ª®¥ç ï äãªæ¨ï ¯®¤¬®¦¥áâ¢ , ®¯à¥¤¥«¥ ï   S,
ª®â®à ï ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ®à¬¨à®¢ ®áâ¨ Pf
g = 1. �®¢®ªã¯®áâì ¢á¥å à á¯à¥¤¥«¥¨©
¢¥à®ïâ®áâ¥©   ¨§¬¥à¨¬®¬ ¯à®áâà áâ¢¥ (
;S) ®¡®§ ç ¥âáï ª ª Cap(
;S) ([6], á. 19{20).

�ãáâì Z | ¨¤¥ « ¢¥à®ïâ®áâëå ¬¥à  «£¥¡àë S. � áá¬ âà¨¢ îâáï ¤¢¥ á®¢®ªã¯®áâ¨:
Capd(
;S;Z) ¢á¥å ¢¥à®ïâ®áâëå ¬¥à,  ã«¨àãîé¨åáï   Z, ¨ Caph(
;S;Z) ¢á¥å ¢¥à®ïâ®áâ-
ëå ¬¥à,  ã«¨àãîé¨åáï   Z ¨ â®«ìª®   Z.

�ãáâì S = Sn+1 | ª®¥ç ï  «£¥¡à  ¯®¤¬®¦¥áâ¢ ¯à®áâà áâ¢  ¨áå®¤®¢ 
, ¯®à®¦¤¥ ï
 â®¬ ¬¨ A1; : : : ; An+1. �á«¨ ª ¦¤®¥ à á¯à¥¤¥«¥¨¥ ¢¥à®ïâ®áâ¥© Pf�g § ¤ ¢ âì ¢¥ªâ®à®¬ p =
(PfA1g; : : : ; PfAn+1g) ¤«ï PfAag � 0 ¨ PfA1g + � � � + PfAn+1g = 1, £¤¥ a = 1; : : : ; n + 1, â® íâ¨

¢¥ªâ®àë § ¯®«ïâ ¢ ¯à®áâà áâ¢¥ Rn+1 á¨¬¯«¥ªá
n+1P
a=1

paea, £¤¥ pa � 0 ¨
n+1P
a=1

pa = 1, á ¢¥àè¨ ¬¨

E1; : : : ; En+1 ¢ ª®æ å ¥¤¨¨çëå ¢¥ªâ®à®¢ e1(1; 0; : : : ; 0); : : : ; en+1(0; : : : ; 0; 1), ª®â®àë¥ ®â¢¥ç îâ
á®®â¢¥âáâ¢ãîé¨¬ à á¯à¥¤¥«¥¨ï¬ ¢¥à®ïâ®áâ¥© ([6], á. 143). �à¨ íâ®¬ ¢¥à®ïâ®áâ¨ PfAjg =
pj(P ) ï¢«ïîâáï ®¤®¢à¥¬¥® ª®®à¤¨ â ¬¨ â®çª¨ P á à ¤¨ãá-¢¥ªâ®à®¬ p ¢ ¯à®áâà áâ¢¥ Rn+1

¨ ¡ à¨æ¥âà¨ç¥áª¨¬¨  ää¨ë¬¨ ª®®à¤¨ â ¬¨ ®â®á¨â¥«ì® ¢¥àè¨ á¨¬¯«¥ªá .
�®¢®ªã¯®áâì à á¯à¥¤¥«¥¨© Cap(
;Sn+1) ®¡« ¤ ¥â ¥áâ¥áâ¢¥®© â®¯®«®£¨¥© ¨ ¥áâ¥áâ¢¥®©

¤¨ää¥à¥æ¨ «ì®© áâàãªâãà®© á¨¬¯«¥ªá  ¯à®áâà áâ¢  Rn+1.
�ãâà¥¨¥ â®çª¨ IntCap(
;Sn+1) á¨¬¯«¥ªá  Cap(
;Sn+1) ®â¢¥ç îâ à á¯à¥¤¥«¥¨ï¬ ¢¥à®ïâ-

®áâ¥© P á® áâà®£® ¯®«®¦¨â¥«ìë¬¨ ¢¥à®ïâ®áâï¬¨ PfAag > 0  â®¬®¢ Aa. �«ï ª ¦¤®£® â ª®£®
à á¯à¥¤¥«¥¨ï ¢¥à®ïâ®áâ¥© P ¨¤¥ « ZP á®áâ®¨â ¨§ ®¤®£® ¯ãáâ®£® ¬®¦¥áâ¢  ¨, á«¥¤®¢ â¥«ì®,
ZP = O| âà¨¢¨ «ìë© ¨¤¥ «  «£¥¡àë Sn+1. � íâ®¬ á«ãç ¥ ¨¬¥¥¬ Cap(
;Sn+1) = Capd(
;S;O)
([6], á. 27). � ¬¨ ¦¥ áâà®£® ¯®«®¦¨â¥«ìë¥ à á¯à¥¤¥«¥¨ï ¢¥à®ïâ®áâ¥© ®¡à §ãîâ á®¢®ªã¯®áâì
Caph(
;S;O) | ®âªàëâë© á¨¬¯«¥ªá ¢ãâà¥¨å â®ç¥ª IntCap(
Sn+1), ª®â®àë© ï¢«ï¥âáï n-
¬¥àë¬ ¬®£®®¡à §¨¥¬ ([6], á. 27),  §ë¢ ¥¬ë¬ ¬®£®®¡à §¨¥¬ à á¯à¥¤¥«¥¨© ¢¥à®ïâ®áâ¥©.

�á«¨ ¦¥ Z | ¥âà¨¢¨ «ìë© ¨¤¥ «  «£¥¡àë Sn+1, â® á®¢®ªã¯®áâì Caph(
;Sn+1;Z) ¡ã¤¥â
¢ãâà¥®áâìî ª ª®©-«¨¡® £à ¨ á¨¬¯«¥ªá  Cap(
;Sn+1), â. ¥. â ª¦¥ ¬®£®®¡à §¨¥¬ | ®âªàë-
âë¬ á¨¬¯«¥ªá®¬ ¬¥ìè¥© à §¬¥à®áâ¨ ([6], á. 27).

�á«¨  «£¥¡à  S ¥ ï¢«ï¥âáï ª®¥ç®©, â® à áá¬ âà¨¢ ¥âáï á«ãç ©, ª®£¤  ¢  «£¥¡à¥ S áãé¥-
áâ¢ã¥â â ª®© ¨¤¥ « Z, ¤«ï ª®â®à®£® ä ªâ®à- «£¥¡à  S=Z ï¢«ï¥âáï ª®¥ç®©. �à¨ íâ®¬ á®¢®ªã¯-
®áâ¨ Caph(
;S;Z) á ª®¥çë¬¨ ä ªâ®à- «£¥¡à ¬¨ S=Z ®¡à §ãîâ (®â®á¨â¥«ì® ¬ àª®¢áª¨å
¬®àä¨§¬®¢) ª â¥£®à¨î CAPHF ([6], á. 175).

�áâ ®¢«¥® ([6], «¥¬¬  9.2), çâ® á®¢®ªã¯®áâì Caph(
;S;Z) á ª®¥ç®© ä ªâ®à- «£¥¡à®© S=Z
íª¢¨¢ «¥â  á®¢®ªã¯®áâ¨ Caph(
;Sn+1;O) á â¥¬ ¦¥ ç¨á«®¬  â®¬®¢, çâ® ¨ ã ä ªâ®à- «£¥¡àë
S=Z.

2.2. �®-¯à¥¦¥¬ã ç¥à¥§ A1; : : : ; An+1 ®¡®§ ç ¥¬  â®¬ë  «£¥¡àë S, ®¯à¥¤¥«¥ë¥ á â®ç®áâìî
¤® Z-íª¢¨¢ «¥â®áâ¨, ¨ ç¥à¥§ p |  ¡®à ¢¥à®ïâ®áâ¥©  â®¬®¢ ¤«ï § ª®  P 2 Caph(
;S;Z).
�®£¤    ®âªàëâ®¬ á¨¬¯«¥ªá¥ Caph á (n+ 1)- â®¬®© ä ªâ®à- «£¥¡à®© S=Z, à áá¬ âà¨¢ ¥¬®¬
ª ª ¬®£®®¡à §¨¥, § ¤ ¥âáï ([6], áá. 164{165, 190; [13], áá. 88{91, 99) ¯¥à¥®¯à¥¤¥«¥ ï á¨áâ¥¬ 
n+ 1 ¢¥ªâ®àëå ¯®«¥© Xa = pa(1� pa) d

dpa
¤«ï a = 1; : : : ; n+ 1, ®¡« ¤ îé¨å á«¥¤ãîé¨¬¨ á¢®©-

áâ¢ ¬¨:
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1) «î¡ë¥ n ¨§ ¨å ®¡à §ãîâ ¡ §¨á ª á â¥«ì®£® ¯à®áâà áâ¢  ¢ ª ¦¤®© â®çª¥ P ¬®£®®¡à -
§¨ï Caph ¨ ¯à¨ íâ®¬ X1 + � � � +Xn+1 = 0;

2) áª®¡ª  «î¡ëå ¤¢ãå ¢¥ªâ®àëå ¯®«¥© [Xa; Xb] = XaXb �XbXa = 0;
3) «î¡®¥ ¢¥ªâ®à®¥ ¯®«¥ Z ¬®£®®¡à §¨ï Caph ®¤®§ ç® à §« £ ¥âáï ¯® ¢¥ªâ®àë¬ ¯®«ï¬

X1; : : : ;Xn+1: Z = �aXa ¯à¨ ãá«®¢¨¨, çâ®
n+1P
a=1

�a = 0;

4) ¤¥©áâ¢¨¥ ¯à®¨§¢®«ì®£® ¯®«ï Xa   «î¡ãî ¡ §¨áãî äãªæ¨î pb § ¤ ¥âáï ä®à¬ã«®©
Xapb = �abpa � papb, £¤¥ �ab | á¨¬¢®« �à®¥ª¥à .

�®ª § ® ([6], á. 193; [13], á. 96), çâ® ¢ ª â¥£®à¨¨ CAPHF áãé¥áâ¢ã¥â 1-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©-
áâ¢® íª¢¨¢ à¨ âëå «¨¥©ëå á¢ï§®áâ¥© r, ª®â®àë¥ ®¯à¥¤¥«ïîâáï á ¯®¬®éìî ¢¥ªâ®àëå
¯®«¥© ¨§ á®¢®ªã¯®áâ¨ fX1; : : : ;Xn+1g ä®à¬ã« ¬¨ ª®¢ à¨ â®£® ¤¨ää¥à¥æ¨à®¢ ¨ï

rXa
Xb = (�abXb � paXb � pbXa) (2.1)

¤«ï ª ¦¤®£® ¤¥©áâ¢¨â¥«ì®£® ¯ à ¬¥âà  . �áâ ®¢«¥® ([13], á. 99), çâ® ª ¦¤ ï íª¢¨¢ à¨ â-
 ï á¢ï§®áâì r ¥ ¨¬¥¥â ªàãç¥¨ï,   ¥¥ â¥§®à ªà¨¢¨§ë R ®¯à¥¤¥«ï¥âáï § ç¥¨ï¬¨  
¢¥ªâ®àëå ¯®«ïå X1; : : : ;Xn+1 ä®à¬ã«®©

R(Xa;Xb)Xc = ( � 1)pc[(pb � �ba)Xa � (pa � �ab)Xb]: (2.2)

�«ï  = 0 ¨  = 1 ¨¬¥¥¬ R = 0,   ¯®â®¬ã á¢ï§®áâ¨ 0r ¨ 1r ¯«®áª¨¥,   ¬®£®®¡à §¨¥ Caph ¯®
®â®è¥¨î ª ª ¦¤®© ¨§ ¤ ëå á¢ï§®áâ¥© «®ª «ì®  ää¨®¥ ([14], á. 198{199). �¢ï§®áâ¨ r
ãá«®¢¨¬áï  §ë¢ âì á¢ï§®áâï¬¨ �¥æ®¢  [15].

�®ª § ® â ª¦¥ ([6], á. 176), çâ® ¢ ª â¥£®à¨¨ CAPHF áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© ¨¢ à¨ â-
ë© â¥§®à g â¨¯  (2; 0), ª®â®àë© ®¯à¥¤¥«ï¥âáï § ç¥¨ï¬¨ g(Y;Z) = �a�apa � (�apa)(�bpb)  
¯à®¨§¢®«ìëå ¢¥ªâ®àëå ¯®«ïå Y = �aXa ¨ Z = �bXb. �à¨ íâ®¬ á¢ï§®áâì 1=2r ï¢«ï¥âáï ([13],
á. 92) à¨¬ ®¢®© ¯® ®â®è¥¨î ª g ¨ R = 4(1 � )1=2R ¤«ï â¥§®à®¢ ªà¨¢¨§ë R ¨ 1=2R á¢ï§-
®áâ¨ r ¨ à¨¬ ®¢®© á¢ï§®áâ¨ 1=2r. �¥§®à g ¢ ¤ «ì¥©è¥¬ ãá«®¢¨¬áï  §ë¢ âì ä¨è¥à®¢áª¨¬
¬¥âà¨ç¥áª¨¬ â¥§®à®¬.

2.3. �¢®©áâ¢  1 ¨ 2 ¨§ ¯à¨¢¥¤¥ëå ¢ëè¥ ¯®§¢®«ïîâ ¢ë¡à âì n ¢¥ªâ®àëå ¯®«¥© X1; : : : ; Xn

¨§ á®¢®ªã¯®áâ¨ fX1; : : : ;Xn+1g ¢ ª ç¥áâ¢¥ «®ª «ì®£® £®«®®¬®£® ¡ §¨á  ¢¥ªâ®àëå ¯®«¥©
¬®£®®¡à §¨ï Caph.

�®£« á® á¢®©áâ¢ ¬ 1 ¨ 3 ¢¥ªâ®àëå ¯®«¥© á®¢®ªã¯®áâ¨ fX1; : : : ;Xn+1g ¨¬¥¥¬ rXj
X i =

�kijXk+ �n+1ij Xn+1 = �
k

ijXk, £¤¥ �
k

ij ¡ã¤ãâ á¨¬¢®« ¬¨ �à¨áâ®ää¥«ï á¢ï§®áâ¨
r ¢ «®ª «ì®¬

£®«®®¬®¬ ¡ §¨á¥ X1; : : : ;Xn. � ç áâ®áâ¨, �
k

ij =
�kij � �n+1ij ¤«ï Xk = Xk ¨ k = 1; 2; : : : ; n.

� ãç¥â®¬ à ¢¥áâ¢ (2.1),   â ª¦¥ ¢ á¨«ã «¨¥©®© ¥§ ¢¨á¨¬®áâ¨ ¢¥ªâ®àëå ¯®«¥© X1; : : : ; Xn,
 å®¤¨¬ ¢ëà ¦¥¨¥ ¤«ï á¨¬¢®«®¢ �à¨áâ®ää¥«ï

�
k

ij = [(�ij � pi)�
k
j � pj�

k
i ]: (2.3)

�®¬¯®¥âë â¥§®à  ªà¨¢¨§ë R á¢ï§®áâ¨ r,  ©¤¥ë¥ ¢ ¡ §¨á¥ X1; : : : ;Xn, ¨¬¥îâ ¢¨¤

R
i

jkl = ( � 1)pj [(pl � �lj)�
i
k � (pk � �kj)�

i
l ]; (2.4)

£¤¥ i; j; k; l = 1; 2; : : : ; n. �¥©áâ¢¨â¥«ì®, á®£« á® á¢®©áâ¢ ¬ 1 ¨ 3 ¢¥ªâ®àëå ¯®«¥© á®¢®ªã¯®áâ¨
fX1; : : : ;Xn+1g ¨ à ¢¥áâ¢ ¬ (2.2)  å®¤¨¬

R(Xk;X l)Xj = Ri
jklXi + Rn+1

jkl Xn+1 = R
i

jklX i = ( � 1)pj [(pl � �lj)�ik � (pk � �kj)�il ]X i:

�âáî¤  ¢ á¨«ã «¨¥©®© ¥§ ¢¨á¨¬®áâ¨ ¢¥ªâ®àëå ¯®«¥© X1; : : : ; Xn ¢ë¢®¤¨¬ à ¢¥áâ¢  (2.4),
£¤¥, ¢ ç áâ®áâ¨, R

i

jkl =
Ri

jkl � Rn+1
jkl ¤«ï Xk = Xk.

�¢ à¨ âë© ¢ ª â¥£®à¨¨ CAPHF ä¨è¥à®¢áª¨© â¥§®à g ¢ «®ª «ì®¬ £®«®®¬®¬ ¡ -
§¨á¥ X1; : : : ;Xn ¢¥ªâ®àëå ¯®«¥© ¬®£®®¡à §¨ï Caph ¨¬¥¥â ª®¬¯®¥âë gij := g(X i;Xj) =
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pi(�ij � pj). �  ®á®¢ ¨¨ ªà¨â¥à¨ï �¨«ì¢¥áâà  ¥¯®áà¥¤áâ¢¥® ¯à®¢¥àï¥âáï ¯®â®ç¥ç® ¯®«®-
¦¨â¥«ì ï ®¯à¥¤¥«¥®áâì â¥§®à  g. � à¥§ã«ìâ â¥ ª ¦¤®¥ Caph áâ ®¢¨âáï à¨¬ ®¢ë¬ ¬®£®-
®¡à §¨¥¬. �¨áªà¨¬¨ âë© â¥§®à ä¨è¥à®¢áª®£® â¥§®à  ¨¬¥¥â ¢¨¤

det g = p1p2 : : : pn(1� p1 � p2 � � � � � pn) = p1p2 : : : pnpn+1 > 0: (2.5)

3. �®¯àï¦¥ë¥ á¢ï§®áâ¨   ¬®£®®¡à §¨¨ à á¯à¥¤¥«¥¨© ¢¥à®ïâ®áâ¥©

3.1. � à  «¨¥©ëå á¢ï§®áâ¥© r ¨ r�   £« ¤ª®¬ ¬®£®®¡à §¨¨ M  §ë¢ ¥âáï ([2], á. 173;
[4]; [5], á. 53; [16], á. 157) á®¯àï¦¥®© ®â®á¨â¥«ì® ¥¢ëà®¦¤¥®£® â¥§®à  h â¨¯  (2; 0), ¥á«¨
Zh(X;Y ) = h(rZX;Y )+h(X;r�

ZY ) ¤«ï «î¡ëå ¢¥ªâ®àëå ¯®«¥©X, Y ¨ Z ¬®£®®¡à §¨ï. �«ï â -
ª®© ¯ àë á®¯àï¦¥ëå á¢ï§®áâ¥© ¯à¨ïâ® ([5], á. 53) ®¡®§ ç¥¨¥ (r; h;r�). � à  á®¯àï¦¥ëå
á¢ï§®áâ¥© (r; h;r�)  §ë¢ ¥âáï ª®¤ ææ¨¥¢®© ([2], á. 182), ¥á«¨ â¥§®à h ï¢«ï¥âáï ª®¤ ææ¨¥¢ë¬
®â®á¨â¥«ì®© á¢ï§®áâ¨ r. � ¤ «¥¥, ¯ à  (r; h;r�)  §ë¢ ¥âáï íª¢¨ ää¨®© ([2], á. 182), ¥á«¨
®¡¥ á®áâ ¢«ïîé¨¥ ¥¥ á¢ï§®áâ¨ íª¢¨ ää¨ë¥. �á«¨ ¯à¨ íâ®¬ íª¢¨ ää¨ë¥ á¢ï§®áâ¨ r ¨
r� ï¢«ïîâáï ¥é¥ ¨ ¯à®¥ªâ¨¢® ¯«®áª¨¬¨,  §®¢¥¬ ¯ àã (r; h;r�) íª¢¨¯à®¥ªâ¨¢®©. �á®¢®©
à¥§ã«ìâ â ¤ ®£® ¯ à £à ä  ¯à¥¤áâ ¢«ï¥â

�¥®à¥¬  3.1. �§ 1-¯ à ¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢  íª¢¨¢ à¨ âëå á¢ï§®áâ¥© �¥æ®¢   

¬®£®®¡à §¨¨ Caph á®¯àï¦¥ë¬¨ ®â®á¨â¥«ì® ä¨è¥à®¢áª®£® â¥§®à  g ¡ã¤ãâ â®«ìª® ¯ àë

(r; g; (1�)r), ª ¦¤ ï ¨§ ª®â®àëå ï¢«ï¥âáï ®¤®¢à¥¬¥® ª®¤ ææ¨¥¢®© ¨ íª¢¨¯à®¥ªâ¨¢®© á

®á®¢ë¬¨ ¯«®â®áâï¬¨ ¢¨¤  ! = (p1 : : : pnpn+1) ¨ (1�)! = (p1 : : : pnpn+1)1�.

�®ª § â¥«ìáâ¢®. �à®¢¥¤¥¬ ¥£® ¢ ç¥âëà¥ íâ ¯ . �  ¯¥à¢®¬ íâ ¯¥  ©¤¥¬ ãá«®¢¨ï   ç¨á« 
1 ¨ 2, ¯à¨ ª®â®àëå á¢ï§®áâ¨ 1r ¨ 2r ¡ã¤ãâ á®¯àï¦¥ë¬¨ ®â®á¨â¥«ì® â¥§®à  g. � «®-
ª «ì®¬ £®«®®¬®¬ ¡ §¨á¥ X1; : : : ;Xn ãá«®¢¨¥ á®¯àï¦¥®áâ¨ á¢ï§®áâ¥© 1r ¨ 2r ¯à¨¨¬ ¥â
¢¨¤ ãà ¢¥¨© Xkg(X i;Xj) = g(1rXk

X i;Xj) + g(X i;
2rXk

Xj). �à ¢ ï ¨å ç áâì   ®á®¢ ¨¨
á¢®©áâ¢  4 ¨ à ¢¥áâ¢ (2.1) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

Xkg(X i;Xj) = Xkgij = (Xkpi)(�ij � pj)� pi(Xkpj) =

= �ik�ijpk � �ijpipk � �kipjpk + 2pipjpk � �kjpipk:

� á¢®î ®ç¥à¥¤ì, «¥¢ ï ç áâì ãà ¢¥¨© ¯à¥®¡à §ã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

g(1rXk
X i; Xj) + g(X i;

2rXk
Xj) =

= 1g(�ikX i � piXk � pkX i; Xj) + 2g(X i; �jkXj � pjXk � pkXj) =

= 1(�ik�ijpk � �ijpipk � �kipjpk + 2pipjpk � �kjpipk) +

+ 2(�ik�ijpk � �ijpipk � �kipjpk + 2pipjpk � �kjpipk);

£¤¥ ¨á¯®«ì§®¢ ë á®®â®è¥¨ï �ikpi = �ikpk ¨ �ij�ikpk = �ij�jkpk. � ¨â®£¥ § ª«îç ¥¬, çâ® á¢ï§-
®áâ¨ 1r ¨ 2r ¡ã¤ãâ á®¯àï¦¥ë¬¨ ®â®á¨â¥«ì® â¥§®à  g â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
2 = 1� 1.

�  ¢â®à®¬ íâ ¯¥ ¤®ª ¦¥¬, çâ® ¯ à  á®¯àï¦¥ëå á¢ï§®áâ¥© ª®¤ ææ¨¥¢ . �«ï íâ®£® ¢®á¯®«ì-
§ã¥¬áï áâ ¤ àâë¬ ¯à ¢¨«®¬ ª®¢ à¨ â®£® ¤¨ää¥à¥æ¨à®¢ ¨ï ([14], á. 122) ¨   ®á®¢ ¨¨
¯à¨¢¥¤¥ëå ¢ëè¥ ä®à¬ã« ¯®«ãç¨¬

(rXk
g)(X i;Xj) = (Xkg)(X i;Xj)� g(rXk

X i; Xj)� g(X i;
rXk

Xj) =

+ (1� 2)(�ik�ijpk � �ijpipk � �kipjpk + 2pipjpk � �kjpipk):

� ¨â®£¥ (rXk
g)(X i;Xj) = (rXi

g)(Xk;Xj). �â¨ à ¢¥áâ¢  ®áïâ  §¢ ¨¥ ãà ¢¥¨© �®¤ ææ¨

([2], á. 169) ¨ å à ªâ¥à¨§ãîâ ¯ àã (r; g; (1�)r) ª ª ª®¤ ææ¨¥¢ã ([2], á. 182).
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�  âà¥âì¥¬ íâ ¯¥ ¤®ª ¦¥¬, çâ® «î¡ ï á¢ï§®áâì �¥æ®¢  r ï¢«ï¥âáï íª¢¨¯à®¥ªâ¨¢®©.
�¢¥àâª®© ®¡¥¨å ç áâ¥© à ¢¥áâ¢  (2.4) ¯® ¨¤¥ªá ¬ i ¨ k  å®¤¨¬ ¢ ¡ §¨á¥ X1; : : : ;Xn ª®¬¯®-
¥âë

Rjl = R
k

jkl = (n� 1)( � 1)pj(pl � �lj) (3.1)

â¥§®à  �¨çç¨  Ric íª¢¨¢ à¨ â®© á¢ï§®áâ¨ r. �¥§®à  Ric á¨¬¬¥âà¨ç¥, çâ® à ¢®á¨«ì®
¢ë¯®«¥¨î ¯¥à¢®£® ãá«®¢¨ï ¨§ ®¯à¥¤¥«¥¨ï íª¢¨¯à®¥ªâ¨¢®© á¢ï§®áâ¨ ([16], á. 125; [2], á. 151).
�  ®á®¢¥ ¢ëà ¦¥¨© ¤«ï ª®¬¯®¥â â¥§®à  �¨çç¨  å®¤¨¬ ¨¢ à¨ âãî ä®à¬ã

R
i

jkl = (n� 1)�1(�ik
Rjl � �il

Rjk) (3.2)

¤«ï ª®¬¯®¥â â¥§®à  ªà¨¢¨§ë R. � «¥¥, ãç¨âë¢ ï, çâ® ¤¥©áâ¢¨¥ ¢¥ªâ®à®£® ¯®«ï Xi  
¡ §¨áãî äãªæ¨î pi ®¯à¥¤¥«ï¥âáï á¢®©áâ¢®¬ 4 ¢¥ªâ®àëå ¯®«¥© á®¢®ªã¯®áâ¨ fX1; : : : ;Xn+1g,
¢ëç¨á«ï¥¬

rXi
Rjk = (n� 1)( � 1)[(X ipj)(pk � �kj) + pj(X ipk)] =

= (n� 1)( � 1)[(�ijpi � pipj)(pk � �kj) + pj(�ikpi � pipk)]:

�âáî¤  ¯à¨ i 6= j á«¥¤ã¥â

riRjk � rjRik = 0 (3.3)

¤«ï ri := rXi
. �¬¥áâ¥ á á¨¬¬¥âà¨ç®áâìî â¥§®à  �¨çç¨ à ¢¥áâ¢  (3.2) ¨ (3.3) ï¢«ïîâáï

([2], á. 168{169; [16], á. 125) ªà¨â¥à¨¥¬ íª¢¨¯à®¥ªâ¨¢®áâ¨ á¢ï§®áâ¨ r.
�¤¥« ¥¬ ¢ ¦®¥ § ª«îç¥¨¥. �®áª®«ìªã 1

2
(rXi

Xj + (1�)rXj
X i) = 1=2rXi

Xj , â® 1=2r ¡ã¤¥â
áà¥¤¥© á¢ï§®áâìî ([2], á. 129; [16], á. 160) íª¢¨ ää¨®© ª®¤ ææ¨¥¢®© ¯ àë (r; g; (1�)r). �
íâ®¬ á«ãç ¥ ([2], á. 182) á¢ï§®áâì 1=2r áâ ®¢¨âáï á¢ï§®áâìî �¥¢¨-�¨¢¨â , ®â¢¥ç îé¥© ä¨è¥-
à®¢áª®¬ã â¥§®àã g.

�  § ª«îç¨â¥«ì®¬ ç¥â¢¥àâ®¬ íâ ¯¥  ©¤¥¬ ®á®¢ãî ¯«®â®áâì !, ãç áâ¢ãîéãî ¢ ®¯à¥-
¤¥«ïîé¥¬ íª¢¨ ää¨ãî á¢ï§®áâì ãà ¢¥¨¨ r! = 0 ([2], á. 150). �®£« á® ®¡é¥© â¥®à¨¨
([2], á. 184), ¯«®â®áâ¨ ! ¨ (1�)! á¢ï§®áâ¥© íª¢¨ ää¨®© ¯ àë (r; g; (1�)r) ¤®«¦ë ¡ëâì
á¢ï§ ë á í«¥¬¥â®¬ ®¡ê¥¬  1=2! = (det g)1=2 â¥§®à  g áà¥¤¥© á¢ï§®áâ¨ �¥¢¨-�¨¢¨â  1=2r
à ¢¥áâ¢®¬ 1=2! =

p
!(1�)!. � ï ¢ëà ¦¥¨¥ (2.5) ¤¨áªà¨¬¨ â®£® â¥§®à  det g, ¯®« £ ¥¬

! = (p1 : : : pnpn+1) .
�à®¢¥à¨¬ íâ®â ä ªâ. �«ï â®£® çâ®¡ë á¢ï§®áâì r ¡ë«  íª¢¨ ää¨®© ([2], á. 151; [16],

á. 124{125), ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç® ¢ë¯®«¥¨ï ãà ¢¥¨©

�
k

jk = Xj ln ! (3.4)

¤«ï ¯«®â®áâ¨ ! ¨ á¨¬¢®«®¢ �à¨áâ®ää¥«ï �
k

ij á¢ï§®áâ¨
r, ®¯à¥¤¥«ï¥¬ëå ä®à¬ã« ¬¨ (2.3)

¢ «®ª «ì®¬ £®«®®¬®¬ ¡ §¨á¥ X1; : : : ; Xn.
�®«®¦¨¬ â¥¯¥àì ! = (p1 : : : pnpn+1) ¨ ¯à®¢¥à¨¬ ¢ë¯®«¨¬®áâì à ¢¥áâ¢ (3.4), £¤¥ ¢ «¥¢®©

ç áâ¨ á®£« á® (2.3) ¨¬¥¥¬

�
k

jk =
X
k 6=j

�
k

jk +
�

j

jj = [1� (n+ 1)pj ]:

� ¯à ¢®© ç áâ¨ à ¢¥áâ¢ (3.4)   ®á®¢ ¨¨ á¢®©áâ¢  4 ¢¥ªâ®àëå ¯®«¥© á®¢®ªã¯®áâ¨ fX1; :::;Xn+1g
¯à¨å®¤¨¬ ª â®¬ã ¦¥ ¢ëà ¦¥¨î:

Xj ln ! = Xj [(ln p1 + � � � + ln pn+1)] =

= 

�
1
p1
Xjp1 + � � � + 1

pj
Xjpj + � � � + 1

pn+1
Xjpn+1

�
= [1� (n+ 1)pj ]: �
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3.2. �ë¢¥¤¥¬ ¤¢  ¯à®áâ¥©è¨å á«¥¤áâ¢¨ï ®á®¢®© â¥®à¥¬ë. �¥à¢ë¬ ¡ã¤¥â ®ç¥¢¨¤®¥ ¢ëâ¥-
ª îé¥¥ ¨§ à ¢¥áâ¢ (3.1) ¨ (3.2)

�«¥¤áâ¢¨¥ 3.1. �«ï ¢á¥å ¯ à (r; g; (1�)r) á®¯àï¦¥ëå á¢ï§®áâ¥© r ¨ (1�)r á¯à ¢¥¤-
«¨¢ë à ¢¥áâ¢  R = (1�)R ¨  Ric = (1�)Ric.

� «¥¥ ®¡à â¨¬áï ª ä¨è¥à®¢áª®¬ã â¥§®àã g. � ª ¡ë«® ãáâ ®¢«¥®, á¢ï§®áâì 1=2r ï¢«ï-
¥âáï á¢ï§®áâìî �¥¢¨-�¨¢¨â , ®â¢¥ç îé¥© ä¨è¥à®¢áª®¬ã â¥§®àã g. �®áª®«ìªã ¯à¨ íâ®¬ 1=2r
ï¢«ï¥âáï íª¢¨¯à®¥ªâ¨¢®© á¢ï§®áâìî, â® á®£« á® ®¡é¥© â¥®à¨¨ ([2], á. 171; [16], á. 126) â¥§®à
g ¤®«¦¥ § ¤ ¢ âì à¨¬ ®¢ã £¥®¬¥âà¨î ¯®áâ®ï®© ªà¨¢¨§ë [17].

� ¯®¬®éìî ª®¬¯®¥â gij = pi(�ij � pj) ä¨è¥à®¢áª®£® â¥§®à  g ¨§ à ¢¥áâ¢ (3.1)  ©¤¥¬

¢ëà ¦¥¨¥ 1=2R
i

jkl = 1=4(�ikgjl � �ilgjk) ¤«ï ª®¬¯®¥â â¥§®à  ªà¨¢¨§ë 1=2R á¢ï§®áâ¨ �¥¢¨-
�¨¢¨â  1=2r, çâ® ãâ®çï¥â á¤¥« ë© ¢ëè¥ ¢ë¢®¤,   ¨¬¥®, ä¨è¥à®¢áª¨© â¥§®à g § ¤ ¥â
à¨¬ ®¢ã £¥®¬¥âà¨î ¯®áâ®ï®© ªà¨¢¨§ë K = 1=4 ([15], á. 193). �ä®à¬ã«¨àã¥¬

�«¥¤áâ¢¨¥ 3.2. �à¥¤¥© á¢ï§®áâìî 1=2r á®¯àï¦¥ëå ¯ à (r; g; (1�)r) ï¢«ï¥âáï ®â¢¥-
ç îé ï ä¨è¥à®¢áª®¬ã â¥§®àã g á¢ï§®áâì �¥¢¨-�¨¢¨â , ª®â®à ï § ¤ ¥â à¨¬ ®¢ã £¥®¬¥âà¨î
¯®áâ®ï®© ªà¨¢¨§ë K = 1=4   ¬®£®®¡à §¨¨ Caph.

� ¬¥ç ¨¥. � ([13], á. 92) ãâ¢¥à¦¤ ¥âáï, çâ® \¯à¨  = 1=2 «¨¥© ï á¢ï§®áâì ®â¢¥ç ¥â
à¨¬ ®¢®© ¬¥âà¨ª¥" ¨ ¯à¨ íâ®¬ ¤ ¥âáï ááë«ª    ([6], x 12), £¤¥ íâ®â ä ªâ ¤®ª §  ¤«ï à¨¬ ®¢®©
¬¥âà¨ª¨ (ds)2 = (dp1)

2

p1
+ � � �+ (dpn+1)

2

pn+1
¢ á«ãç ¥  = 3=2 ([6], á. 195{196).

4. �®¯àï¦¥ë¥ á¢ï§®áâ¨    ¡áâà ªâ®¬ áâ â¨áâ¨ç¥áª®¬ ¬®£®®¡à §¨¨

4.1. �¡áâà ªâë¬ áâ â¨áâ¨ç¥áª¨¬ ¬®£®®¡à §¨¥¬  §ë¢ ¥âáï ([9], á. 179) âà¨¯«¥â (M; g;D),
£¤¥ M | £« ¤ª®¥ ¬®£®®¡à §¨¥ à §¬¥à®áâ¨ n � 2, g | à¨¬ ®¢  ¬¥âà¨ª  ¨ D | ª®¢ à¨ â®¥
á¨¬¬¥âà¨ç¥áª®¥ â¥§®à®¥ ¯®«¥ â¨¯  (3; 0) á ª®¬¯®¥â ¬¨ gij ¨ Dijk ¢ «®ª «ìëå ª®®à¤¨ â å
x1; x2; : : : ; xn ¯à®¨§¢®«ì®© ª àâë (U;') ¬®£®®¡à §¨ï M .

�  ¬®£®®¡à §¨¨ (M; g;D) § ¤ ¤¨¬ 1-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® «¨¥©ëå á¢ï§®áâ¥© r,
ª ¦¤ãî ¨§ ª®â®àëå ®¯à¥¤¥«¨¬ ¢ «®ª «ìëå ª®®à¤¨ â å x1; : : : ; xn ¯à®¨§¢®«ì®© ª àâë (U;')
á¨¬¢®« ¬¨ �à¨áâ®ää¥«ï

�ijk = �ijk + ( 1
2
� )Di

jk (4.1)

¤«ï ¤¥©áâ¢¨â¥«ì®£® ¯ à ¬¥âà  , á¨¬¢®«®¢ �à¨áâ®ää¥«ï �ijk á¢ï§®áâ¨ �¥¢¨-�¨¢¨â  r ¨
Di

jk = gilDljk. �ç¥¢¨¤®, çâ® á¢ï§®áâ¨ r ¥ ¨¬¥îâ ªàãç¥¨ï, ªà®¬¥ â®£®, �ijk = 1=2�ijk ¨,
á«¥¤®¢ â¥«ì®, r = 1=2r.

�¨¬¢®«ë �à¨áâ®ää¥«ï �ijk ¨ (1�)�ijk «¨¥©ëå á¢ï§®áâ¥© r ¨ (1�)r ã¤®¢«¥â¢®àïîâ
ãà ¢¥¨ï¬ @igjk = glk

�lij + gjl
(1�)�lki, ª®â®àë¥ å à ªâ¥à¨§ãîâ á¢ï§®áâ¨

r ¨ (1�)r ª ª á®-
¯àï¦¥ãî ®â®á¨â¥«ì® g ¯ àã (r; g; (1�)r).

�§ (4.1) ¯à¨ íâ®¬  å®¤¨¬, çâ® rigjk = (1� 2)Dijk ¨, á«¥¤®¢ â¥«ì®, rigjk = rjgik,
  ¯®â®¬ã ¯ à  á¢ï§®áâ¥© (r; g; (1�)r) ª®¤ ææ¨¥¢ . �®áª®«ìªã �ijk = 2�1(�ijk +

(1�)�ijk), â®
á¢ï§®áâì �¥¢¨-�¨¢¨â  r = 1=2r ï¢«ï¥âáï áà¥¤¥© á¢ï§®áâìî ([2], á. 129) á®¯àï¦¥®© ª®¤ æ-
æ¨¥¢®© ¯ àë (r; g; (1�)r).

� §®¢¥¬ áâ â¨áâ¨ç¥áª®¥ ¬®£®®¡à §¨¥ (M; g;D) á®¯àï¦¥ë¬ �¨çç¨-á¨¬¬¥âà¨ç¥áª¨¬ [18],
¥á«¨ ã ª ¦¤®© ¯ àë (r; g; (1�)r) á®¢¯ ¤ îâ â¥§®àë �¨çç¨  Ric ¨ (1�)Ric á®áâ ¢«ïîé¨å ¥¥
á®¯àï¦¥ëå á¢ï§®áâ¥©. �á®¢®© à¥§ã«ìâ â ¤ ®£® ¯ à £à ä  ¯à¥¤áâ ¢«ï¥â

�¥®à¥¬  4.1. �â â¨áâ¨ç¥áª®¥ ¬®£®®¡à §¨¥ (M; g;D) ï¢«ï¥âáï á®¯àï¦¥ë¬ �¨çç¨-á¨¬-

¬¥âà¨ç¥áª¨¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¢ï§®áâ¨ r ¨§ 1-¯ à ¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢ 

á¢ï§®áâ¥©   ¬®£®®¡à §¨¨ (M; g;D) ¡ã¤ãâ íª¢¨ ää¨ë¬¨ á ®á®¢ë¬¨ ¯«®â®áâï¬¨ ¢¨¤ 
!12:::n = eef+Cpdet g, £¤¥ e = 2�1 � .
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�®ª § â¥«ìáâ¢®. �§¢¥áâ¥ § ª® ¨§¬¥¥¨ï â¥§®à  ªà¨¢¨§ë ([2], á. 130) ¢ à¥§ã«ìâ â¥ ¯à¥-
®¡à §®¢ ¨ï á¢ï§®áâ¨ ¢¨¤  r = r + T . � á«ãç ¥ ¯à¥®¡à §®¢ ¨ï (4.1) íâ®â § ª® ¯à¨¨¬ ¥â
¢¨¤ à ¢¥áâ¢

Rj
ilk = Rj

ilk + e(rlD
j
ki �rkD

j
li) + e2(Dj

lmD
m
ki �Dj

kmD
m
li ); (4.2)

£¤¥ e = 2�1 � . �¢¥àâª®© ¯® ¨¤¥ªá ¬ l ¨ j ¢ (4.2) ¯à¨å®¤¨¬ ª à ¢¥áâ¢ ¬

Rik = Rik + e(rlD
l
ki �rkDi) + e2(DmD

m
ki �Dl

kmD
m
li ); (4.3)

ª®â®àë¥ á¢ï§ë¢ îâ â¥§®àë �¨çç¨  Ric ¨ Ric á¢ï§®áâ¥© r ¨ �¥¢¨-�¨¢¨â  r. �®£« á® (4.3)
âà¥¡®¢ ¨¥  Ric = (1�)Ric ¯à¨ ¢á¥å  à ¢®á¨«ì® ãà ¢¥¨ï¬ rlD

l
ki � rkDi = 0,   ¯®â®¬ã

rkDi = riDk. �«¥¤®¢ â¥«ì®, 1-ä®à¬  tracegD ï¢«ï¥âáï â®ç®©, â. ¥. traceg D = grad f ¤«ï
¥ª®â®à®© £« ¤ª®© äãªæ¨¨ f :M ! R.

� «¥¥  ¯®¬¨¬, çâ® ¤«ï íª¢¨ ää¨®áâ¨ ¯ àë (r; g; (1�)r) ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®
([2], á. 182{183), çâ®¡ë ¥¥ ç¥¡ëè¥¢áª¨© ¢¥ªâ®à ¡ë« £à ¤¨¥â®¬. � á¢®î ®ç¥à¥¤ì, ç¥¡ëè¥¢-
áª¨¬ ¢¥ªâ®à®¬ ([5], á. 62) á®¯àï¦¥®© ¯ àë á¢ï§®áâ¥©  §ë¢ ¥âáï ¢¥ªâ®à, ¤ã «ìë© 1-ä®à¬¥
(n+ 2)�1 trace T á «®ª «ìë¬¨ ª®¬¯®¥â ¬¨

Tk = (n+ 2)�1T l
kl = 2(n+ 2)�1Dl

kl = (n+ 2)�1(1� 2)Dk: (4.4)

�¤¥áì T i
jk = (�ljk � (1�)�ljk) = (1� 2)Di

jk | ª®¬¯®¥âë â¥§®à  ¤¥ä®à¬ æ¨¨ T = r� (1�)r
¯ àë á®¯àï¦¥ëå á¢ï§®áâ¥© (r; g; (1�)r) ¢ «®ª «ìëå ª®®à¤¨ â å x1; : : : ; xn ª àâë (U;').
�§ (4.4) á«¥¤ã¥â, çâ® trace T = (1� 2) grad f .

�§¢¥áâ® ([2], áá. 151, 159; [16], áá. 121, 124), çâ®  ©¤¥ ï ¢ «®ª «ìëå ª®®à¤¨ â å x1; : : : ; xn

¯à®¨§¢®«ì®© ª àâë (U;') áã¬¬  á¨¬¢®«®¢ �à¨áâ®ää¥«ï á¢ï§®áâ¨ �¥¢¨-�¨¢¨â  �jjk =
@k ln

p
det g, ¨ ãá«®¢¨¥¬ íª¢¨ ää¨®áâ¨ á¢ï§®áâ¨ r, ª ª ã¦¥ ®â¬¥ç «®áì ¢ëè¥, á«ã¦ â à -

¢¥áâ¢  �jjk = @k ln
 !12:::n. �®£¤  ¨§ à ¢¥áâ¢ (4.1) á ãç¥â®¬ â®£®, çâ® Dj

jk = @kf , ¤«ï e = 1=2�,
¯®á«¥¤ã¥â d ln !12:::n = d ln

p
det g + edf = d ln(eefpdet g). � ¨â®£¥ !12:::n = eef+C1pdet g ¤«ï

¯à®¨§¢®«ì®© ¯®áâ®ï®© C1. �«¥¤®¢ â¥«ì®, (1�)!12:::n = e�ef+C2pdet g ¤«ï ¯à®¨§¢®«ì®© ¯®-
áâ®ï®© C2. �¥à® ¨ ®¡à â®¥.

4.2. �ë¢¥¤¥¬ á«¥¤áâ¢¨ï ®á®¢®© â¥®à¥¬ë. �ç¥¢¨¤®

�«¥¤áâ¢¨¥ 4.1. � ¦¤ ï ¯ à  (r; g; (1�)r)   n-¬¥à®¬ áâ â¨áâ¨ç¥áª®¬ ¬®£®®¡à §¨¨
(M; g;D) ¡ã¤¥â ç¥¡ëè¥¢áª®© ¨ ®¤®¢à¥¬¥® íª¢¨ ää¨®© á ®á®¢ë¬¨ ¯«®â®áâï¬¨ ¢¨¤ 
!12:::n = eC1

p
det g ¨ !12:::n = eC2

p
det g â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  traceg D = 0.

�«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç®  ¯®¬¨âì, çâ® ¯ à  á®¯àï¦¥ëå á¢ï§®áâ¥©  §ë¢ ¥âáï
ç¥¡ëè¥¢áª®© ([2], á. 181), ¥á«¨ ®¡à é ¥âáï ¢ ã«ì ¥¥ ç¥¡ëè¥¢áª¨© ¢¥ªâ®à.

�«¥¤áâ¢¨¥ 4.2. �«ï «î¡®© ¯ àë (r; g; (1�)r) á®¯àï¦¥ëå á¢ï§®áâ¥© r ¨ (1�)r ¨å
â¥§®àë �¨çç¨  Ric ¨ (1�)Ric ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ã traceg  Ric = traceg (1�)Ric,   ¢ á«ã-
ç ¥, ª®£¤  ¯ àë ç¥¡ëè¥¢áª¨¥, ¢ ¤®¯®«¥¨¥ ª íâ®¬ã | ¥à ¢¥áâ¢ ¬ ¢¨¤  traceg  Ric � Scal ¨
traceg (1�)Ric � Scal.

�®ª § â¥«ìáâ¢®. �§ à ¢¥áâ¢ (4.3) ¢ë¢®¤¨¬

traceg
 Ric = Scal+e2(ktracegDk2 � kDk2); (4.5)

£¤¥ Scal = traceg Ric | áª «ïà ï ªà¨¢¨§  á¢ï§®áâ¨ �¥¢¨-�¨¢¨â  r. �§ (4.5) á«¥¤ã¥â, çâ® ¤«ï
«î¡®© ¯ àë (r; g; (1�)r) ¢ë¯®«ï¥âáï à ¢¥áâ¢® traceg  Ric = traceg (1�)Ric. �«ï ç¥¡ëè¥¢-
áª®© ¯ àë à ¢¥áâ¢® (4.5) ¯à¥¤áâ ¥â ¢ ¢¨¤¥

traceg  Ric = Scal�e2kDk2:
�§ ¯®á«¥¤¥£® à ¢¥áâ¢  ¢ë¢®¤ïâáï ¥¯®áà¥¤áâ¢¥® ¤®ª §ë¢ ¥¬ë¥ ¥à ¢¥áâ¢ .
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� ¬¥ç ¨¥. � ¤®¯®«¥¨¥ ª áª § ®¬ã ®â¬¥â¨¬, çâ® £¥®¬¥âà¨ï áâ â¨áâ¨ç¥áª®£® ¬®£®®¡à -
§¨ï ¢ á«ãç ¥, ª®£¤  á¢ï§®áâ¨ r íª¢¨¯à®¥ªâ¨¢ë¥, ¡ë«  ¨§ãç¥  ¢ ¡®«¥¥ à ¨å ¯ã¡«¨ª æ¨ïå
®¤®£® ¨§  ¢â®à®¢ ¤ ®© áâ âì¨ [19]{[21].
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