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�ãáâì X | à ¢®¬¥à® ¢ë¯ãª«®¥ ¡  å®¢® ¯à®áâà áâ¢®, X� | ¥£® á®¯àï¦¥®¥, ª®â®-
à®¥ áç¨â ¥¬ áâà®£® ¢ë¯ãª«ë¬, A : X ! 2X

�

| ¥®¤®§ çë© ¯®«ã¬®®â®ë© ®¯¥à â®à á
D(A) = X, â. ¥. ®¯¥à â®à T = A+ C ï¢«ï¥âáï ¬®®â®ë¬, £¤¥ C : X ! X� | ãá¨«¥® ¥¯à¥-
àë¢®¥ ®â®¡à ¦¥¨¥ ([1], á. 267). �®¯®«¨â¥«ì® áç¨â ¥¬, çâ® T : X ! 2X

�

| ¬ ªá¨¬ «ìë©
¬®®â®ë© ®¯¥à â®à.

� áá¬®âà¨¬ ¢ X ¢ à¨ æ¨®®¥ ¥à ¢¥áâ¢®

hAx� f; z � xi � 0 8z 2 
; x 2 
; (1)

£¤¥ 
 | ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ X, f | ¥ª®â®àë© ä¨ªá¨à®¢ ë© í«¥¬¥â ¨§ X�.
�¥è¥¨¥¬ (1)  §®¢¥¬ í«¥¬¥â x 2 
 â ª®©, çâ®  ©¤¥âáï y 2 Ax, ¤«ï ª®â®à®£® ¯à¨ ¢á¥å

z 2 
 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® hy � f; z � xi � 0.
�ãáâì U : X ! X� | ¤ã «ì®¥ ®â®¡à ¦¥¨¥ ¢ X, ¢  è¨å ãá«®¢¨ïå U | ¥¯à¥àë¢®¥

¬®®â®®¥ ®£à ¨ç¥®¥ ª®íàæ¨â¨¢®¥ ®â®¡à ¦¥¨¥ ([1], cá. 313, 322, 330). �®áâà®¨¬ ®¯¥à â®à
Fx = U(x � Px), £¤¥ P : X ! 
 | ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï ¢ X   ¬®¦¥áâ¢® 
. �¡ëç®
F  §ë¢ îâ ®¯¥à â®à®¬ èâà ä  [2]. F : X ! X� | ®¤®§ ç®¥ ®£à ¨ç¥®¥ ¬®®â®®¥
®â®¡à ¦¥¨¥, ¯à¨ç¥¬ Fx = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x 2 
 (á¬. [2]{[4]).

�¯à¥¤¥«¥¨¥ (áà. á [2], á. 190; [4], á. 96). �®£®§ çë© ®¯¥à â®à A : X ! 2X
�

¡ã¤¥¬  §ë¢ âì
¯á¥¢¤®¬®®â®ë¬   X, ¥á«¨

a) ¤«ï ª ¦¤®£® x 2 X ¬®¦¥áâ¢® Ax ¥¯ãáâ®, § ¬ªãâ® ¨ ¢ë¯ãª«® ¢ X�;
¡) ¥á«¨ xn * x, yn 2 Axn ¨

lim hyn; xn � xi � 0; (2)

â® ¤«ï ª ¦¤®£® y 2 X  ©¤¥âáï í«¥¬¥â z(y) 2 Ax â ª®©, çâ® hz; x� yi � lim hyn; xn � yi.

�¥¬¬ . �áïª¨© ¯®«ã¬®®â®ë© ®¯¥à â®à A (D(A) = X) ï¢«ï¥âáï ¯á¥¢¤®¬®®â®ë¬

  X.

�®ª § â¥«ìáâ¢®. �ãáâì xn * x, yn 2 Axn ¨ ¢ë¯®«¥® (2), â®£¤  hCxn; xn�xi ! 0,   § ç¨â,

lim hzn; xn � xi � 0; zn = yn + Cxn 2 Txn: (3)

� ª ª ª T | ¬ ªá¨¬ «ìë© ¬®®â®ë©, â® T | ¯á¥¢¤®¬®®â®ë© ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï
(á¬. [4], á. 106), ¯®íâ®¬ã ¨§ (3) ¨¬¥¥¬

lim hyn; xn � yi+ limhCxn; xn � yi � hz; x � yi;

§¤¥áì z = z(y) 2 Tx. �«¥¤®¢ â¥«ì®,

lim hyn; xn � yi � hu; x� yi; u = u(y) 2 Ax: �

� á ¡ã¤¥â ¨â¥à¥á®¢ âì ¢®¯à®á ® à §à¥è¨¬®áâ¨ ¥à ¢¥áâ¢  (1) á ¯®«ã¬®®â®ë¬ ®¯¥à â®-
à®¬ A. �§ à¥§ã«ìâ â®¢ à ¡®â [4]{[6] ¨ «¥¬¬ë ¢ëâ¥ª ¥â à §à¥è¨¬®áâì ¢ à¨ æ¨®®£® ¥à ¢¥áâ¢ 
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(1) ¤«ï ®£à ¨ç¥®£® ¯®«ã¬®®â®®£® å¥¬¨¥¯à¥àë¢®£® ®â®¡à ¦¥¨ï A,   ¨§ ([7], â¥®à¥¬  15)
á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ à¥è¥¨ï (1) á ¥®£à ¨ç¥ë¬ ¯®«ã¬®®â®ë¬ A.

�à¨¢¥¤¥¬ ¤®áâ â®çë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï à¥è¥¨© ¢ à¨ æ¨®ëå ¥à ¢¥áâ¢ ¢¨¤  (1)
á ¯®«ã¬®®â®ë¬ ¥®£à ¨ç¥ë¬ ®¯¥à â®à®¬, á®¢¯ ¤ îé¨å á â®çª ¬¨ ®¤®§ ç®áâ¨ A. �®-
á«¥¤¥¥ ¯®§¢®«ï¥â ¨§ãç¨âì à §à¥è¨¬®áâì (1) á ¯à®¨§¢®«ìë¬ ®¤®§ çë¬ ¯®«ã¬®®â®ë¬
®â®¡à ¦¥¨¥¬ A (á¬.,  ¯à., [8]). �à®¬¥ â®£®, ¨á¯®«ì§ã¥¬ ï áå¥¬  ¤®ª § â¥«ìáâ¢  ¯®§¢®«ï¥â ¯®-
¯ãâ® ãáâ ®¢¨âì ¢®§¬®¦®áâì ¯à¨¡«¨¦¥¨ï à¥è¥¨© (1) ª®¥ç®¬¥àë¬¨  ¯¯à®ªá¨¬ æ¨ï¬¨
¬¥â®¤  èâà ä .

�¥®à¥¬ . �ãáâì X | á¥¯ à ¡¥«ì®¥ à ¢®¬¥à® ¢ë¯ãª«®¥ ¡  å®¢® ¯à®áâà áâ¢®, X� áâà®-

£® ¢ë¯ãª«®, 
 | ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ X, 0 2 
, A : X ! 2X
�

| ¯®«ã¬®®â®ë©

®¯¥à â®à, ¯à¨ç¥¬ T = A + C | ¬ ªá¨¬ «ì®¥ ¬®®â®®¥ ®â®¡à ¦¥¨¥, £¤¥ C : X ! X� |

ãá¨«¥® ¥¯à¥àë¢ë© ®¯¥à â®à, D(A) = X, á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

hy � f; xi � 0; kxk = r > 0; y 2 Ax; (4)

¨ ¢® ¢áïª®© â®çª¥ z0 2 
, ¥ ï¢«ïîé¥©áï â®çª®© ®¤®§ ç®áâ¨ ®¯¥à â®à  A, å®âï ¡ë ¤«ï

®¤®£® í«¥¬¥â  u 2 


lim hvn � f; zn � ui > 0; (5)

¯à¨ íâ®¬ zn * z0, vn 2 Azn,   ¢ ®áâ «ìëå â®çª å ¬®¦¥áâ¢  
 ®¯¥à â®à A ®¤®§ ç¥.

�®£¤  áãé¥áâ¢ã¥â ¯® ªà ©¥© ¬¥à¥ ®¤® à¥è¥¨¥ x ¢ à¨ æ¨®®£® ¥à ¢¥áâ¢  (1), kxk � r,
¯à¨ç¥¬ à¥è¥¨¥ x ¥áâì â®çª  ®¤®§ ç®áâ¨ ®¯¥à â®à  A, ¨ ®® ¬®¦¥â ¡ëâì ¯®«ãç¥® ª ª

á« ¡ë© ¯à¥¤¥« ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ ª®¥ç®¬¥àëå  ¯¯à®ªá¨¬ æ¨© ¬¥â®¤  èâà ä  ¤«ï (1).

�®ª § â¥«ìáâ¢®. �ãáâì fXng | ¯®á«¥¤®¢ â¥«ì®áâì ª®¥ç®¬¥àëå ¯®¤¯à®áâà áâ¢ ¯à®-
áâà áâ¢  X, Qn : X ! Xn | ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï, Q�n ¥£® á®¯àï¦¥ë©, 
n = 


T
Xn |

¢ë¯ãª«®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ Xn, Pn : X ! 
n | ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï   ¬®¦¥áâ¢®

n, Fnx = U(x � Pnx), x 2 X. �ç¥¢¨¤®, 0 2 
n ¯à¨ ¢á¥å n > 0, ¨ Fn(x) = 0 «¨èì ¯à¨ x 2 
n.
�¯¥à â®à Fn ®¡« ¤ ¥â â¥¬¨ ¦¥ á¢®©áâ¢ ¬¨, çâ® ¨ ®¯¥à â®à F . �®¦¥áâ¢  
n  ¯¯à®ªá¨¬¨àãîâ
¬®¦¥áâ¢® 
 ¢ á«¥¤ãîé¥¬ á¬ëá«¥: 
 = lim
n (á¬. [9], [4]), â. ¥. ¤«ï «î¡®£® í«¥¬¥â  v 2 

 ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì fvng, vn 2 
n, â ª ï, çâ® vn ! v, ¨ ¥á«¨ vn * v, vn 2 
n, â® v 2 

(áà. á [10], [11]). � ¤ ¤¨¬ ¯à®¨§¢®«ìãî ¯®á«¥¤®¢ â¥«ì®áâì f"ng, "n ! 0, "n > 0, ¨ à áá¬®âà¨¬
¢ Xn ãà ¢¥¨¥

Q�n(Ax+
1

"n
Fnx� f) = 0: (6)

� ª ª ª 0 2 
n, â® hFnx; xi � 0 ¯à¨ ¢á¥å x 2 Xn, ¨ ¯®â®¬ã ¤«ï x 2 Xn, kxk = r, y 2 Ax
á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

hQ�n(y +
1

"n
Fnx� f); xi = hy � f; xi+ 1

"n
hFnx; xi � 0:

�¥¯¥àì ¬®¦¥¬ ãâ¢¥à¦¤ âì áãé¥áâ¢®¢ ¨¥ à¥è¥¨ï xn 2 Xn (kxnk � r) ãà ¢¥¨ï (6) (á¬. [5]).
� ç¨â,  ©¤¥âáï í«¥¬¥â yn 2 Axn [6] â ª®©, çâ®

Q�n(y
n + 1

"n
Fnxn � f) = 0: (7)

�®á«¥¤®¢ â¥«ì®áâì fxng ®£à ¨ç¥ , ¯®íâ®¬ã xn * x 2 X (§¤¥áì ¨ ¤ «¥¥ ®¡®§ ç¥¨ï ¤«ï
¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ ¥ ¬¥ï¥¬).

�®ª ¦¥¬ ®£à ¨ç¥®áâì fyng. �ãáâì un = a1Iy
n=kynk, vn 2 Tun, kvnk � a2, a1 > 0, a2 > 0,

I = U�1. �®ª «ì ï ®£à ¨ç¥®áâì ¬ ªá¨¬ «ì®£® ¬®®â®®£® ®¯¥à â®à  T (á¬. [4]) £ à â¨-
àã¥â áãé¥áâ¢®¢ ¨¥ â ª¨å ¯®á«¥¤®¢ â¥«ì®áâ¥© fung, fvng ¤«ï ¥ª®â®àëå a1 ¨ a2. �§ ãá«®¢¨ï
¬®®â®®áâ¨ T

hyn +Cxn � vn; xn � uni � 0
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¯®«ãç¨¬ ¥à ¢¥áâ¢® (áà. á [6])

a1ky
nk � (kCxnk+ a2)a1 + (kfk+ kCxnk+ a2)r + hQ�n(y

n + 1

"n
Fnxn � f); xni � 1

"n
hFnxn; xni:

�âáî¤ , ãç¨âë¢ ï (7) ¨ á¢®©áâ¢  ®¯¥à â®à  Fn, ¨¬¥¥¬ ®£à ¨ç¥®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ fyng.
� «¥¥, ¨§ (7) ¤«ï ¢áïª®£® í«¥¬¥â  zn 2 Xn ¯®«ãç ¥¬ h"n(yn � f) + Fnxn; zni = 0, ®âªã¤ 

§ ª«îç ¥¬, çâ® hFnxn; zni ! 0 ¤«ï ¢áïª®© ®£à ¨ç¥®© ¯®á«¥¤®¢ â¥«ì®áâ¨ fzng, ¢ ç áâ®áâ¨,
hFnxn; xni ! 0. �ç¥¢¨¤ë á®®â®è¥¨ï

hFnxn; xni = hU(xn � Pnxn); xn � Pnxni+ hU(xn � Pnxn); Pnxni = kFnxnk
2 + hU(xn � Pnxn); Pnxni:

(8)

�§ ®¯à¥¤¥«¥¨ï í«¥¬¥â  Pnxn, xn 2 Xn, ¨¬¥¥¬ hU(xn�Pnxn); Pnxn�yi � 0 ¯à¨ ¢á¥å y 2 
n ([2],
[4]). �®« £ ï §¤¥áì y = 0 ¯®«ãç¨¬ ¥à ¢¥áâ¢® hU(xn � Pnxn); Pnxni � 0. �¥¯¥àì ¨§ (8) á«¥¤ã¥â,
çâ® hFnxn; xni � kFnxnk

2,   § ç¨â, Fnxn ! 0. �®ª ¦¥¬, çâ® Fnx! Fx ¤«ï «î¡®£® x 2 X. �ãáâì
Pnx = zn 2 
n, Px = z 2 
, x 2 X, â. ¥.

kx� zk = min
y2


kx� yk; kx� znk = min
y2
n

kx� yk: (9)

� ª ª ª ¯®á«¥¤®¢ â¥«ì®áâì fzng ®£à ¨ç¥ , â® zn * z, ¯à¨ç¥¬ z 2 
. �®®â®è¥¨ï (9) íª¢¨-
¢ «¥âë ¥à ¢¥áâ¢ ¬ [2], [4]

hU(x� z); z � yi � 0 8y 2 
; z 2 
; (10)

hU(x� zn); zn � yi � 0 8y 2 
n; zn 2 
n: (11)

�ãáâì un 2 
n, un ! z 2 
. �®« £ ï ¢ (10) y = z,   ¢ (11) | y = un ¨ áª« ¤ë¢ ï ¯®«ãç¥ë¥
¥à ¢¥áâ¢ , ¨¬¥¥¬

hU(x� zn)� U(x� z); zn � zi+ hU(x� zn); z � uni+ hU(x� z); zn � zi � 0: (12)

�§ ãá«®¢¨ï à ¢®¬¥à®© ¢ë¯ãª«®áâ¨ ¯à®áâà áâ¢  X á«¥¤ã¥â ¥à ¢¥áâ¢® [10]

hUx� Uy; x� yi � C�X(kx� yk=C2(R)); x 2 X; y 2 X;

£¤¥ C > 0, C2(R) > 0 | ¥ã¡ë¢ îé ï äãªæ¨ï, R = maxfkxk; kykg, �X(t) | ¬®¤ã«ì ¢ë¯ãª«®áâ¨
¯à®áâà áâ¢  X, �X(0) = 0, �X(t) | ¢®§à áâ îé ï ¥¯à¥àë¢ ï äãªæ¨ï. �®íâ®¬ã ¨§ (12) ¯à¨
R � kxk (á¬. (9)) ¨¬¥¥¬

C�X(kz � znk=C2(R)) � kx� znk kz � unk+ hU(x� z); zn � zi;

®âªã¤  § ª«îç ¥¬, çâ® zn ! z. �¥¯à¥àë¢®áâì ®¯¥à â®à  U £ à â¨àã¥â â¥¯¥àì á¨«ìãî áå®-
¤¨¬®áâì Fnx! Fx. � ¯¨è¥¬ ãá«®¢¨¥ ¬®®â®®áâ¨ ®¯¥à â®à  Fn:

hFny � Fnxn; y � xni � 0; y 2 X;

®âªã¤  á ãç¥â®¬ ãáâ ®¢«¥ëå á¢®©áâ¢ ¯®á«¥¤®¢ â¥«ì®áâ¨ ®¯¥à â®à®¢ fFng ¯à¨ n!1 ¯®«ã-
ç¨¬

hFy; y � xi � 0 8y 2 X; x 2 X: (13)

�¯¥à â®à F : X ! X� ¬®®â®ë© ¥¯à¥àë¢ë©, D(F ) = X, ¯®íâ®¬ã F ¬ ªá¨¬ «ìë© ¬®®-
â®ë© ( ¯à., [4]),   § ç¨â, ¨§ (13) ¢ëâ¥ª ¥â à ¢¥áâ¢® Fx = 0, â. ¥. x 2 
. �ãáâì wn 2 
n,
wn ! x 2 
, â®£¤  Fnwn = 0 ¨

hyn � f; wn � xni = 1

"n
hFnwn � Fnxn; wn � xni � 0; (14)

â. ¥.
hyn � f; xn � xi � hyn � f; wn � xi:
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�®áª®«ìªã ¯®á«¥¤®¢ â¥«ì®áâì fyng ®£à ¨ç¥ , â® ¨§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢   å®¤¨¬

lim hyn � f; xn � xi � 0: (15)

� á¨«ã ¯á¥¢¤®¬®®â®®áâ¨ A (á¬. «¥¬¬ã)

lim hyn � f; xn � vi � hy � f; x� vi; (16)

£¤¥ y = y(v) 2 Ax, v 2 X. �ãáâì ¢ (14) wn ! u, wn 2 
n, u| ¯à®¨§¢®«ìë© í«¥¬¥â ¨§ 
. �®£¤ ,
¯®¤®¡® (15), ¯®«ãç¨¬ ¥à ¢¥áâ¢®

lim hyn � f; xn � ui � 0; u 2 
: (17)

�®íâ®¬ã ¢ á¨«ã ãá«®¢¨ï (5) â¥®à¥¬ë ®¯¥à â®à A ®¤®§ ç¥ ¢ â®çª¥ x 2 
, § ç¨â, ¢ (16) y = Ax
¯à¨ ¢á¥å v 2 X. �¥¯¥àì, ¯®« £ ï ¢ (16) v = u 2 
 ¨ ãç¨âë¢ ï (17), ¨¬¥¥¬

hAx� f; x� ui � lim hyn � f; xn � ui � lim hyn � f; xn � ui � 0; x 2 
 8u 2 
: �

�â¢¥à¦¤¥¨¥ â¥®à¥¬ë, ®ç¥¢¨¤®, ®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬, ¥á«¨ âà¥¡®¢ ¨¥ (4) § ¬¥¨âì ãá«®-
¢¨¥¬ ª®íàæ¨â¨¢®áâ¨ A ®â®á¨â¥«ì® ¥ª®â®à®£® í«¥¬¥â  x0 2 X [2], [4]. � ª ã¦¥ ®â¬¥ç «®áì,
áãé¥áâ¢®¢ ¨¥ à¥è¥¨© (1) á«¥¤ã¥â ¨§ à¥§ã«ìâ â®¢ à ¡®âë [7], ¯à¨ íâ®¬ âà¥¡®¢ ¨¥ (5) â¥®à¥¬ë
¬®¦¥â ¡ëâì ®¯ãé¥®. �¤ ª® (5) ¨£à ¥â ®¯à¥¤¥«ïîéãî à®«ì ¯à¨ ¤®ª § â¥«ìáâ¢¥ ®¤®§ ç®áâ¨
(¥¯à¥àë¢®áâ¨ ¢ ¥ª®â®à®¬ á¬ëá«¥) ®¯¥à â®à  A   à¥è¥¨ïå (1) ¨ áå®¤¨¬®áâ¨ ¯®¤¯®á«¥¤®¢ -
â¥«ì®áâ¨ ¨§ fxng ª x. �¤¥ï âà¥¡®¢ ¨ï (5) ¢®áå®¤¨â ª à ¡®â ¬ �.�.� ¢«¥ª® (á¬.,  ¯à., [12],
[8]). � [8] à®«ì âà¥¡®¢ ¨ï (5) ¨£à ¥â ãá«®¢¨¥ à¥£ã«ïà®áâ¨ â®çª¨ à §àë¢  z0 2 
, â. ¥.

lim
t!0+

hA(z0 + t(u� z0)); u� z0i < 0 (18)

¤«ï ¥ª®â®à®£® u 2 
. �®ª ¦¥¬, çâ® ¨§ (5) á f = 0 á«¥¤ã¥â (18). �«ï íâ®£® ¯®áâà®¨¬ zn =
z0 + tn(u� z0), ¨ ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¥© zn ! z0, tn ! 0+ (5) ¯à¨¬¥â ¢¨¤

lim (tn � 1)hA(z0 + tn(u� z0)); u � z0i > 0:

� ç¨â, (18) ¨¬¥¥â ¬¥áâ®. �¡à â®¥ ¢ ®¡é¥¬ á«ãç ¥ ¥¢¥à®. �âáî¤  § ª«îç ¥¬, çâ® ¢ ãá«®¢¨ïå
â¥®à¥¬ë   «î¡®¬ à¥è¥¨¨ (1) ®¯¥à â®à A ®¤®§ ç¥ ([8], § ¬¥ç ¨¥ 2).

�â¢¥à¦¤¥¨ï â¥®à¥¬ë ¯®§¢®«ïîâ ¨á¯®«ì§®¢ âì ®¯¥à â®àë© ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¤«ï à¥è¥-
¨ï ¬®®â®ëå ¢ à¨ æ¨®ëå ¥à ¢¥áâ¢ ¯à¨ ¯à®¨§¢®«ìëå ¥®£à ¨ç¥ëå ¯®«ã¬®®â®ëå
¢®§¬ãé¥¨ïå ®¯¥à â®à  A [13]. �®¤®¡®¥ § ¬¥ç ¨¥ á¯à ¢¥¤«¨¢® ¨ ¤«ï á¬¥è ëå ¢ à¨ æ¨®-
ëå ¥à ¢¥áâ¢ [14], ¯®áª®«ìªã ¯®á«¥¤¨¥ íª¢¨¢ «¥âë ¥ª®â®àë¬ ¢ à¨ æ¨®ë¬ ¥à ¢¥-
áâ¢ ¬ ¢¨¤  (1) ([4], á. 265{266).

�¨â¥à âãà 
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