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� ¯à¥¤« £ ¥¬®© à ¡®â¥ ¯à¨¢¥¤¥ à¥§ã«ìâ â ® ª®àà¥ªâ®© à §à¥è¨¬®áâ¨ ¢ èª «¥ ¢¥á®¢ëå
¯à®áâà áâ¢ �®¡®«¥¢    ¯®«ã®á¨  ç «ìëå § ¤ ç ¤«ï ®¤®£® ª« áá  ¤¨ää¥à¥æ¨ «ì®-
à §®áâëå ãà ¢¥¨© ¥©âà «ì®£® â¨¯ , ï¢«ïîé¨åáï ¢®§¬ãé¥¨¥¬  ¡áâà ªâ®£® ¯ à ¡®«¨-
ç¥áª®£® ãà ¢¥¨ï, ¯®à®¦¤¥®£® ®£à ¨ç¥®© £®«®¬®àä®© ¯®«ã£àã¯¯®©.

�â¬¥â¨¬, çâ® ¯à¨ ¤®ª § â¥«ìáâ¢¥ ®á®¢®£® à¥§ã«ìâ â  à ¡®âë áãé¥áâ¢¥® ¨á¯®«ì§ã¥â-
áï ®¯¥à â®à ¢ãâà¥¥© áã¯¥à¯®§¨æ¨¨ (¯®¤à®¡¥¥ á¬. ¢ [1]) ¢ ¯à®áâà áâ¢ å �®¡®«¥¢  ¢¥ªâ®à-
äãªæ¨© á® § ç¥¨ï¬¨ ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥.

� ç¨â¥«ì®¥ ç¨á«® à ¡®â ¯®á¢ïé¥® ¨§ãç¥¨î à §à¥è¨¬®áâ¨ ¨  á¨¬¯â®â¨ç¥áª®£® ¯®¢¥¤¥¨ï
à¥è¥¨© äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (���) ª ª ¢ ª®¥ç®¬¥àëå (á¬. [1],
[2] ¨ ãª § ãî â ¬ ¡¨¡«¨®£à ä¨î), â ª ¨ ¢ ¡  å®¢ëå,   â ª¦¥ ¢ £¨«ì¡¥àâ®¢ëå ¯à®áâà áâ¢ å
[3]{[15]. �¤ ª® ¯à¨ íâ®¬ à ¡®â, ¢ ª®â®àëå ¯à®¢®¤¨«¨áì ¨áá«¥¤®¢ ¨ï à §à¥è¨¬®áâ¨  ç «ìëå
§ ¤ ç ¢ ¯à®áâà áâ¢ å �®¡®«¥¢ , áà ¢¨â¥«ì® ¥¬®£®.

�¥§ã«ìâ âë ¤ ®© áâ âì¨ ï¢«ïîâáï ¥áâ¥áâ¢¥ë¬ à §¢¨â¨¥¬ à¥§ã«ìâ â®¢ à ¡®â [5]{[7],
[12], [13] ¤«ï ¯à®áâà áâ¢  �®¡®«¥¢  W 1

2;(R+; A) ¨ à ¡®â [14], [15], ¢ ª®â®àëå ¨áá«¥¤ãîâáï
¤¨ää¥à¥æ¨ «ì®-à §®áâë¥ ãà ¢¥¨ï ¥©âà «ì®£® â¨¯  ¢ ¯à®áâà áâ¢ å �®¡®«¥¢ 
W l

2;(R+; A), l � 2, á á ¬®á®¯àï¦¥ë¬ ®¯¥à â®à®¬ A.

1. �¡®§ ç¥¨ï, ®¯à¥¤¥«¥¨ï ¨ ä®à¬ã«¨à®¢ª¨ à¥§ã«ìâ â®¢

�ãáâì H | £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®, ®¯¥à â®à �A á ¯«®â®© ¢ ¯à®áâà áâ¢¥ H ®¡« áâìî
®¯à¥¤¥«¥¨ï D(A) ï¢«ï¥âáï £¥¥à â®à®¬ ®£à ¨ç¥®© £®«®¬®àä®© ¯®«ã£àã¯¯ë T (t) = e�tA ¢
¯à®áâà áâ¢¥ H á ã£«®¬ j arg tj < � < �

2
([3], [4], [16]), I | ¥¤¨¨çë© ®¯¥à â®à ¢ ¯à®áâà áâ¢¥ H.

�¡®§ ç¨¬ ç¥à¥§ L2;((a; b);H) (�1 < a < b � +1) ¯à®áâà áâ¢® äãªæ¨© á® § ç¥¨ï-

¬¨ ¢ H, á ¡¦¥®¥ ®à¬®© kfkL2;(a;b) �
� bR
a
e�2tkf(t)k2dt)1=2,  � 0, ç¥à¥§ W l

2;((a; b); A
l) |

¯à®áâà áâ¢® äãªæ¨© á® § ç¥¨ï¬¨ ¢ H â ª¨å, çâ® Ajlu(1�j)l(t) 2 L2;((a; b);H), j = 0; 1,
l = 1; 2; : : : , á ®à¬®©

kukW l
2;

((a;b);Al) � (ku(l)k2L2; (a;b) + kA
luk2L2;(a;b))

1=2;  � 0:

�¤¥áì ¨ ¢ ¤ «ì¥©è¥¬ ¯®« £ ¥¬ v(j)(t) � djv(t)=dtj , j = 1; 2; : : : ,W l
2;0 �W l

2, L2;0 � L2;W 0
2; � L2;.

�®¤à®¡¥¥ ® ¯à®áâà áâ¢¥ W l
2((a; b), A

l) á¬. ([16], £«. I,   â ª¦¥ [3]).
�¢¥¤¥¬ £¨«ì¡¥àâ®¢ë ¯à®áâà áâ¢ 

Fj =
�
x 2 H : kxk2

H
+
Z +1

0

kAje�tAxk2
H
dt � +1

�
; j = 1; : : : ; l;

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à âë ò02-01-00790, ò 01-01-00407.
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á á®®â¢¥âáâ¢ãîé¨¬¨ ®à¬ ¬¨

kxkFj
=
�
kxk2

H
+
Z +1

0

kAje�tAxk2
H
dt

� 1
2

:

�®£« á® [3], [16] á¯à ¢¥¤«¨¢ë ¢«®¦¥¨ï

D(Al) � Fl � � � � � F1 � H;

¯à¨ç¥¬ ª ¦¤®¥ ¨§ ¯®¤¯à®áâà áâ¢ ¯«®â® ¢ ¯®á«¥¤ãîé¥¬ ¨ ¤«ï «î¡®£® ¢¥ªâ®à  v 2 D(Al)
á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  kvkH � kvkF1 � � � � � kvkFl

.
�  ¯®«ã®á¨ R+ = (0;+1) à áá¬®âà¨¬  ç «ìãî § ¤ çã

Au � u(1)(t) +Au(t) +
nX
j=1

(BjAu(t� hj) +Dju
(1)(t� hj)) = f(t); t 2 R+; (1)

u(t) = '0(t); t 2 (�h; 0]: (2)

�¤¥áì Bj , Dj | ®£à ¨ç¥ë¥ ®¯¥à â®àë, ¤¥©áâ¢ãîé¨¥ ¢ ¯à®áâà áâ¢¥ H; ç¨á«  hj â ª®¢ë, çâ®
0 = h0 < h1 < � � � < hn = h;  ç «ì ï äãªæ¨ï '0(t) 2W l

2((�h; 0); A
l) ¯à¨ ¥ª®â®à®¬ l = 2; 3; : : :

�à¥¤¯®«®¦¨¬, çâ® äãªæ¨ï f(t) ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã W l�1
2; (R+; A

l�1) ¯à¨ ¥ª®â®à®¬
 � 0, ¤«ï (1) ¢ë¯®«ï¥âáï

�á«®¢¨¥ I). �«ï ®¯¥à â®à®¢ Bj , Dj á¯à ¢¥¤«¨¢ë ¯à¥¤áâ ¢«¥¨ï

Bjx = A�(m�1)Bm;jA
(m�1)x; Djx = A�(m�1)Dm;jA

(m�1)x; j = 1; n; m = 1; l;

£¤¥ x 2 Dom(Al�1), Bm;j, Dm;j | ®£à ¨ç¥ë¥ ®¯¥à â®àë ¢ H.

�¢¥¤¥¬ ®¡®§ ç¥¨ï kBjk = bj , kBl;jk = blj , kDjk = dj , kDl;jk = dlj .

�¯à¥¤¥«¥¨¥. �ãªæ¨î u(t)  §®¢¥¬ à¥è¥¨¥¬ § ¤ ç¨ (1), (2), ¥á«¨ ®  ¯à¨ ¤«¥¦¨â ¯à®-
áâà áâ¢ã W l

2;((�h;+1); Al) ¯à¨ ¥ª®â®à®¬  � 0 ¨ â®¦¤¥áâ¢¥® ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î
(1) ¨ ãá«®¢¨î (2).

�¡®§ ç¨¬ ç¥à¥§ C(R+;Fj) ¯à®áâà áâ¢® äãªæ¨©, § ¤ ëå   ¯®«ã®á¨ R+, á® § ç¥¨ï¬¨
¢ ¯à®áâà áâ¢¥ Fj , j = 1; l, ¥¯à¥àë¢ëå ¯® ®à¬¥ ¤ ®£® ¯à®áâà áâ¢ .

�§¢¥áâ 

�¥®à¥¬  ¢«®¦¥¨ï ([3], [16]). �á«¨ äãªæ¨ï v(t) 2 W 1
2 (R+; A), â® v(t) 2 C(R+;F1) ¨ áã-

é¥áâ¢ã¥â â ª ï ¯®áâ®ï ï {, çâ® ¤«ï «î¡®£® t � 0 ¨ «î¡®© äãªæ¨¨ v(t) 2 W 1
2 (R+; A)

á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

kv(t)kF1 � {kv(�)kW 1
2
(R+;A):

�«¥¤áâ¢¨¥. �á«¨ v(t) 2 W l
2(R+; A

l), â® v(j)(t) 2 C(R+;Fl�j), j = 0; : : : ; l � 1, ¨ áãé¥áâ¢ã¥â
â ª ï ¯®áâ®ï ï {, çâ® ¤«ï «î¡®£® t � 0 á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

kv(j)(t)kFl�j
� {kv(�)kW l

2
(R+;Al):

�¥©áâ¢¨â¥«ì®, ¤«ï «î¡®£® j = 0; : : : ; l�1 á¯à ¢¥¤«¨¢® ¢ª«îç¥¨¥ Al�j�1v(j)(t) 2W 1
2 (R+; A).

� «¥¥ ¤®áâ â®ç® ¯à¨¬¥¨âì â¥®à¥¬ã ª äãªæ¨¨ Al�j�1v(j)(t) ¨ ¢®á¯®«ì§®¢ âìáï à ¢¥áâ¢®¬
Ae�tAu = e�tAAu; t > 0, á¯à ¢¥¤«¨¢ë¬ ¤«ï «î¡®£® u 2 D(A) ([3], [4]).

�®£« á® â¥®à¥¬¥ ¢«®¦¥¨ï ¨ ¥¥ á«¥¤áâ¢¨î à¥è¥¨¥ § ¤ ç¨ (1), (2) ¨ ¥£® ¯à®¨§¢®¤ë¥ u(k)(t)
¯®àï¤ª®¢ k = 0; l � 1 ¨¬¥îâ á«¥¤ë ¯à¨ t! +0 ¨ t! �h+0 ¨§ ¯à®áâà áâ¢ Fl�k á®®â¢¥âáâ¢¥®
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¨ ï¢«ïîâáï ¥¯à¥àë¢ë¬¨ äãªæ¨ï¬¨ á® § ç¥¨ï¬¨ ¢ ¯à®áâà áâ¢ å Fl�k, ¯®íâ®¬ã ¤«ï áãé¥-
áâ¢®¢ ¨ï à¥è¥¨ï § ¤ ç¨ (1), (2) ¥®¡å®¤¨¬® ¢ë¯®«¥¨¥ á«¥¤ãîé¨å ãá«®¢¨© á®£« á®¢ ¨ï:['(k+1)

0 (�0) +A'
(k)
0 (�0)] +

nX
j=1

(BjA'
(k)
0 (�hj + 0) +Dj'

(k+1)
0 (�hj + 0)) �

� f (k)(+0)

Fl�k�1

= 0; k = 0; l � 2: (3)

�®¤à®¡¥¥ ®¡ ãá«®¢¨ïå á®£« á®¢ ¨ï ¤«ï ª« áá¨ç¥áª¨å à¥è¥¨© ãà ¢¥¨© ¢¨¤  (1) ¢ ª®¥ç®-
¬¥à®¬ ¯à®áâà áâ¢¥ á¬. ¢ [2].

�§¢¥áâ® ([4], [16]), çâ® ¥á«¨ �A ¥áâì £¥¥à â®à ®£à ¨ç¥®© £®«®¬®àä®© ¯®«ã£àã¯¯ë
T (t) = e�At, t > 0, ¢ ¯à®áâà áâ¢¥ H, â® áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï ï K > 0, çâ® ¯à¨ «î-
¡®¬  > 0 á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

k�R(�;�A)k < K; kAR(�;�A)k < K; Re � � 0; (4)

£¤¥ R(�;�A) = �(A+ I + �I)�1 | à¥§®«ì¢¥â  ®¯¥à â®à  �A = �A� I.

�¢¥¤¥¬ äãªæ¨î �() = K
� nP
j=1

e�hj [bj + dj ]
�
, £¤¥ bj = maxfbj ; bljg, dj = maxfdj ; dljg. �¡®-

§ ç¨¬ � = f 2 R+ : �() < 1g. �®¦¥áâ¢® � ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«ã®áì (�;+1), ¯à¨ç¥¬
¢¥«¨ç¨  � ¤®¯ãáª ¥â ®æ¥ªã

� � max
�
1
h1

ln
� nX
j=1

(bj + dj)
�
; 0
�
:

�á®¢ë¬ à¥§ã«ìâ â®¬ ¯à¥¤« £ ¥¬®© à ¡®âë ï¢«ï¥âáï

�¥®à¥¬  1. �ãáâì ¢ë¯®«¥® ãá«®¢¨¥ I). �®£¤  ¤«ï «î¡®£®  2 � ¨ «î¡ëå äãªæ¨© '0(t) 2
W l

2((�h; 0); A
l) ¨ f(t) 2 W l�1

2; (R+; A
l�1), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ á®£« á®¢ ¨ï (3), § ¤ ç 

(1), (2) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ u(t) 2W l
2;((�h;+1); Al), ¤®¯ãáª îé¥¥ ®æ¥ªã

kukW l
2;

((�h;+1);Al) � d[kfk2
W l�1
2;

(R+;Al�1)
+ k'0k

2
W l
2
((�h;0);Al)]

1=2

á ¯®áâ®ï®© d, ¥ § ¢¨áïé¥© ®â äãªæ¨© f(t) ¨ '0(t).

� ¬¥â¨¬, çâ® ¢ á«ãç ¥ l = 1, ¨áá«¥¤®¢ ®¬ ¢ [13], ãá«®¢¨¥ á®£« á®¢ ¨ï (3) ¨ ãá«®¢¨¥ I)  
ª®íää¨æ¨¥âë ãà ¢¥¨ï ¥  ª« ¤ë¢ «¨áì.

2. �®ª § â¥«ìáâ¢® ®á®¢ëå à¥§ã«ìâ â®¢

�à¥¦¤¥ ç¥¬ ¯¥à¥©â¨ ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1,  ¯®¬¨¬ ®á®¢ë¥ á¢®©áâ¢  £¥¥à â®à 
®£à ¨ç¥®© £®«®¬®àä®© ¯®«ã£àã¯¯ë. � â¥¬ ¯à¨¢¥¤¥¬ ¤¢¥ ¢á¯®¬®£ â¥«ìë¥ «¥¬¬ë ¨ ãª ¦¥¬,
ª ª¨¬ ®¡à §®¬ § ¤ ç  (1), (2) ¬®¦¥â ¡ëâì á¢¥¤¥  ª íª¢¨¢ «¥â®© ¥© ¢ á¬ëá«¥ à §à¥è¨¬®áâ¨
§ ¤ ç¥ (5), (6), ãª § ®© ¨¦¥. �à¨ íâ®¬ ¤«ï ¤®ª § â¥«ìáâ¢  à §à¥è¨¬®áâ¨ ¢ ¦ãî à®«ì
¡ã¤¥â ¨£à âì ®¯¥à â®à ¢ãâà¥¥© áã¯¥à¯®§¨æ¨¨ ¢ ¯à®áâà áâ¢ å £« ¤ª¨å äãªæ¨© (¯®¤à®¡¥¥
®¡ ®¯¥à â®à¥ ¢ãâà¥¥© áã¯¥à¯®§¨æ¨¨ á¬. [1], £«. 1).

� ¯®¬¨¬, çâ® A = A+ I ¨ R(�;�A) = �(A + �I)�1.
�§¢¥áâ® ([4], [16]), çâ® ¥á«¨ �A ¥áâì £¥¥à â®à ®£à ¨ç¥®© £®«®¬®àä®© ¯®«ã£àã¯¯ë

T (t) = e�At á ã£«®¬ j arg tj < � < �
2
¢ ¯à®áâà áâ¢¥ H, â® ®¯¥à â®à A ¨¬¥¥â ¢ ¯à®áâà áâ¢¥

H ¯«®âãî ®¡« áâì ®¯à¥¤¥«¥¨ï ¨ ¢ë¯®«¥®

�á«®¢¨¥ II). �«ï «î¡®£® " 2 (0; �) áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï ï c > 0, çâ® ¯à¨ ¢á¥å �,
j arg �j � � + �

2
� ", á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

kR(�;�A)k �
c

1 + j�j
:
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�¥¬¬  1. �ãªæ¨ï x(t) ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã W l
2((a; b); A

l), l = 1; 2; : : : , â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª ï äãªæ¨ï z(t) 2W l�1
2 ((a; b); Al�1), çâ® á¯à ¢¥¤«¨¢® ¯à¥¤-

áâ ¢«¥¨¥

x(t) = e�A(t�a)x(a) +
Z t

a
e�A(t�s)z(s)ds; t 2 [a; b];

¯à¨ íâ®¬ ¢ë¯®«¥® ¥à ¢¥áâ¢®

kxkW l
2
((a;b);Al) � kx(a)kFl

+ kzkW l�1
2

((a;b);Al�1):

�®ª § â¥«ìáâ¢® «¥¬¬ë 1 ¬®¦¥â ¡ëâì ¯®«ãç¥®   ®á®¢ ¨¨ à¥§ã«ìâ â®¢ à ¡®âë ([16], £«. I).
� «¥¥, ¨á¯®«ì§ãï «¥¬¬ã 1 (á¬. â ª¦¥ [3]), ¬®¦® ¤®ª § âì á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥.

�¥¬¬  2. �ãáâì äãªæ¨¨ g1(t) ¨ g2(t) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ g1(t) 2 W n
2 ((a; b); A

n),
g2(t) 2 W n

2 ((b; c); A
n), a < b < c; g(j)1 (b � 0) = g

(j)
2 (b + 0) ¢ á¬ëá«¥ áå®¤¨¬®áâ¨ ¢ ¯à®áâà -

áâ¢¥ Fn�j ¯à¨ j = 0; n� 1. �®£¤  äãªæ¨ï G(t), t 2 (a; c), â ª ï, çâ® G(t) = g1(t), t 2 (a; b),
G(t) = g2(t), t 2 (b; c), ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã W n

2 ((a; c); A
n), ¯à¨ç¥¬

kGkWn
2
((a;c);An) = [kg1k

2
Wn
2
((a;b);An) + kg2k

2
Wn
2
((b;c);An)]

1=2:

�¥è¥¨¥ § ¤ ç¨ (1), (2) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ u(t) = g(t) + v(t), £¤¥ äãªæ¨ï g(t) = '0(t),
t 2 [�h; 0),   v(t) = 0, t 2 [�h; 0].

�®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â äãªæ¨ï '1(t) 2W l
2((0; h); A

l), ¤«ï ª®â®à®© ¢ë¯®«¥ë á®®â®è¥-
¨ï '

(j)
1 (+0) = '

(j)
0 (�0), '(j)

1 (h� 0) = 0 ¢ á¬ëá«¥ áå®¤¨¬®áâ¨ ¢ ¯à®áâà áâ¢¥ Fl�j , j = 0; l � 1, ¨
á¯à ¢¥¤«¨¢  ®æ¥ª  k'1kW l

2
((0;h);Al) � c1k'0kW l

2
((�h;0);Al) á ¯®áâ®ï®© c1, ¥ § ¢¨áïé¥© ®â äãª-

æ¨¨ '0(t). �ã¤¥¬ ¨áª âì äãªæ¨î '1(t) ¢ ¢¨¤¥ Pl�1(t)q(t), £¤¥ q(t) 2 C1(R) ¨ q(t) � 1 ¢ ¥ª®â®à®©
®ªà¥áâ®áâ¨ â®çª¨ t = 0 á ®á¨â¥«¥¬, «¥¦ é¨¬   ®âà¥§ª¥ [�h; h],   Pl�1(t) | ¬®£®ç«¥ ¢¨¤ 
l�1P
k=0

'(k)
0 (�0)tk=k!.

�¯à¥¤¥«¨¬ äãªæ¨î g(t) á«¥¤ãîé¨¬ ®¡à §®¬: g(t) = '0(t), t 2 (�h; 0], g(t) = '1(t), t 2
(0; h), g(t) = 0, t � h. �®£« á® «¥¬¬¥ 2 g(t) ¯à¨ ¤«¥¦¨â W l

2;((�h;+1); Al) ¯à¨ «î¡®¬
 2 R ¨ ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã kgkW l

2;
((�h;+1);Al) � c2k'0kW l

2
((�h;0);Al) á ¯®áâ®ï®© c2(), ¥

§ ¢¨áïé¥© ®â äãªæ¨¨ '0(t). �® ®¯à¥¤¥«¥¨î à¥è¥¨ï u(t) ¨ ¯®áâà®¥¨î äãªæ¨¨ g(t) äãªæ¨ï
v(t) = u(t)� g(t) â ª®¢ , çâ® v(t) 2 W l

2;((�h;+1); Al), v(t) = 0 ¯à¨ t 2 (�h; 0] ¨ ã¤®¢«¥â¢®àï¥â
á®®â®è¥¨î Av(t) = f(t)�Ag(t) = F (t), t 2 R+, £¤¥

F (t) = f(t)� g(1)(t)�Ag(t)�
nX

j=1

(BjAg(t � hj) +Djg
(1)(t� hj)):

�¡®§ ç¨¬ ç¥à¥§ y(t) áã¦¥¨¥ äãªæ¨¨ v(t)   ¯®«ã®áì R+. �®£¤  ¯®«ãç¥®¥ á®®â®è¥¨¥
¤«ï äãªæ¨¨ v(t) à ¢®á¨«ì® á«¥¤ãîé¥© § ¤ ç¥ ¤«ï ®¢®© ¥¨§¢¥áâ®© äãªæ¨¨ y(t):

y(1)(t) +Ay(t) +
nX

j=1

(BjShjAy(t) +DjShjy
(1)(t)) = F (t); t 2 R+; (5)

y(t) 2
�

W l
2;(R+; A

l): (6)

�¤¥áì
�

W l
2;(R+; A

l) | ¯®¤¯à®áâà áâ¢® äãªæ¨© ¨§ W l
2;(R+; A

l), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬
lim
t!+0

ky(j)(t)kFl�j
= 0, j = 0; l � 1. �¯¥à â®àë ¢ãâà¥¥© áã¯¥à¯®§¨æ¨¨ Shj ¤¥©áâ¢ãîâ ¢ ¯à®-

áâà áâ¢¥
�

W l
2;(R+; A

l) ¯® ¯à ¢¨«ã (Shjv)(t) = v(t � hj) ¯à¨ t � hj ¨ (Shjv)(t) = 0 ¯à¨ t < hj ,
j = 0; n. �®¤à®¡¥¥ ®¡ ®¯¥à â®à å Shj ¨ æ¥«¥á®®¡à §®áâ¨ ¨å ¢¢¥¤¥¨ï á¬. ¢ [1].
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�à¨ á¤¥« ëå ¯à¥¤¯®«®¦¥¨ïå ¨§ ¯à¥¤áâ ¢«¥¨ï äãªæ¨¨ F (t), ¯®áâà®¥¨ï äãªæ¨¨ g(t)

¨ ãá«®¢¨© á®£« á®¢ ¨ï (3) á«¥¤ã¥â, çâ® äãªæ¨ï F (t) 2
�

W l�1
2; (R+; A

l�1), ¯à¨ç¥¬ á¯à ¢¥¤«¨¢ 
®æ¥ª 

kF (t)kW l�1
2;

(R+;Al�1) � kf(t)kW l�1
2;

(R+;Al�1) + c3k'0(t)kW l
2
((�h;0);Al) (7)

á ¯®áâ®ï®© c3, ¥ § ¢¨áïé¥© ®â äãªæ¨¨ '0(t). �§ ¢ª«îç¥¨ï y(t) 2
�

W l
2;(R+; A

l) ¨ «¥¬¬ 1, 2

¢ëâ¥ª ¥â, çâ® (ShjAy)(t) 2
�

W l�1
2; (R+; A

l�1) ¨ (Shjy
(1))(t) 2

�

W l�1
2; (R+; A

l�1). �¥¬ á ¬ë¬ «¥¢ ï

ç áâì ãà ¢¥¨ï (5) ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã
�

W l�1
2; (R+; A

l�1). �®íâ®¬ã ãà ¢¥¨¥ (5) ¡ã¤¥¬

¨§ãç âì ¢ ¯à®áâà áâ¢¥
�

W l�1
2; ((�h;+1); Al�1).

� ¬¥ç ¨¥ 1. � ¤ ç¨ (1), (2) ¨ (5), (6) íª¢¨¢ «¥âë ¢ â®¬ á¬ëá«¥, çâ® ã § ¤ ç¨ (5), (6)
áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ y(t) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  § ¤ ç  (1), (2) ¨¬¥¥â ¥¤¨-
áâ¢¥®¥ à¥è¥¨¥ u(t) â ª®¥, çâ® u(t) = g(t) + v(t). �à¨ íâ®¬ ¢ á¨«ã ¯®áâà®¥¨ï äãªæ¨¨ g(t)
¢ë¯®«¥® ¥à ¢¥áâ¢®

kukW l
2;

((�h;+1);Al) � kykW l
2;

(R+;Al) + c2k'0kW l
2
((�h;0);Al):

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ¢® ¬®£®¬ áå®¤® á ¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë 1 ¨§ [14], ¯®íâ®¬ã
«¨èì ªà âª®  ¬¥â¨¬ ¥£® ®á®¢ë¥ íâ ¯ë.

�ã¤¥¬ ¨áª âì à¥è¥¨¥ § ¤ ç¨ (5), (6) ¢ ¢¨¤¥ y(t) = etw(t). �¥£ª® ¢¨¤¥âì, çâ® äãªæ¨ï
y(t) 2W l

2;(R+; A
l) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  w(t) 2W l

2(R+; A
l). �à¨ íâ®¬ á®£« á® (5) äãªæ¨ï

w(t) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

w(1)(t) + (A+ I)w(t) +
nX

j=1

e�hj [BjShj (Aw)(t) +DjShj (w
(1) + w)(t)] = e�tF (t); t 2 R+; (8)

  â ª¦¥ ãá«®¢¨î

w(t) 2
�

W l
2(R+; A

l): (9)

�ã¤¥¬ ¨áª âì à¥è¥¨¥ § ¤ ç¨ (8), (9) ¢ ¢¨¤¥

w(t) =
Z t

0
e�(A+I)(t�s)z(s)ds (10)

á ®¢®© ¥¨§¢¥áâ®© äãªæ¨¥© z(s) 2
�

W l�1
2 (R+; A

l�1). �®£« á® «¥¬¬¥ 1 á®®â®è¥¨¥ (10) áâ ¢¨â

¢ á®®â¢¥âáâ¢¨¥ äãªæ¨¨ z(s) 2
�

W l�1
2 (R+; A

l�1) äãªæ¨î w(t) 2
�

W l
2(R+; A

l), ã¤®¢«¥â¢®àïîéãî
¥à ¢¥áâ¢ã

kw(t)kW l
2
(R+;Al) � c4kzkW l�1

2
(R+;Al�1) (11)

á ¯®áâ®ï®© c4, ¥ § ¢¨áïé¥© ®â z(t). �®¤áâ ¢«ïï (10) ¢ (8), ¯®«ãç ¥¬, çâ® äãªæ¨ï z(t) ã¤®-
¢«¥â¢®àï¥â ãà ¢¥¨î

z(t) + (Hz)(t) + (Gz)(t) = �(t); t 2 R+; (12)

£¤¥

(Lz)(t) =
Z t

0

Ae�(A+I)(t�s)z(s)ds; (Hz)(t) =
nX

j=1

e�hjBjShj (Lz)(t);

(Gz)(t) =
nX

j=1

e�hjDjShj(z(t) � (Lz)(t)); �(t) = e�tF (t):
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� ¬¥ç ¨¥ 2. � á¨«ã á®®â®è¥¨© (8){(11) ¨ «¥¬¬ë 1 ãà ¢¥¨¥ (12) ¨¬¥¥â à¥è¥¨¥ z(t) 2
�

W l�1
2 (R+; A

l�1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  § ¤ ç  (5), (6) ¨¬¥¥â à¥è¥¨¥ y(t) 2
�

W l
2;(R+; A

l).

�¥à¥©¤¥¬ ª ¨§ãç¥¨î à §à¥è¨¬®áâ¨ ãà ¢¥¨ï (12).

�¡®§ ç¨¬ ®à¬ë ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ ¯à®áâà áâ¢ å L2(R+;H) ¨
�

W l�1
2 (R+; A

l�1),
ç¥à¥§ jjj � jjj ¨ jjj � jjj1 á®®â¢¥âáâ¢¥®.

�®ª § â¥«ìáâ¢® à §à¥è¨¬®áâ¨ ãà ¢¥¨ï (12) ®¯¨à ¥âáï   «¥¬¬ë 3{6.
� áá¬®âà¨¬ ®¯¥à â®à L, ®¯à¥¤¥«¥ë©   «¨¥©®¬ ¬®£®®¡à §¨¨

M = fv : v(t) 2 D(A); t 2 R+; v(t) 2 L2(R+;D(A))g

¯à®áâà áâ¢  L2(R+;H) á®®â®è¥¨¥¬

(Lv)(t) = A

Z t

0
e�A(t�s)v(s)ds:

�¥¬¬  3. �«ï «î¡®£®  > 0 ®¯à¥¤¥«¥ë©   «¨¥©®¬ ¬®£®®¡à §¨¨ M ®¯¥à â®à L ã¤®-

¢«¥â¢®àï¥â ®æ¥ª¥

k(Lv)(t)kL2(R+;H) � Kkv(t)kL2(R+;H); v(t) 2M; (13)

á ¯®áâ®ï®© K ¨§ ¥à ¢¥áâ¢ (4). �à¨ íâ®¬ ®¯¥à â®à L ¤®¯ãáª ¥â ¯à®¤®«¦¥¨¥ ¯® ¥¯à¥-

àë¢®áâ¨   ¢á¥ ¯à®áâà áâ¢® L2(R+;H) á á®åà ¥¨¥¬ ®æ¥ª¨ (13).

�®ª § â¥«ìáâ¢®. �ãáâì v(t) 2M . �®£¤  á®£« á® [4], [16]

A

Z t

0

e�A(t�s)v(s)ds =
Z t

0

Ae�A (t�s)v(s)ds (14)

¨, ªà®¬¥ â®£®, Ae
�A tx = e�AtAx ¤«ï «î¡®£® ¢¥ªâ®à  x 2 D(A).

�®áª®«ìªã v(t) 2M , â® Av(t) 2 H ¯à¨ t > 0, ¨ äãªæ¨ï Av(t) 2 L2(R+;H).
�¡®§ ç¨¬ ç¥à¥§ V (t) äãªæ¨î, à ¢ãî v(t) ¯à¨ t � 0 ¨ à ¢ãî ã«î ¯à¨ t < 0,   ç¥à¥§bV (�) | ¯à¥®¡à §®¢ ¨¥ �ãàì¥ äãªæ¨¨ V (t). �®£¤  ¯®«ãç¨¬, çâ® AV (t) 2 L2(R;H), ¯à¨ç¥¬

kV (t)kL2(R;H) = kv(t)kL2(R+;H).
�®«®¦¨¬ K0(t) = �(t)e�At, £¤¥ �(t) | äãªæ¨ï �¥¢¨á ©¤ . �à¨¨¬ ï ¢® ¢¨¬ ¨¥ ¯à¥¤¯®-

«®¦¥¨ï ®â®á¨â¥«ì® ®¯¥à â®à  A, á®£« á® [16] ¯®«ãç ¥¬

�(�) =
Z +1

�1

K0(t)e�i�tdt = (A + i�I)�1:

�®áª®«ìªã ¯à¥®¡à §®¢ ¨¥ �ãàì¥ ï¢«ï¥âáï ã¨â àë¬ ®¯¥à â®à®¬ ¢ ¯à®áâà áâ¢¥ L2(R;H), â®
¯à¨  � 0 á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

kA

Z t

�1

e�A (t�s)V (s)dskL2(R;H) =

Z t

�1

e�A(t�s)(AV (s))ds

L2(R;H)

= k�(�)(A bV (�))kL2(R;H):
�§ ãá«®¢¨ï (4) § ª«îç ¥¬, çâ® ¯à¨ ¢á¥å  � 0 ¨ ¤«ï ¢á¥å x 2 H ¨¬¥îâ ¬¥áâ® ¥à ¢¥áâ¢ 

kA(A + i�I)�1xk � kA(A + i�I)�1xk; � 2 R;

®âªã¤  ¯®«ãç ¥¬ æ¥¯®çªã ¥à ¢¥áâ¢A
Z t

�1

e�A(t�s)v(s)ds

L2(R+;H)

� k(A + i�I)�1A
bV (�)kL2(R;H) �

� Kk bV (�)kL2(R;H) � KkV (t)kL2(R;H) = Kkv(t)kL2(R+;H):

�¥à ¢¥áâ¢® (13) á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥¨ï ¯à®áâà áâ¢  W 1
2;(R+; A) ¨ ¯®«ãç¥ëå ®æ¥®ª.

�¥à¢®¥ ãâ¢¥à¦¤¥¨¥ «¥¬¬ë 3 ¤®ª § ®. �â®à®¥ ãâ¢¥à¦¤¥¨¥ ¢ëâ¥ª ¥â ¨§ ¯¥à¢®£® ¨ á«¥¤ãîé¥©
â¥®à¥¬ë.
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�¥®à¥¬  2. �¨¥©®¥ ¬®£®®¡à §¨¥ M ¯«®â® ¢ ¯à®áâà áâ¢¥ L2(R+;H).

�®ª § â¥«ìáâ¢®. �®£« á® [16] ¯à®¨§¢®«ìãî äãªæ¨î v(t) 2 L2(R+;H) ¬®¦® ¯à¨¡«¨-
§¨âì ¯®á«¥¤®¢ â¥«ì®áâìî ä¨¨âëå ªãá®ç®-¯®áâ®ïëå äãªæ¨© vi(t), ¯à¨¨¬ îé¨å ª®¥ç-
®¥ ç¨á«® § ç¥¨© ¢ H. � ª ª ª D(A) ¯«®â® ¢ H, â® ª ¦¤ãî äãªæ¨î vi(t) ¬®¦® ¯à¨¡«¨§¨âì
¯®á«¥¤®¢ â¥«ì®áâìî ä¨¨âëå ªãá®ç®-¯®áâ®ïëå äãªæ¨© vi;k(t), ¯à¨¨¬ îé¨å ª®¥ç®¥
ç¨á«® § ç¥¨© ¢ D(A).

� «¥¥ ¯à®¤®«¦¥¨¥ ¯® ¥¯à¥àë¢®áâ¨ ®¯¥à â®à  L   ¯à®áâà áâ¢® L2(R+;H) ¡ã¤¥¬ ®¡®-
§ ç âì ç¥à¥§ L.

�¥¬¬  4. �®à¬ë ®¯¥à â®à®¢ L ¨ I � L ¤®¯ãáª îâ ®æ¥ª¨

jjjL jjj1 � K; jjjI � Ljjj1 � K:

�®ª § â¥«ìáâ¢® «¥¬¬ë 4 ¯à®¢®¤¨âáï ¯®   «®£¨¨ á ¤®ª § â¥«ìáâ¢®¬ «¥¬¬ë 4 ¨§ [14] á ¯®¬®-
éìî à¥§ã«ìâ â  «¥¬¬ë 3 ¨ á®®â®è¥¨ï (14).

�¥¬¬  5. �ãáâì ®¯¥à â®àë Bj ¨ Dj, j = 1; n, ã¤®¢«¥â¢®àïîâ ãá«®¢¨î I). �®£¤  ¯à¨  > 0
¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ®æ¥ª¨:

jjjH jjj1 �
nX

j=1

e�hjbj�(); jjjG jjj1 �
nX

j=1

e�hjdj�():

�®ª § â¥«ìáâ¢® «¥¬¬ë 5 ¡¥§ ª ª¨å-«¨¡® ¨§¬¥¥¨© ¯®¢â®àï¥â à ááã¦¤¥¨ï, ¯à¨¢¥¤¥ë¥ ¢
à ¡®â¥ [14].

�¥¬¬  6. �ãáâì  2 �. �®£¤  ¤«ï «î¡®£® �(t) 2
�

W l�1
2 (R+; A

l�1) áãé¥áâ¢ã¥â ¥¤¨áâ¢¥-

 ï äãªæ¨ï z(t) 2
�

W l�1
2 (R+; A

l�1), ã¤®¢«¥â¢®àïîé ï ãà ¢¥¨î (12), ¯à¨ç¥¬ ¤«ï ãª § ®©

äãªæ¨¨ z(t) á¯à ¢¥¤«¨¢  ®æ¥ª 

kz(t)kW l�1
2

(R+;Al�1) � ck�(t)kW l�1
2

(R+;Al�1)

á ¯®áâ®ï®© c, ¥ § ¢¨áïé¥© ®â ¢ë¡®à  äãªæ¨¨ �(t).

�®ª § â¥«ìáâ¢® «¥¬¬ë 6 ¯à®¢¥¤¥® ¢ [14] ¤«ï á«ãç ï á ¬®á®¯àï¦¥®£® ®¯¥à â®à  A. B
à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï   «®£¨ç®.

�«¥¤®¢ â¥«ì®, ¢ á¨«ã § ¬¥ç ¨© 1 ¨ 2 ¯®«ãç ¥¬ ª®àà¥ªâãî à §à¥è¨¬®áâì § ¤ ç¨ (5), (6)
¨ § ¤ ç¨ (1), (2). C®£« á® § ¬¥ç ¨î 1, ¥à ¢¥áâ¢ã (11) ¨ «¥¬¬¥ 6 ¤«ï à¥è¥¨ï u(t) § ¤ ç¨
(1), (2) á¯à ¢¥¤«¨¢  ®æ¥ª  â¥®à¥¬ë 1. �¥®à¥¬  1 ¤®ª §  .

3. � ¬¥ç ¨ï ¨ ª®¬¬¥â à¨¨

� ¬¥ç ¨¥ 3. �à¨¬¥à 2 ¨§ [7] á®¤¥à¦¨â ãà ¢¥¨¥ ¢¨¤  (1) ¥©âà «ì®£® â¨¯ , ¤«ï ª®â®-
à®£® ®£à ¨ç¥¨¥   ¯ à ¬¥âà �1 ï¢«ï¥âáï ¥ã«ãçè ¥¬ë¬ (¯à¨ l = 1).

� ¬¥ç ¨¥ 4. �à¨¬¥à, ¯®ª §ë¢ îé¨© áãé¥áâ¢¥®áâì ãá«®¢¨ï I), ¯à¨¢¥¤¥ ¢ [14].

� ¬¥ç ¨¥ 5. � [5]{[7], [13] § ¤ ç  (1), (2) ¨ ¥¥ ®¡®¡é¥¨ï   á«ãç © ¯¥à¥¬¥ëå ª®íää¨-
æ¨¥â®¢ ¨ ¯¥à¥¬¥®£® § ¯ §¤ë¢ ¨ï ¨§ãç «¨áì ¢ ¯à®áâà áâ¢¥ W 1

2;(R+; A). �¬¥áâ® § ¬¥â¨âì,
çâ® ¯à¨ íâ®¬ ¥â ¥®¡å®¤¨¬®áâ¨ âà¥¡®¢ âì ¢ë¯®«¥¨ï ãá«®¢¨ï I) ¨ ãá«®¢¨© á®£« á®¢ ¨ï (3).
�¥¬ á ¬ë¬ á«ãç © l = 1 à¥ «¨§ã¥âáï ¯à¨  ¨¬¥ìè¨å ®£à ¨ç¥¨ïå   ª®íää¨æ¨¥âë ãà ¢¥-
¨ï (1), äãªæ¨î f(t) ¨  ç «ìãî äãªæ¨î '0(t).

� [14], [15] à áá¬ âà¨¢ « áì § ¤ ç ,   «®£¨ç ï (1), (2), á á ¬®á®¯àï¦¥ë¬ ®¯¥à â®à®¬ A,
¤«ï ª®â®à®© ãáâ ®¢«¥  ¥¥ ª®àà¥ªâ ï à §à¥è¨¬®áâì ¢ ¯à®áâà áâ¢¥ W l

2;([�h;+1); Al).

� ¬¥ç ¨¥ 6. �¥ª®â®àë¥ ¯à¨¬¥àë  ç «ì®-ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢¥¨© ¢ ç áâëå ¯à®-
¨§¢®¤ëå á § ¯ §¤ë¢ ¨¥¬ ¯® ¢à¥¬¥®© ¯¥à¥¬¥®©, ª®â®àë¥ ¬®£ãâ ¡ëâì á¢¥¤¥ë ª § ¤ ç¥
¢¨¤  (1), (2), ãª § ë ¢ [3], [10], [17].
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�«¨§ª¨¥ à¥§ã«ìâ âë ® à §à¥è¨¬®áâ¨ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ ¯à®-
áâà áâ¢ å �®¡®«¥¢  ¯®«ãç¥ë ¢ [3], [8]{[11]. �¤¨¬ ¨§ áãé¥áâ¢¥ëå ®â«¨ç¨© ®â ãª § ëå
à ¡®â ï¢«ï¥âáï â®, çâ®  ¬¨ à áá¬ âà¨¢ îâáï äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï
¥©âà «ì®£® â¨¯  Dj 6= 0 ¢ á«ãç ¥ ¥®£à ¨ç¥ëå ª®íää¨æ¨¥â®¢ BjA ¯à¨ ç«¥ å á § ¯ §-
¤ë¢ ¨¥¬. � [8]{[10] à áá¬®âà¥ë ãà ¢¥¨ï ¯à¨ ¥áª®«ìª® ¡®«¥¥ ¦¥áâª¨å ®£à ¨ç¥¨ïå  
ª®íää¨æ¨¥âë ¯à¨ § ¯ §¤ë¢ îé¨å ç«¥ å.

� [3] ãáâ ®¢«¥ë ¤®áâ â®çë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ (1),
(2) ¢ ¯à®áâà áâ¢¥ W 2

2 ([0; T ]; A
2) ¢ á«ãç ¥, ª®£¤  ®¯¥à â®à A ï¢«ï¥âáï £¥¥à â®à®¬ ®£à ¨ç¥-

®© £®«®¬®àä®© ¯®«ã£àã¯¯ë. �¤ ª® ¢ [3] à áá¬ âà¨¢ ¥âáï ãà ¢¥¨¥ â®«ìª® § ¯ §¤ë¢ îé¥£®
â¨¯  (Dj = 0) á ®¤¨¬ § ¯ §¤ë¢ ¨¥¬   ®âà¥§ª¥ [0; T ], T > 0.

�â¬¥â¨¬, çâ® ¢ [14] ¯à¨¢¥¤¥  â¥®à¥¬  2,   «®£¨ç ï â¥®à¥¬¥ 1, ¤«ï á«ãç ï ª®¥ç®¬¥à-
®£® ¯à®áâà áâ¢ . �à¨ íâ®¬ ¥â ¥®¡å®¤¨¬®áâ¨  ª« ¤ë¢ âì ãá«®¢¨¥ I) ¨ ®£à ¨ç¥¨ï   ®¯¥-
à â®à A. �«ï ãà ¢¥¨© ¡®«¥¥ ®¡é¥£® ¢¨¤  ¢ ª®¥ç®¬¥à®¬ ¯à®áâà áâ¢¥, ®   ª®¥ç®¬
¯à®¬¥¦ãâª¥ [0; T ], ¢ [11] ãáâ ®¢«¥ ¡«¨§ª¨© à¥§ã«ìâ â.

� ª®¥æ, ¢ à ¡®â å [3], [8]{[11], [17] à §à¥è¨¬®áâì ¨§ãç ¥âáï   ¯à®¨§¢®«ì®¬ ®âà¥§ª¥ [0; T ],
T > 0, ¨ ®âáãâáâ¢ãîâ ®æ¥ª¨ à®áâ  à¥è¥¨© ¯à¨ t! +1,   ¢ ¤ ®© à ¡®â¥ ãª §   íªá¯®¥-
æ¨ «ì ï ®æ¥ª  á¢¥àåã áª®à®áâ¨ à®áâ  à¥è¥¨ï ¨ ¥£® ¯à®¨§¢®¤ëå.

�¨â¥à âãà 
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