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�¯®á®¡ § ¤ ¨ï â®¯®«®£¨¨   ¯®«ã£àã¯¯ å á ¯®¬®éìî ®âª«®¥¨© [1] ¥ ï¢«ï¥âáï ã¨¢¥à-
á «ìë¬ ¢ á«¥¤ãîé¥¬ á¬ëá«¥: áãé¥áâ¢ãîâ â®¯®«®£¨ç¥áª¨¥ ¯®«ã£àã¯¯ë á ¥à ¢®¬¥à¨§ã¥¬®©
â®¯®«®£¨¥©. � ª ç¥áâ¢¥ ¯à¨¬¥à  ¬®¦® ¢§ïâì ¥ à ¢®¬¥à¨§ã¥¬®¥ â®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢®
X á ã¬®¦¥¨¥¬ (x; y) 7! y, ª®â®à®¥, ®ç¥¢¨¤®, ¥¯à¥àë¢®. �¥¬ ¥ ¬¥¥¥ ¢®¯à®á ®¯¨á ¨ï á¥-
¬¥©áâ¢ ®âª«®¥¨©, ¯®à®¦¤ îé¨å â®¯®«®£¨î   X, á®£« á®¢ ãî á ¯®«ã£àã¯¯®¢®© ®¯¥à æ¨¥©,
¯à¥¤áâ ¢«ï¥â ¨â¥à¥á. � áâì à¥§ã«ìâ â®¢ à ¡®âë ¡ë«   ®á¨à®¢    ¢â®à ¬¨ ¢ [2]. � [3] â ª¨¥
á¥¬¥©áâ¢  ®âª«®¥¨© ®¯à¥¤¥«ï«¨áì ¯®áà¥¤áâ¢®¬ ¨¢ à¨ â®© ¬¥àë.

� ¯®¬¨¬, çâ® ®â®¡à ¦¥¨¥ f : X � X ! [0;+1)  §ë¢ ¥âáï ®âª«®¥¨¥¬   ¬®¦¥áâ¢¥
X, ¥á«¨ f(x; y) = f(y; x) ¨ f(x; y) � f(x; z) + f(z; y) ¤«ï «î¡ëå x, y, z ¨§ X. �âª«®¥¨¥ f  
¯®«ã£àã¯¯¥ X  §ë¢ ¥âáï ¨¢ à¨ âë¬ á«¥¢  (á¯à ¢ ), ¥á«¨ f(xy; xz) = f(y; z)

�
f(yx; zx) =

f(y; z)
�
¤«ï «î¡ëå x, y, z ¨§ X.

� ¦¤®¥ á¥¬¥©áâ¢® ffg ®âª«®¥¨©   ¬®¦¥áâ¢¥ X ¯®à®¦¤ ¥â áâ ¤ àâë¬ ®¡à §®¬ â®¯®-
«®£¨î   X: ¬®¦¥áâ¢  fx 2 X j f(x; y) < ag, £¤¥ y 2 X, f 2 ffg ¨ a > 0, ®¡à §ãîâ ¯à¥¤¡ §ã
íâ®© â®¯®«®£¨¨. �®áâ â®ç® ¯à®áâ® ¤®ª §ë¢ ¥âáï

�¥®à¥¬  1. �ãáâì â®¯®«®£¨ï �   ¯®«ã£àã¯¯¥ X ¯®à®¦¤¥  á¥¬¥©áâ¢®¬ ¨¢ à¨ âëå

á«¥¢  ®âª«®¥¨©. �®£¤  «¥¢ë¥ á¤¢¨£¨ x! ax (x 2 X) ¥¯à¥àë¢ë ¢ (X; �) ¤«ï ª ¦¤®£® a 2 X.

�á®, çâ®   «®£¨ç ï â¥®à¥¬  ¢¥à  ¨ ¢ á«ãç ¥ á¥¬¥©áâ¢  ¨¢ à¨ âëå á¯à ¢  ®âª«®¥-
¨©. � «¥¥ ¥ ¡ã¤¥¬ ®áâ  ¢«¨¢ âìáï   ¯®¤®¡ëå § ¬¥ç ¨ïå.

�¥®à¥¬  2. �ãáâì â®¯®«®£¨ï �   X ¯®à®¦¤¥  á¥¬¥©áâ¢®¬ ffg ¨¢ à¨ âëå á«¥¢  ®â-

ª«®¥¨©. �®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï à ¢®á¨«ìë:

�) ¤«ï «î¡ëå a; x 2 X, ª ¦¤®£® ®âª«®¥¨ï f 2 ffg ¨ ª ¦¤®£® ç¨á«  � > 0 áãé¥áâ¢ãîâ
®âª«®¥¨ï f; : : : ; fn ¨§ ffg ¨ ç¨á«® � > 0 â ª¨¥, çâ® f(sa; xa) < � ¤«ï ¢á¥å s 2 X

â ª¨å, çâ® fi(s; x) < � ®¤®¢à¥¬¥® ¤«ï ¢á¥å i = 1; : : : ; n;
�) ¯®«ã£àã¯¯®¢ ï ®¯¥à æ¨ï (x; y) 7! xy ¥¯à¥àë¢ ;
�) ¯à ¢ë¥ á¤¢¨£¨ x 7! xa ¥¯à¥àë¢ë ¤«ï ª ¦¤®£® a 2 X.

�á«¨, ªà®¬¥ â®£®, X | £àã¯¯ , â® ª ¦¤®¥ ¨§ ãá«®¢¨© �), �), �) ¢«¥ç¥â ¥¯à¥àë¢®áâì

¨¢¥àá¨¨.

�®ª § â¥«ìáâ¢®. �ãáâì ¢ë¯®«¥® ãá«®¢¨¥ �). �ãáâì x; y 2 X, " > 0, g1; : : : ; gn 2 ffg ¨
W = ft 2 X j gi(t; xy) < "; i = 1; : : : ; ng: �®£¤  áãé¥áâ¢ãîâ f1; : : : ; fm 2 ffg ¨ � > 0 â ª¨¥, çâ®
g1(sy; xy) < "=2 ¤«ï ª ¦¤®£® i = 1; : : : ; n ¯à¨ ¢á¥å s 2 X â ª¨å, çâ® fj(s; x) < � ®¤®¢à¥¬¥® ¤«ï
¢á¥å j = 1; : : : ;m. �ãáâì s ¯à¨ ¤«¥¦¨â ®ªà¥áâ®áâ¨ U = fs 2 X j fj(s; x) < �; j = 1; : : : ;m â®çª¨
x,   h ¨§ ®ªà¥áâ®áâ¨ V = fh 2 X j gi(h; y) < "=2; i = 1; : : : ; ng â®çª¨ y. �®£¤  ¤«ï i = 1; : : : ; n
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¨¬¥¥¬ gi(sh; xy) � gi(sh; sy) + gi(sy; xy) < gi(h; y) + "=2 < "=2 + "=2 = ". �«¥¤®¢ â¥«ì®, sh 2W ,
¨ § ç¨â, ã¬®¦¥¨¥ ¢ (X; �) ¥¯à¥àë¢®; â.¥. ¨§ �) á«¥¤ã¥â �).

�ç¥¢¨¤®, çâ® ãá«®¢¨¥ �) ¢«¥ç¥â ãá«®¢¨¥ �).
�ãáâì â¥¯¥àì ¢ë¯®«¥® ãá«®¢¨¥ �). �ãáâì a; x 2 X, � > 0 ¨ f 2 ffg. �®£¤  áãé¥áâ¢ã¥â

®ªà¥áâ®áâì U â®çª¨ x â ª ï, çâ® Ua á®¤¥à¦¨âáï ¢ ®ªà¥áâ®áâ¨ V = ft 2 X j f(t; xa) < �g

â®çª¨ xa. � ç¨â, áãé¥áâ¢ãîâ f1; : : : ; fn 2 ffg ¨ ç¨á«® � > 0 â ª¨¥, çâ® ¬®¦¥áâ¢® fs 2 X j

fi(s; x) < �; i = 1; : : : ; ng á®¤¥à¦¨âáï ¢ U . �«¥¤®¢ â¥«ì®, ¤«ï â ª¨å s ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®
f(sa; xa) < �; â.¥. ¢ë¯®«ï¥âáï ãá«®¢¨¥ �),   § ç¨â, ãá«®¢¨ï �), �), �) à ¢®á¨«ìë.

�ãáâì X | £àã¯¯  ¨ ¯ãáâì ãá«®¢¨¥ �) ¢ë¯®«¥®. �ãáâì " > 0, U = fz 2 X j gi(z; x�1) <
"; i = 1; : : : ; ng £¤¥ x 2 X ¨ g1; : : : ; gn 2 ffg. �®£¤  áãé¥áâ¢ãîâ f1; : : : ; fm 2 ffg ¨ ç¨á«® � > 0
â ª¨¥, çâ® ¯à¨ i = 1; : : : ; n gi(sx�1; xx�1) < " ¤«ï ¢á¥å s ¨§ ®ªà¥áâ®áâ¨ V = fs 2 X j fj(s; x) <
�; j = 1; : : : ;mg â®çª¨ x. �á«¨ s 2 V , â® ¤«ï i = 1; : : : ; n ¨¬¥¥¬ gi(s�1; x�1) = gi(ss�1; sx�1) =
gi(xx�1; sx�1) = g(sx�1; xx�1) < ", â.¥. s�1 2 U . �«¥¤®¢ â¥«ì®, ¨¢¥àá¨ï ¥¯à¥àë¢ .

�ãáâì f | ®âª«®¥¨¥   ¯®«ã£àã¯¯¥ X. �«ï ª ¦¤®£® z 2 X ä®à¬ã«  fz(x; y) = f(xz; yz)
§ ¤ ¥â ®âª«®¥¨¥   X, ¯à¨ç¥¬, ¥á«¨ f ¨¢ à¨ â® á«¥¢ , â® ¨ fz ¨¢ à¨ â® á«¥¢ .

�ã¤¥¬ £®¢®à¨âì, çâ® á¥¬¥©áâ¢® ®âª«®¥¨© ffg X-§ ¬ªãâ® á¯à ¢ , ¥á«¨ fz 2 ffg ¤«ï ª -
¦¤®£® f 2 ffg ¨ ª ¦¤®£® z 2 X.

�à®áâ®© ¯à®¢¥àª®© ãáâ  ¢«¨¢ ¥âáï

�¥®à¥¬  3. �á«¨ á¥¬¥©áâ¢® ¨¢ à¨ âëå á«¥¢  ®âª«®¥¨© X-§ ¬ªãâ® á¯à ¢ , â® ®®

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �).

�«¥¤áâ¢¨¥ 1. �á«¨ â®¯®«®£¨ï   ¯®«ã£àã¯¯¥ X ¯®à®¦¤¥  X-§ ¬ªãâë¬ á¯à ¢  á¥¬¥©-
áâ¢®¬ ¨¢ à¨ âëå á«¥¢  ®âª«®¥¨©, â® ¯®«ã£àã¯¯®¢ ï ®¯¥à æ¨ï ¥¯à¥àë¢ ; ¥á«¨, ªà®¬¥
â®£®, X | £àã¯¯ , â® ¨ ¨¢¥àá¨ï ¥¯à¥àë¢ .

�à¥¤áâ ¢«ï¥â ¨â¥à¥á á«¥¤ãîé¥¥ ¯à¨«®¦¥¨¥ ¯®«ãç¥ëå à¥§ã«ìâ â®¢. �ãáâì �| ª®¥ç®-
 ¤¤¨â¨¢ ï ¬¥à , ®¯à¥¤¥«¥ ï   ª®«ìæ¥ S ¯®¤¬®¦¥áâ¢ ¯®«ã£àã¯¯ë X ¨ «¥¢®¨¢ à¨ â ï
  ¥¬. �á«¨ S0 � S ¨ ¤«ï ª ¦¤®£® A 2 S0 �(A) < 1 ¨ xA 2 S0, â® äãªæ¨ï fA(x; y) =
�(xA4yA) ï¢«ï¥âáï ¨¢ à¨ âë¬ á«¥¢  ®âª«®¥¨¥¬ [3]. � ª ª ª fA(xz; yz) = �(xzA4yzA) =
fzA(x; y), â® á¥¬¥©áâ¢® ffAgA2S0 X-§ ¬ªãâ® á¯à ¢ . �«¥¤®¢ â¥«ì®, â®¯®«®£¨ï, ¯®à®¦¤¥ ï
íâ¨¬ á¥¬¥©áâ¢®¬, ¯à¥¢à é ¥â X ¢ â®¯®«®£¨ç¥áªãî ¯®«ã£àã¯¯ã.

�¥®à¥¬  4. �«ï â®£® çâ®¡ë â®¯®«®£¨ï �   £àã¯¯¥ G ¡ë«  á®£« á®¢   á® áâàãªâãà®©

£àã¯¯ë, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ®  ¡ë«  ¯®à®¦¤¥  G-§ ¬ªãâë¬ á¯à ¢  á¥¬¥©-

áâ¢®¬ ¨¢ à¨ âëå á«¥¢  ®âª«®¥¨©.

�®ª § â¥«ìáâ¢®. �®áâ â®ç®áâì á«¥¤ã¥â ¨§ â¥®à¥¬ë 3. �á«¨ ¦¥ â®¯®«®£¨ï �   £àã¯¯¥ G
á®£« á®¢   á £àã¯¯®¢®© áâàãªâãà®©, â®   G ([1], á.83) áãé¥áâ¢ã¥â á¥¬¥©áâ¢® ¨¢ à¨ âëå
á«¥¢  ®âª«®¥¨©, ¯®à®¦¤ îé¨å â®¯®«®£¨î � . �¨¨¬ «ì®¥ G-§ ¬ªãâ®¥ á¯à ¢  á¥¬¥©áâ¢®
¨¢ à¨ âëå á«¥¢  ®âª«®¥¨©   G, á®¤¥à¦ é¥¥ ãª § ®¥ ¢ëè¥ á¥¬¥©áâ¢®, ¡ã¤¥â ¯®à®¦¤ âì
¤ ãî â®¯®«®£¨î � .

�§¢¥áâ®, çâ®   £àã¯¯¥ G â®¯®«®£¨ï, á®£« á®¢  ï á® áâàãªâãà®© £àã¯¯ë, ¬®¦¥â ¡ëâì
¯®áâà®¥  á ¯®¬®éìî á¥¬¥©áâ¢  ®à¬ [4].

�¢ §¨®à¬®©   G  §®¢¥¬ äãªæ¨î N : G ! [0;+1) â ªãî, çâ® N(e) = 0, N(x; y) �
N(x) +N(y), x; y 2 G. �¢ §¨®à¬ , ¤«ï ª®â®à®© N(x) = N(x�1) (x 2 G),  §ë¢ ¥âáï ®à¬®©.
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�ãáâì fNg|¥¯ãáâ®¥ á¥¬¥©áâ¢® ®à¬  G. �®£¤  ¤«ïN 2 fNg ä®à¬ã«  fN(x; y) = N(y�1x)
§ ¤ ¥â ¨¢ à¨ â®¥ á«¥¢  ®âª«®¥¨¥   G. �®¯®«®£¨î, ¯®à®¦¤¥ãî á¥¬¥©áâ¢®¬ ffNg, ¡ã-
¤¥¬  §ë¢ âì «¥¢®© â®¯®«®£¨¥©   G. �à ¢ ï â®¯®«®£¨ï ®¯à¥¤¥«ï¥âáï á ¯®¬®éìî ®âª«®¥¨©
gN(x; y) = N(xy�1).

�¥®à¥¬  5. �ãáâì fNg| ¥¯ãáâ®¥ á¥¬¥©áâ¢® ®à¬   £àã¯¯¥ G. �®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï

à ¢®á¨«ìë:

�) ¤«ï ª ¦¤®£® a 2 G, ª ¦¤®© ®à¬ë N 2 fNg ¨ ª ¦¤®£® ç¨á«  � > 0 áãé¥áâ¢ãîâ ®à¬ë

N1; : : : ; Nn 2 fNg ¨ ç¨á«® � > 0 â ª¨¥, çâ® Naxa�1 < � ¤«ï ¢á¥å x 2 G â ª¨å, çâ®

Ni(x) < � ®¤®¢à¥¬¥® ¤«ï ¢á¥å i = 1; : : : ; n;
�) ¯à ¢ ï ¨ «¥¢ ï â®¯®«®£¨¨   G á®¢¯ ¤ îâ;
�) «¥¢ ï â®¯®«®£¨ï á®£« á®¢   á® áâàãªâãà®© £àã¯¯ë.

�®ª § â¥«ìáâ¢®. �á«®¢¨¥ �) à ¢®á¨«ì® ãá«®¢¨î �) ¤«ï á¥¬¥©áâ¢  ffNg. �®íâ®¬ã ¨§
â¥®à¥¬ë 2 á«¥¤ã¥â, çâ® ãá«®¢¨ï �) ¨ �) à ¢®á¨«ìë.

�à¨ ¢ë¯®«¥¨¨ �) ®â®¡à ¦¥¨¥ x 7! axa�1 ¥¯à¥àë¢® ¢ ¥¤¨¨æ¥ e £àã¯¯ë G ¤«ï a 2 G.
�®íâ®¬ã ¤«ï N 2 fNg áãé¥áâ¢ã¥â ®ªà¥áâ®áâì W â®çª¨ e â ª ï, çâ® ¤«ï ¢á¥å x 2 W ¨¬¥¥â
¬¥áâ® ¢ª«îç¥¨¥ axa�1 2 fz 2 G j N(z) < �g. � ª ª ª  ©¤ãâáï ®à¬ë N1; : : : ; Nn 2 fNg ¨
ç¨á«® � > 0 â ª¨¥, çâ® W � fx 2 G j Ni(x) < �; i = 1; : : : ; ng, â® ¤«ï fNg ¢ë¯®«¥® ãá«®¢¨¥ �).

�®¢®ªã¯®áâì B ¢á¥å ¬®¦¥áâ¢ ¢¨¤  fx 2 G j Ni(x) < "; i = 1; : : : ; ng, £¤¥ " > 0, N1; : : : ; Nn 2

fNg, ®¡à §ã¥â äã¤ ¬¥â «ìãî á¨áâ¥¬ã ®ªà¥áâ®áâ¥© â®çª¨ e ¢ «¥¢®© ¨ ¯à ¢®© â®¯®«®£¨¨  
G.

�ãáâì â¥¯¥àì «¥¢ ï â®¯®«®£¨ï á®£« á®¢   á £àã¯¯®¢®© áâàãªâãà®© G. �®£¤  á¥¬¥©áâ¢® By =
fV y j V 2 Bg ï¢«ï¥âáï äã¤ ¬¥â «ì®© á¨áâ¥¬®© ®ªà¥áâ®áâ¥© â®çª¨ y. � ª ª ª ¯à ¢ë¥ á¤¢¨£¨
¥¯à¥àë¢ë ¤«ï ¯à ¢®© â®¯®«®£¨¨, â® By ï¢«ï¥âáï äã¤ ¬¥â «ì®© á¨áâ¥¬®© ®ªà¥áâ®áâ¥©
â®çª¨ y ¨ ¤«ï ¯à ¢®© â®¯®«®£¨¨. � ç¨â, íâ¨ â®¯®«®£¨¨ á®¢¯ ¤ îâ, â.¥. ãá«®¢¨¥ �) ¢«¥ç¥â �).

�®¯®«®£¨î �   G  §®¢¥¬ ®à¬¨àã¥¬®©, ¥á«¨ áãé¥áâ¢ã¥â á¥¬¥©áâ¢® ®à¬   G â ª®¥, çâ®
â®¯®«®£¨ï � á®¢¯ ¤ ¥â á «¥¢®© ¨«¨ ¯à ¢®© â®¯®«®£¨¥©   G.

�§ â¥®à¥¬ 4 ¨ 5 ¨ â®£® ä ªâ , çâ® ¤«ï «î¡®£® ¨¢ à¨ â®£® á«¥¢  (á¯à ¢ ) ®âª«®¥¨ï f

  G äãªæ¨ï N(x) = f(x; e) ï¢«ï¥âáï ®à¬®©   G, ¢ëâ¥ª ¥â

�¥®à¥¬  6. �®¯®«®£¨ï �   £àã¯¯¥ G á®£« á®¢   á £àã¯¯®¢®© áâàãªâãà®© â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  ®  ®à¬¨àã¥¬  á¥¬¥©áâ¢®¬ ®à¬, ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨î �).

� [5] (â¥®à¥¬  1) ãâ¢¥à¦¤ ¥âáï, çâ® ¥á«¨ ¢ £àã¯¯¥ G á â®¯®«®£¨¥© � á¤¢¨£¨ ¨ ¨¢¥àá¨ï ¥¯à¥-
àë¢ë, â® ®¯¥à æ¨ï ã¬®¦¥¨ï ¥¯à¥àë¢  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®© ®ªà¥áâ®áâ¨
u ¥¤¨¨æë e áãé¥áâ¢ã¥â ¥¯à¥àë¢ ï ª¢ §¨®à¬  N â ª ï, çâ® N(G n U) = f1g.

�àï¬ ï �®à£¥äà¥ï ï¢«ï¥âáï ¯à¨¬¥à®¬, ¯®ª §ë¢ îé¨¬, çâ® ãá«®¢¨¥ ¥¯à¥àë¢®áâ¨ ¨¢¥à-
á¨¨ ¢ íâ®© â¥®à¥¬¥ ®â¡à®á¨âì ¥«ì§ï.

�¥®à¥¬  7. �®¯®«®£¨ï �   £àã¯¯¥ G, ¤«ï ª®â®à®© á¤¢¨£¨ ¥¯à¥àë¢ë, á®£« á®¢   á®

áâàãªâãà®© £àã¯¯ë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®© ®ªà¥áâ®áâ¨ U ¥¤¨¨æë e áãé¥-

áâ¢ã¥â ¥¯à¥àë¢ ï ®à¬  N   G â ª ï, çâ® N(G n U) = f1g

�®ª § â¥«ìáâ¢®. �ãáâì fNg| á¥¬¥©áâ¢® ¥¯à¥àë¢ëå ®à¬  G, ã¤®¢«¥â¢®àïîé¨å ãá«®-
¢¨ï¬ â¥®à¥¬ë. �®£¤  ¯à ¢ ï ¨ «¥¢ ï â®¯®«®£¨¨   G á®¢¯ ¤ îâ á � . �§ â¥®à¥¬ë 5 á«¥¤ã¥â, çâ®
(G; �) | â®¯®«®£¨ç¥áª ï £àã¯¯ .
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�¥®¡å®¤¨¬®áâì á«¥¤ã¥â ¨§ â¥®à¥¬ë 6 ¨ â®£®, çâ® ¤«ï «î¡ëå ®à¬ N1; : : : ; Nn   G ¨ «î¡®£®
" > 0 äãªæ¨ï N(x) = minf1; "�1maxfN1(x); : : : ; Nh(x)gg ï¢«ï¥âáï ®à¬®©   G, ¤«ï ª®â®à®©
N(G n U) = f1g, £¤¥ U = fx 2 G j Ni(x) < "; i = 1; : : : ; ng.
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