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� â¥¬ â¨ç¥áª®¥ ¬®¤¥«¨à®¢ ­¨¥ ¨á¯®«ì§ã¥âáï ¢ ä¨§¨ª¥ £ §®¢ëå à §àï¤®¢ ­ à ¢­¥ á íªá¯¥à¨-
¬¥­â «ì­ë¬¨ ¬¥â®¤ ¬¨ ª ª ¤«ï ¨áá«¥¤®¢ ­¨ï ¯à®æ¥áá®¢, ¯à®â¥ª îé¨å ¢ ­¨å, â ª ¨ ¤«ï ¯à®¢¥¤¥-
­¨ï à áç¥â®¢ ¢ â¥å­®«®£¨ç¥áª¨å æ¥«ïå [1]{[3]. �®¤¥«¨,  ¤¥ª¢ â­® ®¯¨áë¢ îé¨¥ ¯®¢¥¤¥­¨¥ ¯« §-
¬ë, ª ª ¯à ¢¨«®, ï¢«ïîâáï ­¥«¨­¥©­ë¬¨, ¯à¨ íâ®¬ ®¡®á­®¢ ­¨¥ ª®àà¥ªâ­®áâ¨ ¯®áâ ­®¢ª¨ ªà -
¥¢ëå § ¤ ç ¯à ªâ¨ç¥áª¨ ®âáãâáâ¢ã¥â. �¥¤ª¨¬ ¨áª«îç¥­¨¥¬ ¨§ ®¡é¥£® ¯à ¢¨«  ï¢«ï¥âáï à ¡®â 
[4], ¢ ª®â®à®© ¨áá«¥¤ãîâáï áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï ¤¨ääã§¨®­­®-¤à¥©ä®¢®£®
¯à¨¡«¨¦¥­¨ï ¤«ï ¯®«®¦¨â¥«ì­®£® áâ®«¡  â«¥îé¥£® à §àï¤ .

�¥«ìî à ¡®âë ï¢«ï¥âáï ¨áá«¥¤®¢ ­¨¥ à §à¥è¨¬®áâ¨ § ¤ ç¨ ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï c ­¥«¨-
­¥©­ë¬ ¢å®¦¤¥­¨¥¬ á¯¥ªâà «ì­®£® ¯ à ¬¥âà  ¢ ª®íää¨æ¨¥­â ¨ ¢¥á®¢ãî äã­ªæ¨î ãà ¢­¥­¨ï,
¢®§­¨ª îé¥© ¯à¨ ¬®¤¥«¨à®¢ ­¨¨ ¯« §¬ë ¢ëá®ª®ç áâ®â­®£® (��) à §àï¤  ¯®­¨¦¥­­®£® ¤ ¢«¥-
­¨ï.

� ¤ ç¨ â ª®£® à®¤  ¨áá«¥¤®¢ ­ë ªà ©­¥ á« ¡®. � ª, ¢ à ¡®â¥ [5] à áá¬ âà¨¢ ¥âáï ®¤­®¬¥à­ ï
§ ¤ ç  ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï

[a(x; �)u0(x)]0 � q(x; �)u(x) + �%(x)u(x) = 0; x 2 (0; 1);

u(0) = u(1) = 0

á ­¥¢®§à áâ îé¨¬¨ ¯® � ª®íää¨æ¨¥­â ¬¨ a(x; �), q(x; �), £¤¥ �| á¯¥ªâà «ì­ë© ¯ à ¬¥âà. � [6]{
[8] ¨áá«¥¤ãîâáï ­¥«¨­¥©­ë¥ à §­®áâ­ë¥ § ¤ ç¨ ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï. �®¯à®á à §à¥è¨¬®áâ¨
á®®â¢¥âáâ¢ãîé¥© ¤¨ää¥à¥­æ¨ «ì­®© § ¤ ç¨ ¢ [5]{[8] à¥è ¥âáï ¤®áâ â®ç­® ¯à®áâ®, â. ª. á¯¥ª-
âà «ì­ë© ¯ à ¬¥âà ­¥«¨­¥©­® ¢å®¤¨â â®«ìª® ¢ ª®íää¨æ¨¥­â ¯à¨ áâ àè¥¬ ç«¥­¥ ãà ¢­¥­¨ï,
¯à¨ç¥¬ ¯®á«¥¤­¨© ã¡ë¢ ¥â á à®áâ®¬ ¯ à ¬¥âà .

� ¤ ç , ¨áá«¥¤ã¥¬ ï ¢ ¤ ­­®© à ¡®â¥, å à ªâ¥à¨§ã¥âáï, ¢®-¯¥à¢ëå, ­¥«¨­¥©­ë¬ ¢å®¦¤¥­¨¥¬
á¯¥ªâà «ì­®£® ¯ à ¬¥âà  ª ª ¢ ª®íää¨æ¨¥­â a(x; �) ¯à¨ £« ¢­®¬ ç«¥­¥ ãà ¢­¥­¨ï, â ª ¨ ¢ ¢¥-
á®¢ãî äã­ªæ¨î %(x; �), ¢®-¢â®àëå, ®¤­®¢à¥¬¥­­ë¬ ¢®§à áâ ­¨¥¬ ¯® � äã­ªæ¨© a(x; �) ¨ %(x; �),
¨, ¢-âà¥âì¨å, ¯à®áâà ­áâ¢¥­­®© ­¥®¤­®¬¥à­®áâìî.

1. �®áâ ­®¢ª  § ¤ ç¨

�¤­¨¬ ¨§ ®á­®¢­ëå ãà ¢­¥­¨© ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ ãáâ ­®¢¨¢è¥£®áï �� à §àï¤  ¯®­¨-
¦¥­­®£® ¤ ¢«¥­¨ï á ¯à®¤ã¢®¬ £ §  [9] ï¢«ï¥âáï ãà ¢­¥­¨¥ ­¥à §àë¢­®áâ¨ í«¥ªâà®­­®£® £ § ,
ª®â®à®¥ ¨¬¥¥â ¢¨¤

�r �

�
Darne �

�
va �DT

a

rTe
Te

�
ne

�
= �ine; x 2 
: (1)

�¤¥áì ne, Te | ª®­æ¥­âà æ¨ï ¨ â¥¬¯¥à âãà  í«¥ªâà®­®¢, Da, DT
a | ª®íää¨æ¨¥­âë  ¬¡¨¯®«ïà-

­®© ¤¨ääã§¨¨ ¨ â¥à¬®¤¨ääã§¨¨, �i | ç áâ®â  ¨®­¨§ æ¨¨, va | áª®à®áâì ¯« §¬¥­­®£® ¯®â®ª ,
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x | â®çª  ¢ ¯à®áâà ­áâ¢¥ (®¤­®-, ¤¢ãå- ¨«¨ âà¥å¬¥à­®¬), 
 | ®£à ­¨ç¥­­ ï ®¡« áâì, § ­¨¬ ¥-
¬ ï à §àï¤®¬.

�à ¢­¥­¨¥ (1) ®¯¨áë¢ ¥â ¡ « ­á ¯à®æ¥áá®¢ à®¦¤¥­¨ï ¨ £¨¡¥«¨ § àï¦¥­­ëå ç áâ¨æ ¢ à §àï-
¤¥: ç áâ¨æë ¯®ï¢«ïîâáï ¢ à¥§ã«ìâ â¥ ã¤ à­®© ¨®­¨§ æ¨¨ (¯à ¢ ï ç áâì (1)) ¨ ãå®¤ïâ ¨§ à §àï¤ 
§  áç¥â ª®­¢¥ªâ¨¢­®£® ¯¥à¥­®á , ¤¨ääã§¨¨ ¨ â¥à¬®¤¨ääã§¨¨ («¥¢ ï ç áâì (1)) ­  áâ¥­ª¨ à §-
àï¤­®© ª ¬¥àë, £¤¥ ¨ à¥ª®¬¡¨­¨àãîâ.

�®íää¨æ¨¥­âë ¯¥à¥­®á  ï¢«ïîâáï äã­ªæ¨ï¬¨ í«¥ªâà®­­®© â¥¬¯¥à âãàë Te ¨ ¤ ¢«¥­¨ï p

Da = Da(p; Te); DT
a = DT

a (p; Te); �i = �i(p; Te): (2)

�®«ï â¥¬¯¥à âãà í«¥ªâà®­­®£® £ §  ¨ ¤ ¢«¥­¨© ¡ã¤¥¬ áç¨â âì ¨§¢¥áâ­ë¬¨ äã­ªæ¨ï¬¨ ¯à®-
áâà ­áâ¢¥­­ëå ª®®à¤¨­ â

p = p(x); Te = Te(x) 6= 0 8x 2 
:

�à ¢­¥­¨e (1) ®¡ëç­® à¥è ¥âáï á ®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

ne
��
�
= 0; (3)

£¤¥ � = @
 | £à ­¨æ  à §àï¤­®© ®¡« áâ¨.
�¥âàã¤­® ¢¨¤¥âì, çâ® ®¤­¨¬ ¨§ à¥è¥­¨© ªà ¥¢®© § ¤ ç¨ (1), (3) ï¢«ï¥âáï â®¦¤¥áâ¢¥­­ë©

­ã«ì, ¢ â® ¢à¥¬ï ª ª ä¨§¨ç¥áª®¬ã á¬ëá«ã ã¤®¢«¥â¢®àï¥â à¥è¥­¨¥ ne � 0, ne 6� 0. � ª¨¬ ®¡à §®¬,
ãà ¢­¥­¨¥ (1) c £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (3) ®¯à¥¤¥«ï¥â § ¤ çã ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï. �à¨
íâ®¬ à¥è¥­¨¥ (1), (3) ®¯à¥¤¥«ï¥âáï á â®ç­®áâìî ¤® ¯à®¨§¢®«ì­®£® ¬­®¦¨â¥«ï

ne(x) = ne0 � ne(x);

£¤¥ ne0 | ­®à¬¨àãîé¨© ¬­®¦¨â¥«ì, ª®â®àë© ¬®¦¥â ¡ëâì ¢ë¡à ­ ¯à®¨§¢®«ì­®, ne | ¡¥§à §-
¬¥à­®¥ §­ ç¥­¨¥.

2. �¨§¨ç¥áª¨© á¬ëá« á¯¥ªâà «ì­®£® ¯ à ¬¥âà 

�®áª®«ìªã ¢ ä¨§¨ç¥áª®© ä®à¬ã«¨à®¢ª¥ § ¤ ç¨ (1), (3) á¯¥ªâà «ì­ë© ¯ à ¬¥âà ®âáãâáâ¢ã¥â,
â® ¢®§­¨ª ¥â ¢®¯à®á ® ¥£® \¯à®¨áå®¦¤¥­¨¨" ¨ ä¨§¨ç¥áª®¬ á¬ëá«¥. � ª, ­ ¯à¨¬¥à, ¢ ®¤­®¬¥à­®©
¬®¤¥«¨ à §àï¤ , £®àïé¥£® ¢ ¡¥áª®­¥ç­®© æ¨«¨­¤à¨ç¥áª®© à §àï¤­®© ª ¬¥à¥ à ¤¨ãá  R, ¯à¨
Da(x) = const, �i(x) = const ­¥âà¨¢¨ «ì­®¬ã ­¥®âà¨æ â¥«ì­®¬ã à¥è¥­¨î § ¤ ç¨ (1), (3) ®â¢¥ç ¥â
­ ¨¬¥­ìè¥¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥

�0 = �i(pR)
2=Da;

ª®â®à®¬ã ¯à¨¤ ¥âáï á¬ëá« å à ªâ¥à­®© ¤¨ääã§¨®­­®© ¤«¨­ë [10]. �¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ®
¤ ­­®¥ §­ ç¥­¨¥ ï¢«ï¥âáï ãá«®¢­®© å à ªâ¥à¨áâ¨ª®© à §àï¤  ¨ ­¥ ¨¬¥¥â ®â­®è¥­¨ï ª ¤àã£¨¬
¢¥«¨ç¨­ ¬, ¤¥©áâ¢¨â¥«ì­® å à ªâ¥à¨§ãîé¨¬ ª ª¨¥-«¨¡® ¯à®æ¥ááë, â ª¨¬, ª ª áà¥¤­ïï ¤«¨­ 
á¢®¡®¤­®£® ¯à®¡¥£  ¨ â. ¯.

�®ª ¦¥¬, çâ® ¢ á«ãç ¥, ª®£¤  ª®íää¨æ¨¥­âë ¯¥à¥­®á  ®¯à¥¤¥«ïîâáï á®®â­®è¥­¨ï¬¨ (2),
á¯¥ªâà «ì­ë¬ ¯ à ¬¥âà®¬ ï¢«ï¥âáï §­ ç¥­¨¥ í«¥ªâà®­­®© â¥¬¯¥à âãàë

T �e = Te(x�)

¢ ­¥ª®â®à®© å à ªâ¥à­®© â®çª¥ à §àï¤  x�, ¢ ª ç¥áâ¢¥ ª®â®à®© ã¤®¡­® ¢ë¡à âì, ­ ¯à¨¬¥à, æ¥­âà
¯« §¬¥­­®£® á£ãáâª .

�ãáâì x� | ª®®à¤¨­ âë æ¥­âà  ¯« §¬¥­­®£® á£ãáâª . �¡®§­ ç¨¬

� = Te(x�); g(x) = Te(x)=� (4)

¨ ¯à®¨§¢¥¤¥¬ ¢ ãà ¢­¥­¨¨ (1) ¨ £à ­¨ç­ëå ãá«®¢¨ïå (3) § ¬¥­ã ¯¥à¥¬¥­­ëå

u = ne; a = Da; % = �i; q = va �DT
a

rTe
Te

:
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�à¨ íâ®¬ § ¤ ç  ¯à¨­¨¬ ¥â ¢¨¤

�r � fa[�g(x)]ru(x) � q(x)u(x)g = %[�g(x)]u(x); x 2 
; (5)

u(x)
��
�
= 0: (6)

�áá«¥¤ã¥¬ à §à¥è¨¬®áâì § ¤ ç¨ (5), (6) ¢ äã­ªæ¨®­ «ì­®¬ ¯à®áâà ­áâ¢¥
�

W
(1)
2 (
). �¡®¡-

é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (5), (6) ¨§ ¯à®áâà ­áâ¢ 
�

W
(1)
2 (
) ­ §®¢¥¬ äã­ªæ¨î u(x) 2

�

W
(1)
2 (
),

ã¤®¢«¥â¢®àïîéãî ¨­â¥£à «ì­®¬ã â®¦¤¥áâ¢ãZ



fa[�g(x)]ru(x) � q(x)u(x)g � r�(x) dx =
Z



%[�g(x)]u(x)�(x) dx ¯à¨ 8 �(x) 2
�

W
(1)
2 (
): (7)

�§ ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ g(x) á«¥¤ã¥â, çâ® g(x�) = 1. �¡®§­ ç¨¬

a(�) = a[�g(x�)]; %(�) = %[�g(x�)]; ea(x; �) = a[�g(x)]
a(�)

;

e%(x; �) = %[�g(x)]
%(�)

; eq(x; �) = q(x)
a(�)

; e�(�) = %(�)
a(�)

:

� ¤ ç  (7) ¯à¨ íâ®¬ ¯à¨­¨¬ ¥â ¢¨¤Z



fea(x; �)ru(x)� eq(x; �)u(x)g � r�(x) dx = e�(�) Z



e%(x; �)u(x)�(x) dx ¯à¨ 8 �(x) 2
�

W
(1)
2 (
):

(8)

�§ â¥®à¨¨ ªà ¥¢ëå § ¤ ç [11] ¨§¢¥áâ­®, çâ® ®¡®¡é¥­­ ï ªà ¥¢ ï § ¤ ç  (8) ¨¬¥¥â ­¥âà¨¢¨-
 «ì­ë¥ à¥è¥­¨ï ¯à¨ ®¯à¥¤¥«¥­­ëå §­ ç¥­¨ïå ¯ à ¬¥âà 

e�(�) 2 fe�0(�); e�1(�); : : : j 0 < e�0 < je�1j � je�1j � � � � g;

ï¢«ïîé¨åáï ¥£® á®¡áâ¢¥­­ë¬¨ ç¨á« ¬¨, ¢ ®¡é¥¬ á«ãç ¥ (¯à¨ eq 6= 0) ª®¬¯«¥ªá­ë¬¨ [13]. �à¨
íâ®¬ áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï ¯®«®¦¨â¥«ì­ ï ¢ 
 á®¡áâ¢¥­­ ï äã­ªæ¨ï; ¥© ®â¢¥ç ¥â ¢¥é¥áâ¢¥­-
­®¥ ­ ¨¬¥­ìè¥¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ e�0(�) [13].

� ª¨¬ ®¡à §®¬, ­¥âà¨¢¨ «ì­®¥ ­¥®âà¨æ â¥«ì­®¥ à¥è¥­¨¥ ®¡®¡é¥­­®© § ¤ ç¨ áãé¥áâ¢ã¥â
â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ­ ©¤¥âáï §­ ç¥­¨¥ ¯ à ¬¥âà  � = �0, ¯à¨ ª®â®à®¬ ¢ë¯®«­ï¥âáï
á®®â­®è¥­¨¥

e�0(�0) = %(�0)
a(�0)

: (9)

�«¥¤®¢ â¥«ì­®, § ¤ ç  § ª«îç ¥âáï ¢ ®âëáª ­¨¨ ¯ à ¬¥âà  �0, ã¤®¢«¥â¢®àïîé¥£® á®®â­®è¥­¨î
(9). �à®¨§¢®¤ï ®¡à â­ë© ¯¥à¥å®¤ ª § ¤ ç¥ (7), ­¥âàã¤­® ¢¨¤¥âì, çâ® ¤«ï ­¥¥ ¯à¨ � = �0 ¤®«¦­®
¨¬¥âì ¬¥áâ® à ¢¥­áâ¢®

�0(�0) = 1; (10)

£¤¥ �0(�0) | ­ ¨¬¥­ìè¥¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ®¡®¡é¥­­®© § ¤ ç¨Z



fa[�g(x)]ru(x) � q(x)u(x)g � r�(x) dx = �(�)
Z



%[�g(x)]u(x)�(x) dx ¯à¨ 8 �(x) 2
�

W
(1)
2 (
):

(11)

� á®®â¢¥âáâ¢¨¨ á ¢¢¥¤¥­­ë¬¨ ®¡®§­ ç¥­¨ï¬¨ (4), §­ ç¥­¨¥ �0 ®¯à¥¤¥«ï¥â í«¥ªâà®­­ãî â¥¬-
¯¥à âãàã ¢ æ¥­âà¥ ¯« §¬¥­­®£® á£ãáâª . � ª¨¬ ®¡à §®¬, ä¨§¨ç¥áª¨© á¬ëá« á¯¥ªâà «ì­®£® ¯ à -
¬¥âà  § ¤ ç¨ (1){(3) § ª«îç ¥âáï ¢ â®¬, çâ® ®­ ®¯à¥¤¥«ï¥â áà¥¤­îî í­¥à£¨î, ª®â®àãî ¤®«¦­ë
¨¬¥âì í«¥ªâà®­ë ¢ æ¥­âà¥ ¯« §¬¥­­®£® á£ãáâª ,çâ®¡ë ¨®­¨§ æ¨ï ª®¬¯¥­á¨à®¢ «  ¯®â¥à¨ ç -
áâ¨æ ¨§ à §àï¤  §  áç¥â ¤¨ääã§¨¨. �«¥¤®¢ â¥«ì­®, à¥è¥­¨¥ ãà ¢­¥­¨ï ¡ « ­á  ç¨á«  ç áâ¨æ
¢ à §àï¤¥ ®¯à¥¤¥«ï¥â ­¥ â®«ìª® ¨å ¯à®áâà ­áâ¢¥­­®¥ à á¯à¥¤¥«¥­¨¥, ­® ¨ ¯à¥¤¯¨áë¢ ¥â, ª ªãî
®­¨ ¤®«¦­ë ¨¬¥âì áà¥¤­îî í­¥à£¨î ¤«ï ¯®¤¤¥à¦ ­¨ï áâ æ¨®­ à­®£® á®áâ®ï­¨ï �� à §àï¤ 
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¯®­¨¦¥­­®£® ¤ ¢«¥­¨ï. �ëï¢«¥­­ ï ¢§ ¨¬®á¢ï§ì ¢­ãâà¥­­¨å å à ªâ¥à¨áâ¨ª ¯« §¬ë ¢ ¬®¤¥«¨
�� à §àï¤  ¯®­¨¦¥­­®£® ¤ ¢«¥­¨ï ï¢«ï¥âáï ¬ â¥¬ â¨ç¥áª¨¬ ¢ëà ¦¥­¨¥¬ ¨§¢¥áâ­®£® íªá¯¥à¨-
¬¥­â «ì­® ãáâ ­®¢«¥­­®£® ä ªâ , çâ® ¯®«®¦¨â¥«ì­ë© áâ®«¡ £ §®¢ëå à §àï¤®¢ ï¢«ïeâáï á ¬®-
­ áâà ¨¢ îé¥©áï, á ¬®à¥£ã«¨àãîé¥©áï á¨áâ¥¬®© [12].

3. �á«®¢¨ï à §à¥è¨¬®áâ¨ ­¥«¨­¥©­®© § ¤ ç¨
­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï

�­ «¨â¨ç¥áª¨¥  ¯¯à®ªá¨¬ æ¨¨ ª®íää¨æ¨¥­â®¢ ¯¥à¥­®á , ¨á¯®«ì§ã¥¬ë¥ ¢ â¥®à¨¨ �� à §àï-
¤  ¯®­¨¦¥­­®£® ¤ ¢«¥­¨ï, ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬, ª®â®àë¥ ¤«ï § ¤ ç¨ (5), (6) ä®à¬ã«¨àã-
îâáï á«¥¤ãîé¨¬ ®¡à §®¬:

1. a(s), %(s) | ¬®­®â®­­® ¢®§à áâ îé¨¥, ®£à ­¨ç¥­­ë¥ äã­ªæ¨¨  à£ã¬¥­â  s = �g(x);
2. 0 < c0 � a(�g(x)) � c1(�), 0 < d0 � %(�g(x)) � d1(�).

�á«®¢¨ï à §à¥è¨¬®áâ¨ ®¡®¡é¥­­®© ­¥«¨­¥©­®© á¯¥ªâà «ì­®© § ¤ ç¨ (11), (10) ¬®¦­® áä®à¬ã-
«¨à®¢ âì ¢ ¢¨¤¥ â¥®à¥¬ë.

�¥®à¥¬ . �ãáâì ®â­®è¥­¨¥ a(s)=%(s) ï¢«ï¥âáï ã¡ë¢ îé¥© äã­ªæ¨¥©  à£ã¬¥­â  s, ¯à¨ç¥¬
lim
s!1

a(s)=b(s) = 0, äã­ªæ¨ï s%0(s)=%(s) ­¥ ¢®§à áâ ¥â ¯à¨ ã¢¥«¨ç¥­¨¨ s, d0=c0 � ��0, £¤¥ ��0 |

­ ¨¬¥­ìè¥¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ®¡®¡é¥­­®© § ¤ ç¨Z


ru(x) � r�(x) dx = ��

Z


u(x)�(x) dx 8 �(x) 2

�

W
(1)
2 (
);

¨ q = 0, «¨¡® r� (q(x)=a(�g(x)) = 0 8x 2 
.
�®£¤  áãé¥áâ¢ã¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­® §­ ç¥­¨¥ �0, ã¤®¢«¥â¢®àïîé¥¥ á®®â­®è¥­¨î (10).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á­ ç «  á«ãç © q = 0. �­â¥£à «ì­®¥ â®¦¤¥áâ¢® (11) ¯à¨ íâ®¬
®¯à¥¤¥«ï¥â § ¤ çã á á ¬®á®¯àï¦¥­­ë¬ ®¯¥à â®à®¬. �®£« á­® ¬¨­¨¬ ªá¨¬ «ì­®¬ã ¯à¨­æ¨¯ã
[14]

�0(�) = inf
u2

�

W
(1)
2 (
)

k%1=2uk=1

R(u; �) =
Z


a[�g(x)]jru(x)j2 dx; (12)

£¤¥

k%1=2uk =
� Z



%[�g(x)]u2(x) dx

�1=2

8u(x) 2 L2(
):

�à®¨§¢¥¤¥¬ ¢ á®®â­®è¥­¨¨ (12) § ¬¥­ã ¯¥à¥¬¥­­ëå v = %1=2u, ¢ à¥§ã«ìâ â¥ ç¥£® ®­® ¯à¨­¨¬ ¥â
¢¨¤

�0(�) = inf
v2

�

W
(1)
2 (
)

kvk=1

eR(v; �) = Z



a[�g(x)]jr%�1=2[�g(x)]v(x)j2 dx: (13)

�à¥®¡à §ã¥¬ ¯®¤¨­â¥£à «ì­®¥ ¢ëà ¦¥­¨¥ ¢ (13) á ãç¥â®¬ â®£®, çâ®

r(%�1=2v) = %�1=2
�
rv �

1
2
v
r%

%

�
;

r%[�g(x)] = �%0s(s)rg(x) = s%0s(s)r ln g(x):
(14)

� ¬¥â¨¬ ¯à¨ íâ®¬, çâ® â. ª. lim
g(x)!0

[s(x)r ln g(x)] = lim
g(x)!0

�rg(x) = 0, â® ¯®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ¢

(14) ®¯à¥¤¥«¥­® ¯à¨ ¢á¥å g(x) � 0.
�®¤áâ ¢«ïï á®®â­®è¥­¨ï (14) ¢ (13), ¯®«ãç¨¬ ®æ¥­ªã

eR(v; �) � Z



�
a

%

��
jrvj2 +

1
4

�
s
%0s(s)
%

�2

jr ln gj2v2
�
dx+

Z



�
a

%

��
s
%0s(s)
%

�
jr ln g � rv2j dx:
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� á¨«ã ¯à¥¤¯®«®¦¥­¨© â¥®à¥¬ë, ¯à ¢ ï ç áâì ­¥à ¢¥­áâ¢  ã¡ë¢ ¥â ¤® ­ã«ï ¯à¨ � !1. �®íâ®¬ã

¤«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ v 2
�

W
(1)
2 (
) ­ ©¤¥âáï §­ ç¥­¨¥ � = �1, ¯à¨ ª®â®à®¬ eR(v; �1) < 1.

� ª ª ª �0(�) � eR(v; �), â® �0(�1) < 1. �à¨ � = 0 ¢ á¨«ã ¯à¥¤¯®«®¦¥­¨© â¥®à¥¬ë ¨¬¥¥â ¬¥áâ®
­¥à ¢¥­áâ¢®

�0(0) =
c0
d0

1
��0

> 1:

� ª ª ª á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ªà ¥¢®© § ¤ ç¨ ­¥¯à¥àë¢­® § ¢¨áïâ ®â ª®íää¨æ¨¥­â®¢ ãà ¢­¥-
­¨ï [14], â® ­  ¨­â¥à¢ «¥ [0; �1] ­ ©¤¥âáï ¯® ªà ©­¥© ¬¥à¥ ®¤­® §­ ç¥­¨¥ � = �0, ¯à¨ ª®â®à®¬
¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥ (10).

� áá¬®âà¨¬ â¥¯¥àì á«ãç © q 6= 0, r � (q(x)=a[�g(x)]) = 0 8x 2 
. �¯¥à â®à ®¡®¡é¥­­®©
ªà ¥¢®© § ¤ ç¨ ¯à¨ íâ®¬ ï¢«ï¥âáï ­¥á ¬®á®¯àï¦¥­­ë¬. �¤­ ª® ¨­â¥£à «ì­®¥ â®¦¤¥áâ¢® ( 11)
¬®¦­® ¯à¥®¡à §®¢ âì ª ¢¨¤ã, ¯®à®¦¤ îé¥¬ã á ¬®á®¯àï¦¥­­ë© ®¯¥à â®àZ



fa(x; �)ru(x) � r�(x)gdx = �(�)

Z


%(x; �)u(x)�(x) dx 8�(x) 2

�

W
(1)
2 (
)

á ¯®¬®éìî § ¬¥­ë ¯¥à¥¬¥­­ëå

a(x; �) = a[�g(x)] exp[w(x; �)];

%(x; �) = %[�g(x)] exp[w(x; �)]; (15)

u(x; �) = u(x) exp[�w(x; �)];

£¤¥ äã­ªæ¨ï w(x; �) ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬

rw(x; �) = q=a[�g(x)]: (16)

�ã­ªæ¨ï w(x; �) ¬®¦¥â ¡ëâì ­ ©¤¥­  ª ª à¥è¥­¨¥ ®¡®¡é¥­­®© ªà ¥¢®© § ¤ ç¨Z



a[�g(x)]rw(x; �) � r�(x) dx�
Z
�

(q � n) �(x) dx =
Z



q � r�(x) dx 8 �(x) 2W (1)
2 ;

¨ ®¯à¥¤¥«¥­  á â®ç­®áâìî ¤®  ¤¤¨â¨¢­®© ¯®áâ®ï­­®© [11].
�¡®§­ ç¨¬ eR1(u; �) =

R



a(x; �)jr% (�1=2)u(x)j2 dx. � ãç¥â®¬ á®®â­®è¥­¨© (15), (16) ­¥âàã¤­®

¯®«ãç¨âì ®æ¥­ªã

eR1(u; �) � eR(u; �) + 1
4

Z



jqj2

a%
u2 dx+

1
2

Z



jq � ru2j

%
dx:

�ãé¥áâ¢®¢ ­¨¥ §­ ç¥­¨ï �0, ã¤®¢«¥â¢®àïîé¥£® á®®â­®è¥­¨î (10) ãáâ ­ ¢«¨¢ ¥âáï  ­ «®-
£¨ç­® á«ãç î q(x) = 0.

� ª¨¬ ®¡à §®¬, ¢ à ¡®â¥ ãáâ ­®¢«¥­ ä¨§¨ç¥áª¨© á¬ëá« á¯¥ªâà «ì­®£® ¯ à ¬¥âà  ­¥«¨­¥©-
­®© § ¤ ç¨ ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï, ¢®§­¨ª îé¥© ¢ â¥®à¨¨ �� à §àï¤®¢ ¯®­¨¦¥­­®£® ¤ ¢«¥-
­¨ï. � ©¤¥­ë ¤®áâ âoç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ­¥âà¨¢¨ «ì­®£® ­¥®âà¨æ â¥«ì­®£® à¥è¥­¨ï
íâ®© § ¤ ç¨, çâ® ¯®§¢®«ï¥â ª®àà¥ªâ­® ¯à®¢®¤¨âì ç¨á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥ ¯« §¬ë �� à §àï¤®¢
¯®­¨¦¥­­®£® ¤ ¢«¥­¨ï.
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