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� ¤ ®© à ¡®â¥ ¨áá«¥¤ã¥âáï ¢ãâà¥ïï £¥®¬¥âà¨ï ®à¬ «¨§®¢ ®© m-¬¥à®© à¥£ã«ïà®©
£¨¯¥à¯®«®áë Hm, ¯®£àã¦¥®© ¢ n-¬¥à®¥ ¯à®¥ªâ¨¢®¥ ¯à®áâà áâ¢® Pn (m < n� 1). �¥§ã«ìâ -
âë ¯®«ãç¥ë á ¯à¨¬¥¥¨¥¬ â¥®à¨¨ á¢ï§®áâ¥© ¢ à áá«®¥ëå ¯à®áâà áâ¢ å ¢ ä®à¬¥, ¤ ®©
�.�.� ¯â¥¢ë¬ [1]{[3]. �á¥ ¨áá«¥¤®¢ ¨ï ¯à®¢¥¤¥ë ¢ ¬¨¨¬ «ì® á¯¥æ¨ «¨§¨à®¢ ®© á¨áâ¥¬¥
®â¥á¥¨ï. �® ¢á¥© à ¡®â¥ ¨¤¥ªáë ¯à¨¨¬ îâ á«¥¤ãîé¨¥ § ç¥¨ï:

I;K;L = 0; n; i; j; k = 0;m; i; j; k; l; s; t = 1;m; u;w = m+ 1; n� 1:

1. �ãáâì Pn | n-¬¥à®¥ ¯à®¥ªâ¨¢®¥ ¯à®áâà áâ¢®, ®â¥á¥®¥ ª ¯®¤¢¨¦®¬ã â®ç¥ç®¬ã
à¥¯¥àã R � fAKg. �¥à¨¢ æ¨®ë¥ ä®à¬ã«ë à¥¯¥à  R ¨¬¥îâ ¢¨¤ dAI = !K
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I
¯®¤ç¨¥ë ãà ¢¥¨ï¬ áâàãªâãàë ¯à®¥ªâ¨¢®£® ¯à®áâà áâ¢  Pn ([4], á. 143)
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�§¢¥áâ® [5], [6], çâ® ¢ à¥¯¥à¥ 1-£® ¯®àï¤ª  ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï à¥£ã«ïà®© £¨¯¥à-
¯®«®áë Hm � Pn (m < n� 1) [7] ¨¬¥îâ ¢¨¤
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� á¨«ã à¥£ã«ïà®áâ¨ £¨¯¥à¯®«®áë â¥§®à �n
ij ï¢«ï¥âáï ¥¢ëà®¦¤¥ë¬, â. ¥. � def= j�n

ij j 6= 0;
®â®á¨â¥«ìë© ¨¢ à¨ â � ¯¥à¢®£® ¯®àï¤ª  ã¤®¢«¥â¢®àï¥â ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î
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�®¬¯®¥âë ®¡à é¥®£® â¥§®à  �ik
n ®¯à¥¤¥«ïîâáï ¨§ á®®â®è¥¨©
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0 = ��ik

n �
sj
n �

n
kst!

t
0: (5)

55



�à®¤®«¦ ï ãà ¢¥¨¥ (3),  å®¤¨¬

r�i +�i!
0
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i � �n
ki!

k
n) = �ik!

k
0 ; �[ik] = 2�u

s[iN
s
jujk]: (6)

� [5], [6] ¯®ª § ®, çâ® à¥£ã«ïà ï £¨¯¥à¯®«®á  Hm � Pn ¢ 3-© ¤¨ää¥à¥æ¨ «ì®© ®ªà¥áâ®-
áâ¨ ¢ãâà¥¨¬ ®¡à §®¬ ¯®à®¦¤ ¥â ¯®«¥ ¨¢ à¨ âëå á®¯à¨ª á îé¨åáï £¨¯¥àª¢ ¤à¨ª Qn�1,
ãà ¢¥¨ï ª®â®àëå ®â®á¨â¥«ì® à¥¯¥à  ¯¥à¢®£® ¯®àï¤ª  ¨¬¥îâ ¢¨¤
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uwx
uxw + 2bwxwxn + Sn(xn)2 = 2x0xn: (7)

� ¬¥â¨¬, çâ® ¢ ª ¦¤®© â®çª¥ A0 2 Hm ª á â¥«ì ï ¯«®áª®áâì Tm(A0) ª ¡ §¨á®© ¯®¢¥àå®áâ¨
Vm £¨¯¥à¯®«®áë ¨ å à ªâ¥à¨áâ¨ª  �n�m�1(A0) ¥¥ £« ¢®© ª á â¥«ì®© £¨¯¥à¯«®áª®áâ¨ �n�1(A0)
¯®«ïà® á®¯àï¦¥ë ®â®á¨â¥«ì® £¨¯¥àª¢ ¤à¨ª¨ (7).

�®ª § ® [6], çâ® ®¡à é¥¨¥ ¢ ã«ì á¨¬¬¥âà¨ç®£® â¥§®à  � à¡ã ¢â®à®£® ¯®àï¤ª 
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(8)

¥áâì ãá«®¢¨¥ ª á ¨ï 3-£® ¯®àï¤ª  á®¯à¨ª á îé¨åáï £¨¯¥àª¢ ¤à¨ª ¯®«ï (7) á £¨¯¥à¯®«®á®©
Hm � Pn.

2. �§¢¥áâ® [5], [6], çâ® ®à¬ «¨§ æ¨ï £¨¯¥à¯®«®áë Hm � Pn ¢ á¬ëá«¥ �®à¤¥ {� ª¬ §ï 
[8], [9] à ¢®á¨«ì  § ¤ ¨î   Hm ¤¢ãå ¯®«¥© ª¢ §¨â¥§®à®¢ vin, v

0
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k
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k
0 ; (9)

®¯à¥¤¥«ïîé¨å á®®â¢¥âáâ¢¥® ¯®«ï ®à¬ «¥© ¯¥à¢®£® Nn�m � [�n�m�1; Nn] ¨ ¢â®à®£® Nm�1 �
[Ni] à®¤®¢, £¤¥
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1
m
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n : (10)

�á«®¢¨¥¬ ¢§ ¨¬®áâ¨ [8] ®à¬ «¨§ æ¨¨ £¨¯¥à¯®«®áë Hm � Pn ®â®á¨â¥«ì® ¯®«ï á®¯à¨ª -
á îé¨åáï £¨¯¥àª¢ ¤à¨ª (7) ï¢«ï¥âáï ®¡à é¥¨¥ ¢ ã«ì â¥§®à 
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0; (11)
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n
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� ç áâ®áâ¨, ®à¬ «¨§ æ¨¨�ã¡¨¨ (F i
n; F

0
i ) ¨ �¨«ìç¨áª®£® (�W

i
n;W

0
i ), ®¯à¥¤¥«ï¥¬ë¥ ¢ âà¥âì¥©

¤¨ää¥à¥æ¨ «ì®© ®ªà¥áâ®áâ¨, ï¢«ïîâáï ¢§ ¨¬ë¬¨ [5], [6].
� [5], [6] ¢ 3-© ¤¨ää¥à¥æ¨ «ì®© ®ªà¥áâ®áâ¨ ¯®áâà®¥® ¯®«¥ ª ®¨ç¥áª®£® ¯ãçª  ¨¢ à¨-

 âëå ®à¬ «¥© ¯¥à¢®£® à®¤  vin á ®áìî �n�m�1(A0), ®¯à¥¤¥«ï¥¬®¥ ¯®«ï¬¨ ª¢ §¨â¥§®à®¢ F i
n

¨ (�W i
n) 3-£® ¯®àï¤ª 

vin = �W i
n + �(W i

n + F i
n); (12)

£¤¥ � | ¨¢ à¨ âë© ¯ à ¬¥âà.
�â¬¥â¨¬, çâ® á®¢®ªã¯®áâì äãªæ¨©

T i
n
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n + F i
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n � T i
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n
n + T j

n!
i
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j
0 (13)

¥áâì â¥§®à 3-£® ¯®àï¤ª . �¡à é¥¨¥ â¥§®à  T i
n ¢ ã«ì ¥áâì ãá«®¢¨¥, ¯à¨ ª®â®à®¬ ¢ ª ¦¤®©

â®çª¥ A0 2 Hm ª ®¨ç¥áª¨© ¯ãç®ª ®à¬ «¥© ¯¥à¢®£® à®¤  (12) ¢ëà®¦¤ ¥âáï ¢ ®¤ã ®à¬ «ì
Nn�m(A0); â ª¨¥ £¨¯¥à¯®«®áë Hm � Pn ¯®   «®£¨¨ á ¯®¢¥àå®áâìî V2 � P3 [10]  §®¢¥¬ ª®¨-
æ¨¤¥âë¬¨.
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3. �§¢¥áâ® [11], çâ® ¯à¨ ®à¬ «¨§ æ¨¨ ¢ á¬ëá«¥ �®à¤¥ {� ª¬ §ï  à¥£ã«ïà®© £¨¯¥à¯®-
«®áë Hm � Pn ¨¤ãæ¨àãîâáï ¤¢¥ ¤¢®©áâ¢¥ë¥ [12]  ää¨ë¥ á¢ï§®áâ¨ r ¨ r ¡¥§ ªàãç¥¨ï,
®¯à¥¤¥«ï¥¬ë¥ á®®â¢¥âáâ¢¥® á¨áâ¥¬ ¬¨ ä®à¬ �ä ää 
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�®£« á® à ¡®â¥ [3], ¯ãâ¥¬ ¯à¥®¡à §®¢ ¨ï á«®¥¢ëå ä®à¬  ää¨®© á¢ï§®áâ¨ ¬®¦® ¯®-
«ãç¨âì ¤àã£¨¥  ää¨ë¥ á¢ï§®áâ¨. � áá¬®âà¨¬ íâã § ¤ çã   ®à¬ «¨§®¢ ®© £¨¯¥à¯®«®á¥
Hm � Pn, ¢§ï¢ §  ¡ §®¢ãî á¢ï§®áâì ¯¥à¢ãî  ää¨ãî á¢ï§®áâì r ¡¥§ ªàãç¥¨ï.
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à ¢®á¨«ì® á«¥¤ãîé¥© á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©:
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á«¥¤®¢ â¥«ì®, ¯à¨ «î¡®¬ p = 1; 2; : : : ª ¦¤ ï ¨§ á¨áâ¥¬ äãªæ¨© f
p

�j
0kg, f

p

�j
ikg ¤®«¦  ¡ëâì

â¥§®à®¬.
� á¨«ã á®®â®è¥¨© (2), (5), (8), (9), (11), (13) ãà ¢¥¨ï¬ (21) ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¥

á¨áâ¥¬ë ®å¢ â®¢:
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�j0k = �jk;
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n
sik � �ji T

0
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0
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0
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n
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t (v): (27)

�å¢ âë (22) ®¯à¥¤¥«ïîâ ¨áå®¤ãî  ää¨ãî á¢ï§®áâì r, â. ¥.
1
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á®®â®è¥¨© (8), (15), (19) ®å¢ âë (27) ®¯à¥¤¥«ïîâ ¤¢®©áâ¢¥ãî  ää¨ãî á¢ï§®áâì r ¡¥§
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r ®¯à¥¤¥«ïîâáï á®®â¢¥â-
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0 : (31)

�â¬¥â¨¬, çâ® ¨§ è¥áâ¨  ää¨ëå á¢ï§®áâ¥©
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r; : : : ;
6
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6
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ki�[s�

j

t])� 2(�n
klv

k
nv

l
n�

n

i[s�
j

t] + 3v0i v
0
[s�

j

t] � vknv
0
k�

n

i[s�
j

t] +

+�n
ilv

l
nv

k
n�

n

k[s�
j

t] � �n
ikv

k
nv

0
[s�

j

t] + �
j
i v

k
n[s�

n
t]k + �

j
i v

0
[st] +�n

ikv
k
n[s�

j

t] � v
0
i[s�

j

t]): (36)

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �  ®à¬ «¨§®¢ ®© ¢ á¬ëá«¥ �®à¤¥ {� ª¬ §ï  à¥£ã«ïà®© £¨¯¥à¯®«®á¥

Hm � Pn ¢ ª á â¥«ì®¬ à áá«®¥¨¨ ¨¤ãæ¨àã¥âáï è¥áâì  ää¨ëå á¢ï§®áâ¥©
1

r; : : : ;
6

r, ®¯à¥-
¤¥«ï¥¬ëå á®®â¢¥âáâ¢¥® á¨áâ¥¬ ¬¨ á«®¥¢ëå ä®à¬ (14), (28){(31), (15); ¯à¨ íâ®¬ ¨§ è¥áâ¨

á®®â¢¥âáâ¢ãîé¨å ¯à®áâà áâ¢  ää¨®© á¢ï§®áâ¨
1

Am;m; : : : ;
6

Am;m ç¥âëà¥ | ¡¥§ ªàãç¥¨ï
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(á¬. (32), (33), (36)),   ¤¢  (
3

Am;m ¨
4

Am;m) ¨¬¥îâ à ¢ë¥ â¥§®àë ªàãç¥¨ï (¢®®¡é¥ £®¢®àï,
¥ã«¥¢ë¥, á¬. (34), (35)).

�§ á®®â®è¥¨© (34), (35) ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â

�¥®à¥¬  2. �à®áâà áâ¢®  ää¨®© á¢ï§®áâ¨
3

Am;m (¨«¨, çâ® â® ¦¥ á ¬®¥,
4

Am;m), ¨-
¤ãæ¨àã¥¬®¥ ¯à¨ ®à¬ «¨§ æ¨¨ à¥£ã«ïà®© £¨¯¥à¯®«®áë Hm � Pn, ¨¬¥¥â ã«¥¢®¥ ªàãç¥¨¥ â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤  £¨¯¥à¯®«®á  ª®¨æ¨¤¥â , ¨«¨, çâ® â® ¦¥ á ¬®¥, ª®£¤ 
3

r �
1

r (¨«¨
4

r �
2

r).

�®áâ â®ç®áâì ãá«®¢¨ï â¥®à¥¬ë 2 ®ç¥¢¨¤ ; ¤®ª ¦¥¬ ¥£® ¥®¡å®¤¨¬®áâì. �á«¨
3
r
j
0st = 0, â®

¨§ á®®â®è¥¨© (34)  å®¤¨¬

T k
n (�

n
ks�

j
t � �n

kt�
j
s) = 0:

�¢¥àã¢ ¯®á«¥¤¨¥ á®®â®è¥¨ï ¯® ¨¤¥ªá ¬ j, s, ¯®«ãç¨¬

(m� 1)�n
ktT

k
n = 0;

®âªã¤  ¯à¨ m � 2 ¢ á¨«ã � = j�n
ktj 6= 0 á«¥¤ã¥â, çâ® â¥§®à T k

n ã«¥¢®©, â. ¥. £¨¯¥à¯®«®á  Hm

ª®¨æ¨¤¥â .
�®£« á® á®®â®è¥¨ï¬ (11), (19), (22){(25), (27) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¨¢ à¨ âë¥   -

«¨â¨ç¥áª¨¥ ãá«®¢¨ï ¯®¯ à®£® á®¢¯ ¤¥¨ï  ää¨ëå á¢ï§®áâ¥©
p

r, p 6= 5, ¨¤ãæ¨àã¥¬ëå  
®à¬ «¨§®¢ ®© à¥£ã«ïà®© £¨¯¥à¯®«®á¥ Hm � Pn,

1

r �
2

r,
3

r �
4

r, Dn
ijk � 0; (37)

1

r �
3

r,
2

r �
4

r, T i
n � 0; (38)

1

r �
4

r,
2

r �
3

r, fDn
ijk � 0; T i

n � 0g; (39)
1

r �
6

r, fDn
ijk � 0; T 0

i (v) � 0g; (40)
2

r �
6

r, T 0
i (v) � 0: (41)

� «¨â¨ç¥áª¨¥ ãá«®¢¨ï (37){(41) ¯®¯ à®£® á®¢¯ ¤¥¨ï á¢ï§®áâ¥©
p

r á®£« á® ¯.¯. 1, 2 ¨¬¥-
îâ á«¥¤ãîé¨¥ £¥®¬¥âà¨ç¥áª¨¥ å à ªâ¥à¨áâ¨ª¨:

| ®¡à é¥¨¥ ¢ ã«ì â¥§®à  � à¡ã Dn
ijk (á¬. (8)) ¥áâì ãá«®¢¨¥ ª á ¨ï 3-£® ¯®àï¤ª  á®¯à¨-

ª á îé¨åáï £¨¯¥àª¢ ¤à¨ª ¯®«ï (7) á £¨¯¥à¯®«®á®© Hm � Pn;
| ®¡à é¥¨¥ ¢ ã«ì â¥§®à  T i

n (á¬. (13)) ¥áâì ãá«®¢¨¥ ª®¨æ¨¤¥â®áâ¨ £¨¯¥à¯®«®áë Hm;
| ®¡à é¥¨¥ ¢ ã«ì â¥§®à  T 0

i (v) (á¬. (11)) ¥áâì ãá«®¢¨¥ ¢§ ¨¬®áâ¨ ®à¬ «¨§ æ¨¨ £¨¯¥à-
¯®«®áë.

� ¬¥â¨¬, çâ® ¨ ®¤  ¨§ ¯ïâ¨  ää¨ëå á¢ï§®áâ¥©
p

r, p 6= 5, ¥ ¬®¦¥â á®¢¯ áâì á® á¢ï§®-

áâìî
5

r, ¨¡®
5

�i0 = 2!i
0 = 2

p

�i0, â. ¥.
5

�i0 6=
p

�i0, p 6= 5.

� ª ª ª  ää¨ë¥ á¢ï§®áâ¨
1

r,
2

r,
5

r,
6

r | ¡¥§ ªàãç¥¨ï, â® á®®â¢¥âáâ¢ãîé¨¥ â¥§®àë
ªà¨¢¨§ë ã¤®¢«¥â¢®àïîâ â®¦¤¥áâ¢ ¬ �¨çç¨

p
rj(ist) = 0; p 6= 3; 4; (42)
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¢ á¯à ¢¥¤«¨¢®áâ¨ â®¦¤¥áâ¢ (42) «¥£ª® ã¡¥¤¨âìáï, ¥á«¨ § ¬ªãâì ª¢ ¤à â¨çë¥ ãà ¢¥¨ïD
p

�
j
0 =

p

�k0 ^
p

�
j
k.

�«ï á¨¬¬¥âà¨ç¥áª®© á¢ï§®áâ¨
p

r â¥§®à
p
ris

def=
p
rjisj (43)

 §ë¢ ¥âáï ¥¥ â¥§®à®¬ �¨çç¨ [8]. �¢¥àã¢ â®¦¤¥áâ¢  (42) ¯® ¨¤¥ªá ¬ i, j,  å®¤¨¬

2
p
r[st] = �

p
r
j
ist; p 6= 3; 4: (44)

�¥§®à
p
r[st]  §ë¢ ¥âáï ®¡ê¥¬ë¬ â¥§®à®¬ ¯à®áâà áâ¢   ää¨®© á¢ï§®áâ¨

p

Am;m ¡¥§ ªàãç¥-

¨ï; ®¡à é¥¨¥ ¥£® ¢ ã«ì ¥áâì ãá«®¢¨¥ íª¢¨ ää¨®áâ¨ [8] á¢ï§®áâ¨
p

r ¯à®áâà áâ¢ 
p

Am;m.

�¥ª®â®àë¥ ¢®¯à®áë £¥®¬¥âà¨¨ ¤¢®©áâ¢¥ëå  ää¨ëå á¢ï§®áâ¥©
1

r,
6

r, ¨¤ãæ¨àã¥¬ëå
  ®à¬ «¨§®¢ ®© £¨¯¥à¯®«®á¥ Hm � Pn, ¨§ãç «¨áì ¢ à ¡®â å [13], [11], [12]. � ç áâ®áâ¨,
¤®ª § ®, çâ®

| á¢ï§®áâì
16

r, áà¥¤ïï ¯® ®â®è¥¨î ª
1

r,
6

r, ï¢«ï¥âáï ¢¥©«¥¢®©; ãá«®¢¨¥¬ ¥¥ à¨¬ ®¢®áâ¨
ï¢«ï¥âáï ®¡à é¥¨¥ ¢ ã«ì ª®á®á¨¬¬¥âà¨ç®£® â¥§®à  T 0

ij(v)
def= v0[ij] � vsn[i�

n
j]s;

| á¢ï§®áâ¨
1

r,
6

r, ¨¤ãæ¨àã¥¬ë¥ ¢§ ¨¬®© ®à¬ «¨§ æ¨¥© ¯®¤¬®£®®¡à §¨ï Hm � Pn,
¬®£ãâ ¡ëâì íª¢¨ ää¨ë¬¨ «¨èì ®¤®¢à¥¬¥®, ¨¡®

2
1
r[st] = 2

6
r[st] = mT 0

st(v); (45)

| ¤¢®©áâ¢¥ë¥  ää¨ë¥ á¢ï§®áâ¨
1

r,
6

r, ¨¤ãæ¨àã¥¬ë¥ ®à¬ «¨§ æ¨¥© �ã¡¨¨ (F i
n; F

0
i )

£¨¯¥à¯®«®áë Hm � Pn, íª¢¨ ää¨ë (¨¡® T 0
ij(v) � 0),   ¨å áà¥¤ïï á¢ï§®áâì à¨¬ ®¢ 

á ¬¥âà¨ç¥áª¨¬ â¥§®à®¬ �n
ij ;

| ¥á«¨ ¯à¨ ¥ª®â®à®© ¢§ ¨¬®© ®à¬ «¨§ æ¨¨ £¨¯¥à¯®«®áë Hm â¥§®àë �¨çç¨
1
ris,

6
ris á®-

¢¯ ¤ îâ, â® ¤  ï ®à¬ «¨§ æ¨ï ¥áâì ®à¬ «¨§ æ¨ï �¨«ìç¨áª®£® (�W i
n;W

0
i ).

� áá¬®âà¨¬ ¢®¯à®áë,   «®£¨çë¥ ¯¥à¥ç¨á«¥ë¬ ¢ëè¥, ¯® ®â®è¥¨î ª á¨¬¬¥âà¨ç¥áª¨¬

á¢ï§®áâï¬
1

r,
2

r. �¢¥àâë¢ ï ¢ëà ¦¥¨ï (33) ª®¬¯®¥â â¥§®à  ªà¨¢¨§ë ¯à®áâà áâ¢ 
2

Am;m

¯® ¨¤¥ªá ¬ i, j, á ¨á¯®«ì§®¢ ¨¥¬ á®®â®è¥¨© (4), (6), (17), (44) ¯®«ãç¨¬
2
r[st] =

1
r[st] =

(m+ 1)v0[st] + vjn[s�
n
t]j � �u

j[sN
j

jujt] (áà. á (45)). �â¬¥â¨¬, çâ® á®¢®ªã¯®áâì äãªæ¨©

N 0
st(v)

def= (m+ 1)v0[st] + vjn[s�
n
t]j � �u

j[sN
j

jujt] (46)

¥áâì ª®á®á¨¬¬¥âà¨çë© â¥§®à. � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. �ää¨ë¥ á¢ï§®áâ¨
1

r,
2

r, ¨¤ãæ¨àã¥¬ë¥   ®à¬ «¨§®¢ ®© à¥£ã«ïà®© £¨-
¯¥à¯®«®á¥ Hm � Pn, ¬®£ãâ ¡ëâì íª¢¨ ää¨ë¬¨ «¨èì ®¤®¢à¥¬¥®; ãá«®¢¨¥¬ ¨å íª¢¨ ää¨-
®áâ¨ ï¢«ï¥âáï ®¡à é¥¨¥ ¢ ã«ì ª®á®á¨¬¬¥âà¨ç®£® â¥§®à  N 0

st(v) (á¬. (46)).

� ¬¥â¨¬, çâ® â¥®à¥¬  3 ¥ ¯à¥¤¯®« £ ¥â ¢§ ¨¬®áâì ®à¬ «¨§ æ¨¨ ¯®¤¬®£®®¡à §¨ï Hm.
�¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï (2) ¤«ï ª®¬¯®¥â â¥§®à  �n

ij ¢ á¨«ã (14), (28) ¬®¦® § ¯¨-
á âì ¢ ¢¨¤¥

d�n
ij � �n

ik

1

�kj � �n
kj

2

�ki = �n
ij

��
�k

m+ 2
� 2v0k

�
!k
0 + !0

0 � !n
n

�
+ (T 0

i (v))!
n
j + (T 0

j (v))!
n
i : (47)

�á«¨  ää¨ë¥ á¢ï§®áâ¨
1

r,
2

r á®¯àï¦¥ë [8] ®â®á¨â¥«ì® ¯®«ï â¥§®à  �n
ij , â® á¯à ¢¥¤-

«¨¢®

d�n
ij � �n

ik

1

�kj � �n
kj

2

�ki = �n
ij
: (48)
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�à ¢¨¢ ï ãà ¢¥¨ï (47), (48), ¨¬¥¥¬

�n
ij

��
�k

m+ 2
� 2v0k

�
!k
0 + !0

0 � !n
n

�
+ (T 0

i (v))!
n
j + (T 0

j (v))!
n
i = �n

ij
:

�¢¥àâë¢ ï ¯®á«¥¤¨¥ á®®â®è¥¨ï á â¥§®à®¬ �ij
n ,  å®¤¨¬


 =
m+ 2
m

T 0
k (v)!

k
0 � (!n

n � !0
0 + v0k!

k
0 + vkn!

n
k ): (49)

�ää¨ ï á¢ï§®áâì
12

r, áà¥¤ïï [8] ¯® ®â®è¥¨î ª
1

r,
2

r, ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© ä®à¬

f
12

� i
0 � !i

0,
12

� j
i =

1
2
(
1

�ji +
2

�ji )g.

�à¥¤¯®«®¦¨¬, çâ® á¢ï§®áâ¨
1

r,
2

r á®¯àï¦¥ë ®â®á¨â¥«ì® ¯®«ï â¥§®à  �n
ij . �¤¥« ¢ ¯¥à¥-

áâ ®¢ªã ¨¤¥ªá®¢ i, j ¢ ãà ¢¥¨ïå (48) ¨ áª« ¤ë¢ ï ¯®ç«¥® «¥¢ë¥ ¨ ¯à ¢ë¥ ç áâ¨ ¯®«ãç¥-

ëå ¨ ¨áå®¤ëå ãà ¢¥¨©, ¨¬¥¥¬ d�n
ij � �n

ik

12

� k
j � �n

kj

12

� k
i = �n

ij
; ¯®á«¥¤¥¥ £®¢®à¨â ® â®¬, çâ®

áà¥¤ïï á¢ï§®áâì
12

r ï¢«ï¥âáï ¢¥©«¥¢®© á ¬¥âà¨ç¥áª¨¬ â¥§®à®¬ �n
ij ; á¢ï§®áâì

12

r ¡ã¤¥â íª¢¨-
 ää¨®©,   á«¥¤®¢ â¥«ì®, à¨¬ ®¢®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ä®à¬  (49) ¥áâì ¯®«ë©
¤¨ää¥à¥æ¨ «.

� á¨«ã á®®â®è¥¨© (9), (11), (46), (49) á¯à ¢¥¤«¨¢®

D
 =
4
m
N 0

st(v)!
s
0 ^ !

t
0;

á«¥¤®¢ â¥«ì®, ¨¬¥¥¬

 = dF , D
 = 0, N 0

st(v) = 0:

�®ª §  

�¥®à¥¬  4. �á«¨ á¨¬¬¥âà¨ç¥áª¨¥  ää¨ë¥ á¢ï§®áâ¨
1

r,
2

r, ¨¤ãæ¨àã¥¬ë¥   ®à¬ «¨-
§®¢ ®© à¥£ã«ïà®© £¨¯¥à¯®«®á¥ Hm � Pn, á®¯àï¦¥ë ®â®á¨â¥«ì® ¯®«ï â¥§®à  �n

ij, â®

áà¥¤ïï á¢ï§®áâì
12

r ï¢«ï¥âáï ¢¥©«¥¢®© á ¬¥âà¨ç¥áª¨¬ â¥§®à®¬ �n
ij ; ãá«®¢¨¥¬ ¥¥ à¨¬ ®¢®-

áâ¨ ï¢«ï¥âáï ®¡à é¥¨¥ ¢ ã«ì â¥§®à  N 0
st(v) (á¬. (46)).

�á¯®«ì§ãï ®å¢ âë äãªæ¨© Tn � T , b�ij � bbij   à¥£ã«ïà®© £¨¯¥à¯®«®á¥ Hm � Pn, ¯®áâà®-

¥ë¥ ¢ à ¡®â¥ [6], ¯ãâ¥¬ á¢¥àâë¢ ¨ï â¥§®à 
2
rjist (á¬. (33)) ¯® ¨¤¥ªá ¬ j, t á ¨á¯®«ì§®¢ ¨¥¬

(1), (6), (10), (11), (17), (43) ¯®«ãç¨¬

2
ris =

1
ris �

m

m+ 2
vknD

n
kis +

m� 1
m+ 2

�kl
nD

n
lisT

0
k (v) +

1
m+ 2

�n
isTn �

�
m

m+ 2

�
�is �

�i�s

m+ 2

�
�m(�u

isa
0
u � �n

kia
u
nN

k
us) +

2m
m+ 2

�u
k[iN

k
jujs];

â. ¥.

2
ris =

1
ris �

m

m+2
vknD

n
kis +

m�1
m+2

�kl
nD

n
lisT

0
k (v)�

m

m+2
b�is �m(�u

isa
0
u � �n

kia
u
nN

k
us) +

2m
m+2

�u
k[iN

k
jujs]:

�á«¨
2
ris =

1
ris, â® ¨§ ¯®á«¥¤¨å á®®â®è¥¨©  å®¤¨¬

b�is = �vknD
n
kis +

m� 1
m

�kl
nD

n
lisT

0
k (v) � (m+ 2)(�u

isa
0
u � �n

kia
u
nN

k
us) + 2�u

k[iN
k
jujs]: (50)

�§¢¥áâ® [5], [6], çâ® ¯¥à¢ ï ¤¨à¥ªâà¨á  �¨«ìç¨áª®£® ®¯à¥¤¥«ï¥âáï ¯®«¥¬ ª¢ §¨â¥§®à 
(�W i

n) âà¥âì¥£® ¯®àï¤ª , £¤¥

W i
n = BikWnk; (51)
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§¤¥áì â¥§®à Bik ï¢«ï¥âáï ¢§ ¨¬ë¬ ¯® ®â®è¥¨î ª â¥§®àã ¢â®à®£® ¯®àï¤ª 

Bij = �kl
n �

st
nD

n
iksD

n
jlt (52)

¨
Wnk = �is

n�
jt
n
b�ijD

n
kst + (m+ 2)(�nk � �nk):

�á¯®«ì§ãï á®®â®è¥¨ï (50), (52) ¨ ®å¢ âë äãªæ¨© �nk, �nk (á¬. [6]), ¨¬¥¥¬

Wnk = �vlnBkl +
m� 1
m

�sl
nBklT

0
s (v) = �Bkl

�
vln �

m� 1
m

�sl
n T

0
s (v)

�
:

�§ á®®â®è¥¨© (51) á ¨á¯®«ì§®¢ ¨¥¬ ¯®á«¥¤¨å ¢ëà ¦¥¨©  å®¤¨¬

vin = m(�W i
n)� (m� 1)�ki

n

�
v0k �

�k

m+ 2

�
: (53)

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  5. �á«¨ ¤«ï ¥ª®â®à®© ®à¬ «¨§ æ¨¨ à¥£ã«ïà®© £¨¯¥à¯®«®áë Hm � Pn â¥§®àë

�¨çç¨  ää¨ëå á¢ï§®áâ¥©
1

r,
2

r á®¢¯ ¤ îâ, â® ª®¬¯®¥âë ®à¬ «¨§ãîé¨å ®¡ê¥ªâ®¢ vin,
v0i á¢ï§ ë á®®â®è¥¨ï¬¨ (53).

� ¬¥â¨¬, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë 5 ®à¬ «ì vin (á¬. (53)) ¥ ®¡ï§ â¥«ì® ¯à¨ ¤«¥¦¨â ª ®-
¨ç¥áª®¬ã ¯ãçªã (12); ¨¦¥  ©¤¥¬ ãá«®¢¨¥, ¯à¨ ª®â®à®¬ ®  ï¢«ï¥âáï ®à¬ «ìî ª ®¨ç¥áª®£®
¯ãçª .

�®®â®è¥¨ï (53) ¢ á¨«ã (13) ¬®¦® ¯¥à¥¯¨á âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

vin = �W i
n + (1�m)

�
T i
n � �ik

n

�
�k

m+ 2
� v0k +�n

ksF
s
n

��
: (54)

�à ¢¨¢ ï (12) ¨ (54), ¨¬¥¥¬, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë 5 ®à¬ «ì ¯¥à¢®£® à®¤  vin ¯à¨ ¤«¥¦¨â
ª ®¨ç¥áª®¬ã ¯ãçªã £¨¯¥à¯®«®áë Hm � Pn â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

�ik
n

�
�k

m+ 2
� v0k +�m

ksF
s
m

�
= �T i

n:

� á¨«ã ¯®á«¥¤¨å á®®â®è¥¨© ¢ëà ¦¥¨ï (54) ®à¬ «¨ vin ª ®¨ç¥áª®£® ¯ãçª  ¨ á®®â¢¥â-
áâ¢ãîé¥© ¥© ®à¬ «¨ v0i ¢â®à®£® à®¤  ¯à¨¬ãâ ¢¨¤

vin = �W i
n + (1�m)(1� �)T i

n; v0i =
�i

m+ 2
+ �n

is(F
s
n � �T s

n): (55)

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  6. � ãá«®¢¨ïå â¥®à¥¬ë 5 ®à¬ «ì ¯¥à¢®£® à®¤  ¯à¨ ¤«¥¦¨â ª ®¨ç¥áª®¬ã ¯ãç-
ªã (12) £¨¯¥à¯®«®áë Hm � Pn â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®à¬ «¨§ãîé¨¥ ®¡ê¥ªâë vin, v

0
i

¨¬¥îâ áâà®¥¨ï (55), £¤¥ � | ¨¢ à¨ âë© ¯ à ¬¥âà.

�á«¨ £¨¯¥à¯®«®á  Hm � Pn ¥ ª®¨æ¨¤¥â ï, â® ¢ á®®â®è¥¨ïå (55) § ç¥¨¥ � = 1 á®-
®â¢¥âáâ¢ã¥â ®à¬ «¨§ æ¨¨ ¯®¤¬®£®®¡à §¨ï Hm ¯®«ï¬¨ ®à¬ «¥© �¨«ìç¨áª®£®. � ª ª ª ¯à¨
®å¢ â å (55) â¥§®à T 0

i (v) (á¬. (11)) ¨¬¥¥â áâà®¥¨¥ T
0
i (v) = m(�� 1)�n

isT
s
n , â® á¯à ¢¥¤«¨¢®

�«¥¤áâ¢¨¥. �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë 6 ®à¬ «¨§ æ¨ï £¨¯¥à¯®«®áë Hm � Pn ï¢«ï-
¥âáï ¢§ ¨¬®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

| «¨¡® ®  ï¢«ï¥âáï ®à¬ «¨§ æ¨¥© �¨«ìç¨áª®£®,
| «¨¡® £¨¯¥à¯®«®á  ª®¨æ¨¤¥â ï.

�â¬¥â¨¬, çâ® ¢ á«ãç ¥ ª®¨æ¨¤¥â®áâ¨ £¨¯¥à¯®«®áë Hm ®  ®à¬ «¨§®¢   ¯®«ï¬¨ ®à-
¬ «¥©, ¢ ª®â®àë¥ ¢ëà®¦¤ îâáï ª ®¨ç¥áª¨¥ ¯ãçª¨ ®à¬ «¥© ¯¥à¢®£® ¨ ¢â®à®£® à®¤®¢; á«¥¤®-
¢ â¥«ì®, ¨ ¢ íâ®¬ á«ãç ¥ Hm ®à¬ «¨§®¢   ¯®«ï¬¨ ®à¬ «¥© �¨«ìç¨áª®£® (¨«¨, çâ® â® ¦¥
á ¬®¥, ¯®«ï¬¨ ®à¬ «¥© �ã¡¨¨ ¨ â. ¤.).
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� ¬¥ç ¨¥ 1. �«ï £¨¯¥à¯®«®áë Hm � Pn, ®â«¨ç®© ®â ª®¨æ¨¤¥â®©, ¢ ®å¢ â å (55) á¯à -
¢¥¤«¨¢®,  ¯à¨¬¥à,

| � = 0, fv0i = F 0
i , v

i
n ¥áâì ®à¬ «ì ¯ãçª  (12) ¯à¨ � = 1�mg;

| � = m

m�1
, fvin = F i

n; v
0
i = F 0

i �
m

m�1
�n
isT

s
ng.

� ¬¥ç ¨¥ 2. �§¢¥áâ® [11], [12], çâ®  ää¨ë¥ á¢ï§®áâ¨ r �
1

r, r �
6

r (á¬. (14), (15))
ï¢«ïîâáï ¤¢®©áâ¢¥ë¬¨. � áá¬ âà¨¢ ï ¤¢®©áâ¢¥ë© ®¡à § ¯®¤¬®£®®¡à §¨ï Hm [14] ¨ ¯à®¢¥-
¤ï ¤¢®©áâ¢¥ë¥ ¯®áâà®¥¨ï (  ¡ §¥ á¢ï§®áâ¨r) ¯® § ª® ¬ (19){(31), ¨¬¥¥¬ è¥áâì  ää¨ëå

á¢ï§®áâ¥©
1

r; : : : ;
6

r, ¨¤ãæ¨àã¥¬ëå ®à¬ «¨§ æ¨¥© £¨¯¥à¯®«®áë Hm ¨ ¯®¯ à® ¤¢®©áâ¢¥ëå á
1

r; : : : ;
6

r; ¯à¨ íâ®¬ ç áâì ¯ à ¡ã¤¥â ¤ã¡«¨à®¢ âì ¤àã£ ¤àã£  ( ¯à., ¯ àë
1

r $
1

r ¨
6

r $
6

r, ¨¡®
1

r �
6

r,
6

r �
1

r).

�¨â¥à âãà 

1. �¢âãè¨ª �.�., �ã¬¨áâ¥ �.�., �áâ¨ ã �.�., �¨à®ª®¢ �.�. �¨ää¥à¥æ¨ «ì®-
£¥®¬¥âà¨ç¥áª¨¥ áâàãªâãàë   ¬®£®®¡à §¨ïå // �â®£¨  ãª¨ ¨ â¥å. ������. �à®¡«.
£¥®¬¥âà¨¨. { 1979. { �. 9. { 246 á.

2. � ¯â¥¢ �.�. �¨ää¥à¥æ¨ «ì ï £¥®¬¥âà¨ï ¯®£àã¦¥ëå ¬®£®®¡à §¨© // �à. �®áª. ¬ â¥¬.
®-¢ . { 1953. { �. 2. { �. 275{382.

3. � ¯â¥¢ �.�. �®£®®¡à §¨ï, ¯®£àã¦¥ë¥ ¢ ®¡®¡é¥ë¥ ¯à®áâà áâ¢  // �à. 4-£® �á¥á®î§.
¬ â¥¬. áê¥§¤ . { 1964. { �. 2. { �. 226{233.

4. �¨¨ª®¢ �.�. �¥â®¤ ¢¥è¨å ä®à¬ � àâ   ¢ ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨. { �.{�.:
�����, 1948. { 432 á.

5. �â®«ïà®¢ �.�. � äã¤ ¬¥â «ìëå ®¡ê¥ªâ å à¥£ã«ïà®© £¨¯¥à¯®«®áë // �§¢. ¢ã§®¢. � â¥-
¬ â¨ª . { 1975. { ò10. { �. 97{99.

6. �â®«ïà®¢ �.�. �à®¥ªâ¨¢®-¤¨ää¥à¥æ¨ «ì ï £¥®¬¥âà¨ï à¥£ã«ïà®£® £¨¯¥à¯®«®á®£® à á-
¯à¥¤¥«¥¨ï m-¬¥àëå «¨¥©ëå í«¥¬¥â®¢ // �â®£¨  ãª¨ ¨ â¥å. ������. �à®¡«. £¥®-
¬¥âà¨¨. { 1975. { �. 7. { �. 117{151.

7. � £¥à �.�. �¥®à¨ï ¯®«ï «®ª «ìëå £¨¯¥à¯®«®á // �à. á¥¬¨. ¯® ¢¥ªâ®à®¬ã ¨ â¥§®à®¬ã
  «¨§ã. { �.: �§¤-¢® ���, 1950. { �ë¯. 8. { �. 197{272.

8. �®à¤¥ �.�. �à®áâà áâ¢   ää¨®© á¢ï§®áâ¨. { �.: � ãª , 1976. { 432 á.
9. � ª¬ §ï �.�. �¢®©áâ¢¥ ï ®à¬ «¨§ æ¨ï // ��� �à¬. ���. { 1959. { ò4. { �. 151{157.
10. Mih�ailescu T. Geometrie di�erentiala projectiva // Bucure�sti Acad. RPR. { 1958. { 494 à.
11. �â®«ïà®¢ �.�. �¨ää¥à¥æ¨ «ì ï £¥®¬¥âà¨ï ¯®«®á // �â®£¨  ãª¨ ¨ â¥å. ������.

�à®¡«. £¥®¬¥âà¨¨. { 1978. { �. 10. { �. 25{54.
12. �â®«ïà®¢ �.�. �¢®©áâ¢¥ë¥ «¨¥©ë¥ á¢ï§®áâ¨   ®á é¥ëå ¬®£®®¡à §¨ïå ¯à®áâà -

áâ¢  ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ // �â®£¨  ãª¨ ¨ â¥å. ������. �à®¡«. £¥®¬¥âà¨¨. { 1977.
{ �. 8. { �. 25-46.

13. �â®«ïà®¢ �.�. �á«®¢¨¥ ª¢ ¤à â¨ç®áâ¨ à¥£ã«ïà®© £¨¯¥à¯®«®áë // �§¢. ¢ã§®¢. � â¥¬ â¨ª .
{ 1975. { ò 11. { �. 106{108.

14. �â®«ïà®¢ �.�. �¢®©áâ¢¥ ï â¥®à¨ï à¥£ã«ïà®© £¨¯¥à¯®«®áë Hm � Pn;n // �¨ää¥à¥æ.
£¥®¬¥âà. ¬®£®®¡à §¨© ä¨£ãà. { � «¨¨£à ¤: � «¨¨£à. ã-â, 1988. { �ë¯. 19. { �. 88{93.

�ã¢ èáª¨© £®áã¤ àáâ¢¥ë© �®áâã¯¨« 
¯¥¤ £®£¨ç¥áª¨© ã¨¢¥àá¨â¥â 11.12.1998

63


