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� à ¡®â å [1]{[3] ¨§ãç « áì § ¤ ç  ­  ®¯à¥¤¥«¥­¨¥

inf I[y] = inf
Z b

a

F (x; y; y0)dx (1)

¢ ª« áá¥ U äã­ªæ¨© y(x), ®¡« ¤ îé¨å ª®­¥ç­ë¬ ç¨á«®¬ â®ç¥ª à §àë¢  â¨¯  \áâ¥­ª ". �à¥¤«®-
¦¥­­ë© â ¬ ¬¥â®¤ ¨áá«¥¤®¢ ­¨ï ¢ à¨ æ¨®­­®© § ¤ ç¨ (1) ®á­®¢ë¢ ¥âáï ­  ¯®áâà®¥­¨¨ à áè¨-
à¥­¨© ª« áá  U (¢¢¥¤¥­¨¥ ª« áá®¢ U0 (y; z)-«¨­¨© ¨ U 0 (y; z)-®¡ê¥ªâ®¢), ¤®®¯à¥¤¥«¥­¨¨ äã­ª-
æ¨®­ «  I[y] ­  í«¥¬¥­â å íâ¨å à áè¨à¥­¨© ¨ ¯®¨áª¥  ¡á®«îâ­ëå ¬¨­¨¬ «¥© ¢ ª« áá¥ U0 ¨«¨
U 0, çâ® ®¡¥á¯¥ç¨¢ ¥â ­ å®¦¤¥­¨¥ ¯à¨¡«¨¦¥­­ëå ¬¨­¨¬¨§¨àãîé¨å à¥è¥­¨© ª« áá  U .

� ¤ ­­®© à ¡®â¥ ¨§ãç¥­¨¥ ¢ à¨ æ¨®­­®© § ¤ ç¨ (1) ¢ ª« áá¥ áãé¥áâ¢¥­­® à §àë¢­ëå äã­ª-
æ¨© ®¯¨à ¥âáï ­  â¥®à¨î ®¡®¡é¥­­ëå ªà¨¢ëå �­£ {� ªè¥©­  [4]{[6]. �à¥¤« £ ¥¬ë© ¬¥â®¤
¨áá«¥¤®¢ ­¨ï ¯®§¢®«ï¥â ­¥ â®«ìª® ¯®«ãç¨âì â¥®à¥¬ã áãé¥áâ¢®¢ ­¨ï ®¡®¡é¥­­®£® à¥è¥­¨ï á®-
¯àï¦¥­­®© ¯ à ¬¥âà¨ç¥áª®© § ¤ ç¨, ­® ¨ ¤®ª § âì ¢ ®â«¨ç¨¥ ®â [1]{[3] áãé¥áâ¢®¢ ­¨¥  ¡á®«îâ-
­®£® ¬¨­¨¬ã¬  ¢ à¨ æ¨®­­®© § ¤ ç¨ (1) ¢ ¨áå®¤­®¬ ª« áá¥ áãé¥áâ¢¥­­® à §àë¢­ëå äã­ªæ¨©.
�à®¬¥ â®£®, ¤ ­­ë© ¬¥â®¤ ¯®§¢®«ï¥â ¢ ®â«¨ç¨¥ ®â [7], [8] ®á« ¡¨âì âà¥¡®¢ ­¨ï ­  £« ¤ª®áâì ¨­â¥-
£à ­â  F ¨ ¨§¡ ¢«ï¥â ®â ­¥®¡å®¤¨¬®áâ¨ ãáâ ­ ¢«¨¢ âì ä ªâ ¯®«ã­¥¯à¥àë¢­®áâ¨ á®¯àï¦¥­­®£®
äã­ªæ¨®­ «  J [C] ¢ ª« áá¥  ¡á®«îâ­® ­¥¯à¥àë¢­ëå ªà¨¢ëå, ¨¬¥îé¨å ­¥ ¡®«¥¥ ç¥¬ áç¥â­®¥
ç¨á«® ¢¥àâ¨ª «ì­ëå ®âà¥§ª®¢.

1. �®¯ãáâ¨¬ë© ª« áá ªà¨¢ëå (ª« áá �). � à ¬¥âà¨ç¥áª¨¬ ¯à¥¤áâ ¢«¥­¨¥¬  ¡á®«îâ­®
­¥¯à¥àë¢­®© ªà¨¢®© C ­  ¯«oáª®áâ¨ (x; y) ¡ã¤¥¬ ­ §ë¢ âì  ¡á®«îâ­® ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥
f(t) = (x(t); y(t)) ®âà¥§ª  [t1; t2] � R1 ¢ R2. �á«¨ t = '(�) |  ¡á®«îâ­® ­¥¯à¥àë¢­ ï, áâà®£®
¢®§à áâ îé ï ¢ [�1; �2] äã­ªæ¨ï â ª ï, çâ® '(�i) = ti (i = 1; 2), â® ¯ à ¬¥âà¨ç¥áª®¥ ¯à¥¤áâ ¢«¥-
­¨¥ f ['(�)], � 2 [�1; �2], ¡ã¤¥¬ áç¨â âì íª¢¨¢ «¥­â­ë¬ ¯ à ¬¥âà¨ç¥áª®¬ã ¯à¥¤áâ ¢«¥­¨î f(t),
t 2 [t1; t2]. �à¨¢®© C : f(t), t 2 [t1; t2], ­ §®¢¥¬ ª« áá ¢á¥å ¯ à ¬¥âà¨ç¥áª¨å ¯à¥¤áâ ¢«¥­¨©,
íª¢¨¢ «¥­â­ëå f(t), t 2 [t1; t2]. �®á¨â¥«ì (fCg � ff(t)g) ªà¨¢®© C ¥áâì ¯® ®¯à¥¤¥«¥­¨î ¬­®¦¥-
áâ¢® §­ ç¥­¨© äã­ªæ¨¨ f(t), t 2 [t1; t2], ¨ ®­, ®ç¥¢¨¤­®, ­¥ § ¢¨á¨â ®â ¢¨¤  ¯ à ¬¥âà¨ç¥áª®£®
¯à¥¤áâ ¢«¥­¨ï ªà¨¢®©.

�¯àï¬«ï¥¬ãî ªà¨¢ãî C, «¥¦ éãî ¢ ®¡« áâ¨ 
 = f(x; y) : x 2 [a; b]; jyj � y0g ¯«®áª®áâ¨
(x; y), á®¥¤¨­ïîéãî â®çª¨ A = (a; a1), B = (b; b1) (A;B 2 
), ®â­¥á¥¬ ª ª« ááã �, ¥á«¨ C ¨¬¥¥â
 ¡á®«îâ­® ­¥¯à¥àë¢­®¥ ¯à¥¤áâ ¢«¥­¨¥ ff(t) = (x(t); y(t)); _x(t) � 0; t 2 [t1; t2]g ¨, á«¥¤®¢ â¥«ì­®,
¥¥ ­®á¨â¥«ì ®¡« ¤ ¥â ­¥ ¡®«¥¥ ç¥¬ áç¥â­ë¬ ç¨á«®¬ ®âà¥§ª®¢ di, ¯ à ««¥«ì­ëå ®á¨ 0y.

2. �®¯ãáâ¨¬ë© ª« áá äã­ªæ¨© (ª« áá H�). �ãáâì C | ªà¨¢ ï ª« áá  �. �à®¥ªæ¨î «î-
¡®© â®çª¨ P 2 fCg ¯«®áª®áâ¨ (x; y) ­  ®áì 0x ®¡®§­ ç¨¬ ç¥à¥§ P 0. � ¦¤®© â®çª¥ P 0 ¨§ ¨­â¥à¢ « 
[a; b] ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ á®¢®ªã¯­®áâì ¢á¥å P 2 fCg, ª®â®àë¥ ¨¬¥îâ P 0 á¢®¥© ¯à®¥ªæ¨¥©.
�¥¬ á ¬ë¬ ¯®«ãç ¥¬ äã­ªæ¨î y(x), x 2 [a; b], ¢®®¡é¥ £®¢®àï, ­¥®¤­®§­ ç­ãî. �ç¥¢¨¤­®, y(x)
­¥ § ¢¨á¨â ®â ¯ à ¬¥âà¨ç¥áª®£® ¯à¥¤áâ ¢«¥­¨ï ªà¨¢®© C. �â¨ äã­ªæ¨¨ ¡ã¤¥¬ áç¨â âì ¤®¯ã-
áâ¨¬ë¬¨ äã­ªæ¨ï¬¨ ª« áá  H� ¢ à¨ æ¨®­­®© § ¤ ç¨. �ã­ªæ¨ï y(x) 2 H� ¬®¦¥â ¨¬¥âì ¢ [a; b]
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­¥ ¡®«¥¥ ç¥¬ áç¥â­®¥ ç¨á«® â®ç¥ª à §àë¢  x = xi (i = 1; 2; : : : ), ¨ y(x)  ¡á®«îâ­® ­¥¯à¥àë¢-
­  ­  ª ¦¤®¬ ¨§ ®âà¥§ª®¢ [xj ; xj+1] (j = 1; 2; : : : ). �« áá H� á®¤¥à¦¨â ¢ á¥¡¥ ª« áá  ¡á®«îâ­®
­¥¯à¥àë¢­ëå äã­ªæ¨©.

3. �­â¥£à ­â F . �ãáâì äã­ªæ¨ï F ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®¢¨ï¬: 1) F (x; y; z) > 0
®¯à¥¤¥«¥­  ¨ ­¥¯à¥àë¢­  ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå x; y; z : (x; y) 2 
, �1 < z <1; 2) F |
¢ë¯ãª« ï ¢­¨§ äã­ªæ¨ï ¯® z : F (x; y; �1z1+�2z2) � �1F (x; y; z1)+�2F (x; y; z2) ¤«ï ¢á¥å (x; y) 2 
,
�1 < z1; z2 < 1, �1; �2 � 0, �1 + �2 = 1; 3) áãé¥áâ¢ã¥â ª®­¥ç­ë© ¯à¥¤¥« lim

z!�1
F (x; y; z)=z =

w(x; y; sign z), £¤¥ w | ­¥¯à¥àë¢­ ï äã­ªæ¨ï ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå (x; y) 2 
.
4. �ã­ªæ¨®­ « I[y] ­  ª« áá¥ äã­ªæ¨© H�. �«ï äã­ªæ¨¨ y(x) ª« áá  �� ®¯à¥¤¥«¨¬

äã­ªæ¨®­ «

I[y] =
X
j

Z xj+1

xj

F (x; y; y0)dx+
X
i

Z yi

yi

w(xi; �; sign[yi � yi])d�; (2)

£¤¥ xi, xj | â®çª¨ à §àë¢  äã­ªæ¨¨ y(x); yi = y(xi + 0), yi = y(xi � 0). 1 � á«ãç ¥, ª®£¤  y(x)
 ¡á®«îâ­® ­¥¯à¥àë¢­  ¢ [a; b], äã­ªæ¨®­ « (2) ¯à¨­¨¬ ¥â á¢®© ®¡ëç­ë© ¢¨¤ (1).

5. �®¯àï¦¥­­ë© ¯ à ¬¥âà¨ç¥áª¨© ¨­â¥£à ­â eG. �¡®§­ ç¨¬ ç¥à¥§ eG á®¯àï¦¥­­ë© ¯ -
à ¬¥âà¨ç¥áª¨© ¨­â¥£à ­â

eG(x; y; _x; _y) = _xF
�
x; y;

_y
_x

�
; _x > 0; eG(x; y; 0; 0) = 0: (3)

�«ï _x = 0 ¯à®¤®«¦¨¬ äã­ªæ¨î eG, ¨á¯®«ì§ãï (3) ¨ ®¯à¥¤¥«¥­¨¥ äã­ªæ¨¨ w(x; y; sign z),
eG(x; y; 0; _y) = lim

_x!+0

eG(x; y; _x; _y) = lim
z!�1

_y
1
z
F (x; y; z) = _yw(x; y; sign z); (4)

£¤¥ z = _y
_x
. � ª¨¬ ®¡à §®¬, ¢ ®¡« áâ¨ 
 � R2

+ = f(x; y; _x; _y) : (x; y) 2 
, _x � 0; �1 < _y < 1g
á ¯®¬®éìî á®®â­®è¥­¨© (3), (4) ®¯à¥¤¥«¥­  ­¥¯à¥àë¢­ ï, ¯®«®¦¨â¥«ì­® ®¤­®à®¤­ ï ¯¥à¢®©
áâ¥¯¥­¨ ®â­®á¨â¥«ì­® _x, _y ¨ ¢ë¯ãª« ï ¢­¨§ ¯® _x, _y äã­ªæ¨ï eG | ¨­â¥£à ­â á®¯àï¦¥­­®£®
¯ à ¬¥âà¨ç¥áª®£® äã­ªæ¨®­ « 

J [C] =
Z
C

eG(x; y; _x; _y)dt;
®¯à¥¤¥«¥­­®£® ­  ª« áá¥ ªà¨¢ëå C 2 �. �¥âàã¤­® ¢¨¤¥âì, çâ® I[y] = J [C], £¤¥ y(x) ¥áâì äã­ªæ¨ï
ª« áá  H�, á®®â¢¥âáâ¢ãîé ï ªà¨¢®© C ª« áá  �.

6. �« áá ®¡®¡é¥­­ëå ªà¨¢ëå (ª« áá OK). �ãáâì S | ¯à®¨§¢®«ì­®¥ ¬­®¦¥áâ¢®, � |
�- «£¥¡à  ¯®¤¬­®¦¥áâ¢ ¬­®¦¥áâ¢  S, â®£¤  ¯ à  (S;�) ­ §ë¢ ¥âáï ¨§¬¥à¨¬ë¬ ¯à®áâà ­áâ¢®¬.
�¥à®© � ¡ã¤¥¬ ­ §ë¢ âì áç¥â­®- ¤¤¨â¨¢­ãî äã­ªæ¨î ¬­®¦¥áâ¢  á® §­ ç¥­¨ï¬¨ ¨§ à áè¨à¥­-
­®© ®¡« áâ¨ ¢¥é¥áâ¢¥­­ëå ç¨á¥«, ®¯à¥¤¥«¥­­ãî ­  § ¤ ­­®© �- «£¥¡à¥ �.

� áá¬®âà¨¬ ¯à®áâà ­áâ¢® R2 á ¬¥âà¨ç¥áª®© â®¯®«®£¨¥© G ¥¢ª«¨¤®¢  à ááâ®ï­¨ï ¨ ¢®§ì¬¥¬
¢ ª ç¥áâ¢¥ S ¯à®áâà ­áâ¢® R2

+ = fu = (u1; u2) 2 R2 : u1 � 0, �1 < u2 < 1g, ­ ¤¥«¥­­®¥
¨­¤ãæ¨à®¢ ­­®© â®¯®«®£¨¥© ¯à®áâà ­áâ¢  (R2;G). �¡®§­ ç¨¬ ç¥à¥§ B ¡®à¥«¥¢áªãî �- «£¥¡àã
â®¯®«®£¨ç¥áª®£® ¯à®áâà ­áâ¢  S = R2

+, â. ¥. ­ ¨¬¥­ìèãî �- «£¥¡àã, á®¤¥à¦ éãî ¢á¥ § ¬ª­ãâë¥
¯®¤¬­®¦¥áâ¢  ¤ ­­®£® â®¯®«®£¨ç¥áª®£® ¯à®áâà ­áâ¢ . � ª¨¬ ®¡à §®¬, ®¯à¥¤¥«¥­® ¨§¬¥à¨¬®¥
¯à®áâà ­áâ¢® (R2;B).

�ãáâì C | ªà¨¢ ï ª« áá  � ¨ f(t), t 2 [t1; t2], | ­¥ª®â®à®¥ ¥¥ ¯ à ¬¥âà¨ç¥áª®¥ ¯à¥¤áâ -
¢«¥­¨¥. �ãáâì T | ¯à®¨§¢®«ì­®¥ ¬­®¦¥áâ¢® §­ ç¥­¨© t 2 [t1; t2] «¥¡¥£®¢®© ¬¥àë t2 � t1, ¤«ï
ª®â®àëå áãé¥áâ¢ãîâ ª®­¥ç­ë¥ ¯à®¨§¢®¤­ë¥ _x(t), _y(t), ¨ ¯ãáâì ¤«ï ª ¦¤®£® t 2 T § ¤ ­ë ¬¥àë
�(t), ®¯à¥¤¥«¥­­ë¥ ­  ¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥ (R2

+;B) ¨ ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬
�) ¤«ï ª ¦¤®£® t 2 T �(t) | ¯®«®¦¨â¥«ì­ ï ª®­¥ç­ ï ¬¥à ;

1�ëè¥¯à¨¢¥¤¥­­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ¯à¥¤áâ ¢«¥­¨¥ ¢ à¨ æ¨®­­®£® äã­ªæ¨®­ «  (2) ®¡®á­®¢ ­ë ¢ à ¡®-
â å [9], [7], [8].
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�) ¤«ï ª ¦¤®£® t 2 T ­®á¨â¥«ì ¬¥àë �(t) (supp�(t)) | ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢®;
�) äã­ªæ¨ï '(t) =

RR
R2

+

�(u)�(t)(du) ï¢«ï¥âáï ¨§¬¥à¨¬®© ­  [t1; t2] ¤«ï «î¡®© �(u) 2 C(R2
+);

�) ¤«ï ª ¦¤®£® t 2 T ¢ë¯®«­ïîâáï à ¢¥­áâ¢ ZZ
R2

+

u1�(t)(du) = _x(t);
ZZ
R2

+

u2�(t)(du) = _y(t):

�§ â ª¨å ®£à ­¨ç¥­¨© ­  ¬¥àë �(t) ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â

�¥¬¬  1. �ãáâì C : ff(t); t 2 [t1; t2]g | ªà¨¢ ï ª« áá  �, ¨ �(t), t 2 T � [t1; t2], |
¬¥àë, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ �){�). �®£¤  ¤«ï «î¡®© �(t; u) 2 C([t1; t2] � R2

+) äã­ªæ¨ï

 (t) =
RR
R2

+

�(t; u)�(t)(du) ï¢«ï¥âáï ¨§¬¥à¨¬®© ­  [t1; t2].

�à¥¤áâ ¢«¥­¨¥¬ ­¥ª®â®à®© ®¡®¡é¥­­®© ªà¨¢®© C� ¡ã¤¥¬ ­ §ë¢ âì ¯ àã ff(t); t 2 [t1; t2];
�(t); t 2 Tg, £¤¥ C : ff(t); t 2 [t1; t2]g| ªà¨¢ ï ª« áá  �, �(t), t 2 T , | ¬¥àë, ã¤®¢«¥â¢®àïîé¨¥
ãá«®¢¨ï¬ �){�).

�¡®§­ ç¨¬ ç¥à¥§ CH(
 � R2
+) ª« áá äã­ªæ¨© G(x; y; u1; u2), ¯®«®¦¨â¥«ì­® ®¤­®à®¤­ëå

¯¥à¢®© áâ¥¯¥­¨ ®â­®á¨â¥«ì­® u1, u2 ¨ ­¥¯à¥àë¢­ëå ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå (x; y) 2 
,
(u1; u2) 2 R2

+.
�¢  ¯à¥¤áâ ¢«¥­¨ï ff1(t); t 2 [t1; t2]; �1(t); t 2 T1g, ff2(�); � 2 [�1; �2]; �2(�), � 2 T2g ¡ã¤¥¬

áç¨â âì íª¢¨¢ «¥­â­ë¬¨ ¯à¥¤áâ ¢«¥­¨ï¬¨ ®¡®¡é¥­­®© ªà¨¢®© C�, ¥á«¨ ¤«ï ª ¦¤®© äã­ªæ¨¨
G(x; y; u1; u2) ª« áá  CH(
�R2

+) ¨§ áãé¥áâ¢®¢ ­¨ï ®¤­®£® ¨§ ¨­â¥£à «®¢

J1[C
�](G) =

Z t2

t1

dt

ZZ
R2

+

G(x1(t); y1(t); u
1; u2)�1(t)(du);

J2[C
�](G) =

Z �2

�1

d�

ZZ
R2

+

G(x2(�); y2(�); u
1; u2)�2(�)(du)

á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ¤àã£®£® ¨ ¨å à ¢¥­áâ¢®

J1[C�](G) = J2[C�](G); G 2 CH(
�R2
+): (5)

�¡®¡é¥­­®© ªà¨¢®© C� ª« áá  OK ­ §®¢¥¬ á®¢®ªã¯­®áâì ¢á¥å ¯à¥¤áâ ¢«¥­¨©, íª¢¨¢ «¥­â­ëå
C� : ff(t); t 2 [t1; t2]; �(t); t 2 Tg.

� á¨«ã à ¢¥­áâ¢  (5) ­  ®¡®¡é¥­­®© ªà¨¢®© C� : ff(t); t 2 [t1; t2]; �(t), t 2 Tg o¯à¥¤¥«¨¬
äã­ªæ¨®­ «

J [C�](G) =
Z t2

t1

dt

ZZ
R2

+

G(x(t); y(t); u1; u2)�(t)(du); G 2 CH(
�R2
+):

�ç¥¢¨¤­®, §­ ç¥­¨¥ J [C�](G) ­¥ § ¢¨á¨â ®â ¢ë¡®à  ®¡®¡é¥­­®£® ¯à¥¤áâ ¢«¥­¨ï ®¡®¡é¥­­®© ªà¨-
¢®© C� 2 OK.

�à¨¬¥à. �ãáâì C : ff(t); t 2 [t1; t2]g | ªà¨¢ ï ª« áá  �. �®«®¦¨¬ �(t) = �( _x(t); _y(t)), t 2 T ,

£¤¥ �(�;�)(E) =

(
1; (�; �) 2 E 2 B;

0; (�; �) =2 E 2 B;
| ¬¥à  �¨à ª  ¢ â®çª¥ (�; �) ([10], c. 65). �®£¤  ®¡®¡é¥­­ ï

ªà¨¢ ï C� : ff(t); t 2 [t1; t2]; �( _x(t); _y(t)); t 2 Tg ®¤­®§­ ç­® á®®â¢¥âáâ¢ã¥â ®¡ëç­®© ªà¨¢®© C
ª« áá  �, ¯à¨ íâ®¬ ¤«ï «î¡®© äã­ªæ¨¨ G 2 CH(
�R2

+) ¨¬¥¥¬

J [C�](G) =
Z t2

t1

G(x(t); y(t); _x(t); _y(t))dt:
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7. �« áá ®¡®¡é¥­­ëå á¯àï¬«ï¥¬ëå ªà¨¢ëå (ª« áá OCK). �¡®¡é¥­­ãî ªà¨¢ãî
C� 2 OK ­ §®¢¥¬ ®¡®¡é¥­­®© á¯àï¬«ï¥¬®© ªà¨¢®©, ¥á«¨ ¥¥ ®¡®¡é¥­­ ï ¤«¨­  L[C�] =
t2R
t1

dt
RR
R2

+

juj�(t)(du) ª®­¥ç­ . �« áá ¢á¥å ®¡®¡é¥­­ëå á¯àï¬«ï¥¬ëå ªà¨¢ëå ¨§ �� ®¡®§­ ç¨¬ ç¥à¥§

���.
�¥¯®áà¥¤áâ¢¥­­® ¨§ ¤ ­­®£® ®¯à¥¤¥«¥­¨ï ®¡®¡é¥­­®© á¯àï¬«ï¥¬®© ªà¨¢®© ¨ ãá«®¢¨ï ®¤­®-

à®¤­®áâ¨ äã­ªæ¨© ª« áá  CH(
�R2
+) á«¥¤ã¥â

�¥¬¬  2. �á«¨ C� 2 OCK, â® §­ ç¥­¨¥ äã­ªæ¨®­ «  J [C�](G) ª®­¥ç­® ¤«ï «î¡®© äã­ªæ¨¨

G 2 CH(
�R2
+).

8. �ª¢¨¢ «¥­â­ë¥ ¯à¥¤áâ ¢«¥­¨ï ®¡®¡é¥­­ëå á¯àï¬«ï¥¬ëå ªà¨¢ëå. �® â¥®à¥¬¥ ®
§ ¬¥­¥ ¯¥à¥¬¥­­®£® ¢ ¨­â¥£à «¥ �¥¡¥£  ([10], c. 119) á¯à ¢¥¤«¨¢ 

�¥¬¬  3. �ãáâì C� : ff1(t); t 2 [t1; t2]; �1(t); t 2 T1g | ®¡®¡é¥­­ ï ªà¨¢ ï ª« áá  OCK ¨

t = t(�) | ¬®­®â®­­ ï  ¡á®«îâ­® ­¥¯à¥àë¢­ ï ¢ [�1; �2] äã­ªæ¨ï â ª ï, çâ®  ) t0(�) > 0 ¯®çâ¨
¢áî¤ã ¢ [�1; �2]; ¡) t(�i) = ti (i = 1; 2). �®£¤  C� ¨¬¥¥â íª¢¨¢ «¥­â­®¥ ¯à¥¤áâ ¢«¥­¨¥ ff2(�); � 2
[�1; �2]; �2(�); � 2 T2g, £¤¥ f2(�) = f1(t(�)), � 2 [�1; �2], �2(�) = t0(�)�1(t(�)), � 2 T2 � [�1; �2].

�¥¬¬  4. �ãáâì C� : ff(t); t 2 [t1; t2]; �1(t); t 2 Tg | ®¡®¡é¥­­ ï á¯àï¬«ï¥¬ ï ªà¨¢ ï

ª« áá  OCK ¨ r | ¯à®¨§¢®«ì­®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®. �®£¤  áãé¥áâ¢ã¥â â ª®¥ íª¢¨¢ «¥­â-

­®¥ ¯à¥¤áâ ¢«¥­¨¥ ff(t); t 2 [t1; t2]; �2(t); t 2 Tg ®¡®¡é¥­­®© ªà¨¢®© C�, çâ® supp�2(t) � Sr,
t 2 T , £¤¥ Sr = fu 2 R2

+ : juj = rg.

�®ª § â¥«ìáâ¢®. �ãáâì C� : ff(t); t 2 [t1; t2]; �1(t); t 2 Tg | ®¡®¡é¥­­ ï ªà¨¢ ï ª« áá 
��� ¨ r > 0 | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �®§ì¬¥¬ ä¨ªá¨à®¢ ­­®¥ t 2 T . � ª ª ª supp�1(t)
| ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢®, â® ­ ©¤¥âáï â ª ï ¯®áâ®ï­­ ï �(t) > 0, çâ® supp�1(t) � D�(t) =
fu 2 R2

+ : juj � �(t)g. �  ª« áá¥ äã­ªæ¨© �(u) 2 C(D�(t)) ®¯à¥¤¥«¨¬ «¨­¥©­ë© ­¥¯à¥àë¢­ë©
äã­ªæ¨®­ «

Vt(�) =
ZZ
D�(t)

��(u)�1(t)(du);

£¤¥

��(u) =

(
juj
r
�( ru

1

juj
ru2

juj
); juj 6= 0;

0; u1 = u2 = 0;
(6)

| äã­ªæ¨ï ª« áá  CH(R2
+).

�¥¬¥©áâ¢® B(D�(t)) = fE0 2 B : E0 = E \ D�(t); E 2 Bg ï¢«ï¥âáï ¡®à¥«¥¢áª®© �- «£¥¡à®©
¯®¤¬­®¦¥áâ¢ D�(t) ([11], c. 30). �® â¥®à¥¬¥ �¨áá  ([12], c. 288) áãé¥áâ¢ã¥â â ª ï ª®­¥ç­ ï ¯®«®-
¦¨â¥«ì­ ï à¥£ã«ïà­ ï ¬¥à  �2(t), ®¯à¥¤¥«¥­­ ï ­  ¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥ (D�(t);B(D�(t))),
çâ® Vt(�) =

RR
D�(t)

�(u)�2(t)(du), �(u) 2 C(D�(t)). �®£¤  äã­ªæ¨ï ¬­®¦¥áâ¢ �2(t), ®¯à¥¤¥«¥­­ ï ­ 

¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥ (R2
+;B) à ¢¥­áâ¢®¬ �2(t)(E) = �2(E \D�(t)), E 2 B, ï¢«ï¥âáï ¯®«®¦¨-

â¥«ì­®© à¥£ã«ïà­®© ¬¥à®©.
� ª ª ª ZZ

R2
+

�(u)�2(t)(du) =
ZZ
D�(t)

�(u)�2(t)(du) = Vt(�) =
ZZ
D�(t)

��(u)�1(t)(du);

â® ¨§ (6) «¥£ª® ¢¨¤¥âì, çâ® supp�2(t) � Sr. �«ï ª ¦¤®© � 2 C(R2
+) äã­ªæ¨ï '�(t) =RR

R
2
+

��(u)�1(t)(du) ï¢«ï¥âáï ¨§¬¥à¨¬®© ­  [t1; t2], á«¥¤®¢ â¥«ì­®, ¢ á¨«ã à ¢¥­áâ¢  '(t) =RR
R2

+

�(u)�2(t)(du) = '�(t) äã­ªæ¨ï '(t) â ª¦¥ ¨§¬¥à¨¬  ­  [t1; t2].
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�á«¨ �(u) 2 CH(R2
+), â® ¨§ (6) ¨¬¥¥¬ �� � �. �âáî¤ ZZ

R2
+

�(u)�2(t)(du) =
ZZ
R2

+

��(u)�1(t)(du) =
ZZ
R2

+

�(u)�1(t)(du); t 2 T: (7)

�«¥¤®¢ â¥«ì­®, ZZ
R2

+

u1�2(t)(du) = _x(t);
ZZ
R2

+

u2�2(t)(du) = _y(t); t 2 T:

�ãáâì G(x; y; u1; u2) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ª« áá  CH(
�R2
+), t | ä¨ªá¨à®¢ ­­ ï â®çª 

¨§ T ¨ �(u1; u2) = G(x(t); y(t); u1; u2) | äã­ªæ¨ï ª« áá  CH(R2
+). �à¨¬¥­ïï (7), ¨¬¥¥¬ZZ

R2
+

G(x(t); y(t); u1; u2)�2(t)(du) =
ZZ
R2

+

G(x(t); y(t); u1; u2)�1(t)(du); t 2 T:

�âáî¤  ¤«ï ª ¦¤®© G 2 CH(
�R2
+) ¯®«ãç ¥¬Z t2

t1

dt

ZZ
R2

+

G(x(t); y(t); u1; u2)�2(du) =
Z t2

t1

dt

ZZ
R2

+

G(x(t); y(t); u1; u2)�1(t)(du):

� ª¨¬ ®¡à §®¬, ff(t); t 2 [t1; t2]; �1(t); t 2 Tg ¨ ff(t); t 2 [t1; t2]; �2(t); t 2 Tg ï¢«ïîâáï
íª¢¨¢ «¥­â­ë¬¨ ¯à¥¤áâ ¢«¥­¨ï¬¨ ®¡®¡é¥­­®© ªà¨¢®© C�, ¯à¨ç¥¬ supp�2(t) � Sr.

�¥¬¬  5. �«ï ¯à®¨§¢®«ì­®£® " > 0 ¨ ª ¦¤®© ®¡®¡é¥­­®© ªà¨¢®© C� : ff1(t); t 2 [t1; t2]; �1(t),
t 2 T1g ª« áá  OCK áãé¥áâ¢ã¥â â ª®¥ íª¢¨¢ «¥­â­®¥ ¯à¥¤áâ ¢«¥­¨¥ ff2(�); � 2 [0; 1]; �2(�); � 2
T2g, çâ® ¤«ï ¢á¥å � 2 T2 supp�2(�) � S1 ¨

RR
S1

�2(�)(du) < L[C�] + ".

�®ª § â¥«ìáâ¢®. �ã­ªæ¨ï

'(t) =
1

L[C�] + "

Z t

t1

�ZZ
R2

+

juj�1(t)(du) +
"

t2 � t1

�
dt

ï¢«ï¥âáï ­¥¯à¥àë¢­®© áâà®£® ¢®§à áâ îé¥© ¢ [t1; t2] ¨, á«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â ®¡à â­ ï
áâà®£® ¢®§à áâ îé ï  ¡á®«îâ­® ­¥¯à¥àë¢­ ï äã­ªæ¨ï t = t(�), � 2 [0; 1]. �à¨¬¥­ïï «¥¬¬ã
3 ª äã­ªæ¨¨ t = t(�), ¯®«ãç ¥¬ íª¢¨¢ «¥­â­®¥ ¯à¥¤áâ ¢«¥­¨¥ ff2(�); � 2 [0; 1]; �2(�); � 2 T2g
¤«ï C� 2 OCK, ¯à¨ íâ®¬ ¤«ï ª ¦¤®£® � 2 T2 ¨¬¥¥¬ZZ

R2
+

juj�2(�)(du) = t0(�)
ZZ
R2

+

juj�1(t(�))(du) < L[C�] + ": (8)

� «¥¥, ¯à¨¬¥­ïï «¥¬¬ã 4 ª ®¡®¡é¥­­®© ªà¨¢®© C� : ff2(�); � 2 [0; 1]; �2(�); � 2 T2g ¨ r = 1,
¯®«ãç¨¬ â ª®¥ íª¢¨¢ «¥­â­®¥ ¯à¥¤áâ ¢«¥­¨¥ ff2(�); � 2 [0; 1]; �2(�), � 2 T2g, çâ® supp�2(�) � S1,
� 2 T2. �§ á®®â­®è¥­¨ï (7) ¨ ­¥à ¢¥­áâ¢  (8) ¤«ï ¢á¥å � 2 T2 ¨¬¥¥¬ZZ

S1

�2(�)(du) =
ZZ
R2

+

juj�2(�)(du) < L[C�] + ": �

9. �®¯®«®£¨ï ­  ª« áá¥ ®¡®¡é¥­­ëå á¯àï¬«ï¥¬ëå ªà¨¢ëå (OCK). �ãáâì h(x; y; u1; u2)
| ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ª« áá  C(
�R2

+). �®£¤ , ®ç¥¢¨¤­®, äã­ªæ¨ï

G(x; y; u1; u2) =

(
jujh(x; y; u

1

juj
; u

2

juj
); juj 6= 0;

0; u1 = u2 = 0;
(9)
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¯à¨­ ¤«¥¦¨â ª« ááã ��(
�R2
+) ¨ h(x; y; u

1; u2) = G(x; y; u1; u2), (x; y) 2 
; (u1; u2) 2 S1. � ª¨¬
®¡à §®¬, ®¯à¥¤¥«¥­® ¢§ ¨¬­® ®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ª« áá ¬¨C(
�S1) ¨CH(
�R2

+),
â. ¥. ®­¨ ï¢«ïîâáï  «£¥¡à ¨ç¥áª¨ ¨§®¬®àä­ë¬¨.

�ãáâì C� 2 OCK, â®£¤  ­  äã­ªæ¨ïå h ª« áá  C(
�S1) ®¯à¥¤¥«¨¬ ­¥¯à¥àë¢­ë© «¨­¥©­ë©
äã­ªæ¨®­ « H[C�](h), ¯®« £ ï

H[C�](h) = J [C�](G); (10)

£¤¥ G | äã­ªæ¨ï ª« áá  CH(
�R2
+), ®¯à¥¤¥«ï¥¬ ï ä®à¬ã«®© (9).

�®­ïâ¨¥ íª¢¨¢ «¥­â­ëå ¯à¥¤áâ ¢«¥­¨© ¯®§¢®«ï¥â ®â®¦¤¥áâ¢¨âì ®¡®¡é¥­­ãî ªà¨¢ãî C� 2
OCK ¨ äã­ªæ¨®­ « J [C�](G), G 2 CH(
�R2

+). �ç¨âë¢ ï íâ® ¨ ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ (10), ¢¢¥-
¤¥¬ ¢ ª« áá¥ ��� â®¯®«®£¨î, ®¯à¥¤¥«ï¥¬ãî á«¥¤ãîé¨¬ â¨¯®¬ áå®¤¨¬®áâ¨: ¯®á«¥¤®¢ â¥«ì­®áâì
®¡®¡é¥­­ëå á¯àï¬«ï¥¬ëå ªà¨¢ëå C�

n (n = 1; 2; : : : ) áå®¤¨âáï ª C�
0 2 OCK, ¥á«¨ ¯®á«¥¤®¢ â¥«ì-

­®áâì H[C�
n](h) (n = 1; 2; : : : ) �-á« ¡® áå®¤¨âáï ª H[C�

0 ](h), â. ¥.

H[C�
0 ](h) = lim

n!1
H[C�

n](h)

¤«ï ª ¦¤®© h 2 C(
�R2
+). �§ (10) á«¥¤ã¥â, çâ® â ª ï áå®¤¨¬®áâì ¢ ��� à ¢­®á¨«ì­  á«¥¤ã-

îé¥©: ¯®á«¥¤®¢ â¥«ì­®áâì C�
n (n = 1; 2; : : : ) áå®¤¨âáï ª C�

0 2 OCK, ¥á«¨

J [C�
0 ](G) = lim

n!1
J [C�

n](G)

¤«ï ª ¦¤®© G 2 CH(
�R2
+). � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �«ï ª ¦¤®© ä¨ªá¨à®¢ ­­®© äã­ªæ¨¨ G 2 CH(
 � R2
+) äã­ªæ¨®­ « J [C�](G)

ï¢«ï¥âáï ­¥¯à¥àë¢­ë¬ ¢ ª« áá¥ OCK.

�à®¬¥ â®£®, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  2 (ª®¬¯ ªâ­®áâ¨). �ãáâìM| ¡¥áª®­¥ç­®¥ ¬­®¦¥áâ¢® ®¡®¡é¥­­ëå ªà¨¢ëå ª« á-

á  OCK. �á«¨ áãé¥áâ¢ã¥â â ª®¥ N > 0, çâ® L[C�] � N ¤«ï ª ¦¤®© C� 2 M, â® ¬­®¦¥áâ¢®

M ª®¬¯ ªâ­®.

�®ª § â¥«ìáâ¢®. �ãáâì C�
n (n = 1; 2; : : : ) | ¯à®¨§¢®«ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ®¡®¡é¥­­ëå

ªà¨¢ëå ¨§ M; L[C�
n] � N (n = 1; 2; : : : ). �§ «¥¬¬ë 5 á«¥¤ã¥â, çâ® ¤«ï ª ¦¤®© C�

n áãé¥áâ¢ã¥â
â ª®¥ ¯à¥¤áâ ¢«¥­¨¥ ffn(t); t 2 [0; 1]; �n(t); t 2 Tng, çâ®

supp�n(t) � S1; t 2 Tn;ZZ
S1

�n(t)(du) < L[C�
n] +

1
n
� N + 1; t 2 Tn: (11)

�ãáâì �(x; y; u1; u2) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ª« áá  C(
� S1) ¨ K = max

�S1

j�j, â®£¤ ���� ZZ
S1

�(xn(t); yn(t); u1; u2)�n(t)(du)
���� < K(N + 1):

� ª ª ª ¯® «¥¬¬¥ 2 äã­ªæ¨ï

'n(t) =
ZZ
S1

�(xn(t); yn(t); u
1; u2)�n(t)(du)

ï¢«ï¥âáï ¨§¬¥à¨¬®©, â® äã­ªæ¨ï

gn(t; �) =
Z t

0

dt

ZZ
S1

�(xn(t); yn(t); u1; u2)�n(t)(du)

®¯à¥¤¥«¥­  ¨ ­¥¯à¥àë¢­  ¯® t ¢ [0,1].
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�«ï «î¡ëå t1; t2 2 [0; 1] ¨ ¢á¥å n ¨¬¥¥¬ jgn(t2; �)� gn(t1; �)j < K(N +1)jt2� t1j, á«¥¤®¢ â¥«ì-
­®, ¢á¥ äã­ªæ¨¨ gn(t; �) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �¨¯è¨æ  á ¯®áâ®ï­­®© K(N + 1),   ¯®íâ®¬ã
ï¢«ïîâáï à ¢­®áâ¥¯¥­­® ­¥¯à¥àë¢­ë¬¨. � ª ª ª gn(0; �) = 0 (n = 1; 2; : : : ), â® ¤«ï «î¡®£®
t 2 [0; 1] ¯®«ãç ¥¬ jgn(t; �)j < K(N +1) (n = 1; 2; : : : ), â. ¥. á¥¬¥©áâ¢® äã­ªæ¨© gn(t; �) à ¢­®¬¥à-
­® ®£à ­¨ç¥­®. �® â¥®à¥¬¥ �àæ¥«  ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ gn(t; �) (n = 1; 2; : : : ) ¬®¦­® ¢ë¤¥«¨âì
à ¢­®¬¥à­® áå®¤ïéãîáï ­  [0; 1] ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì gnk(t; �) (k = 1; 2; : : : ).

� á¨«ã á¥¯ à ¡¥«ì­®áâ¨ ¯à®áâà ­áâ¢  C(
 � S1) áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨©
�m(x; y; u1; u2) (m = 1; 2; : : : ), ­¥¯à¥àë¢­ëå ¢ 
 � S1 ¨ â ª¨å, çâ® ¤«ï «î¡®© �(x; y; u1; u2) ¨
«î¡®£® " > 0 ­ ©¤¥âáï ­ âãà «ì­®¥ m0 â ª®¥, çâ®

j�(x; y; u1; u2)� �m0
(x; y; u1; u2)j < "; (x; y) 2 
; (u1; u2) 2 S1: (12)

�à®¢¥¤¥¬ ¯à®æ¥áá ¤¨ £®­ «¨§ æ¨¨: ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ gn(t; �1) (n = 1; 2; : : : ) ¢ë¤¥«¨¬ à ¢-
­®¬¥à­® áå®¤ïéãîáï ¯® t ­  [0; 1] ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì g

n
(1)

k

(t; �1) (k = 1; 2; : : : ); ¨§ ¯®á«¥¤®-
¢ â¥«ì­®áâ¨ g

n
(1)

k

(t; �2) (k = 1; 2; : : : ) | à ¢­®¬¥à­® áå®¤ïéãîáï ¯® t ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì

g
n
(2)

k

(t; �2) (k = 1; 2; : : : ) ¨ â. ¤. �«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ g
n
(k)

k

(t; �2) (k = 1; 2; : : : ) ¨ á®®â¢¥â-

áâ¢ãîé¥© ¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ®¡®¡é¥­­ëå ªà¨¢ëå C�

n
(k)

k

(k = 1; 2; : : : ) á®åà ­¨¬ ¯à¥¦­¨¥

®¡®§­ ç¥­¨ï gn(t;�), C�
n (n = 1; 2; : : : ).

�§ ¯à®¢¥¤¥­­®£® ¯à®æ¥áá  ¤¨ £®­ «¨§ æ¨¨ á«¥¤ã¥â, çâ® ¤«ï «î¡®£® m ¯®á«¥¤®¢ â¥«ì­®áâì
gn(t; �m) (n = 1; 2; : : : ) à ¢­®¬¥à­® ¯® t ­  [0; 1] áå®¤¨âáï ª ­¥ª®â®à®© äã­ªæ¨¨ g0(t; �m), t 2 [0; 1].
�à¨ «î¡®¬ m äã­ªæ¨ï g0(t; �m) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ ,   á«¥¤®¢ â¥«ì­®, ï¢«ï¥âáï
 ¡á®«îâ­® ­¥¯à¥àë¢­®© ­  [0; 1]. �®íâ®¬ã áãé¥áâ¢ã¥â â ª®¥ ¬­®¦¥áâ¢® T0 «¥¡¥£®¢®© ¬¥àë 1,
çâ® ¤«ï «î¡®£® m ¨ «î¡®£® t 2 T0 ¯à®¨§¢®¤­ ï g00(t; �m) ª®­¥ç­ .

�ãáâì �(x; y; u1; u2) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ª« áá  C(
� S1), " | ¯à®¨§¢®«ì­®¥ ¯®«®¦¨-
â¥«ì­®¥ ç¨á«® ¨ m0 | ­ âãà «ì­®¥ ç¨á«®, ®¯à¥¤¥«ï¥¬®¥ (12). �«ï «î¡®£® n ¨ ¢á¥å t 2 [0; 1]
¨¬¥¥¬

jgn(t; �m0
)� gn(t; �)j < "

Z t

0

dt

ZZ
S1

�n(t)(du) � "N: (13)

� ª ª ª gn(t; �m0
) áå®¤¨âáï ª g0(t; �m0

) à ¢­®¬¥à­® ­  [0; 1], â® ¯® ªà¨â¥à¨î �®è¨ áãé¥áâ¢ã¥â n0
â ª®¥, çâ® jgp(t; �m0

)�gq(t; �m0
)j < " ¤«ï ¢á¥å t 2 [0; 1] ¨ p; q > n0. �®£¤ , ãç¨âë¢ ï (13), ¯®«ãç ¥¬

jgp(t; �) � gq(t; �)j < "(2N + 1), t 2 [0; 1], p; q > n0. �«¥¤®¢ â¥«ì­®, ¯®á«¥¤®¢ â¥«ì­®áâì gn(t; �)
(n = 1; 2; : : : ) à ¢­®¬¥à­® ­  [0; 1] áå®¤¨âáï ª ­¥ª®â®à®© äã­ªæ¨¨ g0(t; �), ã¤®¢«¥â¢®àïîé¥©
ãá«®¢¨î �¨¯è¨æ ,   §­ ç¨â, ï¢«ïîé¥©áï  ¡á®«îâ­® ­¥¯à¥àë¢­®© ­  [0; 1].

�§ ­¥à ¢¥­áâ¢ (11), (12) «¥£ª® ¢¨¤¥âì, çâ® äã­ªæ¨¨ gn(t; �)� gn(t; �m0
)� "(N +1)t; gn(t; �)�

gn(t; �m0
) + "(N + 1)t (n = 1; 2; : : : ) ï¢«ïîâáï á®®â¢¥âáâ¢¥­­® ã¡ë¢ îé¨¬¨ ¨ ¢®§à áâ îé¨¬¨ ¢

[0; 1]. �¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ n ! 1, ¯®«ãç ¥¬, çâ® äã­ªæ¨¨ g0(t; �) � g0(t; �m0
) � "(N + 1)t;

g0(t; �)� g0(t; �m0
) + "(N +1)t ï¢«ïîâáï á®®â¢¥âáâ¢¥­­® ¬®­®â®­­® ­¥¢®§à áâ îé¥© ¨ ­¥ã¡ë¢ -

îé¥© ¯® t ¢ [0; 1], á«¥¤®¢ â¥«ì­®, ¢á¥ ¯à®¨§¢®¤­ë¥ ç¨á«  ¯¥à¢®© ­¥¯®«®¦¨â¥«ì­ë,   ¢â®à®© |
­¥®âà¨æ â¥«ì­ë ([13], c. 195). �ãáâì t0 2 T0, â®£¤ 

Dg0(t0; �)� g00(t0; �m0
)� "(N + 1) � 0 � Dg0(t0; �)� g00(t0; �m0

) + "(N + 1);

£¤¥ D g0(t0; �), Dg0(t0; �) | ­¨¦­ïï ¨ ¢¥àå­ïï ¯à®¨§¢®¤­ë¥ äã­ªæ¨¨ g0(t0; �) ¢ â®çª¥ t0. �âáî¤ 
0 � Dg0(t0; �)�D g0(t0; �) � 2"(N+1),   â. ª. "| ¯à®¨§¢®«ì­®¥ ç¨á«®, â® D g0(t0; �) = Dg0(t0; �),
â. ¥. ¢ «î¡®© â®çª¥ t0 2 T0 áãé¥áâ¢ã¥â ª®­¥ç­ ï ¯à®¨§¢®¤­ ï g00(t0; �).

�ãáâì �(x; y; u1; u2) � u1, â®£¤ 

gn(t;u
1) =

Z t

0
dt

ZZ
S1

u1�n(t)(du) =
Z t

0
_xn(t)dt = xn(t)� a: (14)
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� ª ª ª gn(t;u1) à ¢­®¬¥à­® ­  [0; 1] áå®¤¨âáï ª g0(t;u1), â® xn(t) à ¢­®¬¥à­® áå®¤¨âáï ª  ¡á®-
«îâ­® ­¥¯à¥àë¢­®© ­  [0; 1] äã­ªæ¨¨ x0(t) = g0(t;u1)+a. �­ «®£¨ç­®, yn(t) áå®¤¨âáï à ¢­®¬¥à­®
­  [0; 1] ª ­¥ª®â®à®©  ¡á®«îâ­® ­¥¯à¥àë¢­®© äã­ªæ¨¨ y0(t).

�ãáâì �(u1; u2) 2 C(S1) ¨ t0 2 T0. �®«®¦¨¬ Vt0 [�] = g00(t0; �). �¥£ª® ¢¨¤¥âì, çâ® äã­ªæ¨®­ «
Vt0 [�] ï¢«ï¥âáï «¨­¥©­ë¬.

�«ï «î¡®© ­¥®âà¨æ â¥«ì­®© �(u) 2 C(S1) äã­ªæ¨ï gn(t0; �) ï¢«ï¥âáï ¬®­®â®­­® ­¥ã¡ë¢ î-
é¥© ­  [0; 1], á«¥¤®¢ â¥«ì­®, ¯à¥¤¥«ì­ ï äã­ªæ¨ï g0(t; �) â ª¦¥ ®¡« ¤ ¥â ãª § ­­ë¬ á¢®©áâ¢®¬,
¯®íâ®¬ã äã­ªæ¨®­ « Vt0 [�] ï¢«ï¥âáï ¯®«®¦¨â¥«ì­ë¬: Vt0 � 0, � � 0, � 2 C(S1). �§ ãá«®¢¨©
¯®«®¦¨â¥«ì­®áâ¨ ¨ «¨­¥©­®áâ¨ Vt0 [�] «¥£ª® á«¥¤ã¥â ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  jVt0 [�]j � Vt0 [j�j],
� 2 C(S1). �âáî¤  jVt0 [�]j � Vt0 [e]k�k, £¤¥ e(u) � 1, u 2 S1, k�k = max

S1
j�j. � ª¨¬ ®¡à §®¬,

Vt0 [�] | ¯®«®¦¨â¥«ì­ë© «¨­¥©­ë© äã­ªæ¨®­ «, á«¥¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥ �¨áá  ([12], c. 288)
­ ©¤¥âáï â ª ï ¯®«®¦¨â¥«ì­ ï à¥£ã«ïà­ ï ¬¥à  �0(t0), ®¯à¥¤¥«¥­­ ï ­  ¡®à¥«¥¢áª®© �- «£¥¡à¥
B(S1) = fE0 2 B : E0 = E\S1, E 2 Bg ¯®¤¬­®¦¥áâ¢ ¬­®¦¥áâ¢  S1, çâ® Vt0 [�] =

RR
S1

�(u)�0(t0)(du),

� 2 C(S1). �®£¤  äã­ªæ¨ï ¬­®¦¥áâ¢  �0(t0), ®¯à¥¤¥«¥­­ ï ­  ¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥ (R2
+;B)

à ¢¥­áâ¢®¬ �0(t0)(E) = �0(t0)(E \ S1), E 2 B, ï¢«ï¥âáï ¯®«®¦¨â¥«ì­®© ª®­¥ç­®© à¥£ã«ïà­®©
¬¥à®©, ¯à¨ íâ®¬

supp�0(t0) � S1; t0 2 T0; (15)

Vt0 [�] =
ZZ
S1

�(u)�0(t0)(du); � 2 C(S1): (16)

�®ª ¦¥¬, çâ® C�
0 : ff0(t) = (x0(t); y0(t)); t 2 [0; 1]; �0(t); t 2 T0g ï¢«ï¥âáï ®¡®¡é¥­­®© á¯àï¬«ï-

¥¬®© ªà¨¢®© ¨ lim
n!1

C�
n = C�

0 .

� ª ª ª ¤«ï «î¡®© � 2 C(S1) g0(t; �) |  ¡á®«îâ­® ­¥¯à¥àë¢­ ï äã­ªæ¨ï ¨ Vt0 [�] = g00(t; �),
â® ¤«ï ª ¦¤®© � 2 C(R2

+) äã­ªæ¨ï

'0(t) =
ZZ
R2

+

�(u)�0(t)(du) (17)

¨§¬¥à¨¬  ­  [0; 1]. �§ (14), (16) ¤«ï ª ¦¤®£® t 2 T0 ¨¬¥¥¬

_x0(t) =
d

dt
( lim
n!1

gn(t;u
1)) =

d

dt
g0(t;u

1) =
ZZ
S1

u1�0(t)(du): (18)

Oâáî¤ 

_x0(t) � 0 ¯®çâ¨ ¢áî¤ã ¢ [0; 1]: (19)

�­ «®£¨ç­®,

_y0(t) =
ZZ
S1

u2�0(t)(du); t 2 T0: (20)

�ãáâì � 2 C(
 � S1), t 2 T0 ¨  (u) = �(x0(t0); y0(t0); u1; u2). � á¨«ã ­¥¯à¥àë¢­®áâ¨ ¤«ï
«î¡®£® " > 0 ­ ©¤¥âáï â ª ï ®ªà¥áâ­®áâì U � 
 â®çª¨ (x0(t0); y0(t0)), çâ®

j�(x; y; u1; u2)�  (u1; u2)j < "; (x; y) 2 U; (u1; u2) 2 S1:

�ë¡¥à¥¬ ¨­â¥à¢ « [�; �], á®¤¥à¦ é¨© ¢­ãâà¨ t0, ­ áâ®«ìª® ¬ «ë¬, çâ®¡ë (x0(t0); y0(t0)) 2 U ,
t 2 [�; �]. � á¨«ã à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ áãé¥áâ¢ã¥â â ª®¥ n0, çâ® (xn(t); yn(t)) 2 U , t 2 [�; �],
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¯à¨ n > n0. �®£¤ ���� Z �

�

dt

ZZ
S1

�(xn(t); yn(t); u
1; u2)�n(t)(du) �

Z �

�

dt

ZZ
S1

 (u)�n(t)(du)
���� < "(N + 1)(� � �);

®âáî¤  ����gn(�; �)� gn(�; �)
� � �

�
gn(�; ) � gn(�; )

� � �

���� < "(N + 1):

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ n!1 ¨ ãç¨âë¢ ï ¯à®¨§¢®«ì­®áâì ", ¯®«ãç ¥¬

g00(t0; �) = g00(t0; ) = Vt0 [ ] =
ZZ
S1

�(x0(t0); y0(t0); u
1; u2)�0(t0)(du):

�âáî¤ 

lim
n!1

Z 1

0
dt

ZZ
S1

�(xn(t); yn(t); u
1; u2)�n(t)(du) = lim

n!1
gn(1; �) =

Z 1

0
g00(t; �)dt =

=
Z 1

0
dt

ZZ
S1

�(x0(t); y0(t); u
1; u2)�0(t)(du); � 2 C(
� S1); (21)

¢ ç áâ­®áâ¨, Z 1

0
dt

ZZ
S1

�0(t)(du) = lim
n!1

Z 1

0
dt

ZZ
S1

�n(t)(du) � N: (22)

�á¯®«ì§ãï (18), (19), ¤«ï t 2 T ¯®«ãç ¥¬

_x20(t) + _y20(t) =
ZZ
S1

f _x0(t)u1 + _y0(t)u2g�0(t)(du) �
q
_x20(t) + _y20(t)

ZZ
S1

�0(t)(du);

á«¥¤®¢ â¥«ì­®, Z 1

0

q
_x20(t) + _y20(t)dt �

Z 1

0

dt

ZZ
S1

�0(t)(du) � N: (23)

� ª¨¬ ®¡à §®¬, ãç¨âë¢ ï (19), (23), ãáâ ­ ¢«¨¢ ¥¬, çâ®  ¡á®«îâ­® ­¥¯à¥àë¢­ ï ªà¨¢ ï C0 :
ff0(t); t 2 [0; 1]g ¯à¨­ ¤«¥¦¨â ª« ááã �,   §­ ç¨â, ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ (15), (17), (18), (20),
(22), ¯®«ãç¨¬, çâ® C�

0 : ff0(t); t 2 [0; 1]; �0(t); t 2 T0g ï¢«ï¥âáï ®¡®¡é¥­­®© á¯àï¬«ï¥¬®© ªà¨¢®©
(L[C�

0 ] � N), ¯à¨ íâ®¬ ¨§ (21) á«¥¤ã¥â, çâ® lim
n!1

C�
n = C�

0 .

10. �¥®à¥¬  áãé¥áâ¢®¢ ­¨ï ®¡®¡é¥­­®£® à¥è¥­¨ï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®©
á®¯àï¦¥­­®© ¯ à ¬¥âà¨ç¥áª®© ¢ à¨ æ¨®­­®© § ¤ ç¨.

�¥®à¥¬  3. �ãáâì F (x; y; z) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1){3) ¯. 3, eG | á®¯àï¦¥­­ë© ¯ à -

¬¥âà¨ç¥áª¨© ¨­â¥£à ­â ¨

m = inf
H�

I[y] = inf
�
J [C]:

�®£¤  áãé¥áâ¢ã¥â â ª ï ®¡®¡é¥­­ ï ªà¨¢ ï C�
0 2 OCK, çâ® J [C�

0 ]( eG) = m.

�®ª § â¥«ìáâ¢®. �ãáâì Cn : ffn(t); t 2 [0; 1]g | ¬¨­¨¬¨§¨àãîé ï ¯®á«¥¤®¢ â¥«ì­®áâì

lim
n!1

J [Cn] = m;J [Cn] � m+ 1 (n = 1; 2; : : : ):
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�ãáâì K = min

�S1

eG, â®£¤  ¢ á¨«ã á¢®©áâ¢  ®¤­®à®¤­®áâ¨ äã­ªæ¨¨ eG ¤«ï ¢á¥å (x; y) 2 
, (u1; u2) 2

R2
+ ¨¬¥¥¬ j eG(x; y; u1; u2)j � Kjuj, ®âáî¤ 

K

Z 1

0

q
_x2n(t) + _y2n(t)dt �

Z 1

0

eG(xn(t); yn(t); _xn(t); _yn(t))dt � m+ 1;

á«¥¤®¢ â¥«ì­®, L[Cn] � (m+ 1)=K (n = 1; 2; : : : ).
�à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ¯à¨¬¥à ¯. 6, ª ¦¤®© ªà¨¢®© Cn 2 � (n = 1; 2; : : : ) ¯®áâ ¢¨¬

¢® ¢§ ¨¬­® ®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ®¡®¡é¥­­ãî á¯àï¬«ï¥¬ãî ªà¨¢ãî C�
n : ffn(t); t 2

[0; 1]; �( _xn(t); _yn(t)); t 2 Tng. � ª ª ª L[C�
n] = L[Cn] �

(m+1)
K

(n = 1; 2; : : : ), â® ¯® â¥®à¥¬¥ 2 ¨§
¯®á«¥¤®¢ â¥«ì­®áâ¨ C�

n (n = 1; 2; : : : ) ¬®¦­® ¢ë¤¥«¨âì ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì C�
nk
(k = 1; 2; : : : ),

áå®¤ïéãîáï ª ­¥ª®â®à®© ®¡®¡é¥­­®© ªà¨¢®© C�
0 ª« áá  OCK, ¯à¨ íâ®¬ ¢ á¨«ã â¥®à¥¬ë 1 ¨¬¥¥¬

J [C�
0 ]( eG) = lim

n!1
J [C�

n]( eG) = lim
n!1

J [Cn] = m: �

11. �¥¬¬ë ¨ â¥®à¥¬  áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ª« áá  H� ¯®«®¦¨â¥«ì­® ®¯à¥¤¥-
«¥­­®© ¢ à¨ æ¨®­­®© § ¤ ç¨.

�¥¬¬  6. �«ï ª ¦¤®© ®¡®¡é¥­­®© ªà¨¢®© C� ª« áá  OCK áãé¥áâ¢ã¥â â ª®¥ ¯à¥¤áâ ¢«¥-

­¨¥ ff(t); t 2 [0; 1]; �(t); t 2 Tg, çâ®  ) supp�(t) � SL[C�], t 2 T ; ¡)
RR

SL[C�]

�(t)(du) = 1, t 2 T .

�®ª § â¥«ìáâ¢®. �ãáâì C� 2 OCK. �®« £ ï C�
n = C� (n = 1; 2; : : : ) ¨ ¯à¨¬¥­ïï ¬¥â®¤

¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2, ¤«ï ®¡®¡é¥­­®© á¯àï¬«ï¥¬®© ªà¨¢®© C� ¯®«ãç¨¬ íª¢¨¢ «¥­â­®¥
¯à¥¤áâ ¢«¥­¨¥ ff0(t); t 2 [0; 1]; �0(t); t 2 T0g, ¯à¨ íâ®¬ supp�0(t) � S1, t 2 T0.

�ãáâì �(x; y; u1; u2) � 1, (x; y) 2 
, u 2 R2
+ ¨ t1, t2 | ¯à®¨§¢®«ì­ë¥ §­ ç¥­¨ï ¨§ [0; 1]

(0 � t1 < t2 � 1). � ª ª ª

lim
n!1

fgn(t2; �)� gn(t1; �)g = g0(t2; �)� g0(t1; �);

£¤¥ gn(t; �), g0(t; �) | äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2, â®

lim
n!1

Z t2

t1

dt

ZZ
S1

�n(t)(du) =
Z t2

t1

dt

ZZ
S1

�0(t)(du);

¯®íâ®¬ã ¨§ (11) ¨¬¥¥¬ Z t2

t1

dt

ZZ
S1

�0(t)(du) � (t2 � t1)L[C
�]:

�âáî¤  ¤«ï «î¡®£® t 2 [0; 1] á«¥¤ãîâ ­¥à ¢¥­áâ¢ Z t

0

dt

ZZ
S1

�0(t)(du) � tL[C�];
Z 1

t

dt

ZZ
S1

�0(t)(du) � (1� t)L[C�]: (24)

�§ ¢â®à®£® ­¥à ¢e­áâ¢  ¯®«ãç ¥¬Z t

0

dt

ZZ
S1

�0(t)(du) � L[C�]� (1� t)L[C�] = tL[C�]; t 2 [0; 1]:

�à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ¯¥à¢®¥ ­¥à ¢¥­áâ¢® (24), ¨¬¥¥¬ZZ
S1

�0(t)(du) = L[C�]; t 2 T;

£¤¥ T | ­¥ª®â®à®¥ ¯®¤¬­®¦¥áâ¢® ¬­®¦¥áâ¢  T0 «¥¡¥£®¢®© ¬¥àë 1.
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�§ (23) «¥£ª® ¢¨¤¥âì, çâ® L[C�] � b � a > 0. �à¨¬¥­ïï «¥¬¬ã 4 ª ®¡®¡é¥­­®© ªà¨¢®© C� :
ff0(t); t 2 [0; 1]; �0(t); t 2 Tg ¨ r = L[C�], ¯®«ãç¨¬ íª¢¨¢ «¥­â­®¥ ¯à¥¤áâ ¢«¥­¨¥ ff(t); t 2
[0; 1]; �(t); t 2 Tg, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î  ). �à®¬¥ â®£®, ¨§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 4 ¨¬¥¥¬ZZ

SL[C�]

�(t)(du) =
ZZ
S1

juj

L[C�]
�0(t)(du) =

1
L[C�]

ZZ
S1

�0(du) = 1; t 2 T: �

A­ «®£¨ç­® ãáâ ­®¢«¥­¨î ¨­â¥£à «ì­®£® ­¥à ¢¥­áâ¢  �¥­á¥­  ([13], c. 288) ¤®ª §ë¢ ¥âáï

�¥¬¬  7. �ãáâì G(u), u 2 R2
+, | ­¥¯à¥àë¢­ ï ¢ë¯ãª« ï ¢­¨§ äã­ªæ¨ï. �á«¨ � | ¯®-

«®¦¨â¥«ì­ ï ª®­¥ç­ ï ¬¥à , ®¯à¥¤¥«¥­­ ï ­  ¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥ (R2
+;B), ®¡« ¤ îé ï

®£à ­¨ç¥­­ë¬ ­®á¨â¥«¥¬ ¨ â ª ï, çâ® �(R2
+) = 1, â®

G

�ZZ
R2

+

u1�(du);
ZZ
R2

+

u2�(du)
�
�

ZZ
R2

+

G(u)�(du):

�¥®à¥¬  4. �ãáâì F (x; y; z) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1){3) ¯. 3, â®£¤  áãé¥áâ¢ã¥â äã­ª-

æ¨ï y0(x) 2 H�, ¤®áâ ¢«ïîé ï ¬¨­¨¬ã¬ äã­ªæ¨®­ «ã I[y] ¢ ª« áá¥ H�.

�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ 3 áãé¥áâ¢ã¥â â ª ï ®¡®¡é¥­­ ï ªà¨¢ ï C� 2 OCK, çâ®

J [C�
0 ]( eG) = m = inf

H�
I[y]:

�ãáâì ff0(t); t 2 [0; 1]; �0(t); t 2 T0g | ¯à¥¤áâ ¢«¥­¨¥ ®¡®¡é¥­­®© á¯àï¬«ï¥¬®© ªà¨¢®© C�
0 ,

¤®áâ ¢«ï¥¬®¥ «¥¬¬®© 6. �o£¤  ¤«ï ª ¦¤®£® t 2 T0 ¯® «¥¬¬¥ 7 ¨¬¥¥¬

eG(x0(t); y0(t); _x(t); _y(t)) = eG�x0(t); y0(t); ZZ
R2

+

u1�0(t)(du);
ZZ
R2

+

u2�0(t)(du)
�
�

�

ZZ
R2

+

eG(x0(t); y0(t); u1; u2)�0(t)(du):
�«¥¤®¢ â¥«ì­®, I[y0] � J [C�

0 ]( eG) = m, £¤¥ y0(x) | äã­ªæ¨ï ª« áá  H�, á®®â¢¥âáâ¢ãîé ï ªà¨¢®©
C0 : ff0(t); t 2 [0; 1]g ª« áá  �. � ª¨¬ ®¡à §®¬, ¢ á¨«ã ®¯à¥¤¥«¥­¨ï ç¨á«  m, y0(x) 2 H�
¬¨­¨¬¨§¨àã¥â I[y] ¢ ª« áá¥ H�.
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